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Kondo effect in a hybrid superconductor–quantum-dot–superconductor junction
with proximity-induced p-wave pairing states
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We study the transport of a hybrid superconductor–quantum-dot–superconductor junction, dominated by the
interplay between the Kondo effect and the proximity-induced p-wave pairing states. Each superconductor lead
is fabricated with a semiconductor with Rashba spin-orbit coupling (RSOC) and the combination of an s-wave
superconductor and a ferromagnet. The RSOC breaks the SU(2) spin-rotation symmetry and creates the spin-
triplet pairing components under the proximity-induced superconducting pairing interaction. Different from the
s-wave pairing case, the Kondo screening of the dot spin involves the orbital angular momentum conserved
transitions between the p-wave pairing states. The Zeeman field inherent from the ferromagnet removes the spin
degeneracy of the quasiparticles excited in the triplet states. As a result, the spin-induced Yu-Shiba-Rusinov
(YSR) state exhibits Zeeman-dependent splitting behaviors, and the splitting of the YSR state leads to the 0-π
phase transition when the ground state is a Kondo singlet. The temperature-dependent magnetic susceptibility
indicates that the dot spin should be partially screened due to the breaking of time-reversal symmetry.
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I. INTRODUCTION

The Kondo effect, originating from the screening of the
magnetic moment by conduction electrons, is one of the
well-understood many-body phenomena in condensed-matter
physics [1–3]. In recent decades, the Kondo effect in a quan-
tum dot (QD), manifested as a zero-bias resonance peak, has
been intensively investigated due to the high controllability
[4,5]. In a QD coupled with an s-wave superconductor, the
Kondo resonance is significantly suppressed due to the super-
conducting energy gap [6,7], and the low-energy transport is
mainly determined by the behaviors of the spin-induced Yu-
Shiba-Rusinov (YSR) state [8–11]. The competition between
the Kondo effect and the superconducting pairing interaction
in a hybrid superconductor-QD device generates two different
ground states, namely, the magnetic doublet (TK < �) and
the Kondo singlet state (TK > �) [12–20], where TK is the
normal-state Kondo temperature and � is the energy gap. The
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quantum phase transition (QPT) between these two ground
states takes place at TK/� ∼ 1, which is indicated by the
level-crossing behavior of the YSR state [18–21]. In the pres-
ence of Rashba spin-orbit coupling (RSOC), however, the
phase boundary of the ground states depends on the strength
of the RSOC rather than TK/� ∼ 1 [22].

In unconventional superconductors, the orbital degrees of
freedom play an important role in the Kondo effect [23–30].
In the spin-triplet px + ipy pairing state with a full energy gap,
the local moment is partially quenched by the Kondo screen-
ing [29] and the ground state is always a spin doublet [27].
This result is quite different from the case of single magnetic
impurity doped s-wave superconductors. In order to detect
the fascinating physics induced by the magnetic moment
in spin-triplet pairing states, we consider a Josephson junc-
tion composed of a QD coupled with two superconducting
leads (S-QD-S) fabricated by the two-dimensional electron
gas (2DEG) in a semiconductor with RSOC in proximity
to a Bardeen-Cooper-Schriffer (BCS) superconductor and a
ferromagnetic insulator, as shown in the schematic diagram
in Fig. 1(a). The spin-triplet pairing states, described by the
order parameter �T (k) = iσy�0[d(k) · σ ], would be created
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FIG. 1. (a) The schematic diagram of the Josephson junction
made of a quantum dot (QD) and the superconducting leads fab-
ricated by semiconductors with RSOC and the combination of an
s-wave superconductor and a ferromagnetic insulator. The RSOC
breaks the spin-rotation symmetry and creates spin-triplet p-wave
pairing states. The local spin is directly coupled to only the m = 0
electron under the short-range scattering approximation. (b)–(d) The
spin-down electron on the dot level is replaced by the spin-up elec-
tron with m = 0 in the triplet state through the virtual states. An
equal spin pairing (ESP) state forms when the hole is filled by
the spin-down electron tunneling out of the dot. (e) The spin-up
electron on the dot level can be replaced by the spin-down electron
with m = 0 in the ESP state. Correspondingly, the hole is filled by
the spin-up electron hopping out of the dot, as shown in (f). The
Kondo screening of the dot spin can be realized by the coherent
superposition of these spin-flipping cotunneling processes, and the
quasiparticles with m = ±1 form a spin-doublet state.

in the 2DEG with the aid of the RSOC and the supercon-
ducting pairing interaction [31,32], and the d-vector d(k) =
(−kx, ky, 0) with the time-reversal symmetry [33–35]. The
Zeeman splitting inherited from the ferromagnetic insulator
profoundly changes the superconducting pairing states, and
even generates a spinless p-wave state in the topologically
nontrivial phase [36,37]. Here, the hybrid junction described
in Fig. 1(a) provides a controllable platform to study the
transport dominated by the competition between the Kondo
effect and these unconventional pairing states.

Different from the spin-singlet s-wave pairing states, the
triplet p-wave states are composed of two electrons with or-
bital angular momentum m = 0 and m = ±1, respectively.
The spectra of YSR states induced by a magnetic impurity
in s-wave and p-wave pairing states exhibit qualitatively dif-
ferent behaviors [38]. In the present work, RSOC breaks
the spin-rotation symmetry and results in the mixture of
s-wave and p-wave pairing states in the leads. In Figs. 1(b)–
1(f), we show the Kondo screening of the local moment
by p-wave pairing states. Here, we consider the short-range
scattering (s wave), namely, the local spin exchanges with
only the m = 0 electrons. A spin-down electron on the dot
level is replaced by the spin-up electron with m = 0 in the
triplet state (Sz = 0) through the double or empty occupied
virtual states, as shown in Figs. 1(b) and 1(c). The spin-down
electron tunnels into the 2DEG and fills the hole in the lead,
and an equal spin pairing (ESP) state with Sz = −1 forms in

Fig. 1(d). The spin-up electron on the dot level can be replaced
by the spin-down electron with m = 0 exiting in the ESP state;
then the spin-triplet state with Sz = 0 is restored by filling the
hole in the lead [see Figs. 1(e) and 1(f)]. The Kondo screening
of the dot spin can be realized by the coherent superposition
of these tunneling processes. Similarly, the local moment can
also be screened by the triplet states with Sz = 0 and Sz = 1.
The most remarkable feature is that only the conduction elec-
trons with m = 0 take part in the Kondo screening, while the
quasiparticles with m = ±1 form a spin-doublet state [27–29].
In addition, the Kondo screening involves the transitions be-
tween different triplet pairs with the same total orbital angular
momentum. The Zeeman field Vz removes the spin degeneracy
of the quasiparticle in spin-triplet states. Thus, the YSR state
exhibits Zeeman-dependent splitting behaviors, and the local
moment is partially screened in this case. The splitting of the
YSR state leads to a 0-π phase transition or the suppression
of the Josephson current, depending on the ground state of the
system.

