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Empty perovskites as Coulomb floppy networks: Entropic elasticity and negative thermal expansion
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Floppy networks (FNs) provide valuable insight into the origin of anomalous mechanical and thermal
properties in soft matter systems, from polymers, rubber, and biomolecules to glasses and granular materials.
Here, we use the same FN concept to construct a quantitative microscopic theory of empty perovskites, a family
of crystals with ReO; structure, which exhibit a number of unusual properties. One remarkable example is
ScF3, which shows a near-zero-temperature structural instability and large negative thermal expansion (NTE).
We trace these effects to an FN-like crystalline architecture formed by strong nearest-neighbor bonds, which is
stabilized by net electrostatic repulsion that plays a role similar to osmotic pressure in polymeric gels. NTE in
these crystalline solids, which we conceptualize as Coulomb floppy networks, emerges from the tension effect
of Coulomb repulsion combined with the FN’s entropic elasticity and has the same physical origin as in gels and
rubber. Our theory provides an accurate, quantitative description of phonons, thermal expansion, compressibility,
and structural phase diagram, all in excellent agreement with experiments. The entropic stabilization of critical
soft modes, which play only a secondary role in NTE, explains the observed phase diagram. Significant entropic
elasticity resolves the puzzle of a marked, ~50% discrepancy between the experimentally observed bulk modu-
lus and ab initio calculations. The Coulomb FN approach is potentially applicable to other important materials
with markedly covalent bonds, from perovskite oxides to iron chalcogenides, whose anomalous vibrational and

structural properties are still poorly understood.
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I. INTRODUCTION

Theoretical understanding of condensed matter invariably
rests on the concept of the hierarchy of energy scales as-
sociated with various intra- and interatomic interactions.
Typically, the full microscopic Hamiltonian is reduced to
an effective model, which describes the low-energy degrees
of freedom, subject to the constraints imposed by the high-
energy interactions. Floppy networks (FNs) are a class of
such models, in which constituent particles are bound by rigid
links and where the total number of constraints imposed by
these links is smaller than required for the global rigidity of
the system, i.e., violating Maxwell’s criterion of mechanical
stability. A simple and intuitive physics of under-constrained
FNs has been widely used in soft condensed matter, where it
plays a prominent role in explaining anomalous mechanical
and thermal properties of polymers, rubber, fibers, glasses,
and granular materials [1-8]. The defining feature of an FN
is the existence of zero-energy deformations. These “floppy”
modes lead to a number of unusual properties, including
entropic elasticity, negative thermal expansion (NTE) [2,3],
fragile behavior [7-9], non-Gaussian fluctuations [10], and
topological edge modes [11,12].

In contrast, FN-type models are relatively rare [13,14] in
the realm of traditional solid state physics. This is surpris-
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ing because interactions between the nearest atoms in many
crystalline materials are significantly stronger and more rigid
than all others, yet their number is often not sufficient for the
global rigidity of the structure. This makes FNs an excellent
starting point for describing many complex crystalline solids.
In this paper, we illustrate the potential of this approach by
constructing a comprehensive microsopic theory of a family
of open-framework ionic crystals, empty perovskites, which
recently gained prominence due to the observation of large
and tunable isotropic NTE, crucial for many technological
applications [15-28]. One remarkable representative of this
family is ScF; [29-33], where NTE is observed in the vicinity
of a structural quantum phase transition: the cubic lattice
becomes unstable under a very modest external pressure,
often less than 1 GPa. In the absence of a controlled micro-
scopic theory, the question of the physical origin of NTE in
ScF3 remained controversial. The two leading contenders are
quartic phonon anharmonicity [32] and the correlated anion
vibrations known as rigid unit modes (RUMs) [20]. In either
case, ScF; with its simple, empty perovskite crystal structure
[Fig. 1(a)] has been proposed as a perfect example of the
respective mechanism. Here, we develop a microscopic theory
which shows that neither of these mechanisms is crucial for
the observed anomalous behaviors, in agreement with the
recent experiments [33].

In RUM models, the low-energy atomic vibrations are
approximated by rotations, 6, of rigid units formed by the
coordination polyhedra [Figs. 1(a)-1(c)]. In ScF;, a model
structure of freely jointed rigid ScFg¢ octahedra is fully

©2021 American Physical Society
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FIG. 1. Crystal structure of ScF; and schematics of RUM and
Coulomb floppy network models. (a) Coordination polyhedra render-
ing of the ReOs-type cubic empty perovskite structure. (b)—(d) The
RUM-based mechanistic models. Assuming rigid ScFs octahedra,
or squares in the two-dimensional version (b), the structure is fully
constrained, with no floppy modes. (c) A generalized model of
Refs. [13,14] has one floppy mode, and (d) the one-dimensional
chain model has two [20]. In the absence of tension at equilibrium,
6 = 6,, the classical RUM models are unstable and are phenomeno-
logically stabilized by postulating the bending rigidity of flexible
joints with potential energy U ~ (6 — 6p)>. [(f), (2)] A freely jointed
floppy network structure in ScF; is stabilized by net Coulomb
repulsion. At equilibrium, the network is under tension (negative
pressure). Thermal motion of F ions (green spheres) transverse to
rigid Sc-F bonds pulls Sc ions closer together and acts against
Coulomb tension, leading to NTE. (h) In a polymer gel, a disordered
floppy network is stabilized by internal osmotic pressure [1-4].

constrained [20]. While this structure is unstable due to zero-
energy RUM at the Brilluoin zone boundary [Fig. 1(b)], the
number of such floppy modes per unit cell vanishes in the ther-
modynamic limit, and so does macroscopic NTE. The effect,
however, does appear in the 1D chain model [Fig. 1(d)], which
has two floppy modes per unit cell [20], and in a variation of
the RUM model proposed in Refs. [13,14], which in two di-
mensions has one floppy mode per unit cell [Fig. 1(c)]. In the
absence of tension (negative pressure at the boundary), floppy
modes make these RUM models unstable, and the equilib-
rium, 6 = 6y, is phenomenologically enforced by postulating
the bending rigidity of flexible joints with potential energy
U ~ (6 — 6y)*. Despite being only toy models, these mecha-
nistic models do capture qualitatively the rubber-like entropic

nature of NTE and the “guitar string” tension effect, as well
as the role played by geometric constraints [13,14,34,35].

