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Fate of Majorana zero modes, exact location of critical states, and unconventional real-complex
transition in non-Hermitian quasiperiodic lattices
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We study a one-dimensional p-wave superconductor subject to non-Hermitian quasiperiodic potentials. Al-
though non-Hermiticity exists, the Majorana zero mode is still robust against the disorder perturbation. The
analytic topological phase boundary is verified by calculating the energy gap closing point and the topological
invariant. Furthermore, we investigate the localized properties of this model, quantitatively revealing that
the topological phase transition is accompanied by the Anderson localization phase transition, and a wide
critical phase emerges with amplitude increments of the non-Hermitian quasiperiodic potentials. Finally, we
numerically uncover a unconventional real-complex transition of the energy spectrum, which is different from

the conventional P77 symmetric transition.
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I. INTRODUCTION

The discovery of Anderson localization [1] belongs to
the very heart in understanding how the disorder affects
the mobility of carriers through the spatial distribution of
the wave function. After half a century, the Anderson lo-
calization phenomena were observed in a ultracold atomic
experiment with correlated disordered potentials [2] and
incommensurate/quasiperiodic potentials [3]. Nowadays, An-
derson localization has been one of the important and highly
explored research subjects in condensed matter physics [4—7].
In one-dimensional systems it has been shown that the in-
terplay between particle interactions and random disordered
or incommensurate disordered external potentials forms the
many-body localization [8—13], a many-body version of An-
derson localization.

A paradigm to understand the Anderson localization is
the Aubry-André-Harper (AAH) model [14,15], in which
the increased strength of the incommensurate potential leads
to a localized transition. In some variants of the AAH
models, the rich localization phenomena can be observed
[16-20]. Another interesting aspect of generalized AAH
models is the presence of a mobility edge in energy sepa-
rating extended from localized states [20-26]. It should be
noted that the one-dimensional AAH model can be under-
stood as the projection of the two-dimensional Hofstadter
model in the one-dimensional direction [14,27,28], which
supports topologically protected edge states localized at the
boundary, similar to the edge states in quantum Hall insu-
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lators [29,30]. Consequently, the topological properties of
one-dimensional quasicrystals have been gradually excavated
according to this projection [31-35]. In topological commu-
nity, the one-dimensional p-wave superconductor chain is
another important paradigm [36-39]. A key feature of the
one-dimensional p-wave superconductor is that it hosts topo-
logically protected Majorana zero modes (MZMs) [40-43],
an ideal platform for the error-free quantum computation due
to the immunity to the weakly disordered perturbation of the
qubits [44,45]. Thus, the interplay of disorder and topology
in one-dimensional quasiperiodic lattices with p-wave super-
conducting pairing deserves further investigations. Reference
[46] uncovered that the topological phase transition is ac-
companied by the Anderson localization phase transition in a
Hermitian quasiperiodic chain with p-wave superconducting
pairing. Further research showed that there exists a critical
phase in the topologically nontrivial region [28].

Non-Hermitian lattices show exotic physical phenom-
ena without Hermitian counterparts, such as the exceptional
points, breakdown of the Bloch bulk-boundary correspon-
dence, and the non-Hermitian skin effect [47-52]. However, a
systematical study about the interplay between the quasiperi-
odic disorder, topology, and non-Hermitian [53-57] is still
absent to the best of our knowledge. Here a major question
arises: what kind of physical phenomena can be shown in
a one-dimensional p-wave superconductor subject to non-
Hermitian quasiperiodic potentials? What is the fate of the
MZMs and the critical states? Is there real-complex transi-
tion in the presence of non-Hermiticity? In this work we are
devoted to answer these questions.

II. MODEL AND HAMILTONIAN

We consider the one-dimensional p-wave superconductor
subject to non-Hermitian quasiperiodic potentials, described

©2021 American Physical Society
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where éZ (¢,) is the fermion creation (annihilation) opera-
tor, and L is the total number of sites. The nearest-neighbor
hopping amplitude ¢ and the p-wave pairing amplitude A
are real constants, and V, = Ve'2™@" is the non-Hermitian
quasiperiodic potential. Specially, the real A can be realized
by manipulating the interaction strength and the loss rate in
a BEC system [58,59]. A typical choice for parameter o is
o = (v/5 — 1)/2. For computational convenience, r = 1 is set
as the energy unit. In the topological classification, this model
belongs to the D class [60] and it does not preserve P7T
symmetry [49]. When A is equal to zero, this model reduces
to the non-Hermitian AAH model [22], where the localized
transition and the topological properties are well understood.
When o = 0, this Hamiltonian describes the Kitaev model,
where there are topologically protected MZMs [38,45]. When
the imaginary part of the non-Hermitian potential is omitted,
the model reduces to the Hermitian non-Abelian AAH model
[28,46], in which the topological phase transition and the
Anderson localization transition are well studied.

