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We study the effect of combining spin fluctuations and forward scattering electron-phonon (e-ph) coupling
on the superconductivity in the FeSe/SrTiO; system modeled by a phenomenological two-band Hubbard model
with long-range e-ph interactions. We treat the electron and phonon degrees of freedom on an equal footing using
a fully self-consistent fluctuation-exchange plus Migdal-Eliashberg calculation, which includes a self-consistent
determination of the spin fluctuation spectrum. Based on FeSe monolayers, we focus on the case where one of
the bands lies below the Fermi level (i.e., incipient), and demonstrate that the combined interactions can enhance
or suppress 7., depending on their relative strength. For a suitable choice of parameters, the spin fluctuation
mechanism yields a 7. &~ 46.8 K incipient s, superconductor, consistent with surface-doped FeSe thin films. A
forward-focused e-ph interaction further enhances the 7., as observed in monolayer FeSe on SrTiO;.
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I. INTRODUCTION

Monolayers of FeSe grown on oxide substrates like SrTiO3
(STO) become superconducting at temperatures as high as
55-75 K [1-3], far in excess of the critical temperature of
bulk FeSe (7. ~ 8 K at ambient pressure [4]). This discovery
holds the promise of optimizing 7, through heterostructure
engineering [5—7] once the microscopic mechanism(s) behind
this phenomenon are identified and ultimately understood.
Despite years of intense research, however, both the pairing
mechanism and the gap symmetry of the FeSe monolayers
remain unresolved [8].

Some aspects of the FeSe/STO system are now firmly
established. The first aspect pertains to the role of doping.
Superconducting FeSe monolayers are heavily electron-doped
and their Fermi surface consists of only electron pockets
centered at (w /a, w /a) (the M point) in the two Fe/unit cell
notation [2]. In contrast, bulk FeSe is similar to other Fe-based
superconductors [9,10] and has both electron pockets at M and
hole pockets at I'. What is unclear is how much this doping
contributes to the enhanced superconductivity. Empirically,
electron doping seems to play a role, as evidenced by the fact
that surface doping FeSe thin films pushes the hole-like band
below the Fermi level (Ef) and raises the T, to about 40 K
[L1]. On the one hand, the lack of hole-like bands crossing
Er speaks against Fermi surface nesting arguments [12]. On
the other hand, several studies have demonstrated that bands
below Ef can still contribute to pairing [13—16], provided the
bands in question are not too far below Ep, i.e., “incipient”
bands.

For the FeSe monolayer, the incipient band pairing
scenario implies that antiferromagnetic spin fluctuations con-
tribute to pairing. Recently, a resonant inelastic x-ray scatter-
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ing (RIXS) [17] study succeeded in measuring and contrasting
the spin excitations in FeSe in going from bulk to monolayer
form. There, the authors reported a significant hardening and
reorganization of the spin excitations in the monolayer, in
agreement with quantum Monte Carlo (QMC) calculations
[17] of the bilayer Hubbard model [18]. This observation
reveals nontrivial changes in the magnetic excitation spec-
trum of the monolayer, which must have some impact on the
resulting 7.

The second aspect of the FeSe/STO system that is now
established is the role of the substrate, which provides an
additional source of pairing. The existence of this contri-
bution is evidenced by the fact that FeSe on STO realizes
T. values that are consistently 15-25 K higher than those
achieved in FeSe intercalates with the same nominal dop-
ing but without the substrate. The microscopic mechanism
behind this contribution remains unresolved, however. The
proposal that interests us here is that there is a cross-interfacial
e-ph coupling between the FeSe electrons and optical
oxygen phonon modes in the substrate. This scenario gained
traction following the observation of replica bands in the
electronic structure probed by angle-resolved photoemission
spectroscopy (ARPES) [19], which can be explained by an
e-ph interaction that is peaked sharply around zero momentum
transfer ¢ = 0. Such couplings are of great interest because
they can produce large values of 7, when treated within the
Migdal-Eliashberg (ME) formalism [20-23]. There are sev-
eral challenges to this hypothesis, however. Density functional
theory (DFT) [24] and experiments on the phonon linewidth
[25,26] suggest the coupling is weaker than the value needed
to reproduce the strength of the replica bands. There also
exists criticism that forward scattering will be ineffectual in
the presence of Coulomb interaction [27,28]. Moreover, QMC
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on small cluster calculations does not reproduce the large 7.’s
obtained by ME theory [29], which suggests that vertex cor-
rections may be significant. However, a recent study using an
analytic approach found that T is enhanced with the inclusion
of the vertex corrections [30]. The source of this discrepancy
is unknown at this time. Some have also argued that the replica
bands are not related to an intrinsic e-ph coupling but rather
an interaction of the outgoing photoelectron with the substrate
phonons [31].

