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Substrate polarization effects on the plasmon excitations of small Na atomic chains on Si surfaces
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The plasmon excitations in small metal-atom clusters have been extensively investigated in recent years, and
most of the efforts are focused on freestanding clusters. However, freestanding clusters are inherently unstable
and have to be stabilized by interacting with a two-dimensional or three-dimensional substrate; hence, the effects
of substrates should be taken into account in the calculations of electronic excitations. With the use of the
random-phase approximation, we extensively investigate the polarization effects of substrates on the plasmon
resonances of small Na chains on Si surfaces. Our results show that due to the polarization effects of Si substrates,
the redshifts of plasmon peaks appear in both longitudinal and transverse absorption spectra, and the strengths of
the main plasmon resonant peaks have some variation; in particular, the strength gets a very large enhancement
when the external field is applied in the direction perpendicular to the surface of Si. In addition, we study the
formation mechanism of the end mode and the central mode of transverse-plasmon excitations and show that
the two modes are caused by electron-electron interactions, which reflects the collective excitations induced by
the interactions.

DOI: 10.1103/PhysRevB.103.125417

I. INTRODUCTION

In the last few decades, the plasmon excitations in nanos-
tructures of metal materials have been extensively investigated
due to their unique properties, such as negative-refraction
phenomena [1–3], local- and near-field enhancement [4,5],
photochemical reactions [6,7], nonlinear-optical responses
[8,9], etc. One example of such a class of metal structures
is small atomic chains which would be the ideal choice
for directed energy transport in the development of elec-
tronic devices and other functional applications [10,11]. The
metal atomic chains can be artificially fabricated or self-
assembled [12–18], and they are supported on substrates.
Since freestanding atomic chains are inherently unstable and
have to be stabilized by interacting with a two-dimensional
or three-dimensional substrate, whether the substrates affect
the corresponding plasmon excitations needs to be considered
in the calculations of electronic and structural properties for
metal atomic chains. Tsukada et al. [19] explained that as
a semi-infinite dielectric medium the semiconducting sub-
strate has a polarization effect on the dispersion relations of
surface plasmons of a parallel-rod model. Ishida et al. [20]
employed the same method to calculate the dispersion rela-
tions of an interband plasmon model on the Si(100)(2×1)-K
surface and found that K 4s-like and K 4px-like bands re-
produced the features of observed plasmon dispersion. For
noble metals, Lichtenstein et al. [21] recently reported the
properties of one-dimensional (1D) Au chains on stepped
Si(557) and demonstrated that the substrate effects can be
described by the dielectric function of Si, which caused the
calculated curves of the plasmon dispersion to be in very good
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agreement with the experimental data. Moudgil et al. [22]
theoretically proved that the dielectric function of Si can be
used to represent the effects of the substrates in Si(557)-Au
systems. In addition, if Au atomic chains ride on Si(335) or
Si(775), the semiconducting substrates will have greater influ-
ence on the excitation properties of plasmons. The plasmon
dispersion of Si(335)-Au and Si(775)-Au systems using the
density functional theory (DFT) gives a satisfactory result
that fits the measured data [16]. These examples show that
the plasmon excitations of metal atomic chains are affected
by interacting with Si substrates. However, in the literature
about the plasmon excitations of metal atomic chains, we find
that the main research objectives are devoted to freestanding
atomic chains [23–41] and are rarely about the atomic chains
supported on substrates [42–46]. Motivated by these points,
we systematically investigate the polarization effects of Si
substrates on plasmon excitations of small Na chains.