The Hamiltonian (1) can be diagonalized by using
the Bogoliubov—de Gennes (BdG) transformation: )A(;l =
Zi:l [um,nél ~+ Vm.nCnl, where L denotes the total number of
sites, n is the site index, and u,, ,, v, are the two components
of wave functions. It is widely known that the particle-hole
symmetry is preserved [38]. Under this transformation, the
BdG equations can be expressed as

i2
t(unJrl + unfl) + Ve' nanun - A(anrl - Unfl) = Emuna
i2
A(l'tn-H —Up_1) — Ve' mmvn - t(vn-H + Un—l) = E,v,.

where E,, is the complex eigenenergy, indexed according to
its real part Re(E,,) and arranged in ascending order with m
being the energy level index.

By numerically solving Eq. (2), we can obtain the en-
ergy spectrum of the system and the components u,, , and
vm.n Of the wave functions. The inverse participation ratio
(IPR) is usually used to study the localization-delocalization
transition [14,22,28,46]. For any given normalized wave
function, the corresponding IPR is defined as IPR,, =
Z§=1 (|um,,,|4 + |vm,,,|4) which measures the inverse of the
number of sites being occupied by particles. It is well known
that the IPR of an extended state scales like L~' which ap-
proaches zero in the thermodynamic limit. However, for a
localized state, since only finite number of sites are occupied,
the IPR is finite even in the thermodynamic limit. The mean of
IPR over all the 2L eigenstates is dubbed the MIPR expressed
as MIPR = - 3°°" IPR,,.

m=1

II1. FATE OF MAJORANA ZERO MODES

In this part we will study the fate of the MZMs and the
topological phase transition. The top panel in Fig. 1 shows
the real part of the energy spectrum of Eq. (1) as a function
of the non-Hermitian potential strength V' under the open
boundary condition (OBC), with the parameters A = 0.5 and
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FIG. 1. Top panel: The real part of eigenvalues of Eq. (1) as a
function of V under OBC. Definitely there are stable MZMs when
V <t + A. As the value of V continuously increases, the MZM
eventually vanishes, and the phase transition point is roughly located
at V. =t + A. Bottom panel: Spatial distributions of ¢ and ¢ for
the lowest excitation modes with V = 1.4 (bottom panel left) and
with V = 1.6 (bottom panel right). Obviously when V = 1.4, ¢ and
Y are symmetrically distributed at the ends of the chain, indicating
the topological nontrivial phase, whereas they are located inside
of the chain when V = 1.6. Other involved parameters are t = 1,
a=(/5-1)/2, A =0.5,and L = 500.

L =500. As shown in the figure, there are stable MZMs
when V <t 4+ A. However, when V is larger than the critical
value V., MZMs annihilate and then enter into the bulk of
the system. Hence, the systems will undergo a topological
nontrivial to a trivial phase transition as V increases, and the
visible phase transition point is about V, =t 4+ A. Similar to
the previous works [28,38,45,46], MZMs in our system are
still localized at ends of the system. To understand the Majo-
rana edge state deeply, we introduce the Majorana operators,
namely A4 = ¢ +¢, and A8 =i(é] — ¢,), which obey the
relations (Af)" = A# and {A?, f,/} = 28,x8pp, With B, B’ €
{A, B}. Accordingly, in the Majorana picture, the quasiparti-
cle operator %, can be rewritten as % = 1 Y0 [¢,, 00 —
”/fmn)‘«g]s in which ¢m,n = (um,n + vm,n) and I/fm,n = (um,n -
vm,n)-

The bottom panel of Fig. 1 plots the spatial distributions of
¢ and ¢ for the lowest excitation mode [46,61] under OBC,
with A = 0.5 and V = 1.4 (left bottom panel) and V = 1.6
(right bottom panel). When V = 1.4, the lowest excitation
mode is just the MZM. Our numerical investigations show
that there is no anomalous edge state [62] and the skin effect
[63,64] and the Majorana edge states ¢ and 1 are localized
at the ends of the system. On the contrary, when V = 1.6, the
lowest excitation mode is no longer the MZM. As a result,
the visible distributions of ¢ and v in the right bottom panel
are located inside the bulk of the system. Therefore, only if
V is less than V., the system is topologically nontrivial and
supports the MZMs.