This situation has lead to proposals where the e-ph cou-
pling boosts the 7, established by another unconventional
mechanism [19,29,32,33]. This idea hinges on the forward-
focused nature of the e-ph interaction, which can mediate
attractive interactions in all pairing channels [34]. Two recent
experimental studies have bolstered this scenario. One was
an ARPES experiment that established a linear correlation
between the strength of the e-ph coupling and the size of
the superconducting gap in FeSe monolayers on STO [35].
The second was a comparative study of correlated monolayers
of FeSe and uncorrelated monolayers of FeS, both grown on
STO [36]. There, the authors resolved replica bands in both
systems but found that only the FeSe/STO interface exhibited
a superconducting state.

Based on this evidence, it is quite likely that both spin
fluctuations and e-ph coupling are relevant to the FeSe mono-
layers. Until recently [37], however, no studies have been
carried out for this system where these two contributions are
treated on an equal footing. Here, we address this question
directly and study the effects of combined spin fluctua-
tions and small-q e-ph coupling using a fully self-consistent
fluctuation-exchange (FLEX) + ME formalism. To model
the spin fluctuations, we use the two-band (bilayer) Hubbard
model. While this model does not capture all five Fe d bands,
it captures the electron pocket phenomenologically at the M
point and an incipient hole pocket at I". Notably, the simplicity
of the model allows us to calculate the FLEX+ME equations
fully self-consistently, where the electron self-energy is fed
back into the interaction kernels at each step. This aspect of
our approach differs from the related work in Ref. [37], and
we argue it is crucial for unifying the incipient s and forward
scattering e-ph scenarios described above.

Our main result is summarized in Fig. 1. By adopting a
reasonably strong Hubbard repulsion, we can obtain an sy
superconducting solution with a 7, = 46.8 K. The inclusion of
a forward-focused e-ph coupling leads to a further quasilinear
enhancement of the T, consistent with experiments. We find
that the enhancement is not as dramatic as in the previously
studied case of only forward scattering [21,22] due to the
increase in the quasiparticle mass introduced by a nonzero
Hubbard U . Nonetheless, we can understand the enhancement
of T, using a simple model of two pairing channels working in
parallel. Our result also matches qualitatively the experimen-
tal correlation between a larger spectral gap and the spectral
weight of the replica bands in FeSe/STO [35]. (The spectral
weight of the replica band is directly proportional to 1,,; see
Ref. [21].) Our results, therefore, demonstrate the feasibil-
ity of combining incipient-band pairing with cross-interfacial
e-ph coupling to produce high-7; superconductivity.

The organization of this work is as follows. Sections 1T A
and II B present our model and discuss our choice of param-
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FIG. 1. In the presence of pairing mediated by spin fluctuations
only, our model calculations (U = 7¢, t = 75 meV) for a monolayer
of FeSe predict an s incipient superconductivity with 7, &~ 46.8 K.
The addition of an e-ph forward scattering further increases 7. ap-
proximately linearly with AT, ~ A,,€2, where A,, characterizes the
strength of the e-ph scattering and €2 the energy of the optical phonon
mode (see Sec. II). The slope of AT, versus A,, is smaller for U = 7¢
(in blue) compared to the U = 0 case (in red), which is due to the
quasiparticle renormalization induced by the Hubbard interaction.
The values of ¢, are 4.21¢ and 2.36¢ for U = 0 and 7, respectively.

eters in relation to the FeSe/STO system. Next, Sec. II C
discusses the details of our combined FLEX+ME approach
for treating the spin fluctuations and forward scattering e-ph
interactions, while Sec. IID provides additional computa-
tional details. We present our main results in Sec. III. Finally,
Sec. IV summarizes our conclusions and provides some out-
look for future work.

II. MODEL AND METHODS
A. Model

We model the FeSe monolayer system using a two-band
Hubbard model [15-17] defined on a square lattice with addi-
tional e-ph interactions. The model Hamiltonian is partitioned
as H = H, + ﬁph + ﬁe_ph. The Hamiltonian of the electronic
system is given by

gel ==t Z C;Ot,(fcj.,(x,(f - tJ_ Z [Cj‘,l,aci,la + HC]
(i,]),a,0 i,o

— Z Nigo +U Zni,a,Tni,a,iv (D

where cza’a (¢ 4.,) creates (annihilates) a spin o (=1, |)
electron in orbital (or layer) o (= 1, 2) of unit cell i; (... ) de-
notes a sum over nearest neighbors; U is the on-site Hubbard
repulsion; and, > 0 and ¢, > O are the intra- and interlayer
hopping integrals, respectively.