The paper is organized as follows. In Sec. II, we present the
model of the Josephson junction fabricated by a QD coupled
to the superconducting leads with the mixture of s- and p-
wave pairing states, and set out the theoretical treatments. In
Sec. III, we discuss the transport dominated by the interplay
between the Kondo effect and the spin-triplet pairing states in
the 2DEG. A brief summary is devoted to Sec. IV.

II. MODEL AND FORMALISM

The Hamiltonian of the hybrid S-QD-S junction reads

H =
∑

α

Hα + HQD + HV , (1)

where Hα = Hα0 + Hαs + Hαz describes the leads (α = L, R)
with the mixture of s-wave and p-wave pairing states. The
2DEG with RSOC in the semiconductor can be described by
the Hamiltonian

Hα0 =
∑
kσ

εαkc†
αkσ cαkσ +

∑
k

λαk(e−iθk c†
αk↓cαk↑ + H.c.),

(2)
where εαk = k2

2m − μα is the single-particle energy of conduc-
tion electrons and μα is the chemical potential. The operator
c†
αkσ (cαkσ ) denotes the creation (annihilation) of an electron

with the momentum k(=kxx̂ + kyŷ) and the spin σ (=↑,↓).
λα is the strength of the RSOC to orient the spin of the elec-
trons perpendicular to their momentum in the 2D plane, and
θk = atan(kx/ky) is the polar component of k with k = |k|.
The proximity-induced superconducting pairing interaction in
the 2DEG can be described by the Hamiltonian

Hαs = −
∑

k

(�αeiφα c†
αk↑c†

α−k↓ + H.c.), (3)

with a phase φα of the order parameter �α . With the aids
of RSOC, the spin-singlet s-wave order parameter effectively
generates the spin-triplet p-wave pairing states in the 2DEG
[31,32]. The out-of-plane Zeeman splitting

Hαz =
∑
kσ

σzVαzc
†
αkσ cαkσ (4)
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inherited from the ferromagnetic insulator significantly in-
fluences the pairing states, and σz = ±1 corresponds to
σ (=↑,↓). The Hamiltonian of the QD is

HQD =
∑

σ

εdσ d†
σ dσ + Un↑n↓, (5)

with the dot level εdσ and the Coulomb repulsion U . d†
σ (dσ ) is

the creation (annihilation) operator of dot electrons and nσ =
d†

σ dσ . The coupling between the dot and the superconducting
leads is

HV =
∑
αkσ

(Vαc†
αkσ

dσ + H.c.), (6)

where the coupling amplitude Vα is assumed to be independent
of the spin and momentum. The transport through the junction
can be used to discuss the physics dominated by the interac-
tion between the dot spin and the mixed s-wave and p-wave
pairing states in the 2DEG.

To treat the Hamiltonian of the 2DEG (Hα) in the leads, it
is natural to introduce the angular momentum basis,

cαkσ =
√

2π

k

∞∑
m=−∞

eimθk cm
αkσ , (7)

where m is the quantum number of orbital angular momentum,
and the operator cm†

αkσ
(cm

αkσ ) satisfies the canonical anticommu-
tation relationship. In the presence of RSOC, the Hamiltonian
is not diagonal due to the coupling between spin and orbital
degrees of freedom, while the z component of total angu-
lar momentum, jz = m + σz/2, is still a conserved quantity
[39–42]. It is convenient to perform a canonical transforma-
tion to introduce the fermionic operators, such as

c̃αhkm+1/2 = 1√
2

(
βαhkcm

αk↑ + hβα−hkcm+1
αk↓

)
, (8)

with βαhk = (1 + hVαz/
√

λ2
αk2 + V 2

αz )1/2, and h = ±1 is the
chirality quantum number [41,42]. These fermionic operators
satisfy the anticommutation relationship

[c̃αhkm+1/2, c̃†
αh′k′m′+1/2]+ = δ(k − k′)δh′hδm′m. (9)

After some straightforward calculations (see the details in the
Appendix), the Hamiltonian of the 2DEG can be written as

Hα =
∑

h j

∫
dkεαhk c̃†

αhk j c̃αhk j − �α

2

∑
h′h

∫
dk

×(hβα−hkβαh′k c̃†
αhk1/2c̃†

αh′−k−1/2 + H.c.), (10)

with εαhk = εαk + h
√

λ2
αk2 + V 2

αz and j = m + σ . Here, the
superconducting pairing interaction term includes the inter-
band (h = −h′) s-wave pairing and the intraband (h = h′)
p-wave pairing components [43–45]. The hybridization be-
tween the dot level and leads can be rewritten as

HV =
∑
αh j

∫
dkṼα (h− j+1/2βαsign( j)hk c̃†

αhk jd j + H.c.), (11)

with Ṽα = √
k/8πVα , and the sign function sign( j) = ±1 for

jz = ±1/2. Here, we consider the short-range scattering, and
the dot spin is coupled only to the conduction electrons with
m = 0. Then, we note the operator dσ → d j and rewrite the
dot level εdσ → ε j .