In our microscopic theory, ReOs-type empty perovskites
[Fig. 1(e)] and other ionic compounds with FN architec-
ture are described as Coulomb floppy networks (CFNs) with
freely jointed rigid links representing bonds between nearest
neighbors. The FN description directly connects to other well-
known examples of NTE materials, the polymeric gels and
rubber [2,6,13]. A CEN crystal [Fig 1(e)] can be viewed as a
3D cross-linked polymer structure. Just like gels are stabilized
by osmotic pressure which applies tension to FN, the CFN
solids are stabilized by internal negative pressure originating
from ionic Coulomb repulsion [Figs. 1(f) and 1(g)]. Due to the
regular, periodic structure of crystalline solids, a quantitative
microscopic theory extending well beyond mechanistic toy
models can be constructed around this concept. The theory
provides an accurate quantitative description of fluctuational
(entropic) elasticity, NTE, and the underlying structural phase
transition, all in excellent agreement with the experimental
observations [21-33]. While we focus on the specific case of
cubic ScF3, most of our conclusions can be adapted to other
crystalline materials featuring FN structure. In fact, such is
the situation in many systems of high topical interest, ranging
from pure silicon, which shows NTE at low temperature,
to perovskite oxides and iron chalcogenides [36—38] where
strong, highly covalent nearest-neighbor bonds form under-
constrained FNs.

II. COULOMB FLOPPY NETWORK HAMILTONIAN

In constructing our theory, we capitalize on the clear sep-
aration of energy scales between those deformations of the
lattice that do change the lengths of stiff nearest-neighbor
Sc-F bonds and those that do not. We formalize this idea by
representing all the interactions between the nearest-neighbor
Sc and F ions with a single potential, V},(r,). A convenient
starting point is to assume that this potential is infinitely rigid,
which corresponds to the FN limit where all Sc-F bonds have a
fixed length, r, = rg. This assumption is later relaxed, leading
to a controlled perturbation theory.

In the absence of other interactions between the ions, our
system would be a true floppy network: with 12 degrees of
freedom and six constraints per unit cell, there would be six
zero energy modes that do not change the lengths of Sc-F
bonds. These “floppy” modes can be parameterized by dis-
placements, u,,,, of F ions in the directions perpendicular to
the corresponding primitive vectors of the cubic lattice, a, (n
indexes the unit cells of the cubic lattice, v = x, y, z indexes
the position of the F ion in the unit cell, with Sc at the origin).
In the leading order, there is no displacement of F along the
Sc-F bond, i.e., a, - u,, = 0. If r = a/2 is half of the lattice
constant, it must satisfy the following geometric constraint:

=i+ (un?) =0. (1

Here, (u,,2) is the thermal average, which in the thermo-
dynamic limit is equivalent to the system average, (u,,%) =
2 2y Uz, (3N is the number of F ions, N > 1).

The Coulomb energy of an ideal cubic ScFj; lattice can be
expressed as —3NMé&?/r, where M = 2.98 is the Madelung
constant, and effective static charges of Sc and F ions are

134106-2



EMPTY PEROVSKITES AS COULOMB FLOPPY NETWORKS: ...

PHYSICAL REVIEW B 103, 134106 (2021)

3¢ and —¢, respectively. In an ideal ionic crystal, é = e is
electron charge; in real materials it is reduced by covalency.
Since the electrostatic interactions between the nearest Sc
and F ions are already included in V;, we only need to
account for the contributions from all other pairs of ions,
which results in the electrostatic term, 3N (6 — M)&? /r, in
the Hamiltonian. In order to incorporate the geometric con-
straint, (1), into our theory, we use the standard method
[39], introducing the auxiliary conjugated Lagrange multi-
plier field, /2, and adding the corresponding coupling term,
8H =453, (r* —rj +uj,), to the effective Hamiltonian of
the system,

H, =K+3N

6 — M)&> P
[( )e +/<(r . rb)i|—|—8N}’3P
r

Z Upy - Gnn’,vv’ Upy . (2)

n,n’,v,v’

. i
+E;uﬁv+—

Here, K is kinetic energy, 8N7>P = PV accounts for external
pressure, and the last term describes the leading, second-order
fluctuational correction to the electrostatic energy associated
with the transverse displacements of F ions, u,,,. Higher-order
terms in u,, can also be straightforwardly obtained in the
same spirit of multipole expansion. Interestingly, the quar-
tic term, which we considered, turns out to be negative and
thus destabilizing. However, it has a smallness of ~(u,,)?/rZ,
which is ~10~2 even at 1000 K [29,33] and therefore can be
safely neglected except, perhaps, in a close vicinity of the
structural phase transition.

The electrostatic repulsion between non-nearest-neighbor
ions provides the tension force that stabilizes the structure
and renders finite stiffness to the floppy modes. The equilib-
rium values of ¥ and r can be found by minimizing the free
energy, or, equivalently, (Hcgr). Minimization with respect to
k simply recovers the original geometric constraint, Eq. (1).
On the other hand, minimization with respect to r yields the
Lagrange multiplier, k = (6 — M)&”/r*> — 8rP. This parame-
ter determines the tensile force applied to each Sc-F-Sc link,
f = kr/2, which balances the negative internal pressure due
to the net electrostatic repulsion. Its effect can be compared
to the osmotic pressure in a polymer gel, which results in
stretching of an otherwise floppy polymer network, making it
rigid, as illustrated in Figs. 1(f) and 1(g). The (positive) exter-
nal pressure reduces the tension on Sc-F bonds and therefore
shifts the system back towards the floppy network regime.