When U = 0, Eq. (1) can be diagonalized exactly, resulting
in two bands whose dispersions

e+ (k) = —2t[cos (kya) + cos (kya)] — . F 11

are separated by 2¢, . For intermediate values of the interlayer
hopping 0 < 7, < 2t and near the electron-hole compensated
filling n = 2, the bare dispersion consists of a hole-like band
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FIG. 2. The bare [€.(k), dashed lines] and renormalized [E4 (k),
solid lines] band structure and superconducting gap A, (k) (open
dots) in our model along the high-symmetry cuts of the first Brillouin
zone. The parameters {f,, A,,, U} for the top, middle, and bottom
panels are {2.36¢, 0, 7t}, {4.21¢,0.19, 0}, and {2.36¢,0.19, 7t}, re-
spectively. The values of #; were selected to position the top of the
renormalized hole-like band at M approximately 60 to 80 meV below
the Fermi level (as indicated by the thin green line). The chemical
potential in each case is adjusted during the self-consistency loop to
produce a total filling of n = 2.1 e/unit cell. Finally, note that A ; (k)
and A_(Kk) are degenerate in panel (b).

centered atk = (7w /a, m /a) (the M point) and an electron-like
band centered atk = (0, 0) (the I point), as shown in Fig. 2(a)
by the dashed lines. (Note that the situation is reversed in
FeSe/STO, where the hole- and electron-like bands are cen-
tered at the I' and M points, respectively. Our band structure
can be made equivalent to this by applying a particle-hole
transformation.) Further increasing the value of 7, for a fixed
filling drives the hole-like band at I" to energies deeper below
the Fermi energy, and for sufficiently large 7, , this band can be
made incipient in the noninteracting case. For this reason, the

bilayer model has attracted considerable interest as a simple
toy Hamiltonian that can describe systems with and without
an incipient band by tuning a single parameter [16,18,38—43].

The terms ﬁph + ﬂe_ph model the substrate lattice degrees
of freedom and their interaction with the electrons. Here,

Hyn —QZ(b*b + 5 ) @)

describes a noninteracting dispersionless transverse opti-
cal phonon branch; bfl (bq) creates (annihilates) a phonon
mode with momentum q; and 2 = 100 meV is the energy
of the mode. Finally, we model the coupling between the
phonons and the electronic subsystem using a long-range e-ph
interaction

ﬁe-ph = Zg(q)clt-&-q,a,ock,a,a (blq + bq)’ (3)
k. q

where g(q) is the matrix element of the e-ph interaction.
Here, we adopt g(q) = goe~!9/49, which is appropriate for the
proposed forward-focused cross-interfacial e-ph interaction
that is believed to be relevant across the FeSe/oxide interface
[19,21,22].

B. Model parameters

The parameters ¢, ¢, , and p are selected to reproduce the
qualitative features of monolayer FeSe. Specifically, we fix
the in-plane hopping parameter to t = 75 meV to facilitate
comparisons with our previous work [21,22], while the value
of w is adjusted to maintain a fixed filling of n = 2.1 e/unit
cell. These choices result in a renormalized electron pocket
crossing Er whose size and shape are similar to the band
observed in FeSe monolayers [21]. We also adjust the value of
U to control the strength of the electronic correlations. When
U # 0, the Hartree contribution to the self-energy produces
an additional shift of the renormalized bands. To account for
this, we adjusted the value of ¢, to ensure that the top of
the incipient hole-like band remains ~ 60 to 80 meV below
the Fermi level, consistent with experiments [2,19,36]. The
effect of this Hartree shift can be seen in Fig. 2, and can be
quite sizable: for large U the bare band structure (without
Hartree contribution) contains electron and hole-like bands
while the renormalized hole-like band is completely below the
Fermi level.

Previous comparisons to ARPES data [19,21] suggest that
the forward scattering range (in momentum space) is very
short with goa = 0.1-0.3, where a is the in-plane lattice con-
stant of the FeSe monolayers. Here, we adopt goa = 0.1, in
line with our prior work [21]. The strength of the e-ph cou-
pling g is adjusted in the absence of the Coulomb interaction
to yield a given Fermi surface average mass enhancement A,
which is calculated using a Fermi surface average of the mass

renormalization
> ~< ImX(Kk, i7tT)>
w=0lFs T FS

_ < dReX(k, w)
The Fermi surface average is calculated with (f(k))pg =
Dk fEK)S(er(K))/ >\ 8(e4(k)). Note that A, depends on
the temperature, the phonon energy €2, and state (normal vs

ow
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superconducting) of the system [22,23]. We therefore adopt
the convention that ), is reported as its value at 7 = 100 K
and in the normal state.

C. Self-consistent FLEX+ME formalism

We treat the electronic and phonon-mediated interac-
tions on the same level by combining the FLEX diagrams
[15,44,45] with the ME diagrams [21,22]. Our implemen-
tation solves the resulting equations self-consistently and
accounts for both the electron self-energy and its effect on the
pairing interactions while also retaining the full momentum
dependence of both sets of quantities [45]. This treatment is
enabled by our efficient implementation of the FLEX and ME
formalism, as outlined in Refs. [45] and [46], respectively.