Due to the bulk-edge correspondence, the topological prop-
erties of non-Hermitian systems are generally protected by
the real gap [45,65]. We suppose that this correspondence is
still applicative for our model. Therefore, we first deduce the
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FIG. 2. (a) The real energy gap A, as a function of V — A un-
der PBC. Intuitively, the gap closes at V. = ¢ + A. (b) and (c) The
topological invariant Q as a function of V with two chosen A. When
V <t+ A, Q= —1, corresponding to the topologically nontrivial
phase; when V >t + A, Q = 1, corresponding to the topologically
trivial phase. Intuitively, Q jumps at the phase transition point, i.e.,
the gap-closing point V. =t + A. Other involved parameters are
f=1,a=(/5-1)/2,and L = 500.

topological phase transition point by calculating the gap-
closing point. By the method in Refs. [46,660] we eventually
obtain the following constraint condition:

L L
l_[€i27r0m — (t —;A) . (3)

n=1

In the thermodynamic limit L — oo, V has a real solution if
V =t + A (see details in Appendix A), thus, we obtain the
gap-closing point V. =t + A.

In order to verify the accuracy of the analytical V,,
and to understand the relationship between the topological
phase transition and the gap closing, we numerically plot
the variation of the real energy gap A, with respect to the
non-Hermitian quasiperiodic potential strength V under PBC,
as shown in Fig. 2(a). It is readily seen that the real energy
gap closes at V. =t + A even though the size of the system is
finite.

In addition to the mentioned MZM and the gap-closing
point, the topological phase transition is more precisely
characterized by the topological invariant Q, which can be
evaluated by the transfer matrix numerically [67,68] (see
details in Appendix B). In Figs. 2(b) and 2(c) we plot the
variation of the topological invariant Q versus V for different
A. When V <t + A, Q = —1 corresponds to the topologi-
cally nontrivial phase; when V >t + A, Q = 1 corresponds
to the topologically trivial phase. Intuitively, O jumps at the
phase transition point, i.e., the gap-closing point V. =t + A.
This illustrates that the topological properties of the system
are exactly protected by the real gap and the introduced non-
Hermiticity compresses the topologically nontrivial region
relative to the Hermitian counterpart [46].
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FIG. 3. MIPR as a function of V with (a) A = 0.5 and (b) A =
1.2. The dashed lines show the sharp increase of the MIPR at phase
boundaries V,. = |t — A] and V., =1 + A. (¢) Bmin as a function of
the inverse Fibonacci index 1/m at (A, V) = (0.5,0.2), (0.5, 1), and
(0.5, 2). These three points are located in the extended, critical, and
localized phases, respectively. (d) The representative wave function
is illustrated for the critical phase (A, V) = (0.5, 1) and L = 500.
Other involved parameters are r = 1, & = (/3 — 1)/2.

IV. EXACT LOCATION OF THE CRITICAL STATES

Recalling the localized distributions of the lowest excita-
tion modes in Fig. 1 when V > V., we are well aware that
there is an Anderson localization phase transition together
with the topological phase transition. Figures 3(a) and 3(b)
plot the variation of MIPR as a function of the potential
strength V' with various A. Intuitively, the MIPR increases
steeply at V. and approaches 1. Such a phenomenon signals
a delocalization-localization phase transition, and the region
where V' > V. denotes the Anderson localization phase. How-
ever, the region where V < V, is not necessarily the extended
phase. Instead, it is divided into two phases, i.e., the extended
phase and the critical one. The MIPR of the critical phase
is greater than that of the extended one and less than that of
the localized one and forms a platform. The extended-critical
phase transition point V,. is readily seen at V,, =t — A.

We further validate our analysis by using the fractal dimen-
sion m (see details in Appendix C). For localized (extended)
states, Bmin — 0(1), whereas 0 < Bmin < 1 for the critical
states. Figure 3(c) shows the B, as a function of the inverse
Fibonacci index 1/m (L is chosen as the mth Fibonacci num-
ber F;,) for various parameter points (A, V). We find that B,
tends to 1 at (A, V) = (0.5, 0.2), suggesting that the system
is in the extended phase. B, extrapolates to 0 at (A, V) =
(0.5, 2), indicating that the system is in the localized phase.
For (A, V) = (0.5, 1), the corresponding B, in the thermo-
dynamic limit is intuitively between O and 1, signaling the
typical critical wave function in Fig. 3(d). We emphasize that
such an analysis strategy works for other parameter points
as well. Hence, we verify that there are indeed extended and
critical phases in the topologically nontrivial region.