III. PHONON SPECTRUM

After switching in Eq. (2) to Fourier representation, uq, =
JLN > u,,e 4" and diagonalization of the dipole tensor,

aw/, the canonical Hamiltonian of uncoupled oscillators is
obtained (as shown in Appendix A),

H =) ‘pm +— & (6—M — P/Py+ ) |u[*
py 2mp 2r3 q '
3)

Here, ") (0 =1,...,6) are the eigenvalues of 6(”],’ ob-
tained upon the diagonalization and ua") are the respective
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FIG. 2. Transverse phonons of Coulomb floppy network in ScFj;.
Curves are results of our theory, Eq. (4), and symbols are the ex-
perimental data points for ScF; from Ref. [30]. (a) The spectrum
of the six transverse F phonon modes at T = 0, P = 0, calculated
using point charge approximation (¢ = 0.3, dashed lines) and with
the account for the ionic charge distribution (¢ = 0.006, solid lines).
(b) The phonon spectrum at room temperature (7 = 300 K, P =0,
€ = 0.047, solid line) and at a critical point (P = P.(T), € =0,
dashed line). (c) Schematics of the F atom displacements for phonon
eigenmodes described by Eqgs. (6): soft rotating breathing mode
(RBM) usually associated with quasi-RUMs, hard ferroelectric (FE)
mode, and their counterparts, anti-RBM and anti-FE modes. (d) The
phonon density of states (DOS) for the six modes in (b), calculated
for o = 1.0 and oy = 1.3. Dashed line shows linear interpolation.

eigenmodes; Py = ~2/8r0 ~ 12.4 GPa is the characteristic
pressure (assuming the effective charge é = 0.84¢ estimated
from Pauling’s electronegativity [33] and experimental value
of ry = 2.01). The energies of F transverse phonon modes
obtained from this Hamiltonian are

hol” = hwo\/ 6—M+ v — PP, 4)
where hiwy = hé//r’mp ~ 16.5 meV.

Adopting the point- charge approximation, i.e., neglecting
electronic polarizability of the ions and the bond dipoles
[which can be related to the difference between static, &, and
dynamic, ze, (Born) effective charge [40], i.e., assuming ze =
€], we obtain the dispersion curves shown by dashed lines
in Fig. 2(a). The energy gap, fiwmin = fiwgs/€0 — P/ Py, is
controlled by parameter €y = (6 — M + Yin), Where ymin =
min{y”}. In a qualitative agreement with the experiment
[29,30], application of an external pressure reduces the soft
mode gap, leading to a structural instability. Within the point-
charge approximation, however, yni, & —2.71 and €y =~ 0.31,
which results in a large gap, ~ 10 meV at P = 0, and critical
pressure P. = €pPy ~ 4 GPa, both of which are significantly
higher than the experimental values.

Going beyond the point-charge approximation, one needs
to account for electronic polarizabilities of F and Sc ions [33],
ar and ag., respectively, and for Sc-F bond polarizability,
which is characterized by parameter § < 1. The parameter
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8 is related to a difference between the static and dynamic

effective charges (see Appendix B for details). These effects

lead to the renormalization of y*” in Eq. (3), y{” — v,

YU = 87 + yoar /1] + o8
L+ (" + vo)ar /17

*(0) _
a =

&)

and of the gap parameter, ) = (6 — M + y,. ), which depend
on the effective charges and electronic polarizabilities. The
parameter § is related to Born effective charge, ze, [Eq. (B9)
in Appendix B] and yp = —3_, \”’/6 ~ 0.90 is obtained
within the point-charge approximation [33]. In principle, ef-
fective charges and electronic polarizabilities can be obtained
from first-principle calculations [41,42] or from experiment
[43]. However, in order to reliably determine parameter €
and thus the critical pressure, they need to be known with an
exceptional precision. According to Eq. (B8), if we assume
the polarizability o = 1.0 A3, the spectral gap becomes zero
atze/é ~ 0.994, while a change to oy = 1.3 A3 [33,43] could
be offset by a <2% adjustment of the effective charge ratio,
to ze/é =~ 0.976. This sensitivity provides an explanation for
a wide variation of critical pressure and temperature among
empty perovskite families chemically similar to ScF3.

Using the experimental value of P, ~ 0.075 GPa for ScF;
at 0 K [29], we obtain €y ~ 0.006. Note that determining this
value with such an accuracy would require computation of the
effective charges with a better than 0.5% precision. Solid lines
in Fig. 2(a) show the corresponding phonon dispersion curves.
They are in excellent agreement with the experimentally mea-
sured dispersion of the low-energy branch [30], as well as the
phonon spectra numerically computed in Ref. [32]. The major
difference is the absence of acoustic branches and hard optical
phonons associated with longitudinal F oscillations, both of
which are artificially “switched off” in the rigid bond limit.

The most interesting feature of the obtained phonon spectra
are the ultra-soft phonon modes at the edges of the Brillouin
zone (BZ). These modes have a nearly flat dispersion along
the M-R line, which reaches its global minimum at a ver-
tex, ¢* = (£m/a, £m /a, £ /a), and are often interpreted as
RUMs, a coordinated rotations of the rigid octahedra formed
by Sc together with six surrounding F ions. The peculiar
low-energy M-R dispersion of these modes, which determines
the type of structural instability that occurs at ¢*, originates
from Coulomb interaction and is accurately described in our
CFN theory. While this dispersion is properly captured by
some of the DFT calculations [32], it is often missed by DFT
[41,42]. Although the ultra-soft floppy eigenmodes of the
Hamiltonian (2) indeed resemble RUMs [but see Fig. 2(c) and
discussion below], the fixed distance between the nearest F
ions suggested by RUMs is not supported either by numerical
simulations [32] or by recent experiments [33]. Furthermore,
contrary to the common belief [20] these putative “RUMSs” are
not markedly important for the thermomechanical properties,
such as NTE. As we show below, outside quantum regime (at
T 2 200 K) these modes provide only a subleading correction
to the more naive Einstein model, which assumes completely
uncoordinated vibrations of the neighbor atoms [33].