In the present work, we treat the Hamiltonian of the junc-
tion by the equation-of-motion (EOM) approach. In frequency
space, the dot Green’s function (GF) in the Nambu represen-
tation reads

Ĝ j (ω) = Ĝ0
j (ω)[1 + UF̂dj (ω)], (12)

where Ĝ j (ω) = 〈〈
̂ j ; 
̂
†
j 〉〉 with 
̂

†
j = (d†

j , d− j ), and

Ĝ0
j (ω) = [

Îω − σ̂zdiag(ε j, ε− j ) − �̂0
j (ω)

]−1
(13)

is the noninteracting GF. The components of the noninteract-
ing self-energy �̂0

j (ω) are

�̂0
j11(22)(ω) = 1

π

∑
αh

∫
dεαhk�αh j (εαhk )�αh j11(22)(ω, εαhk )

(14)
and

�̂0
j12(21)(ω) = 1

π

∑
αh

∫
dεαhk�αh j (εαhk )�αh j11(22)(ω, εαhk )

×�αh j11(22)(ω, εαhk ), (15)

where the notations are �αh j11(22)(ω, εαhk ) = β2
αsign( j)hk[ω ∓

εαhk − �2
αξαhk∓ j

4 (
β2

αsign(± j)hk

ω±εαh−k
+ β2

αsign(∓ j)hk

ω±εα−h−k
)]−1 with ξαhk j =

β2
αsign( j)hk + βαsign( j)hkβαsign(− j)hk and �αh j11(22)(ω, εαhk ) =

β2
α sign(− j)hk ( 1

ω±εαh−k
− 1

ω±εα−h−k
). The coupling strength

can be evaluated as �αh j (εαhk ) = �0αραh j (εαhk ) with
�0α = π |Vα|2/2Dα , where Dα is the half-band width of
the leads. The density of states can be expressed as

ραh j (εαhk ) =

⎧⎪⎪⎨
⎪⎪⎩

m
8π h̄2

εαR−sign( j)Vαz

2
√

εαR (εαhk−ε̃α0 )
�(2εαR − Vαz )δh,−1; ε̃α0 < εαhk < Eα0 − Vαz,

m
8π h̄2

(
1
2 − h εαR−sign ( j)Vαz

2
√

εαR (εαhk−ε̃α0 )

)
; Eα0 + hVαz < εαhk < Dαh,

0 otherwise,

(16)

where Dαh = Dα + 2h
√

(Dα − Eα0 + V 2
αz/4εαR)εαR and

ε̃α0 = Eα0 − V 2
αz/4εαR − εαR. εαR = mλ2

α/2 denotes the
energy of RSOC. Eα0 is the bottom of the conduction band in
the absence of RSOC.

The notation F̂d j (ω) includes some high-order GFs. How-
ever, it is difficult to exactly calculate these GFs by theoretical
treatments [46–49]. In the present work, we treat these high-
order GFs by using the EOM approach [50–60]. Here, we
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pay attention to the competition between the Kondo effect
and the mixed s-wave and p-wave pairing states in the leads.
Thus, we truncate the diagonal components of F̂d j (ω) with
the Lacroix approximation scheme [22,50,61]. It is believed
to qualitatively capture the Kondo effect even at zero temper-
ature [51,54–56]. Based on the theoretical treatment as shown
in the Appendix, we obtain the dot GF,

Ĝ j (ω)11 = 1 + UOj (ω) + [1 + UPj (ω)]�̂0
j21Ĝ j (ω)21

ω − ε j − �̂0
j11(ω) − U [Pj (ω) − Qj (ω)]

,

(17)
where Oj (ω) = [〈n− j〉 + Aj1(ω) − Aj2(ω)]/Mj (ω),
Pj (ω) = [Aj1(ω) − Aj2(ω)]�̂0

j11(ω)/Mj (ω), and
Qj (ω) = [Bj1(ω) + Bj2(ω)]/Mj (ω) with Mj (ω) =
ω − ε j − U − � j0(ω) − � j1(ω) − � j2(ω), and � j0(ω) =
1
π

∑
αh

∫
dεαhk

�αh j (εαhk )β2
αsign( j)hk

ω−εαhk+i0+ . The occupation of the dot level

is 〈n j〉 = − 1
π

∫
f (ω)Im[Ĝ j (ω)11]dω, and f (ω) is the Fermi

distribution function. Other notations can be expressed as

� jη(ω) = 1

π

∑
αh

∫
dεαhk

�αh j (εαhk )β2
αsign( j)hk

ω − εηαhk j + i0+ , (18)

Ajη(ω) = i

π2

∑
αh

∫
dεαhk

�αh j (εαhk )�αh j (εαhk )

ω − εηαhk j + i0+ , (19)

Bjη(ω) = i

π2

∑
αh

∫
dεαhk

�αh j (εαhk )�αh j (εαhk )

ω − εηαhk j + i0+ , (20)

with η = 1, 2. In these notations, �αh j (εαhk ) = ∫
f (ω)(ω +

εαhk )�αh− j11(ω, εαhk )Ĝ j (ω)11dω and �αh j (εαhk ) =∫
f (ω)(ω + εαhk )�αh− j11(ω, εαhk )dω. The symbols are

ε1αhk j = ε j − ε− j + εαhk , ε2αhk j = −εαhk + ε− j + ε j + U .
Here, we would like point out that the superconducting
correlation on the dot level is significantly suppressed by
the large Coulomb repulsion due to U � �α . Therefore, the
Hartree-Fock approximation (HFA) in the off-diagonal parts
of F̂d j (ω) is good enough [22,61–63]. We can conveniently
obtain the anomalous GF of the QD,

Ĝ j (ω)21 = U 〈d†
j d†

− j〉 − �̂0
j21(ω)

ω + ε− j − �̂0
j22(ω) + U 〈nj〉

Ĝ j (ω)11. (21)

The superconducting pairing correlation can be evaluated
with 〈d†

j d†
− j〉 = − 1

π

∫
f (ω)Im[Ĝ j (ω)21]dω. The dot GF’s

described by Eqs. (17) and (21) can be calculated self-
consistently with the above formulas. The Josephson current
through the QD is

Jc(φ) = 4e

h̄π

∑
hh′

∫
dω sin(φ/2)�Rh j (ω) f (ω)