Actually, for the Hermitian quasiperiodic chain with
p-wave superconducting pairing, Wang et al. [28] also
numerically uncover a similar critical region located at
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FIG. 4. The eigenenergies of Eq. (1) with A = 0.5 and L = 5000
under OBC. (a) V = 0.2 is taken from the extended and topologically
nontrivial phase. The eigenenergies are totally real. (b) V = 0.5
is taken at the extended-critical transition point and the imaginary
parts of eigenenergies have a certain width. (¢) V =1 is taken
from the critical phase and the imaginary parts of eigenenergies are
completely broadened. (d) V = 2 is taken from the localized phase,
the imaginary parts of eigenenergies are also completely broadened.
Other involved parameters are t = 1 and o = (v/5 — 1)/2.

2(t — A) <V < 2(t + A). However, it is a long-standing un-
solved question to quantitatively explain the location of the
critical region. By making use of the transfer matrix method
for Majorana zero modes (see details in Appendix D), we
analytically demonstrate that when V > ¢t 4+ A, the Majorana
wave function ¢ becomes localized (also regarded as the
topological phase transition), while V > r — A, the Majorana
wave function ¢ becomes localized. Consequently, within the
region V,. <V <V, the ensemble of the Majorana wave
functions can be regarded as semiextended and semilocalized,
i.e., critical. Thus we phenomenologically conclude the emer-
gence of the critical states for the non-Hermitian version of
the quasiperiodic p-wave pairing model, which can be directly
generalized to the Hermitian counterpart [28].

V. UNCONVENTIONAL REAL-COMPLEX TRANSITION

By analyzing the energy spectrum, we find that there
exists the unconventional real-complex transition of energy.
The unconventionality has two implications. For one thing,
compared to the P7T-symmetric systems [22,45,49-58], this
transition still exists in our system without P77 symmetry.
For another, our finding is very different from what uncovered
by Hamazaki et al. [69]. The difference lies in three aspects:
First, Hamazaki et al. found that such a transition occurred
when the time reversal symmetry was present, but it appears
in our model without time reversal symmetry. Second, the real
energy region was located in the localized phase, whereas in
our model, it locates in the extended phase. Third, the time
reversal symmetry was responsible for the presented real-
complex transition, while our model provides an exception.

In Fig. 4 we take A = 0.5 and fix the size of the sys-
tem L = 5000 and display the eigenenergies of Eq. (1) with

Real-Complex Critical-Localized

transition transition .
Extended-Critical Topological phase
transition transition
-
0 Veie=t—A V.=t+A 1%

FIG. 5. Phase diagram of the model in this paper. V., =t — A
(the left red dot) is the transition point of the extended-critical
transition and the real-complex transition. V. = ¢ + A (the right red
dot) is the transition point of the critical-localized transition and the
topological phase transition.

various V under OBC. As the figure shows, when V = 0.2,
the eigenenergies are real, and the system is in the extended
and topologically nontrivial phase. V = 0.5 is chosen at the
extended-critical transition point. Although the system is still
in the topologically nontrivial phase, the imaginary parts of
eigenenergies have a certain width. V =1 is in the critical
and topologically nontrivial phase, it can be distinctly shown
that the eigenenergies of the system are complex. The similar
phenomenon also occurs in the case of V =2, in which the
system is in the localized and topologically trivial phase. The
energy spectra with loop in Figs. 4(c) and 4(d) imply that such
aunconventional real-complex transition is independent of the
skin effect [70,71]. We have also checked other combinations
of parameters and get the same results as expected. Accord-
ingly, we draw another conclusion that only the extended
phase support the fully real eigenenergies, thus, provide a new
result to explore the rich physics of non-Hermitian systems.
Synthesizing the above analyses, we finally obtain the total
phase diagram of the system, shown in Fig. 5. As the diagram
shows, the left red dot denotes the extended-critical and the
real-complex transition point V., satisfying V. =t — A. The
right red dot corresponds to the critical-localized and the
topological phase transition point V_, satisfying V. =t + A.