In this paper, the small atomic chains are mimicked by
a model of a quasi-one-dimensional electron gas confined
in a quantum well, and the absorption spectra and the in-
duced charge density distributions are calculated based on
the random-phase approximation (RPA). Here, following
Ref. [19], we use the dielectric function to describe the po-
larization effects of semi-infinite Si substrates. The calculated
results show that the redshifts of all the absorption spectra are
found in both longitudinal and transverse plasmon excitations
by considering the polarization effects of substrates, and the
intensities of the corresponding main peaks have some vari-
ation. In particular, a significant increase in the intensities of
resonant peaks appears when the direction of the external field
is perpendicular to Si surfaces. In addition, the increase in
the values of dielectric constants is beneficial to the redshift
of plasmon peaks. Our calculations for the induced charge
distributions indicate that the end (TE) mode and the central
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FIG. 1. (a) The real and imaginary parts of the dielectric function
ε(ω) for silicon as a function of the excitation frequency ω. (b) The
schematic view of a Na atomic chain is mimicked by a model of a
quasi-one-dimensional electron gas confined in a cubic cylinder on
semi-infinite Si substrates. Here, N is the number of atoms, and a is
the lattice constant.

(TC) mode [47,48] in transverse plasmon excitations arise
from electron-electron interactions, which reflects the collec-
tive excitations induced by the interactions.

II. COMPUTATIONAL METHODS

We will use the standard RPA to calculate the plasmon
excitations of 1D atomic chains on semiconducting substrate
surfaces, and the surfaces are modeled by a semi-infinite
dielectric medium with dielectric function ε(ω) = [n(ω) +
iκ (ω)]2, where n(ω) is the refractive index, κ (ω) is the extinc-
tion coefficient, and as described in Ref. [49], these empirical
data take different values. In this paper, we use the data for
n(ω) and κ (ω) for Si at room temperature provided by Green
[49] to calculate the dielectric function ε(ω), and the result
shown in Fig. 1(a). As shown in Fig. 1(b), the 1D metal
adatom chain of N Na atoms is mimicked by a model of a
quasi-one-dimensional electron gas confined in a cubic cylin-
der with a length of N × a and a cross section of a × a, where
N is the number of atoms in the chain and a is the lattice
constant. Each atom is situated at the center of a single lattice.
In the confined quasi-one-dimensional electron-gas model,
the eigenwave function can be written as

�n(x, y, z) =
√

8

Na3
sin

nxπx

Na
sin

nyπy

a
sin

nzπz

a
, (1)

with eigenenergy En = π2 h̄2

2mea2 ( n2
x

μ1N2 + n2
y

μ2
+ n2

z

μ2
), where nx =

1, 2, 3, . . . , N , ny = 1, 2, and nz = 1, 2. Here, the electronic
eigenfunctions with (ny, nz ) = (1, 1), (2, 1), (1, 2) are em-
ployed to mimic alkali-metal s, py, and pz valence orbitals,
respectively [19,20]. In the following, these eigenfunctions
with the three lowest energies are considered. The ground
state of this system assumes that the lowest s band is half
filled, i.e., that the lowest N/2 [or (N + 1)/2] levels are occu-
pied, while the py and pz bands are empty. To keep the same
atomic spacing of the N × a chain as in Ref. [47], the lattice
constant a is taken to be 2.89 Å. In the above equation, me is
the mass of bare electrons, and μ1me, μ2me, and μ2me are the
effective masses of the electrons in the direction of the chain
(x) and directions to the chain vertical (y, z), respectively.

Here, μ1 and μ2 are the adjustable parameters to determine
the energy differences between the levels of s electrons and
between the s and p bands, so that the main plasmonic reso-
nance frequency of the freestanding sodium chain calculated
by our model is basically accordant with the one calculated
by the time-dependent DFT (TDDFT; see the Appendix). Ac-
cording to the RPA, the induced charge density ρ ind(r, ω) due
to a uniform external potential V ext (r, ω) = −r · E0e−iωt is
given by

ρ ind(r, ω) =
∫ ∏

(r, r′, ω)[V ext (r′, ω)

+ V ind(r′, ω)]dr′, (2)

with the Lindhard function∏
(r, r′, ω) = 2e2

∑
mn

f (Em) − f (En)

Em − En − ω − iγ

× �∗
m(x, y, z)�n(x, y, z)