In fact, the geometry of the ultra-soft modes is fully de-
termined by symmetry. For wave vectors at the edge (¢" =
q' = 1 /a), or at the center axis (¢g" = ¢" = 0) of the Brillouin

zone, which are invariant under symmetry transformations of
the crystal that involve only © and v coordinates, the normal
modes are either symmetric or antisymmetric with respect to
the symmetry group of a square [(v, u, T) is a triad of different
coordinates]. This leads to the following general form for
nondegenerate modes in those two cases:

() _ (u(‘it + ugr)/\/i
s {(u;,ﬂ ) /V/2,

q9"=q"=0
L )
" =q"=m/a

Here the minus sign corresponds to the lower energy branch.
The ultra-soft modes on the MR line are “breathing” rotations:
the F ions are moving in a midplane between two Sc ions,
somewhat resembling RUMs [Fig. 2(c)]. However, for a finite,
even very large bond rigidity the Sc-F and F-F distances do
change, ~u”. Despite being quadratic in u, these nonrigid
deformations contribute to harmonic terms in the effective
Hamiltonian, H, : Since Sc-F bond is under tension, its energy
changes linearly with deformation, i.e., also ~u%. On the other
hand, the finite Sc-F bond rigidity itself only contributes to
the next order terms in H , giving rise to quartic anharmonic-
ity [32]. These rotating breathing modes (RBMs) provide
the strongest reduction of the repulsive electrostatic energy
between F ions, which offsets, at least partially, the energy
penalty associated with tension of Sc-F bonds. Due to the
cancellation of these two energy contributions, there is almost
no restoring force associated with the F displacement for such
a coordinated motion. Hence, RBMs are in fact the softest of
all the transverse modes of F ions. For P = ¢yP,, the effects
of Sc-F bond tension and F-F repulsion completely cancel
each other, signaling an onset of a structural instability. Since
the instability occurs at a vertex of the Brillouin zone, ¢*, it
involves simultaneous RBM displacements in all three planes
and results in a transformation from cubic to rhombohedral
crystal structure.

The four mode families given by Eq. (6) [Fig. 2(c)] reveal
the physics of the entire phonon spectrum. In the vicinity of
q = 0 (I" point), the six normal modes are represented by three
“ferroelectric” and three “antiferroelectric” modes, with ion
displacements along the x, y, and z directions, respectively.
As one gradually moves away from the I" point, the phonons
can still be viewed as spatially modulated versions of those
modes. The low-energy peak in the density of states, iw, is
associated with the soft “antiferroelectric” modes, while the
higher-energy peaks, iw, and w3, correspond to “ferroelec-
tric” modes (longitudinal and transverse, respectively). In the
vicinity of MR line, all modes are either ultra-soft RBMs or
their high-energy counterparts, anti-RBMs. In the density of
states, the (spatially modulated) RBMs and anti-RBMs appear
as a linear shoulder below 7w, and above /iw,, respectively.

IV. ENTROPIC STABILIZATION OF CRITICALITY

Near the critical point, the floppy network behavior that has
been suppressed by the electrostatic tension is recovered. At a
finite temperature, however, thermal fluctuations provide an-
other, entropic mechanism for FN stabilization. Such entropic
stabilization is aided by a steric constraint on displacement,
u,,, which was originally omitted in the effective Hamiltonian
(2). Namely, the effect of core repulsion of the nearest F ions
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becomes significant when the fluctuations increase in ampli-
tude on the way to become unstable according to the harmonic
analysis. This can be accounted for by imposing a constraint,
uk, 2 < uO, on each component, /i, of the displacement field,
u,,, where uy ~ 1 A is a model parameter which determines
the effective steric confinement of F ions. The resulting parti-
tion function has the following form:

Z = Tr(e Tt l_[® ug —u“z))

nop

7 el (ug—uli?) u

g ey o=y, dK
=Tr|e %7 . 7
H / Ko 21 @

nv
H_ —io00

Here, we performed exponentiation of the step functions
representing the steric constraints by introducing a fictitious
Lagrange multiplier field, «/ (formally, this is analogous to a
common method of exponentlatmg a § function [39]). Within
the mean-field approximation, all components of the lattice
field «};, can be replaced with a single value, «7. This results
in the following addition to the effective Hamiltonian:

SHF_F = kBT Z [KT(

n,v, [

u,’fvz — u%) + In KT]. ®)

By minimizing its thermal average with respect to «7, we
obtain the equilibrium value of this parameter, k7 = 1/(uj —
(u?)) ~ 1/u}. We therefore conclude that the effect of a
steric constraint can be represented as an additional rigidity,
KT = 2kBT/u%, adding §Hr = Zn ; KTu ,/2 to the quasihar-
monic Hamiltonian of the system, H . Combmmg the effects
of temperature and pressure, we obtain the following expres-
sion for the gap parameter that controls the criticality:

e(T,P)=¢y+ (xT — P)/P, &)

where x = kB/(4ru(2)). According to this result, there is a
linear dependence of the critical temperature on pressure.
It also predicts that the square of the floppy phonon’s
energy increases linearly with temperature, [hiw(T)])* =
(hwo)* (o + xT/Py), in perfect agreement with experiment
[30]. By setting ug = 1.00 A, we obtain a close match
between the coefficient of proportionality, (fiwg)>y /Py =
2k3h2 / (mpu%) ~ 0.038 meV? /K, and its experimental value,
0.0376(5) meV? /K [30]. This, in turn, allows us to evaluate
the slope of the P.(T) curve, dT./dP = x ' ~ 580 K/GPa,
which compares favorably with the experimental value,
~525 K/GPa [29,30]. The resulting phase diagram, P.(T), is
presented in the insert to Fig. 3(a). Figure 3(a) shows the vari-
ation of critical temperature for Sc;_,Ti,F3 and Sc_,AlF3
series, which (aside from pure AlF3) is quite accurately de-
scribed by the r-dependence of ¢, given by Eq. (BS) in
Appendix B.

V. NTE AND ENTROPIC ELASTICITY

NTE emerges as a natural property of a floppy network:
the constraint (1) relates an increase in transverse fluctuations
of F ions to the overall contraction of the crystal. As shown
in Ref. [33], the effect can already be evaluated within a
simplified Einstein approximation, which completely ignores

800 i i O Sc, XAI F3(a)
o SC1 -X x 3 h
AlF, =10
600} P
< 400 :
l_ -
200 1

185 1.9

0 200 400 600 800 1000 1200
T (K)

FIG. 3. Phase diagram and negative thermal expansion in ScF3.
(a) Dependence of the critical temperature, 7., on half of the lattice
spacing, r. Symbols represent the experimental data for Sc,_, Ti,F;
(circles) and Sc;_,Al,F5 (squares) from Refs. [22,23]. Solid lines
are theoretical results for o = 1 and Sc-F bond dipole parameter
8 = &g + 81 Ar/ry (see Appendix B) and include correction for the
reduction of the confinement parameter with r, assuming Auy = Ar.
8o and §; were used as fitting parameters, resulting in §o = 0.128 and
81 = 0.35 for Sc;_,Ti,F; and §; = 0.20 for Sc,_,al,F;. The inset
shows theoretical P.(T') phase diagram given by Eq. (9) with data
points representing the experimental results for ScF; from Ref. [29].
(b) Solid lines show theoretical dependencies of the lattice NTE
(blue), and Sc-F bond length (green). Symbols represent the experi-
mental data from Refs. [29,33]. Dashed line is the result for infinitely
rigid Sc-F bond, Eq. (11).

