
PHYSICAL REVIEW B 103, 094508 (2021)

Magnetic response of Majorana Kramers pairs with an order-two symmetry
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We study an intrinsic relation between the topology of bulk electronic states and magnetic responses of
Majorana Kramers pairs, Kramers pairs of Majorana fermions, on a surface of time-reversal-invariant topological
superconductors. Majorana Kramers pairs respond to an applied magnetic field anisotropically due to the
interplay between time-reversal and crystalline symmetries. In this paper, we propose a systematic procedure
to determine such surface magnetic responses in systems with an order-two symmetry. From the analysis of
topological invariants associated with an order-two symmetry, it is found that magnetic responses are classified
into four types, which are attributed to different topological invariants and exhibit distinguishable, characteristic
magnetic responses. For a Kramers pair of Majorana fermions protected by Z2 topological invariants, we
clarify that types of magnetic responses are determined only from Fermi-surface topology and symmetry of
Cooper pairs. Finally, we apply our theory to the topological nonsymmorphic crystalline superconducting state
in UCoGe, which exhibits a biaxially anisotropic magnetic response.
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I. INTRODUCTION

In the last decade, the study of topological superconduc-
tors (TSCs) has been a fascinating subject of unconventional
superconductors since they host emergent Majorana fermions
on their surface as surface zero-energy Andreev bound states
[1–7]. The emergent Majorana fermions follow non-Abelian
statistics and are immune to a local noise as long as the super-
conducting gap remains in the bulk. These peculiar properties
make TSCs a potential platform for fault-tolerant topological
quantum computation [8].

A lot of effort to search for emergent Majorana fermions
has been devoted to a large variety of systems, such as
proximity-induced superconductivity in nanowire [9–14] and
magnetic atomic chains [15–20], and intrinsic superconduc-
tivity in doped topological (crystalline) insulators [21–28] and
Dirac semimetals [29–34]. While the former systems break
time-reversal symmetry (TRS), the latter does not. Follow-
ing the Altland-Zirnbauer (AZ) classification [35–38], TSCs
with (without) TRS belong to class DIII (D), which hosts
a Kramers pair of Majorana fermions (a Majorana fermion)
on surfaces. The difference relating to TRS is crucial for
magnetic responses. Usually, a Majorana fermion is quite
stable against any perturbation including magnetic fields due
to charge neutrality, whereas Majorana Kramers pairs react to
an applied magnetic field and exhibit a completely anisotropic
Ising-type magnetic response due to the Kramers degener-
acy and the self-conjugate property of Majorana fermions
[39–44]. Another interesting effect is that the anisotropic be-
havior under a magnetic field can also induce a higher-order
topological superconducting phase [45,46].

There is currently intensive effort searching for topolog-
ical phases in the presence of crystalline symmetry, such

as reflection [47–49], all order-two [50], nonsymmorphic
[51], and rotational symmetries [52,53], point-group [54],
and magnetic point-group symmetries [55]. Those topologi-
cal phases are called topological crystalline superconductors
(TCSCs). Along these lines, Shiozaki and Sato have unveiled
an interplay between the anisotropic magnetic response and
crystalline symmetry through crystalline-symmetry-protected
topological invariants [50].

In the previous studies [56,57], we have clarified that the Z-
invariant-protected Majorana Kramers pairs show anisotropic
magnetic responses as a magnetic dipole (Ising) and octupole.
In particular, a higher-rank magnetic response is intriguing
since it appears only in TCSCs with J = 3

2 fermions [57]. We
have also found a similar anisotropic magnetic response for
Z2-invariant-protected Majorana Kramers pairs, along with a
new type of quadrupole magnetic response for double Majo-
rana Kramers pairs in TCSCs with nonsymmorphic symmetry
[58]. Interestingly, those surface magnetic responses show
a one-to-one correspondence to irreducible representations
(irreps) of pair potentials under crystalline symmetry, which
provides an experimental means to determine Cooper-pair
symmetry in TSCs and TCSCs through magnetic responses
of Majorana Kramers pairs.