Before proceeding, we would like to note the similarities
and differences between our treatment of the problem and
the one presented in Ref. [37]. Both that work and ours treat
the electronic and phononic degrees of freedom at the same
diagrammatic level; however, Ref. [37] solved the problem
using a five-band model for FeSe that was derived from
DFT calculations. Their model, therefore, includes all five
Fe 3d orbitals and the corresponding multiorbital Hubbard
and Hund’s interactions. But it also required ad hoc modifi-
cations of some noninteracting band parameters to account
for lattice mismatch between the FeSe monolayer and the
STO substrate. Our model uses the two-band Hubbard model
with only intraorbital Hubbard interactions to describe the
electronic degrees of freedom and is, therefore, more phe-
nomenological. The use of this simplified model, however,
allows us to account for the feedback between the electron
self-energies and the effective interaction by recomputing the
latter with the dressed Green’s functions during each stage
of the self-consistency loop. This aspect is in contrast to
Ref. [37] (see also Ref. [47]), which computed the effec-
tive interaction using the bare band structure and then held
it fixed during the self-consistent calculation of the elec-
tron self-energies. This difference is important because the
Hartree shift can result in self-consistently calculated effec-
tive interactions that are qualitatively different from the ones
obtained using the bare band structure when U is large. Both
approaches have their merits and limitations, which we will
discuss further in what follows.

The central objects to compute are the normal

Gk, 1) = —(T, ¢, (D), () )
and anomalous
FS7(K, T) = —(T, ¢ 4o (1)C_ye 5 (0)) ®)

electron Green’s functions in imaginary time in orbital space
[a and b are orbital (layer) indices]. In the absence of
any interactions (U = A,, = 0), the bare Green’s functions
in the normal state and on the Matsubara frequency axis
are G| (K, iwy) = (i, — p)I — Hy(k) and Fy(k, iw,) = 0,
where Hy(Kk) is the Fourier transform of the noninteracting
Hamiltonian in orbital space and I is a 2 x 2 identity matrix.
As long as certain symmetries are preserved, as in the case of
singlet pairing with s- and d-wave order parameters, all the
matrix elements of the Nambu-Gorkov Green’s functions can
be determined from the (1, 1) block (normal Green’s function

G4+, a 2 x 2 matrix in orbital space) and the (1, |) block
(anomalous Green’s function F} ). Therefore, we will drop
the spin index on G and F for brevity.

The effect of interactions is captured by the normal
and anomalous self-energy matrices, denoted X,;(K, iw,)
and 4 (K, iw,), respectively. The dressed Green’s func-
tions are related to the bare ones and self-energies by using
Dyson’s equation for the full Nambu-Gorkov Green’s func-
tion, which can be simplified into two equations of matrices in
orbital space

G'=Gy' - - o[-(G) ' + = ot (©6)
and
Fl=—[(Gp)" = =*1(GP) . @)

Here, (*) denotes complex conjugation, and all Green’s func-
tions and self-energies are written in orbital space and are
understood to be functions of momentum k and fermionic
Matsubara frequency w, = 7T (2n+ 1), where T is the
temperature.

In the FLEX formalism, we assume that the effective
electronic interaction is mediated by spin and charge fluctu-
ations, which are captured by spin and charge susceptibilities.
Without interorbital Coulomb interactions, the effective in-
teractions [48,49] only depend on the matrix elements of
irreducible spin and charge susceptibility matrices that are
given by

0,s T *
Yo @ = = D [Gan(k + @)Gra(k) + Fap(k + ) F, ()]
k
®)

and

X' (@) = == D [Gap(k + @)Gra(k) — Fup(k + q)Fy (k)]
k

=z~

©))

respectively. Here, we have adopted the 4-vector nota-
tion k = (k, iw,) and g = (q, iw,,), where w, = 2n+ 1)aT
and w,, =2mnaT are fermionic and bosonic Matsubara
frequencies.

The random-phase approximation (RPA) spin and charge
susceptibilities are

x =0 = x>0y ", (10)

x¢ =@+ x> Uy (1

The normal and anomalous FLEX interactions, which are also
matrices in orbital space, are

V'i(q) = 32L2xs(q) + U;x“(q) - U;(x‘“ + x>+ UI
(12)
and
Vi) = 3—(2]2x5(q) — U;x%q) - U;u‘“ - x*)+ UL
(13)

144504-4



ENHANCED SUPERCONDUCTIVITY IN FeSe/SrTiOs ...