VI. SUMMARY

In summary, we have studied the topological properties
and investigated the extended, critical, and localized phases
of a one-dimensional p-wave superconductor subject to the
non-Hermitian quasiperiodic potentials. By analyzing the en-
ergy spectrum, it is shown that there are MZMs protected
by the energy gap, and the analytic topological transition
point is verified by calculating the energy gap and the topo-
logical invariant. Furthermore, we quantitatively demonstrate
the exact location of the critical region for the quasiperiodic
p-wave pairing model through the transfer matrix method,
which solves a long-standing question. More impressively, for
our system without P7 symmetry, we find an unconventional
real-complex transition of the eigenenergies and the energies
in the extended phase are fully real. Our finding may form a
new universality class about the real-complex transition. Un-
fortunately we have failed to obtain an analytical expression of
the real-complex transition point. However, it remains an open
question to explore the relationship between the extended
phase and the real energy, even if there is no P77 symmetry.
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APPENDIX A: DERIVATION OF THE GAP-
CLOSING POINT V,

Under the periodic boundary condition (PBC), the Hamil-
tonian in Eq. (1) can be rewritten as

5 sty oa o Lo

A=Y |eiMytn + 5 @Nwty +He) |, (A1)
nn'

where M is a Hermitian matrix and N is an antisymmetric

matrix, respectively expressed as

Vi—t-—t 0 —-A--- A
—t 'V A 0
=1 . ) , N=| . ) (A2)
: .=t : =A
—t —t Vi —A A 0

With the above matrices we can determine the excitation spec-
trum E,, via solving the secular equation

det[(M + N)(M —N) — E,] = 0. (A3)

Accordingly, the transition point V. can be solved by the
equation det[(M + N)(M — N)] = 0. Having known that
det(M — N) = det(M — N)" = det(M + N), then V, is fur-
ther determined by det(M — N) = 0. Eventually we obtain the
following constraint condition:

L L
l_[eiZnom — (t -"_/A) )

n=1

(A4)

In the thermodynamic limit L — oo, V, has a real solution,
and V. =1t + A.

APPENDIX B: TRANSFER MATRIX METHOD
FOR TOPOLOGICAL INVARIANT Q

In this Appendix we introduce the transfer matrix method
to derive the topological invariant Q. In a p-wave supercon-
ducting wire, the topological phase transition is characterized
by the change of the topological quantum number Q. The
value of O = (—1)" is determined by the parity of the number
m of Majorana bound states at each end of the wire, and
O = —1 denotes the topological phase. The scattering ma-
trix S is defined to relate the incoming and outgoing wave
amplitudes. In the disordered p-wave superconducting wire,
the waves can come in from the left/right end of the chain
in two channels, i.e., particle and hole channels, so S is a
4 x 4 unitary matrix. The 2 x 2 subblocks R, R" and T, T’ are
defined as the reflection and transmission matrices at two ends
of the chain, respectively,

R T
S=<T R,>, (BI)

where

Tee Ten
R = . B2
(rhe rhh) ( )

Here r,, and r,;, are the normal and Andreev reflection ampli-
tudes, respectively. Note the BdG Hamiltonian of the system
has a particle-hole symmetry

PHgiP ™' = —Hpac, (B3)

where P = t,C with 7, being the first Pauli matrix and C
being the complex conjugation operator. This leads to the
following constraint on the reflection matrix:

7,Rt, = R*, (B4)

which implies
det(R) = det(R)". (BS)
Here we have implicitly applied the condition that the Fermi
level E = 0. At the Fermi level the transmission 7" through the
superconducting wire is 0 because there are no extended states

from one end to the other. Therefore the reflection matrix R is
unitary, i.e., RR" = 1, which implies
|det(R)] = 1. (B6)

Combining with the condition (B5), we get det(R) = %1.
Consequently the topological quantum number is Q =
sgn[det(R)].

In the practical numerical calculation, the scattering matrix
can be obtained by the transfer matrix scheme

G\ _ i @iy
q>i+l i q:)i s

0 7
Mi == ( ~r—1 ALIA)’
—I; —1;h

where ®; = (¢;, ¥;)T is the two-component wave functions
on site i. Waves at the two ends of the chain are related by the
total transfer matrix

M=MM;_,---M)M,. (B8)

(B7a)

(B7b)

Next, we transform to a new basis with right-moving and
left-moving waves separated in the upper and lower two com-
ponents by means of the unitary transformation

o /1 1
M=U'MU, U_\/;<i, _ﬂ>. (B9)

Under this basis the transmission and reflection matrices are

related by (g) . < 1€> <I§) =M (TO>

Finally, the topological invariant Q is evaluated by calculating
the transfer matrix M.