×Im{hFh′h(ω)[Ĝ− j (ω)21 − h′Ĝ j (ω)21]}, (22)

with the superconducting phase φR = −φL = φ/2, and
the notation Fh′h(ω) = �R

2
1

(ω−εRhk )(ω+εRh′−k )−�2
RgRhk (ω)

with

gRhk (ω) = ω2−ε2
Rk

ω2−ε2
R−hk

. The Josephson current is mainly

determined by the spin-induced YSR state in the mixed
s-wave and p-wave pairing states [31,32,44,45].
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FIG. 2. Electron part of spin-induced Yu-Shiba-Rusinov (YSR)
state in the mixed s-wave (h = h′) and p-wave (h = −h′) pairing
states in the presence of RSOC with (a) εR = 0.1� and (b) εR =
0.5� shown as the blue dash-dotted line (Total) in the local den-
sity of states (LDOS). The YSR states induced separately in the
s-wave and p-wave pairing components are shown by the black solid
and red dotted lines, respectively. The hole part of the YSR state
is neglected due to the electron-hole symmetry. The Zeeman field
splits the YSR state induced in the spin-triplet states shown by the
red dotted lines in (c) Vz = 0.5� and (d) Vz = �. The parameters
are the dot level εdσ = −7.5�, the Coulomb repulsion U = 200�,
the coupling strength �0 = 1.25�, the temperature T = 0, and the
chemical potentials μ = 0.

III. NUMERICAL RESULTS

RSOC breaks the SU(2) spin-rotation symmetry and cre-
ates the spin-triplet pairing states in the 2DEG with the
proximity-induced pairing interaction [31,32,36,38,43,45].
The spin-induced YSR states are qualitatively different in the
s-wave and p-wave superconductors due to the discrepancies
in the superconducting pairing symmetry [38]. Here, we focus
on the Kondo screening of the dot spin coupled to the leads
with mixed s-wave and effective p-wave pairing states. If it is
not explicitly mentioned, we assume the QD is symmetrically
coupled with the superconducting leads by setting �α = �,
εαR = εR, Vαz = Vz, �0α = �0, and μα = μ for simplification.
All the parameters are measured in units of the energy gap �.

In order to discuss the Kondo effect originating from the
s-wave and p-wave pairing components separately, we con-
sider the self-energies contributed from the interband (h = h′)
s-wave pairing and the intraband (h = −h′) p-wave pairing
states, respectively. Then, we obtain the spin-induced YSR
states in the s-wave and p-wave pairing components marked
by the black solid and red dotted lines in Figs. 2(a)–2(d),
respectively. By increasing RSOC εR, the YSR state, denoted
by the solid lines in Figs. 2(a) and 2(b), is significantly sup-
pressed due to the decrease of the s-wave pairing component
in the 2DEG. Oppositely, the increase of p-wave pairing
components results in the enhancement of YSR states, as
shown by the red dotted lines. By taking account of all the
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contributions of the s-wave and p-wave pairing components,
the Kondo screening of the dot spin is enhanced by increasing
the RSOC, as indicated by the level position of the YSR states
(see the blue dash-dotted lines) [18]. Here, we merely plot
the electron part of the YSR state in the local density of
states (LDOS), ρe

j (ω) = − 1
π

Im� j Ĝ j (ω)11, because the hole
part of the YSR state would be symmetrically posited about
the Fermi level due to particle-hole symmetry [18–20]. In
the presence of Zeeman field Vz in the 2DEG, the YSR state
is split, as shown in the blue dash-dotted lines in Figs. 2(c)
and 2(d). The spin degeneracy of the doublet formed by the
excitations in the triplet states, such as (1 ↓) and (−1 ↑) [see
Fig. 1(a)], has been removed by the Zeeman energy. There-
fore, the YSR state induced in the spin-triplet states shows
splitting marked by the red dotted lines. The Zeeman splitting
in the leads does not affect the YSR state induced in the
s-wave component. Here, we ignore the effect of the Zee-
man field on the orbital degrees of freedom for simplification
[31,32].

The subgap transport of the junction is determined by the
interplay between the Kondo effect and the superconducting
pairing states at low temperatures. In the absence of the Zee-
man field (Vz = 0), RSOC leads to the level-crossing QPT,
which indicates that RSOC plays a role in enhancing the
Kondo screening of the dot spin shown in Fig. 3(a) [18].
This is because RSOC not only enhances the Kondo screen-
ing of a local moment in a normal metal [39,41,42], but
also introduces a new Kondo screening channel of the mag-
netic moment in a superconductor [22]. The RSOC-induced
level-crossing QPT between the magnetic doublet and Kondo
singlet ground states takes place about εR = 0.35�. Corre-
spondingly, the Josephson current Jc(φ) displays a 0-π phase
transition marked by the blue dotted line in Fig. 3(b). The 0-π
phase transition of the Josephson current is a good candidate
to detect the ground states QPT of the QD coupled with
superconducting leads [14,15,17].

Taking account of the Zeeman field inherent from the fer-
romagnetic insulator, the YSR state is split by the increase
of Vz as shown in Figs. 3(c) and 3(e). The Zeeman splitting
removes the spin degeneracy of the doublet formed by the
excitations in triplet states. Note that the YSR cannot be split
by the Zeeman energy in the absence of RSOC because the
Zeeman field does not break the spin-rotation symmetry of
the 2DEG. In Fig. 3(d), the Josephson current through the
junction shows the 0-π phase transition at Vz = 2.35�. Ac-
cordingly, the QPT between the Kondo singlet and magnetic
doublet states is accompanied by one branch of the split YSR
states crossing the Fermi level marked by the dash-dotted
line in Fig. 3(c) [17]. In Fig. 3(e), the ground state is a
magnetic doublet even in the absence of Zeeman energy. The
Josephson current is always in the π phase and suppressed by
the Zeeman-induced splitting of the YSR state, as shown in
Fig. 3(f).