RBMs and the nontrivial dispersion of the transverse floppy
modes. We can reproduce the result of Ref. [33] by replacing
all eigenvalues y "’ in Eq. (3) with their average, yo ~ 0.9,
obtained within the point charge approximation. In the classi-
cal regime, where according to the equipartition theorem the
average potential energy of every mode equals kg7 /2, one
obtains

r—rp N_(uﬁ\,) o rokgT — T
0 212 26—M—P/Py+yy)
(10)
For P=0, aEz—?(Gro—Ali[“;_y) ~—-9x 10K~ 1, which is

surprisingly close to the experimental result for ScF; at room
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temperature. However, within the Einstein approximation the
quantum effects would lead to freezing out of the floppy
modes below T & fiwg/6 — m + yy/kp =~ 270 K.

Here, we present a systematic calculation of the NTE
effect with a full account for the dispersion of the trans-
verse soft phonons. In order to calculate (u2), we first
determine the density of states (DOS) from our theory. The
DOS resulting from Eq. (4) features three peaks, at en-
ergies hw; ~ 1.1lhwy ~ 18 meV, hw, = 1.5hwy ~ 25 meV,
and fiws &~ 2hwy ~ 33 meV [Fig. 2(d)], in agreement with
both numerical and experimental data [32]. Notably, the low-
energy RBM part of the DOS is well described by a linear
function. This is because RBMs have very weak dispersion
along the MR line. Their dispersion perpendicular to the MR
line is thus approximately that of 2D phonons, which explains
the linear DOS behavior.

We calculate NTE analytically by adopting a
simple, approximate expression for the DOS, g, ~
20 Q(w — w_)O(w; —w), obtained by extrapolating

ryad
tﬁe (iinear RBM behavior all the way up to the high-frequency
cutoff, w; = wo/€ +Xry. The opening of a gap for
finite € results in a low-energy cutoff of the spectrum, at
hw_ = hwga/€ + A_. Parameter A_ accounts for the effect
of small, but finite dispersion of RBMs along the MR line,
which makes the average energy along this line slightly
higher than the gap, fiwg+/€. By performing the integration,
@?2,) = h/2mp [ don,g, /o, we obtain

_ 2rokeT 1 — ¢ fiws/ksT
A=""T_ 20 ln( ¢ ) (11)

o 2y 1 — e~ o-/ksT

In the classical regime, kgT 2 hiw,, the logarithm in
this expression can be replaced with In(wi/w-)=
In/A;/(e +A_). The upper and lower cutoff parameters
are obtained by matching this classical result with the one
calculated for the exact DOS shown in Fig. 2(d). This
gives Ay & 4.3 (hw; ~ 35 meV, hwy/kg =~ 400 K), and
A_ ~0.005. As shown in Fig. 2(d), the resulting slope of
8o 18 in excellent agreement with the linear portion of the
exact DOS. The prefactor in front of the logarithm in Eq. (11)
is very close to the result obtained within a much simper
Einstein approximation, Eq. (10) [33]. Hence, the nontrivial
dispersion and ultra-soft RBMs are not essential for NTE
and only give rise to a logarithmic correction factor (2 at
300 K) to the Einstein model. The phonon dispersions gain
importance in quantum regime, where Eq. (11) shows that
the effect does not vanish below room temperature, contrary
to the naive Einstein approximation. According to our result,
NTE does not diverge even at the critical point, € = 0, when
ultrasoft modes at the vertices R of the BZ become unstable.
Such divergence (a putative argument for RUMs picture [20])
is eliminated due to the nonvanishing Coulomb dispersion
along the M-R line.

Another important property of floppy networks is entropic
elasticity. A well-known example is elastic response of poly-
mers and rubber to stretching, which suppresses the chain
entropy [1-3]. In the case of a Coulomb FN solid, such as
ScF3, the overall compressibility remains finite even for in-
finitely rigid bonds due to thermal (and quantum) fluctuations.
According to Eq. (3), applied pressure reduces the stability of

the network, increasing fluctuations and, therefore, entropy.
The associated entropic contribution to bulk modulus can be
calculated using Eqs. (9) and (11), B, = —%(BA/BP)_l =
%)urp()éz(é + A_)/rokgT. Due to near-proportionality of € to
temperature, for finite T it quickly reaches a constant asymp-
totic value, B, ~ 2(r0/u0)2k+P0/3 ~ 145 GPa.

We can now relax the approximation of rigid bond with
fixed length, r;, by including the bond potential energy, which
we expand up to the second order in deformation, V,(r,) =
Vb(o) + fo(ry — o) + kp(rp, — 19)?/2, in the effective Hamilto-
nian (2). The geometric constraint, Eq. (1), dictates that the
two contributions to the compressibility, Bb’l = 12r/(kp + k)
due to the finite bond rigidity and B, ' associated with the
fluctuations are additive, B~! = Bb_l + B;l. This result ex-
plains the large discrepancy between the DFT result for bulk
modulus, ~89 GPa [41,42], and a much lower experimental
value, B = 57(3) GPa, measured in ScF; at 300 K [23,29].
Using the value B, = 89 GPa from DFT and accounting for
the fluctuational contribution to compressibility, we obtain
B=1/(B,' +B;') ~ 55 GPa, in excellent agreement with
both experiment and molecular dynamics simulations [44].

Our result for NTE, Eq. (11), can be connected to the
conventional theory of thermal expansion of solids, where

r—ry 1

ro  3VB ,-

TLE,. (12)

Here, E; are energies of individual phonon modes and [';
are known as Griineisen parameters, which express the ratio
between the contribution to internal pressure and the energy
density for each mode, I'; = —d Inw;/dIn V. Typically, for
crystalline solids Griineisen parameters are determined by the
nonlinearity of interatomic bond potentials and are of the
order of 1. In the case of Coulomb FN in ScF3, however,
the dominant contribution, I'(w) ~ —B/ZPo(wo/w)z, comes
from the explicit pressure dependence of the Hamiltonian,
H, . Since B > Py, this parameter is anomalously large in
magnitude and negative. After substituting it into Eq. (12),
however, the bulk modulus cancels, and the final result is
indeed equivalent to Eq. (11).