(B10)

APPENDIX C: DEFINITION OF THE FRACTAL
DIMENSION Bin

The fractal theory has been widely applied in the quasiperi-
odic models [28,61,72-75]. The size of the system L is
chosen as the jth Fibonacci number F;. The advantage of
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this arrangement is that the golden ratio can be approximately
replaced by the ratio of the nearest two Fibonacci numbers,
ie., a = («/3 —1)/2 =lim;_, o Fj_;/F;. Then a scaling in-
dex B, can be extracted from the on-site probability P, , =
s, 0+ U BY

Py ~ (1/Fj)Prr. (C1)

As the fractal theorem tells, when the wave functions
are extended, the maximum of P, , scales as max(P, ,) ~
(1/F;)", implying Bmin = 1. On the other hand, when wave
functions are localized, P, , peaks at very few sites and
nearly zero at the others, suggesting max (P, ,) ~ (1/F;)" and
Bmin = 0. As for the critical wave functions, the corresponding
Bmin 1s located within the interval (0, 1). For our system
with L = F; sites, there are 2F; eigenstates. Therefore we can
distinguish the extended, the critical, and the localized wave
functions by the average of By, (denoted by Bin) over all the
eigenstates, and B, is expressed as

1 2L
ﬁmin = i n; ﬂgﬁn. (CZ)

APPENDIX D: DERIVATION OF V,. AND V,
BY TRANSFER MATRIX METHOD

In this Appendix we introduce the transfer matrix method
which is used to derive the extended-critical transition point
Vee =t — A and the critical-localized transition point V. =
t + A. Under the Majorana representation, the BdG equa-
tion of Hamiltonian can be rewritten in terms of Majorana
fermions as

C+ M+ — D) — Vi, = E¢j,

(D1)
t+A)pj 1+ —A)pjy1 — Vi, = EY;.

For Majorana zero modes we only need to focus on the E = 0
case and thus two equations above are decoupled and can be
reorganized into the transfer matrix form as

Vet Zp W _(is =
(Wj =7 Vi)’ where ;=" 0 )

(D2)
oF o b 4 e —aa
(o) =min) e ri= (5 750)
(D3)

The transfer matrix method can be used to determine
the Anderson localization properties of the normal disor-
dered system. First, we focus on the nature of the Majorana
wave function y. To transform the disordered p-wave su-
perconducting model to the normal disordered model, we
can perform a similarity transformation to the transfer matrix
Eq. (D2) as T; = EST;S™! with § = diag(§'/4, 1/£'/*) and
&= ;jr—ﬁ. Notice that we have set 0 < A < ¢. The transfer
matrix TJ is

. B/ |
T, = (\/ﬂlﬁ 0 ) (D4)
Thus, the total transfer matrix T = HJLZI T; becomes
Tv. ) = (= A Lsfs—l (D5)
T \Vre+A '
We can define the Lyapunov exponent as
o1
y = Llingo Zln IT|. (D6)

Combining Egs. (D5) and (D6) we obtain

V,A) = Y o) +m( /=2 D7
=y (=) e ((izs)

When A =0, the model is reduced to the non-Hermitian
AAH model [22] and the Lyapunov exponent y(V,0) =
In(V'). The Lyapunov exponent y is related to the localiza-
tion length & by y = 1/£. When y(V, A) =0, there is a
delocalization-localization transition regarding the Majorana
wave function . Substituting y(ﬁ, 0) = ln(JﬂL_T)
into Eq. (D7) and let Eq. (D7) = 0, we can obtain the local-
ization phase transition point V, =t + A, which means when
V >t + A, the Majorana wave function ¢ becomes local-
ized. Equation (D7) is also used to predict the topologically
phase transition V, in the quasiperiodic lattice in the presence
of the p-wave pairing.

Similarly, regarding the Majorana wave function ¢, we
can perform a similarity transformation to the transfer matrix
Eq. (D3)as T/ = VES'T ;8! with §’ = diag(g'1/4, 1/&"1/%)
and &' = 42, where T'; = T;. Thus we obtain the Lyapunov
exponent

'V, A) = v 0 1 r+a D8
o=y (Gem o) () e

Therefore we can obtain the delocalization-localization transi-
tion point V,. =t — A by setting Eq. (D8) = 0, which means
when V >t — A, the Majorana wave function ¢ becomes
localized.
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