PHYSICAL REVIEW B 103, 144504 (2021)

The above equations describe the effective interactions me-
diated by the spin and charge fluctuations in the system. The
last constant term U in each equation corresponds to Hartree-
Fock contributions [50]. In addition to these, we also account
for the e-ph interaction at the level of ME theory. Because
the interaction is assumed to be significantly peaked at small
momentum transfers, we assume that the e-ph interaction is
diagonal in band space. This type of coupling results in an
effective electron-electron interaction with equal intra- and
interorbital components with

V(q) = |g(q)I*Do(@)[1 + 0]

2Q2
= —le@F [+, (14)

+ow
where o, is the usual Pauli matrix. The Hartree contribution
due to e-ph interaction is assumed to be already included in
the parameters of the bare band structure.
Combining the interactions from both sources then leads to
self-consistent equations for the self-energies

T
Zak) = 5D Vi@ = Vi @]Gutk—a). (15
q

T
Pap(k) = D Vi) + Vi @] Fk — ). (16)
q

These equations are then solved iteratively until convergence
is reached. Note that for the Hartree-Fock term, a convergence
factor ¢*" must be added for the Matsubara frequency sum.

We again emphasize that we recompute the spin and
charge susceptibilities at every step, which allows both the
phonon-mediated and spin- and charge-fluctuation-mediated
interactions to talk to one another. It also ensures that the final
spin and charge susceptibilities are obtained using the renor-
malized band structure rather than the bare band structure,
which can be qualitatively different (see the discussion on the
Hartree shift and Fig. 2). Another important consequence of
this self-consistency procedure is that it allows us to reach
the strong-coupling regime. This regime includes interaction
strengths that lie beyond the maximal value of U imposed
by the Stoner criterion (i.e., the divergence in the non-self-
consistently computed susceptibility [47]). In fact, we find
that for U > 5¢ the bare band structure produces divergent
susceptibilities that are avoided in the final self-consistent
solution.

To estimate the renormalized band structure of the system,
we diagonalized the matrix

[éo(k) —u+ Xuk,inT)

—t1 + Xk, inT)
—t1 + ok, inT) ’

€o(k) —p + Eno(k, inT)

where ¥4 denotes the components of the normal self-energy
in orbital space and ey(k) = —2¢[cos(k.a) + cos(kya)]. The
eigenstates of this matrix, with self-energy at lowest Matsub-
ara frequency, are a good approximation to the dispersions
inferred from the spectral function at low T and low energy.
They can, therefore, provide a good measure of the locations
of the top of the hole-like band and the bottom of the electron-
like band, which are located near Er. This approximation
becomes less reliable far from the Fermi level. We label these
approximate band dispersions as E4 (k) in Fig. 2.

D. Computational details

We solved Egs. (8)—(16) self-consistently using a MAT-
LAB code [51]. Our implementation uses fast Fourier
transforms to evaluate the necessary convolutions in momen-
tum and Matsubara frequency space, as described in Ref. [46].
The momentum grid has N, = 4096 momentum points, and
for each temperature we used a Matsubara frequency cutoff at
Wmax = %W, where W is the total bandwidth of the noninter-
acting system. Beyond this cutoff, the terms in the Matsubara
sum are approximated with their noninteracting values and
summed to infinite frequencies by evaluating the product in
the imaginary-time domain.

For a given set of input parameters, we start our calcu-
lations at low temperature to find a stable symmetry-broken
state iteratively using a superconducting ansatz. In practice,
we initialize with a momentum-independent gap; neverthe-
less, small numerical round-off errors can tip the solution
toward an anisotropic (e.g., d-wave solution) if we iterate the
self-consistency loop for long enough. As such, our code can
find solutions in higher angular momentum channels (see for
example Fig. 10 of Ref. [22]).

Since we choose a constant-energy cutoff, more Matsubara
frequencies are included at lower temperatures, which in-
creases the overall iteration time. But the number of iterations
needed for convergence is much fewer in the superconducting
state at low T than near T, so we start our calculation from the
lowest temperature point. Once the low-temperature solutions
are obtained, we increase the temperature in small steps and
initialize each new simulation with a self-energy obtained by
interpolating on the Matsubara frequency grid solution from
the previous temperature.

When computing the charge and spin susceptibilities using
the dressed Green’s functions, we sometimes find that the
susceptibility diverges before convergence is reached. This
occurs because the Stoner criterion det (I — U x%*) =0 is
met at some q for the current nonconverged x*°. In those
cases, we artificially cut off the maximum in [[ — U x%517!
to allow the simulation to continue iterating while we slowly
remove the cutoff. By following this procedure, we can ob-
tain final self-consistent solutions that are difficult to reach
otherwise. We stress that our final results never have any
divergences in the converged susceptibilities.

Finally, as mentioned previously, the difference of Hartree-
Fock terms between two bands can produce a sizable relative
shift of the electron and hole bands. Depending on the cou-
pling strengths U and A,, we adjusted the bare interband
coupling ¢, to ensure that the hole-like band was about
60—80 meV below the Fermi level in the final self-consistent
solutions. Similarly, during each step, we adjusted the chem-
ical potential u to ensure that we maintain a filling n =
2.1 e/unit cell.