As we have mentioned above, the YSR state and the
Josephson current directly reflect the interplay of the local
moment and p-wave pairing states under the Zeeman field Vz.
In Fig. 4(a), we show the splitting of the YSR state depending
on the lead-dot coupling. The Kondo screening is enhanced
by increasing the coupling strength �0, and the YSR state
is tuned getting close to the Fermi level. Meanwhile, the
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FIG. 3. (a) The level-crossing QPT driven by RSOC leads to
a 0-π phase transition in the Josephson current (b). (c), (e) The
splitting of the YSR state by increasing the Zeeman splitting Vz.
(d) The Josephson current displays a 0-π phase transition behavior
if the ground state is a Kondo singlet with εR = 0.5�. (f) The
Josephson current is suppressed by increasing the Zeeman energy
whenever the ground state is a magnetic doublet with εR = 0.25�.
Other parameters used are the same as that in Fig. 2.

splitting of the YSR state is enlarged due to the increase of
coupling between the dot spin and spin-triplet pairing states.
In Fig. 4(b), we show the spin dependence of the YSR states,
which directly reflects the breaking of spin degeneracy of
the doublet state formed by excitations. The splitting of the
YSR state can be eliminated by aligning the orientation of the
ferromagnetic insulator of the leads oppositely (VLz = −VRz),
as shown in Fig. 4(c). In addition, the Kondo screening of
a local moment can be observed from the magnetic suscep-
tibility, χd (T ) = gμB (n↑−n↓ )

h |h→0, as shown in Fig. 4(d), and
we take g = μB = 1. The temperature dependence of χd (T )
indicates that the Kondo effect exists even in the presence of
a large Zeeman filed. However, a complete Kondo screened
singlet state cannot be realized in triplet states with the break-
ing of time-reversal symmetry. This result agrees with that
obtained by the numerical renormalization-group calculations
[24,25,29]. Intuitively, the microscopic processes underlying
the Kondo effect in triplet states, as shown in Figs. 1(b)–1(f),
suggest that the complete screening of the local moment can-
not be realized due to the spin polarization in the doublet state
formed in triplet states.
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FIG. 4. (a) The splitting of the YSR state in a QD symmetrically
coupled with the superconducting leads with RSOC εR = 0.5� and
the Zeeman energy Vz = 4�. (b) The spin-dependent splitting of the
YSR state in (a) with �0 = 1.25�. (c) Elimination of the splitting
of the YSR state by orienting the magnetization of the ferromagnetic
insulators oppositely with VLz = −VRz, where the minus (−) indicates
the opposite magnetization directions. (d) The Zeeman-dependent
magnetic susceptibility varying with the temperature T with εR = �.
Other parameters used are the same as that in Fig. 2.

IV. CONCLUSION AND DISCUSSION

In this work, we studied the Kondo screening of a dot
spin coupled to the superconducting leads with spin-triplet
p-wave pairing states. Taking account of short-range scatter-
ing, only the conduction electrons with m = 0 contribute to
the Kondo effect, and the excitations with m = ±1 form a
spin-doublet state in the energy gap. In addition, the Kondo
screening involves the orbital angular momentum conserved
transitions between the p-wave pairing states. The Zeeman
field inherent from the ferromagnet removes the spin degen-
eracy of quasiparticle excitations. As a result, the YSR state
exhibits Zeeman-dependent splitting behaviors. The splitting
of the YSR state leads to a 0-π phase transition or the sup-
pression of the Josephson current, depending on the ground
states of the system. The temperature-dependent behaviors of
magnetic susceptibility indicate that the local moment should
be partially screened due to the spin polarization in the ex-
citations in the triplet states. In Ref. [22], the QPT between
the magnetic doublet and the Kondo singlet ground states is
matched by a phenomenological model that gives rise to the
Rashba-induced quantum state transition (QST) of conduc-
tion electrons. Actually, the QSTs are closely related to the
creation of spin-triplet states. The present system allows us
to directly investigate the effect of spin-triplet states on the
Kondo screening. The spin-triplet states manifest themselves
in the splitting of the YSR states under the Zeeman field
caused by ferromagnets.

In the last decade, similar devices have been theoretically
proposed to study the interplay between the Kondo effect
and Majorana zero mode (MZM) [29,64–72]. In these cases,

the Kondo resonance shows splitting [64–66], and the Kondo
fixed point cannot be reached due to the presence of MZM
[67,72]. The MZM is a coherent superposition of electrons
and holes from the same spin band [73–76]. Thus, the split-
ting of Kondo resonance [64–66] directly reflects the Ising
property of the Majorana end state [77–79]. For our purpose,
we focus on the bulk states of the setup and thus neglect
the MZMs. Therefore, the behaviors of the YSR states are
determined by the competition between the Kondo effect and
the p-wave pairing states in the 2DEG.
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APPENDIX

In this Appendix, we outline the procedures to obtain the
simplified Hamiltonian [see Eq. (10)] of the two-dimensional
electron gas (2DEG) in the leads. Then, we present the main
steps to obtain the dot Green’s function (GF) of the hybrid
superconductor-QD junction with mixed s-wave and p-wave
superconducting pairing states.

To treat the Hamiltonian of the 2DEG Hα in Eq. (1), it is
convenient to introduce the angular momentum basis of the
conduction electrons,

cαkσ =
√

2π

k

∞∑
m=−∞

eimθk cm
αkσ . (A1)

The operators satisfy the canonical anticommutation relation,[
cm
αkσ ; cm′†

αk′σ ′
]
+ = δ(k − k′)δσσ ′δmm′ . (A2)

By transferring the summation of the in-plane vector k into
the integration of k, such as

∑
k = 1

4π2

∫
kdkdθk , we obtain

Hα =
∑

m

∫
dk(εαk + σzεαz )cm†

αkσ
cm
αkσ

+
∑

m

∫
dkλαk

(
c(m+1)†
αk↓ cm

αk↑ + H.c.
)

−�α

∑
m

∫
dk

(
cm†
αk↑c−m†

α−k↓ + H.c.
)
. (A3)

In order to diagonalize the Rashba term, one can take a canon-
ical transformation of the fermionic operators in Eq. (A3),

cαhkm+1/2 = 1√
2

(
βαhkcm

αk↑ + hβα−hkcm+1
αk↓

)
, (A4)

with βαhk = (1 + hVαz/
√

λ2
αk2 + ε2

αz )1/2, and h = ±1 is the
chirality quantum number. These fermionic operators satisfy
the canonical anticommutation relationship,