× �∗
n (x′, y′, z′)�m(x′, y′, z′), (3)

where e is the unit charge, f (E ) is the Fermi distribution
function, γ is a small damping constant that will be taken to
be 0.015 unless otherwise specified, and

V ind(r, ω) = 1

4πε0

∫
ρ ind(r′, ω)G(r, r′)dr′, (4)

where

G(r, r′) = 1√
(x−x′)2 + (y − y′)2 + (z − z′)2

− ε(ω) − 1

ε(ω) + 1

1√
(x−x′)2 + (y − y′)2 + (z + z′)2

(5)

is the Green’s function of the system. Substituting Eqs. (2) and
(3) into Eq. (4), we obtain

V ind(r,ω) = 2e2

4πε0

∑
mn

∫∫
dr′′dr′ f (Em) − f (En)

Em − En − ω − iγ

× �∗
m(r′′)�n(r′′)�∗

m(r′)�n(r′)

× G(r, r′′)[V ext (r′,ω) + V ind(r′,ω)]. (6)

Multiplying Eq. (6) by �∗
m′ (r)�n′ (r) and then integrating over

the space, we can reach∑
mn

[δm′n′mn − Mm′n′mn(ω)]V ind
mn (ω) =

∑
mn

Mm′n′mn(ω)

× V ext
mn (ω), (7)

with

Mm′n′mn(ω) = 2e2

4πε0

∫∫ ∑
mn

f (Em) − f (En)

Em − En − ω − iγ

× �∗
m′ (r)�n′ (r)G(r, r′′)

× �∗
m(r′′)�n(r′′)drdr′′, (8)

where V X
mn(ω) is defined as

V X
mn(ω) =

∫
�∗

n (r)V X (r, ω)�m(r)dr. (9)
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FIG. 2. The longitudinal absorption spectra of the atomic chain
Na20 (made up of 20 Na atoms). The blue lines denote the spectra
without the polarization effects of substrates, while the black, red,
and green lines represent the spectra with the effects. In (a), the
dielectric function of silicon ε(ω) is considered. In (b), the dielectric
constants ε are 2, 4, and 15.

Finally, the induced charge density ρ ind(r, ω) can be calcu-
lated by the following equation:

ρ ind(r, ω) = 2e2
∑
mn

f (Em) − f (En)

Em − En − ω − iγ
�∗

m(r)�n(r)

× [
V ext

mn (ω) + V ind
mn (ω)

]
, (10)

and then the absorption spectrum function A(ω) can be ob-
tained as [30]

A(ω) = −1

2
ω Im

{∫
ρ ind(r, ω)

[
V ext (r, ω)

]∗
dr

}
, (11)

with which we can get the resonance frequency ω of a plas-
mon peak in absorption spectra and then calculate the induced
charge distribution at ω that corresponds to the peak.

III. RESULTS AND DISCUSSION

According to Eq. (11), we calculate the longitudinal and
transverse absorption spectra of the atomic chain riding on
Si surfaces (Si-Na20) with the polarization effects of sub-
strates. In this work, we are interested in only the plasmon
excitations relative to the ground state of the system; hence,
our calculation is under the condition of zero temperature
[50]. In Fig. 2(a), we show the results for the longitudinal
spectra obtained by applying the external fields to the chain
in the x direction. For a comparison, the spectra of the same
chain without the effects of substrates are also presented.
The red line and the blue line in Fig. 2(a) denote the ab-
sorption spectra with and without the substrate polarization,
respectively. In the spectra, a main peak appears in the blue
line (ω = 0.6292 eV), whereas the main peak in the red
line (ω = 0.4752 eV) has a redshift in comparison with the
blue line. Meanwhile, the strength of the main peak at ω =
0.4752 eV slightly decreases due to the substrate polariza-
tion. We can understand that the redshift and the decrease in
intensity for the resonant peak are caused by the screening