III. RESULTS

A. Superconductivity without electron-phonon coupling

We first consider the case without the e-ph interaction
U #0, x,, = 0). Consistent with Refs. [14,15], we find a
superconducting solution with an incipient s order parameter
for U/t > 5. For example, Fig. 2(a) plots the renormalized
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FIG. 3. The superconducting critical temperature 7. versus U for
two values of the phonon coupling A,,. The symmetry of the order
parameter in each case is indicated in the legend. The dashed lines
follow the phenomenological formula of Eq. (18). In the absence
of electron-phonon coupling, spin fluctuation superconductivity is
exponentially suppressed up to a critical value of U = 6.5¢. When
including electron-phonon coupling, introducing U slowly decreases
T, due to quasiparticle renormalization, only to increase again when
U Z 5t. In the intermediate regime 0 < U < 5t, a d-wave solution
has the highest 7.. Inset: The Fermi surface averaged value of Z,
where 1/Z reflects the quasiparticle pole strength.

bands and superconducting gap along the high-symmetry cuts
of the Brillouin zone for |, = 2.36¢t and U = 7¢. In the non-
interacting limit, both of the bare electronic bands cross the
Fermi level, as indicated by the dashed blue and red lines.
Once U # 0, the interband Hartree contribution to the self-
energy further splits the bands and renders the hole-like band
incipient in the converged solution. We also find that the
resulting gap function A (k), where & refers to the bands
€+(k), is weakly momentum dependent throughout the zone,
and changes sign between the two bands, characteristic of an
sy pairing symmetry.

Next, we determine 7, by tracking the maximum value
of the anomalous self-energy ¢ (k) or, equivalently, the gap
function A4 (k) as a function of temperature (for example, see
Fig. 4). As shown in Fig. 3, we find that 7.(U ) is exponentially
suppressed for small U, only to significantly increase around
U = 6.5t in the absence of e-ph coupling. For a reasonable
value of U =7t (= 0.54 eV for t =75 meV), we obtain a
T, = 46.8 K, which is slightly larger than the 7, in surface-
doped FeSe thin films.

B. Superconductivity with electron-phonon coupling

Having established the superconducting properties of the
bilayer Hubbard model predicted by FLEX, we now turn to
the case with e-ph coupling. ME theory predicts that having
only forward phonon scattering (U = 0, A,, # 0) yields an
approximately linearly increasing 7. ~ 5 J:‘3"/\ 2 as a function
of A,,; see Fig. 1 [21]. The resulting pairing symmetry is s
wave but with a gap structure that is strongly peaked near
the Fermi level [22]. To illustrate this limit, Fig. 2(b) plots
the bare and renormalized band structures together with the
gap function for the case U =0, t; = 4.21¢, and A,, = 0.19.

25 - 3
20:
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% 10: E
E 5 Q g
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S5
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8_\24_15% A, —Am = 0.05;
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FIG. 4. The maximum value of the superconducting gap on the
band crossing the Fermi level (A_) and the incipient band (A.)
at the smallest Matsubara frequency A(KT™, iz T) as a function of
temperature. The solid lines show the results for U = 7t for various
strengths of the electron-phonon coupling A,,, as indicated in the
legend. The values of 7, used here are the same as those used
in Fig. 1.

Here, we observe relatively weak band renormalizations in
comparison to the case when U # 0. Note that the renormal-
ized bands plotted in Fig. 2 correspond to the main band only,
and do not include the replica bands. Our previous work [21]
demonstrated that this value of A, also produces replica bands
with a shape and total spectral weight that is consistent with
experiments [19]. This value of A,, produces a superconduct-
ing state with 7, &~ 60 K within ME theory.

Having established the relevant (U # 0, A, =0) and
(U =0, X, #0) limits, we now study the interplay be-
tween the spin and e-ph interaction by fixing A, = 0.19
and slowly increasing the value of U, as shown in Fig 3.
Beginning from U = 0, we find that the Hubbard repulsion
initially leads to a decrease of T.. This reduction occurs
because the spin fluctuation contribution to superconduc-
tivity is exponentially suppressed for small U while the
corresponding decrease in the quasiparticle pole’s strength
is non-negligible. This effect is captured by expanding
the normal self-energy as X(k, iw,) = iw,[1 — Z(K, iw,)] +
x (K, iw,), where 1/Z reflects the quasiparticle pole strength
[52]. We can gain a qualitative understanding of the effect
of a nonzero Z by considering the perfect forward scatter-
ing limit. Perturbation theory predicts Z = 1 + O(U?) in the
weak-coupling limit. To lowest order, we can incorporate
this aspect into the weak-coupling calculation presented in
Sec. 2 of Ref. [21], by replacing the assumption Z(k, iw,) = 1
by Z(k, iw,) = Z, a frequency- and momentum-independent
constant. This approximation leads to

AmS2
277+ 3hy’
which is valid in the limit U/t < 1. Equation (17) indicates
that the superconducting 7. actually decreases with small U
due to the overall increase in the quasiparticle mass. A similar

conclusion was also obtained in the five-orbital treatment of
the problem presented in Ref. [37].