[cαhkm+1/2, c†
αh′k′m′+1/2]+ = δ(k − k′)δh′hδm′,m. (A5)
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Then, we obtain

Hα =
∑
hm

∫
dkεαhkc†

αhkm+1/2cαhkm+1/2 − �α

2

∑
hh′m

∫
dk(βα−hkβαh′khc†

αhkm−1/2c†
αh′−k−m+1/2 + H.c.), (A6)

with εαhk = εαk + h
√

λ2
αk2 + ε2

αz. In the presence of RSOC, the spin and orbital angular momentum are not conserved, while the
total angular momentum j = m + σ is a conserved quantity. The Hamiltonian of the hybrid coupling between the QD and leads
can be rewritten as

HV =
∑
αh j

∫
dkṼα (h− j+1/2βαsign( j)hkc†

αhk jd j + H.c.), (A7)

with Ṽα = √
k/8πVa. Here, we denote d†

σ (dσ ) → d†
j (d j ) as the creation (annihilation) of an electron on the dot level, and the z

component of the total angular moment is jz = ±1/2. Thus, the Hamiltonian of the junction can be read,

H =
∑
αh j

∫
dkεαhkc†

αhk jcαhk j +
∑

j

ε jd
†
j d j + Un↑n↓ −

∑
αhh′ j

∫
dk

�α

2
(βα−hkβαh′khc†

αhk jc
†
αh′−k− j + H.c.)

+
∑
αh j

∫
dkṼα (h− j+1/2βαsign( j)hkc†

αhk jd j + H.c.). (A8)

The RSOC leads to an indirect exchange coupling between the dot spin and the conduction electrons with different spin and
orbital states [41,42]. Here, we just consider the short-range scattering, and the dot spin is coupled only to the conduction
electrons with m = 0 [24,25,27,29].

In the present work, we treat the Hamiltonian described by Eq. (A8) based on the EOM approach [50,51,56]. The start point
is the EOM of the retarded GF,

ω〈〈A; B〉〉 = 〈[A, B]+〉 + 〈〈[A, H]−; B〉〉, (A9)

composed of the operators A and B, where the subscript ± stands for the anticommutation (commutation) relationship [80].
Here, the EOMs of the retarded GFs composed of the creation and annihilation operators of the localized and itinerant electrons
read

ω〈〈d j ; B〉〉 = 〈[d j ; B]+〉 + ε j〈〈d j ; B〉〉 + U 〈〈djn− j ; B〉〉 +
∑
αh

∫
dkṼαh− j+1/2βα sign( j)hk〈〈cαhk j ; B〉〉 (A10)

and

ω〈〈d†
j ; B〉〉 = 〈[d†

j ; B]+〉 − ε j〈〈d†
j ; B〉〉 − U 〈〈d†

j n− j ; B〉〉 −
∑
αh

∫
dkṼαh− j+1/2βα sign( j)hk〈〈c†

αhk j ; B〉〉, (A11)

ω〈〈cαhk j ; B〉〉 = 〈[cαhk j ; B]+〉 + εαhk〈〈cαhk j ; B〉〉 + h− j+1/2Ṽαβαsign( j)hk〈〈d j ; B〉〉

− δ j,1/2
�α

2

∑
h′

hβα−hkβαh′k〈〈c†
αh′−k−1/2; B〉〉 + δ j,−1/2

�α

2

∑
h′

h′βα−h′kβαhk〈〈c†
αh′−k1/2; B〉〉, (A12)

ω〈〈c†
αhk j ; B〉〉 = 〈[c†

αhk j ; B]+〉 − εαhk〈〈c†
αhk j ; B〉〉 − h− j+1/2Ṽαβαsign( j)hk〈〈d†

j ; B〉〉

+δ j,1/2
�α

2

∑
h′

hβα−hkβαh′k〈〈cαh′−k−1/2; B〉〉 − δ j,−1/2
�α

2

∑
h′

h′βα−h′kβαhk〈〈cαh′−k1/2; B〉〉. (A13)

By some straightforward calculations and choosing the operator B = d†
j or d− j , we obtain the dot GFs expressed in the Nambu

representation,(
ω − ε j − �̂0

j11(ω) �̂0
j12(ω)

�̂0
j21(ω) ω + ε− j − �̂0

j22(ω)

)(
〈〈d j ; d†

j 〉〉 〈〈d j ; d− j〉〉
〈〈d†

− j ; d†
j 〉〉 〈〈d†

− j ; d− j〉〉

)
=

(
1 0
0 1

)
+ U

(
〈〈d jn− j ; d†

j 〉〉 〈〈d jn− j ; d− j〉〉
−〈〈d†

− jn j ; d†
j 〉〉 −〈〈d†

− jn j ; d− j〉〉

)
,

(A14)

where the noninteracting self-energy terms are

�̂0
j11(22)(ω) = 1

π

∑
hα

∫ dεαhk�αh j (εαhk )β2
αsign(± j)hk

ω ∓ εαhk − �2
α

4 ξαh± jk
( β2

αsign(± j)hk

ω±εαh−k
+ β2

αsign(∓ j)hk

ω±εα−h−k

) , (A15)
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and the off-diagonal elements are

�̂0
j12(21)(ω) = − sign( j)�α

2π

∑
hα

∫ dεαhk�αh j (εαhk )
(

1
ω±εαh−k

− 1
ω±εα−h−k

)
β2

αsign( j)hkβ
2
αsign(− j)hk

ω ∓ εαhk − �2
α

4 ξαhk± j
( β2

αsign(± j)hk

ω±εαh−k
+ β2

αsign(∓ j)hk

ω±εα−h−k

) , (A16)

with the notation ξαhk j = β2
αsign(− j)hk + βαsign( j)hkβαsign(− j)hk . The coupling strength �αh j (εαhk ) = �0αραh j (εαhk ) with �0α =

π |Ṽα|2/2Dα , where Dα is the half-band width of the leads. The density of states ραh j (εαhk ) = k
πdεαhk/dk β2