In our theory, we can employ Eq. (12) to describe the pos-
itive thermal expansion (PTE) of Sc-F bonds as an alternative
to direct free energy minimization [33]. In addition to the
dominant contribution coming from the pressure dependence
of phonon frequencies, there is a subdominant term 1/2 in
Griineisen parameters, I';, resulting from the ~1/r* scaling
of potential energy in Eq. (3). One can show that it is this
term that describes the phonon pressure responsible for PTE
of Sc-F bond; the compressibility B~! in Eq. (12) in this case
has to be replaced with B;l (see Appendix C). Thus, the same
floppy phonons that give rise to a pronounced NTE also lead
to PTE of Sc-F bonds. As shown below, this approach also
allows to phenomenologically account for the nonlinearity of
Sc-F bond potential neglected so far.

We complete the description by recalling that there are six
more phonon branches in the system, three acoustic phonons
and three hard optical modes associated primarily with longi-
tudinal displacements of Sc and F ions, which were neglected
in the rigid bond picture. We account for these modes within
the Einstein approximation by representing the deformation
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of six Sc-F bonds in response to the displacement of a
Sc ion with a simple harmonic potential with spring con-
stant 2V, 4+ 4V} /ry = 2(k + ) = 24Bry. The corresponding
phonon energy is hws. = hi/24Bry/ms. ~ 50 meV. The
spring constant for longitudinal F oscillations, without ac-
count for electrostatic corrections, is 2«, = 2[12B — 8P,
(6 — M)]rg, which gives the energy of a hard optical phonon,
hoy = h/24(B — 2Py)ro/mp ~ 63 meV. Both energies are
very close to the peaks in phonon DOS observed experimen-
tally, as well as to numerical results [32]. We account for the
contribution of these modes to thermal expansion by assigning
them a single energy, fivhara = fi(wse + @))/2 ~ 56 meV, and
an effective Griineisen parameter, I".

Combining the contributions from soft floppy transverse
phonons and hard longitudinal modes we obtain

rp — 1o ~ kBT D h(,z)Jr L ord hwhard
ro Byvo |\ ksT kT )|
(13)

Here, ®(x) = x/[exp(x) — 1] is the Bose-Einstein correction
function to the equipartition theorem (Bernoulli function) and
Dy (x) = 2/x* [ x*[exp(x’) — 1]7" dx’ is a 2D Debye func-
tion. The overall NTE effect is given by the sum of the earlier
result obtained within rigid bond approximation, Eq. (11), and
Sc-F bond extension associated with internal phonon pressure
given by Eq. (12) (see Appendix C)

Ay =

(14)

As shown in Fig. 3(b), our results for NTE and for PTE of
Sc-F bonds are in excellent agreement with experimental data
in ScF3. By using I' and the effective charge, &, as the only
adjustable parameters, we obtain near-perfect fit of NTE for
é = 0.81(3)e, closely matching the Pauling estimate that we
assumed earlier and the DFT results [45], and T" = 0.96(8),
well within the expected range. The resulting curve for PTE
of Sc-F bond also agrees very well with experiment [green
solid line in Fig. 3(b)].

VI. CONCLUSIONS

In conclusion, we extended the concept of FN, which is
ubiquitous in polymers and disordered and soft matter [1-8],
to open framework ionic solids. By doing so, we constructed a
theory that treats these materials as Coulomb floppy networks
stabilized by the net electrostatic repulsion and provides an
accurate quantitative description of structural phase diagram
and thermoelastic properties. We presented our approach by
considering the specific example of ScF3, which demonstrates
the physics of CFNs unobscured by structural complexities
[29-33]. The tension in Sc-F-Sc bonds resulting from the
net Coulomb repulsion leads to finite stiffness of transverse
fluctuations and endows FN with structural stability. External
pressure reduces the bond tension and, combined with the
electrostatic energy gain due to coordinated RBM motion,
leads to an instability of cubic structure. Thermal fluctuations
under steric constraint, on the other hand, provide mechanism
for entropic stabilization, leading to an increase of the spectral
gap and the critical pressure with temperature.

NTE effect emerges as a natural consequence of the un-
derlying floppy network behavior. Contrary to the common
belief in the field, NTE does not rely either on ultra-soft
(quasi-)RUMs [13,14,20] or on quartic phonon anharmonic-
ity, such as illustrated in Ref. [32]. While softening of RBM
phonons is indeed essential for the underlying structural in-
stability and quartic corrections could be important for those
ultra-soft modes in the vicinity of the critical point, a naive
Einstein approximation, which ignores dispersion and soft-
ening of the floppy modes, already gives a surprisingly good
estimate of NTE and PTE of the Sc-F bond. The full account
for the dispersion of the transverse floppy phonons presented
here, including the ultra-soft RBMs, only yields a logarithmic
correction to Einstein approximation. Still, that account is
significant, as it explains why NTE does not vanish in the
quantum regime below the room temperature where all the
phonons within the simplified Einstein model are frozen out.

It is well known that thermal expansion of a solid is rooted
in an anharmonicity of the Hamiltonian. In our case, the an-
harmonicity is geometric in origin and appears as a constraint
[13,14], leading to a theory that is essentially quasiharmonic
and starkly distinct from classical Griineisen-type theories
where thermal expansion is driven by anharmonic inter-
atomic potentials. Our effective quasiharmonic Hamiltonian
explicitly accounts for the anharmonicity of the electrostatic
Coulomb interactions as well as nearest-neighbor steric (core)
repulsion. The anharmonicity of the Sc-F bond potential, on
the other hand, is included on a phenomenological level,
within Gruneisen theory, as described above.