FIG. 3. The transverse absorption spectra of the atomic chain
Na20. The blue solid line denotes the spectra without the substrate
polarization; the red solid line and the red dashed line denote the
spectra without the polarization. Here, the red solid line is the spectra
obtained by applying the external field in the y direction, and the
red dashed line is the spectra obtained by applying the field in the z
direction.

of electrons resulting from the substrate polarization in the
chain. In other words, since the elastic restoring force of the
system is decreased due to the screening of Coulomb inter-
actions, the plasmon resonant peaks will suffer the redshifts
in resonance energies, and the intensity of the main resonant
peak is changed. In our recent work, the TDDFT calculations
of Au atomic chains showed that the resonance energies of
plasmon excitations are considerably reduced by d-electron
screening [40]. In fact, our further investigations show that
with the increase of dielectric constants the redshifts of the
main peaks are enhanced, and the intensities of the peaks have
some variation, but it is not monotonic. This conclusion can be
illustrated by Fig. 2(b), in which we compare the absorption
spectra of the Na20 chain riding on three different substrates
with that of the freestanding Na20 chain, and their dielectric
constants are 2, 4, and 15.

Next, we will investigate the polarization effects of sub-
strates on the transverse-mode plasmon excitations. Figure 3
shows the transverse absorption spectra of the same chains,
which are obtained by applying the external fields in the y and
z directions. As expected, for the chains both with and with-
out the polarization effects of substrates two resonant peaks
appear in the spectra, which correspond to the transverse
TE and TC modes of plasmon excitations [47]. Compared
with the two peaks of the freestanding chain (Na20) at ω =
3.532 eV and ω = 3.67 eV, in the chains with the polariza-
tion effects of substrates one can observe the redshifts of the
plasmon peaks for both the y-direction excitation (Si-Na20-y)
and the z-direction excitation (Si-Na20-z). Meanwhile, in the
y-direction excitation, the intensity of the low-energy peak
(corresponding to the TE mode at ω = 3.418 eV) is consid-
erably enhanced, while the high-energy peak (corresponding
to the TC mode at ω = 3.505 eV) is somewhat suppressed.
However, in the z-direction excitation, the intensities of
the two peaks at ω = 3.394 eV and ω = 3.514 eV are all
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FIG. 4. The induced charge distributions for the longitudinal res-
onances corresponding to the frequencies of the main peaks and the
subpeaks in Fig. 2(a). In (a) and (b) the substrate polarization is not
taken into account, and in (c) and (b) the substrate polarization is
taken into account.

enhanced greatly. This is because in the z-direction excitation,
in addition to the polarization of substrates caused by the
induced charges in the chains, the substrates are polarized by
the external field perpendicular to substrate surfaces, produce
an additional field in the same direction as the external field,
and hence effectively enhance the external field, while in the
x- and y-direction excitations, there is only the polarization
caused by the induced charges in the chains.

To further illustrate the polarization effects of substrates
on plasmon excitations, we calculate the induced charge dis-
tributions by using the frequency ω of each plasmon resonant
peak. Because the absorption spectrum A(ω) is related to only
the imaginary part of the induced charge density ρ ind(r, ω)
[see Eq. (11)], here, only the imaginary part of the induced
charge distributions will be presented. Figure 4 shows the
induced charge distributions of the main peaks and the sub-
peaks for longitudinal resonances in the atomic chains Na20

with and without the polarization effects of substrates, where
the induced charges are in the plane z = 0 Å. The charge
distributions of the main longitudinal resonances in the chains
without and with substrate effects are shown in Figs. 4(a)
and 4(c), respectively. The distribution of induced charges in
Fig. 4(a) is a typical dipolar plasmon mode of longitudinal
resonances for freestanding Na atomic chains. The induced
charge oscillations are antisymmetric with respect to the cen-
tral line perpendicular to the direction of the external field,
and its amplitude reaches the maximum in the end. Due to the
polarization effects of substrates, in Fig. 4(c) the strength of
the oscillating charges in the central area slightly increases in
comparison with Fig. 4(a). For the induced charge distribu-
tions of small longitudinal plasmon resonant peaks, Figs. 4(b)
and 4(d) show charge oscillations along the chain lengths, and
local polarizations significantly appear in the chain.