αsign( j)hk can be explicitly
written as

ραh j (εαhk ) =

⎧⎪⎨
⎪⎩

m
8π h̄2

εαR−sign( j)Vαz

2
√

εαR (εαhk−ε̃α0 )
�(2εαR − Vαz )δh,−1; ε̃α0 < εαkh < Eα0 − Vαz,

m
8π h̄2

(
1
2 − h εαR−sign( j)Vαz

2
√

εαR (εαhk−ε̃α0 )

)
; Eα0 + hVαz < εαkh < Dαh,

0 otherwise,

(A17)

where Dαh = Dα + 2h
√

(Dα − E0α + V 2
αz

4εαR
)εαR, Eα0 is the bottom of the conduction band without spin-orbit coupling, εαR =

mλ2
α/2 is the energy of the RSOC, and the notation ε̃α0 = Eα0 − εαR − V 2

αz/4εαR.
Furthermore, we rewrite the dot GF [see Eq. (A14)] in a concise form,

Ĝ j (ω) = Ĝ0
j (ω) + �̂U

j (ω), (A18)

where [
Ĝ0

j (ω)
]−1 = Îω − σzdiag(ε j, ε− j ) − �̂0

j (ω) (A19)

is the noninteracting GF, �̂0
j (ω) is the noninteracting self-energy explicitly expressed in Eqs. (A15) and (A16), and �̂U

j (ω) =
UĜ0

j (ω)F̂d j (ω) is the interacting self-energy with

F̂d j (ω) =
( 〈〈d jn− j ; d†

j 〉〉 〈〈d jn− j ; d− j〉〉
−〈〈d†

− jn j ; d†
j 〉〉 −〈〈d†

− jn j ; d− j〉〉
)

. (A20)

In general, it is difficult to treat the interacting self-energy �̂U
j (ω) exactly by the theoretical and numerical approaches in

all parameter regions [46–49]. The off-diagonal element of F̂d j (ω) stands for the superconducting correlations on the dot
level, which can be approximately given by the Hartree-Fock approximation (HFA), such as 〈〈d†

− jn j ; d†
j 〉〉 = 〈n j〉〈〈d†

− j ; d†
j 〉〉 −

〈d†
j d†

− j〉〈〈d j ; d†
j 〉〉. Then, we obtain

〈〈d†
− j ; d†

j 〉〉 = �̂0
j21(ω) + U 〈d†

j d†
− j〉

ω + ε− j + U 〈n j〉 − �̂0
j11(ω)

〈〈d j ; d†
j 〉〉. (A21)

Here, we should point out that the superconducting correlation at the QD is significantly suppressed by Coulomb repulsion due
to U � �α . Thus, the HFA in the off-diagonal parts of F̂d j (ω) is good enough [22,63]. However, it is well known that the HFA
cannot capture the Kondo physics, and one needs to consider the high-order GFs in the diagonal parts of F̂d j (ω). In the present
work, we truncate the hierarchy of GFs by the Lacroix scheme [50]. It qualitatively captures the Kondo effect even at zero
temperature [60] and particle-hole symmetry [55]. Although the EOM approach tends to underestimate the Kondo temperature,
it can properly capture the competition between the Kondo effect and superconductivity [17,22].

In the following, we show the main steps to obtain the diagonal elements of the dot GF in the frame of Lacroix’s
approximation. From Eq. (A9), the EOM of the high-order GF [F̂d j (ω)]11 is

(ω − ε j − U )〈〈d jn− j ; d†
j 〉〉

= 〈n− j〉 +
∑
hα

h j+1/2
∫

dkβαsign(− j)hkṼα[〈〈d†
− jcαhk− jd j ; d†

j 〉〉 − 〈〈c†
αhk− jd− jd j ; d†

j 〉〉 + 〈〈cαhk jn− j ; d†
j 〉〉]. (A22)

The EOM of the high-order GFs involved in Eq. (A22) can be read as

(ω − εαhk )〈〈cαhk jn− j ; d†
j 〉〉

= �α

∑
h′

βα−hkβαh′−k[δ j,1/2h〈〈c†
αh′−k− jn− j ; d†

j 〉〉 − δ j,−1/2h′〈〈c†
αh′−k− jn− j ; d†

j 〉〉] + h− j+1/2Ṽαβαsign( j)hk〈〈d jn− j ; d†
j 〉〉

+
∑
h′α′

h′ j+1/2
∫

dk′Ṽα′βα′sign(− j)h′k′ [〈〈cαhk jd
†
− jcα′h′k′− j ; d†

j 〉〉 − 〈〈c†
α′h′k′− jd− jcαhk j ; d†

j 〉〉], (A23)
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(ω − εαhk + ε− j − ε j )〈〈d†
− jcαhk− jd j ; d†

j 〉〉

=
∑
h′α′

∫
dk′Ṽα′ [h′− j+1/2βα′sign( j)h′k′ 〈〈d†

− jcαhk− jcα′h′k′ j ; d†
j 〉〉 − h′ j+1/2βα′sign(− j)h′k′ 〈〈c†

α′h′k′− jcαhk− jd j ; d†
j 〉〉]

+〈d†
− jcαhk− j〉 + �α

∑
h′

βα−hkβαh′−k[δ− j,1/2h〈〈d†
− jc

†
αh′−k jd j ; d†

j 〉〉 − δ j,1/2h′〈〈d†
− jc

†
αh′−k jd j ; d†

j 〉〉]

+ h j+1/2Ṽαβαsign(− j)hk〈〈n− jd j ; d†
j 〉〉, (A24)

and

(ω + εαhk − ε− j − ε j − U )〈〈c†
αhk− jd− jd j ; d†

j 〉〉

=
∑
h′α′

∫
dk′Ṽα′ [h′− j+1/2βα′sign( j)h′k′ 〈〈c†

αhk− jd− jcα′h′k′ j ; d†
j 〉〉 + h′ j+1/2βα′sign(− j)h′k′ 〈〈c†

αhk− jcα′h′k′− jd j ; d†
j 〉〉]

+〈c†
αhk− jd− j〉 + �α

∑
h

βα−hkβαh′−k[δ j,1/2h〈〈cαhk− jd− jd j ; d†
j 〉〉 − δ j,−1/2h′〈〈cαhk− jd− jd j ; d†

j 〉〉]