Tc()\ma U) = (17)
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Interestingly, we also observe several changes in the pair-
ing symmetry of the system as the value of U increases. For
U = 0, the system has an s-wave gap, as shown in Fig. 2(b).
When 0 < U < 5¢, we find that a d-wave solution with nodes
on the Fermi surface has a higher 7. Note that Ref. [37]
also found a d-wave solution in the same limit, albeit in their
case with a nodeless d-wave gap. For stronger interactions
U 2 5t, the s1 solution takes over again and has the largest
T.. Note that s; becomes favorable because we adjust ¢, to
ensure that the incipient band remains close to the Fermi level
in the renormalized band structure. If one does not adjust 7, ,
the Hartree contribution will push the incipient band down in
energy, and consequently the d-wave solution would remain
favorable.

For even stronger coupling U > 6.5¢, when the spin fluc-
tuations are strong enough to support superconductivity by
themselves, we obtain a combined effect between the e-ph
coupling and the FLEX mechanism. In this region, the e-ph
coupling enhances the T, and the system has an sy pairing
symmetry. The size of the enhancement, however, depends
on the relative strength of the two pairing channels; for large
U, the total T, begins to approach the values obtained in the
absence of e-ph interaction.

To investigate the combined contributions of the two
pairing mediators further, we now focus on a particular pa-
rameter set that reproduces the 7. values in FeSe and its
cousins. Specifically, we fix U = 7¢, which results in a spin-
fluctuation-mediated sy state with a 7, = 46 K when A,, = 0.
We then increase 1, and monitor the evolution of the pairing
symmetry and 7. In this case, we always obtain an sy order
parameter and a 7, that increases (approximately) linearly
with A,,, as shown in Fig. 1. However, we also observe that
the slope of 7, vs 1, is smaller for U = 7¢ in comparison to
the U = 0 case, in qualitative agreement with the behavior
predicted by Eq. (17). We conclude that in the regime for
U 2 7t and small A,, the spin fluctuation pairing and the
forward scattering act as parallel channels. This conclusion
is in contrast to Ref. [37], which always obtained a T, sup-
pression. We have found that 7; as a function of A and U can
be approximated, in the experimentally relevant limit, using a
simple phenomenological model

T.(U, M) = TSEU) + TSP ). (18)

Here, 75" is obtained using Eq. (17) and TSF(U) is the value
of T. obtained from our FLEX calculations when A,, = 0 (the
red dots in Fig. 3). When computing 7,7 " " we approximated
Z with a Fermi surface average Z =) _,__ (Z,(K, inT))gs,
where Z4 (k, iz T) is obtained from our final converged solu-
tion for U = 7¢ and A,, = 0. The resulting 7,.(U, A,,), plotted
as the blue dashed line in Fig. 3, qualitatively captures the
nonmonotonic evolution of the full self-consistent results.

C. The A/T, ratio

A standard measure of the pairing interaction’s strength is
the deviation of the ratio A(T = 0)/T. from the BCS value
of 1.764. For example, unconventional superconductors in the
strong-coupling limit typically have values of A(T = 0)/T,
> 5 [53]. Figure 4 plots the gap at the lowest Matsubara
frequency AL(KT™,inT) = ¢ (KP™, inT)/Zo (K}™, inT)
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FIG. 5. The maximum value of the superconducting gap on the
Fermi surface of the antibonding band max|A_(Kg, i T)| as a func-
tion of 1, for the same parameters used in Fig. 1. Here, the location
of the gap maximum corresponds to a momentum point on the Fermi
surface k™ = kg and, therefore, approximates the spectral gap.

vs temperature for a variety of model parameters. Here, kK{**
is the momentum where the gap function takes on its largest
absolute value on the + and — bands.

As discussed in Ref. [22], the gap function produced by
a forward-focused e-ph interaction only (A, # 0, U = 0) is
strongly peaked on the Fermi surface, as shown in Fig. 2(b).
In this case, we find that the A /T, ratio is between 2 and 2.3,
consistent with previous works [22,37]. This value is slightly
larger than those obtained for weak-coupling conventional
superconductors. The spin fluctuation mechanism alone, on
the other hand, leads to larger gap values and a gap function
that varies strongly with both momentum and band index.
When U # 0 and X, = 0 [see Fig. 2(a)], the global maximum
of |AL(k, inT)| occurs at the M point and on the incipient
[E+ (k)] band, while the largest value of the gap on the E_(k)
band occurs at the I' point. When the e-ph interaction is
introduced, however, A_(k, iwxT) develops a peak centered
at kg such that the local maximum on the £_(k) band shifts
to the Fermi surface while the global maximum remains at the
M point [see Fig. 2(c)].