FIG. 5. The induced charge distributions for the transverse reso-
nances corresponding to the frequencies of the main peaks and the
subpeaks in Fig. 3. In (a1) and (a2) the substrate polarization is not
taken into account, and in (b1), (b2), (c1), and (c2) the substrate
polarization is taken into account. Here, in (a1), (a2), (b1), and (b2)
the external fields are applied along the y axis; in (c1) and (c2) they
are perpendicular to the Si surfaces along the z axis.

Figure 5 shows the induced charge distributions at the
transverse resonant peaks in the chains. One can find that the
charge distributions in the chains with the substrate effects
still correspond to the TE and TC modes [47], in which the
electronic oscillating regions are mainly around the end and
center of the chains, respectively. In Figs. 5(a1) and 5(a2),
we present the charge distributions induced by the field in
the y direction for the chains without the polarization effects
of substrates. Due to the polarization effects of substrates,
in Fig. 5(b1) the oscillation strength of the induced charges
has an enhancement in comparison with Fig. 5(a1), whereas
in Fig. 5(b2) the oscillation strength is slightly reduced in
comparison with Fig. 5(a2), but not obviously. When the ex-
ternal field is applied along the z axis, the oscillation strengths
of both the TE and TC modes with the polarization effects
of substrates [Figs. 5(c1) and 5(c2)] are much stronger than
the ones without the polarization effects of substrates [Figs.
5(a1) and 5(a2)]. These results are in good agreement with the
analysis of the above absorption spectra. We can conclude that
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the polarization effects of substrates do not disrupt the charge
oscillations of the plasmon modes but affect their intensities.

Finally, we want to discuss the formation mechanism of
the TE and TC modes which appear in the chains excited by
the field in the transverse directions. Obviously, the origin
of the two transverse modes is related to the s-p interband
transition of electrons, while the longitudinal mode is related
to the intraband transition of s electrons. This can be inferred
from Eqs. (7), (9), and (10) because the transition matrix of
the transverse field is zero between different electron states
in the s band of the chains, while the transition matrix of
the longitudinal field is zero between the s and p bands
in our one-dimensional electron-gas model. It needs to
be pointed out that, generally, the transition matrix of the
longitudinal field is not zero between s and p bands in
first-principles calculations, so longitudinal excitation also
has high-energy plasmon excitations from the s-p interband
transition, whereas we discuss only the low-energy plasmon
excitations in the longitudinal mode. On the other hand,
we find it is also true for the first-principles calculations
that the transverse plasmon excitations come from only
the s-p interband transition of electrons. This may be
understood as follows. The orthonormalized wave functions
of electrons in the s band of the chains can be written as
ψsk (x, y, z) = ∑