− Ṽαh j+1/2βαsign(− j)hk〈〈n− jd j ; d†
j 〉〉. (A25)

Based on these equations, the Lacroix treatment can be reached by taking the approximation, e.g., 〈〈cαhk jd
†
− jcα′h′k′− j ; d†

j 〉〉 ≈
〈d†

− jcα′h′k′− j〉〈〈cαhk j ; d†
j 〉〉 + 〈cα′h′k′− jcαhk j〉〈〈d†

− j ; d†
j 〉〉, 〈〈c†

α′h′k′− jd− jcαhk j ; d†
j 〉〉 ≈ 〈c†

α′h′k′− jd− j〉〈〈cαhk j ; d†
j 〉〉 + 〈d− jcαhk j〉

〈〈c†
α′h′k′− j ; d†

j 〉〉, and 〈〈d†
− jcαhk− jcα′h′k′ j ; d†

j 〉〉 ≈ 〈d†
− jcαhk− j〉〈〈cα′h′k′ j ; d†

j 〉〉 + 〈cαhk− jcα′h′k′ j〉〈〈d†
− j ; d†

j 〉〉. Furthermore,
we can neglect the terms containing the superconducting correlation on the dot due to U � �, such as
〈〈c†

αh′−k− jn− j ; d†
j 〉〉, 〈〈d†

− jc
†
αh′−k jd j ; d†

j 〉〉, and 〈〈cαh′−k jd− jd j ; d†
j 〉〉. After some straightforward simplifications, we obtain

the high-order GF,

〈〈d jn− j ; d†
j 〉〉 = 〈n− j〉 + Aj1(ω) − Aj2(ω)

ω − ε j − U − � jT (ω)
+ (Aj1(ω) − Aj2(ω))�̂0

j21(ω)

ω − ε j − U − � jT (ω)
〈〈d†

− j ; d†
j 〉〉 + [Aj1(ω) − Aj2(ω)]�̂0

j11(ω)

ω − ε j − U − � jT (ω)
〈〈d j ; d†

j 〉〉

− Bj1(ω) + Bj2(ω)

ω − ε j − U − � jT (ω)
〈〈d j ; d†

j 〉〉, (A26)

where the notation � jT (ω) = � j0(ω) + � j1(ω) + � j2(ω) with � j0(ω) = ∑
hα

∫
dk

Ṽ 2
α β2

αsign( j)hk

ω−εαhk
, � jη(ω) = ∑

hα

∫
dk

Ṽ 2
α β2

αsign(− j)hk

ω−εηαhk j

(η = 1, 2), ε1αhk j = εαhk − ε− j + ε j , and ε2αhk j = −εαhk + ε− j + ε j + U . Other notations are

Ajη(ω) =
∑
hα

h j+1/2
∫

dkβαsign (− j)hk

Ṽα〈d†
− j c̃αhk− j〉

ω − εηαhk j
(A27)

and

Bjη(ω) =
∑
hα

∑
h′α′

h′ j+1/2h j+1/2
∫∫

dk′dkβα sign(− j)hkβα′sign(− j)h′k′
ṼαṼα′ 〈c†

α′h′k′− jcαhk− j〉
ω − εηαhk j

. (A28)

By substituting Eq. (A26) into Eq. (A14), we obtain the dot GF,

〈〈d j ; d†
j 〉〉 = 1 + UOj (ω) + (1 + UPj (ω))�̂0

j21(ω)Ĝ j (ω)21

ω − ε j − �̂0
j11(ω) − U [Pj (ω) − Qj (ω)]

, (A29)

where the notations are Oj (ω) = 〈n− j 〉+Aj1(ω)−Aj2(ω)
ω−ε j−U−� jT (ω) , Pj (ω) = (Aj1(ω)−Aj2(ω))�̂0

j11(ω)

ω−ε j−U−� jT (ω) , and Qj (ω) = Bj1(ω)+Bj2(ω)
ω−ε j−U−� jT (ω) . In Ajη(ω) and

Bjη(ω), the average values 〈d†
− j c̃αhk− j〉 and 〈c̃†

α′h′k′− j c̃αhk− j〉 are given by the spectral theorem,

〈d†
− j c̃αhk− j〉 = − 1

π
Im

∫
f (ω)〈〈c̃αhk− j ; d†

− j〉〉dω (A30)

and

〈c̃†
α′h′k′− j c̃αhk− j〉 = − 1

π
Im

∫
f (ω)〈〈c̃αhk− j ; c̃†

α′h′k′− j〉〉dω. (A31)

Based on Eq (A12), we can obtain the GFs,

〈〈c̃αhk− j ; d†
− j〉〉 ≈ h j+1/2Ṽαβ−1

αsign(− j)hk〈〈d− j ; d†
− j〉〉�αh− j11(ω, εαhk ) (A32)
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and

〈〈c̃αhk− j ; c̃†
α′h′k′− j〉〉 ≈ β−2

αsign(− j)hk�αh− j11(ω, εαhk ), (A33)

where the notation �αh− j11(ω, εαhk ) = β2
αsign(− j)hk[ω − εαhk − �2

α

4 ξαhk− j (
β2

αsign(− j)hk

ω+εαh−k
+ β2

αsign( j)hk

ω+εα−h−k
)]−1. Taking some simplification

procedures, we gain

Ajη(ω) = i

π2

∑
hα

∫
dεαhk

�αh j (εαhk )�αh j (εαhk )

ω − εηαhk j
(A34)

and

Bjη(ω) = i

π2

∑
hα

∫
dεαhk

�αh j (εαhk )�αh j (εαhk )

ω − εηαhk j
, (A35)

where �αh j (εαhk ) = ∫
f (ω)(ω + εαhk )�αh− j11(ω, εαhk )Ĝ− j (ω)11dω and �αh j (εαhk ) = ∫

f (ω)(ω + εαhk )�αh− j11(ω, εαhk )dω.
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[52] M. Krawiec and K. I. Wysokiński, Supercond. Sci. Technol. 17,

103 (2004).
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