Our theory describes phonon spectra, phase diagram, NTE,
and entropic elasticity of CFN crystals and is in excellent
agreement with experimental data in ScFj3. It also explains the
observed crystallographic phase diagrams of related crystal
families with variable chemical composition [Fig. 3(a)]. Be-
yond empty perovskites exemplified by ScF3, our approach
naturally extends to other perovskites, which is presently one
of the most technologically important material families [46].
In order to describe these systems, one only needs to include
an additional (“type-A”) ion at the center of the cubic unit
cell. Our approach can also be applied to explain anomalous
vibrational and structural properties of other topical materials,
from pure silicon to cuprates and iron pnictides [36-38], and
opens new avenues for predictive modeling of these effects in
solids and metamaterials [47,48], which currently are beyond
the reach of ab initio methods. Finally, the entropic correction
to compressibility calculated in this work for the case of ScF3
is likely to be substantial in a much wider range of materials.
It is of marked importance from both conceptual and practical
points of view, since the prediction of a bulk modulus is often
used for validation of first-principle methods.
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APPENDIX A: ELECTROSTATIC COUPLING WITHIN POINT CHARGE APPROXIMATION

Within the point charge approximation, the electrostatic contribution to the Hamiltonian, H, , in terms of “floppy” mode F

displacements, u,,,, can be written as follows:

&2
el = E uyy - nn v Upy = E
273 213

n,n',v,v’

|: V0|unv| Z Uy - Tnn’,uv’ : un’lﬂi|~ (Al)

(n',v)#(n,v)

Here, a = 2r is the lattice constant, n, n’ index the lattice unit cells, summations are over the F positions in the lattice (Sc

displacements are neglected, v, v’ = x, y, z), and

nn v’ 8R“8R“

2p—1
Tuu — 33R =r3<

is the traceless dipole tensor (3, T,.",,, =

Yo =

Z ZV’EIZ/{LW’ = _%

n’,v'(non—NN)

Shi

Z v Tnn vy’

n',v'(non—NN)

3RMRW
RS

>,R =Fp —Iyy (AZ)

= 0) where u, 4’ = x,y,z. On account of the F site symmetry, the diagonal force
constant for transverse displacements, yy, is given by (u # v)

~ 0.90,v' =0,x,y,z. (A3)

Note that here the summation over V' includes the terms coming from interaction with Sc ions (to which v/ = 0 is assigned),
with the exception of the nearest Sc neighbors of a given F. Accordingly, z,, = +3 for v/ =0, and z,, = —1 for v/ = x, y, z.
After switching to the Fourier variables defined in the main text, uq, = ﬁ Zn upe~ 47T the nonlocal part of the electro-

static potential can be rewritten in the following form:

Z Upy 'Tizn’,vu’ cUpyy = Z Uqgy - Tq,vv’ U_qv, (A4)
(n',v)#(n,v) q,v,V’
3a3 (92 sH 92 iq - Ry
TMLU _ o Z eXP(“I5 ) . (AS5)
a0 8 \oguag” 3 9q-0q) £ RS,

Here,R,, = (a, —a,)/2 + ka, + la, +ma,, and k,[,m € Z.

v

In order to simplify the diagonalization of tensor Tq v, we first regroup the displacements, uq,,, into three 2D vectors,

u, , = (ugy, g, 1)) Here, the triad of indices, (v, u, u'), is an even (€,,,, = 1) permutation of (x, y, z). In this representation,

q,v
each matrix element, Tq,wr, is a 2 X 2 matrix,

L _ 2

=3 2 ( o
q,vv — 3 92
k,l,meZ dpragpr

?u e

(A6)

) cos(kg) cos(me™) cos(Igp"')
L’ ’

~ 3
Tq,vuzg Z ( L2 _p 32

k.l,meZ 3 FYIrr

a@d—w o )cos[(k+1/2>¢“]cos[<m+1/2>¢“]cos<l¢“’)

i (a7

where ¢* = agt, L = Vk* +m? + 1%, and L' =

V4 1/2)2 4 (m + 1/2)2 + [2.

Diagonalization of Tq v for a given wave vector, ¢, yields six normal modes with the corresponding eigenvalues, 7/(") =

¥s” + v

APPENDIX B: CORRECTIONS TO THE POINT-CHARGE
APPROXIMATION

In order to go beyond point-charge approximation, one
needs to consider the actual distribution of the ionic charge.
This distribution can be represented by a multipole expansion
about the effective point charge position, which is identified
with the position of ionic nucleus. The monopole terms in
this expansion yield point charge approximation considered
above. Here, we consider the contribution to the electrostatic
energy of the next, dipole terms. The importance of dipole

i

interactions for the electrostatics and soft mode in perovskites
had been pointed out long ago by P. W. Anderson [49]. In gen-
eral, dipole terms result from two additional effects discussed
in the main text: Finite electronic polarizabilities of ions, ap
and og., and the difference between the static and dynamic
effective charges, which accounts for nearest-neighbor bond
polarization.

Within point charge approximation, displacement of a sin-
gle Fion, u,,, results in a local dipole moment, d,w = —éu,,.
In a real material system, however, this result has to be cor-
rected for nontrivial distribution and redistribution of ionic
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charges [50-52]. This correction is included in the defini-
tion of Born effective charge (dynamic charge), ze, which
determines the dipole moment resulting from a displacement,
d,, = —zeu,,. In principle, ze can be determined numeri-
cally, e.g., by DFT calculations [51]. In the spirit of our
theory, which separates effects of the nearest-neighbor and
the longer-range Coulomb interactions, we will distinguish
between the corresponding two contributions to the dipole
moment, d,, = d(o) + ésu,, +d;,,. Here, d, is an induced
dipole due to a local electric field from non-nearest neighbors
and édu,, is a dipole resulting from the polarization of the
nearest-neighbor, Sc-F bond. A naive ionic model where this
dipole moment is given by F polarization in the electric field
of the nearest Sc ions gives § = 6/ 3. This result, however,
is an over-estimate as covalency effects that govern charge
distribution in Sc-F bond will reduce the polarization naively
expected for an ionic model [50-52]. We therefore treat § as a
material parameter, which we expand to first order in bond
length, 6 = &g + 81(rp — ro)/ro. As shown below, § can be
related to Born effective charge and thus can be obtained from
ab initio calculations or determined experimentally.
According to (Al), for a specific case when only one
F ion is displaced the point-charge electric field of other