l
Csklφs(x − xl , y, z), where

∑
l

C∗
sklCsk′l = δkk′,

φs(x − xl , y, z) is the Wannier function and
∫

φ∗
s (x −

xl , y, z)φs(x − xl ′ , y, z)dx ≈ δll ′
∫

φ∗
s (x, y, z)φs(x, y, z)dx

so that
∫

ψ∗
sk (x, y, z)yψsk′ (x, y, z)dxdydz ≈ δkk′∫

ψ∗
sk (x, y, z)yψsk (x, y, z)dxdydz and

∫
ψ∗

sk (x, y, z)zψsk′

(x, y, z)dxdydz≈δkk′
∫

ψ∗
sk (x, y, z)zψsk (x, y, z)dxdydz. In

addition, according to Eqs. (1) and (9), the interband
transition is only between transverse states (1,1) and (2,1) of
the y-direction excitation or between (1,1) and (1,2) of the
z-direction excitation. So what makes the two peaks appear in
the transverse excitations? In order to simplify the question,
the following discussions are about the freestanding chain
Na20. In Fig. 6(a), we present the y-direction dipole response
spectrum in the chain of the noninteracting electrons, which is
obtained by setting V ind(r, ω) = 0, and as expected, only one
peak appears at ω = 1.744 eV. Figure 6(b) shows the induced
charge distribution of the chain corresponding to this peak,
and one can find that the distribution does not completely
have the characteristics of the TE and TC modes. Figures
6(c) and 6(d) show the charge distributions caused by only
the induced inner potential V ind(r, ω), which is excited by
the two resonant frequencies of the TE and TC modes. One
can observe that the oscillating charges caused by V ind(r, ω)
display the features of the TE mode and the TC mode.
However, in Fig. 6(b) the oscillation mode caused by only
V ext (r, ω) spreads in the entire chain. Therefore, it can be
concluded that the charge oscillations of the TE and TC modes
are mainly caused by electron-electron interactions, which
reflects the collective excitations induced by the interactions.

IV. CONCLUSIONS

The polarization effects of substrates are essential for
theoretical investigations on the electronic excitations of
substrate-chain systems, and that is an unavoidable topic

FIG. 6. (a) The y-direction dipole response spectrum of the
atomic chain Na20 without electron-electron interactions and (b) the
corresponding induced charge distribution for the resonance fre-
quency. (c) and (d) The charge distributions for the two resonance
frequencies of the TE and TC modes excited in the y direction shown
in Fig. 3; here, only the induced inner potential V ind(r, ω) is taken
into account.

for prospective applications of nanoelectronic devices. Based
on the random-phase approximation and a free-electron-
gas model taking a semi-infinite dielectric medium as the
substrate, we have systematically investigated the plasmon
excitations of a small Na chain riding on Si surfaces. The
primary conclusions of the paper are as follows:

(1) Due to the polarization effects of Si substrates, redshifts
of plasmon peaks have been found in both longitudinal and
transverse absorption spectra, and the intensities of the main

FIG. 7. (a) and (b) are the longitudinal and transverse absorption
spectra of the freestanding Na20 chain, respectively. Here, the red
lines represent the spectra calculated by the electron-gas model, and
the black lines represent the ones calculated by the TDDFT.
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peaks on plasmon resonances have some variation; in partic-
ular, the intensity gets a very large enhancement when the
direction of the external field is perpendicular to Si surfaces.

(2) The increase in the values of dielectric constants is
in favor of the redshifts of plasmon resonant peaks, and the
strengths of the peaks have some variation, but it is not mono-
tonic.

(3) When the direction of the applied external field is
perpendicular to substrate surfaces, the oscillation strength of
induced charges of plasmon resonances is greatly affected by
the polarization effects of the substrates, while in other cases
the influences are relatively small.

(4) Meanwhile, studies on the formation mechanism of the
end mode and the central mode tell us that the two modes
are caused by electron-electron interactions, which reflects the
collection excitations induced by the interactions.
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APPENDIX

As mentioned in Sec. II, we employed the confined quasi-
one-dimensional electron-gas model to mimic the Na atomic
chain. In order to make the eigenwave function equation (1)
and the corresponding eigenenergies sufficient approxima-
tions to the electron structure of the chain of Na atoms, μ1 and
μ2 are set to be adjustable parameters. We adjust the energy
difference between the highest occupied energy level and the
lowest unoccupied level in the s band 121

400
π2 h̄2

2μ1mea2 to 0.13 eV

and the energy difference between the s and p bands 3π2 h̄2

2μ2mea2

to 1.74 eV, so that the absorption spectra of the freestanding
Na20 chain calculated by the electron-gas model are basically
consistent with the one calculated by the TDDFT, as shown in
Fig. 7. Here, Figs. 7(a) and 7(b) show, respectively, the longi-
tudinal and transverse absorption spectra of the freestanding
Na20 chain calculated by using the electron-gas model and the
TDDFT method. All the TDDFT calculations are based on the
real-time TDDFT code in the OCTOPUS package [51,52], and
the details of the calculations can be found in Ref. [40].
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