To study the A/T, ratio in the combined spin fluctuation
plus e-ph scenario, Fig. 4 plots the temperature dependence
of the maximum value of the gap function on both bands
for U =7t and several values of 1,. With the exception
of the A,, = 0 case, K™ = kg for all values of X,, while
k™ = (7 /a, w/a) in each case. Since the A/T. ratio in
FeSe/STO has typically been determined using spectroscopic
techniques, it is the maximum value on the Fermi surface that
is relevant. Figure 5, therefore, summarizes the evolution of
max|A_(kg, inT)| as a function of A,,, where we find that
the forward-focused e-ph interaction increases the gap at Ef,
consistent with the behavior of 7. shown in Fig. 1. In this
case, we obtain the A/T, = 1.90 for A,, = 0, which is en-
hanced slightly to A/T,. = 2.23 for A,, = 0.23. These values
are reduced slightly from the value obtained with only the e-ph
interaction and they are comparable to the experimental value
A/T, ~ 2.12 in FeSe/STO [19,35].

Since the ratio of the intensity of the replica and main
bands n =1I;/ly < A,, [21], our results also qualitatively
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explain the observed correlation between the spectroscopic
superconducting gap and n [35]. We note, however, that
Ref. [35] observed a slower variation with A(n) ~ Ag +
A1n/2, whereas our model predicts A(n) = Ay + An. In-
creasing the value of g to reduce the forward focus of the e-ph
interaction might resolve this issue; however, more detailed
comparisons between the predicted and measured spectral
functions are needed to address this issue. We also cannot
exclude the possibility that a more exact treatment of the
electron-electron interaction would produce a smaller super-
conducting gap. There is, in fact, some precedent for this
as FLEX consistently overpredicts the gap magnitude in the
cuprates; see Ref. [54]. Nevertheless, our results demonstrate
that the combined pairing scenario is not only compatible
with an incipient sy pairing scenario, but that it can also
account for the qualitative 7. and A enhancements observed
experimentally.

IV. SUMMARY AND CONCLUSIONS

We have shown that for small A,, and large Hubbard U
values, the spin fluctuation and forward-focused electron-
phonon mechanisms for superconductivity can work in
unison, providing a significant enhancement of 7, in the si
pairing channel. Moreover, the resulting values of the total 7.
and A/T, ratios are consistent with experiments for mono-
layer FeSe/STO.

Recently, Ref. [37] reported a combined FLEX plus for-
ward scattering calculation within a five-band model of
FeSe/STO (see also Ref. [47]). That work found that the
combined pairing mediators produced a nodeless d-wave gap
symmetry, and a complicated dance of collaboration and com-
petition between interfacial phonons and the spin fluctuations.
We have obtained similar results using a two-orbital model
when U < 5¢, which suggests that the physics in this region
of parameter space is robust against variations in the details
of the model. The most notable difference between Ref. [37]
and our work is that we self-consistently calculate the spin
excitation spectrum, rather than using spin susceptibility com-

puted using the noninteracting band structure. This difference
is an important one for several reasons. First, we showed
that the Hartree contribution to the self-energy produces a
relative shift of the electron- and hole-like bands, leading to a
qualitative change in the band structure before and after self-
consistency, which in turn affects the competition between
d-wave and si-wave solutions. Second, the self-consistent
calculation of the interaction kernel allows us to go to further
into the strong-coupling limit for the Hubbard interaction,
which is otherwise forbidden by the Stoner criterion. Ideally,
further study of a fully self-consistent (and numerically chal-
lenging) FLEX calculation for a five-band model is necessary
to quantify the difference between both methods.

Regardless of the differences, the most critical test of a the-
ory is experimental results. In principle, a difference between
nodeless d-wave and sy-wave superconductivity can be es-
tablished using phase-sensitive measurements. Further study
might elucidate the effects of impurities on both these states,
which can be probed using scanning tunneling microscopy
[55,56]. Furthermore, the gap-to-T; ratio can indicate the rela-
tive importance of either spin fluctuations or phonon coupling.
Note, however, that there is some ambiguity in establishing
the experimental value of the critical temperature, as the gap
opening in spectroscopic measurements does not necessarily
happen at the same temperature as the onset of the resis-
tance transition in transport measurements [57]. This question
cannot be answered within the framework of Eliashberg and
requires the inclusion of the BKT mechanism into the theory.
Despite these theoretical subtleties, our results do indicate that
s+ superconductivity is, in principle, possible when spin fluc-
tuations and electron-phonon forward scattering collaborate.
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