J

ions at the displaced position is E,, = —ypéu,,/r>. Hence,
d’ = —aryolu/ r3, and the Born effective charge, in a
crude approximation that neglects displacements of all other
ions and treats them as point charges, is given by ze = é(1 —
8 + arys/r’). In a general case, however, multiple ions are
displaced. The individual induced dipoles, d,, are then deter-
mined by minimization of a Hamiltonian, which includes the
point-charge electrostatic energy of Eq. (Al) and the energy
associated with the electronic dipole polarization,
Hy =) [d;}/2ar — @8up +d;})En].  (BD

n,v

Here,

E,., = - 3unu + — 23 ZTnn v [(1 — &)éu, _d:’v/]

(B2)
is local electric field at the displaced position, including the
field of point charges and the additional dipole contribution.
Without the latter, the corresponding electric field potential at
the displaced position yields the point-charge energy (Al). We
thus have

e ~ m ~ *
Vi=552 {—yoeuiv + Yt T - [(1 = 82Uy — d,,/v,]} +Hy. (B3)
n,v (n',v)#(n,v)
In terms of d ,(1?)) = —@&uy, and total induced dipole moment, d,,, = &du,, + d,,, we obtain
1 ~
d ) ) ©0) d
Vi =2 Z [yod”” ¥ o wd +dm) } to5 D @0 +dn) G (@) +dw) =) g, (B4
(n',v)#(n,v) q,0

d
Here, hq,a

is the electrostatic part of the Hamiltonian, H,, which replaces the point-charge expression, hq, =

2 o
@r)'y{1euf’|”, in Eq. (3), upon account for ionic dipole moments,

d Yo 4 2 1 dVs+a | Ve d° 44

Hgo = 5,5 ol +E’ avd Tdao| + S5 ldgs +doo|” (BS)
In this expression, dfff, = —éufl") and dy, are related to dfg) and d,,, through the same linear transformation as ufl”) to u,,

(Appendix A). By minimizing this energy with respect to dg ,, we obtain

a) + 8
dyo= o, T (B6)
Yot Vg + =
Consequently, y(;") in Eq. (3) has to be renormalized as follows [Eq. (5)]:
(o) —_8)2 3 2
«0)_Ya [(A = 8)" + yoor /r7] + v0b (B7)
q

1+ (g7 + wo)ar /13

In particular, this correction leads to a significant change in the soft mode spectral gap compared to the result of point charge

approximation,

60:6_M+Vmin:6_M+

Y OU(1 = 8)% + yoar /3] + 182

(B8)
L+ (v + vo)ar /13
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Finally, from minimization of Eq. (B5) one can relate parameter § to Born effective charge, ze,

IdY) +ds0) 1

%—Z 0d© =l-<

(o

%

5+ ozpy(")/r3

where we used an analytic result for q =0, o =1,...,6
eigenvalues: (yo(") + ) =(7,0,0,7/3,7/3, 7/3).

APPENDIX C: THERMAL EXPANSION OF ScF BOND AND
FLUCTUATIONAL CORRECTION TO NTE RESULT

6 oot 1T O‘F(Vo(a) + VO)/r3
Yo —m)ar/rP =8 (/3 +y)ar/r* =8  yap/r’—3§ (BY)
6(1 + mag /1) 21 — (7 /3)ar /1] 3
[
the overall NTE effect,
o 1 v dP 0e 1 B o
rJvy—-11--—-— " | ==
a 2 €+ y(ia) — Ymin aV oP 2 2P0 a)((’ﬂ
(C3)

Upon relaxing the approximation of infinitely rigid Sc-F
bonds and expanding the bond potential, V}, in terms of r;, —
ro, the effective Hamiltonian takes the following form:
6=M) «k(? —rb)

r 2

Heyr = 3N|: i| + fo(rp — 1o)

Kp 2
+E(i’b—”0) +H, +H,. (CD)

Here, fo = %
optical phonons associated with displacements of F ions along
Sc-F-Sc bonds. The fact that Sc-F bonds are under tension re-
sulting from Coulomb repulsion has important consequences.
As before, the tension in Sc-F bond is balancing the nega-
tive electrostatic pressure, but it is now also related to the
extension of the bond, f = fy + «,(r, — ro). At nonzero tem-
perature and pressure, we once again perform minimization
of ( H.¢), this time with respect to rp. In the leading order in
(u2)) this gives

and H) accounts for acoustic modes and

Ap = 70
o
e 2
— 6 M+ vy p
lcb+/c|:8r320:<2 Yq )|uq |
. P—P C2)
3B,
Here, B, = (kp + k)/12ry is the contribution to the bulk mod-

ulus associated with bond rigidity and P = %(1—7 1)/V has a
meaning of phonon contribution to (negative) internal pres-
sure. This result is an analog of the classical Griineisen
formula, but for Sc-F bond expansion. The prefactor 1/2 has
a meaning of effective Griineisen parameter for our trans-
verse F modes, coming from 1/ scaling of their energies.
As discussed in the main text, this is only a subdominant
contribution to the total Griineisen coefficient that determines

Within our theory, in order to find the overall thermal
expansion, (r — rg)/ro, we need to add the results for A and
A, given by Egs. (11) and (13). However, the value of A,
which depends on pressure via €, has to be adjusted due to
internal phonon pressure, P,

(C4)

This result is now fully consistent with the traditional
Griineisen formula, Eq. (12), with Ffl") given by Eq. (C3). The
effect of all other phonons can be included in Egs. (C2) and
(C4) by adding the respective contributions to P. Including the
two longitudinal Sc-F bond-stretching optic phonons, yields
Eq. (13) and the theoretical curves shown in Fig. 3(b).

We note that the contributions of F transverse phonons
to thermal expansion of Sc-F bond and NTE [Egs. (C2) and
(C3)] are obtained in our theory in a quasiharmonic approx-
imation. However, our effective quasiharmonic Hamiltonian
explicitly accounts for the anharmonicity of the electrostatic
Coulomb interactions as well as nearest-neighbor steric (core)
repulsion, which in fact underlie nonzero thermal expansion.
The anharmonicity of the Sc-F bond potential, on the other
hand, is included in Eq. (13) on a phenomenological level
within Gruneisen theory, as described above. These modes are
neglected in the rigid-bond approximation, which holds below
about 400 K where the bond-stretching phonons are frozen out
and their anharmonicity is irrelevant. The effective Gruneisen
parameter, I' & 1, obtained for these phonons by fitting ther-
mal expansion [Fig. 3(b)] shows that this anharmonicity is
weak.
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