In this paper, we elucidate a relation between Z2 topo-
logical invariants, anisotropic magnetic responses, and bulk
electronic states in TCSCs with an order-two symmetry, in-
cluding both symmorphic and nonsymmorphic symmetries
in crystal. Under order-two symmetries, magnetic responses
are classified into four types by one-dimensional (1D) topo-
logical invariants protecting Majorana Kramers pairs: (A) a
TRS-protected Z2 invariant, (B) a symmorphic-symmetry-
protected Z invariant, (C) a symmorphic-symmetry-protected
Z2 invariant, and (D) a nonsymmorphic-symmetry-protected

2469-9950/2021/103(9)/094508(23) 094508-1 ©2021 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.103.094508&domain=pdf&date_stamp=2021-03-12
https://doi.org/10.1103/PhysRevB.103.094508


YAMAZAKI, KOBAYASHI, AND YAMAKAGE PHYSICAL REVIEW B 103, 094508 (2021)

Z2 invariant, where types B and D depend on the number of
Majorana Kramers pairs: types B and D exhibit the same mag-
netic response for a single Majorana Kramers pair, whereas
their magnetic responses are distinguishable for double ones.
Such dependence on the number of Majorana Kramers pairs
is crucial for TCSCs with nonsymmorphic symmetry. Further-
more, a Z2 invariant is related to Fermi-surface topology in the
normal state, dubbed the Fermi-surface criterion [22,59,60].
Extending it to those symmetry-protected Z2 invariants, we
clarify that all types of magnetic responses ensured by Z2

invariants are determined only from the normal states and
irreps of pair potentials, with the aid of additional symmetries.
Thus, the anisotropic magnetic responses provide a clue to
investigate the electronic states of TSCs and TCSCs, which
provides a deep insight into the pairing mechanism of topo-
logical superconductivity and a way to detect and control
Majorana fermions.

We also apply our generic theory to a model of UCoGe
[61,62], which has been recently proposed as a time-reversal-
invariant TCSC at high pressure [63–68]. The crystal of
UCoGe has the space group Pnma [69] so that our the-
ory predicts a quadrupolar-shaped magnetic response induced
by the glide plane. Carefully examining a surface state of
the tight-binding model with a glide-plane symmetry, we
demonstrate that double Majorana Kramers pairs on the (01̄1)
surface exhibit the quadrupolar-shaped magnetic response for
the B1u pair potential, which offers a clue to identify Majorana
Kramers pairs protected by the glide-plane symmetry.

The organization of this paper is as follows. First, in
Sec. III, we introduce our notations of symmetry operations
and discuss the AZ symmetry classes under order-two sym-
metries and associated 1D topological invariants. In Sec. IV,
we classify possible magnetic responses of Majorana Kramers
pairs protected by the 1D topological invariants and show
a relation between the number of Majorana Kramers pairs
and magnetic responses. In Sec. V, generalizing the Fermi-
surface criterion to the case of order-two symmetries, we
derive several simplified formulas for symmetry-protected Z2

invariant and construct a connection between bulk electronic
states and magnetic responses of Majorana Kramers pairs for
Z2 invariants. Finally, in Sec. VI, we apply our theory to a
superconducting state in UCoGe with the space group Pnma.
Summary and perspective are discussed in Sec. VII.

II. SUMMARY OF THE KEY RESULTS

Before going to the main discussion, we briefly show sum-
mary of our results on the magnetic properties of Majorana
Kramers pairs.

Four types of magnetic responses. Majorana Kramers pairs
on TCSCs exhibit various magnetic responses, which are
classified into four types, depending on their crystalline and
superconducting symmetries, as summarized in Table II. An
external uniform magnetic field can open a gap in Majorana
Kramers pairs in an anisotropic form. The number of Majo-
rana Kramers pairs and whether the crystalline symmetry is
symmorphic or nonsymmorphic are key ingredients for the
magnetic responses.

For instance, a Majorana Kramers pair protected by a glide
symmetry is gapped by an applied magnetic field perpendic-

ular to the glide plane. This response is of type D in Table II
with a single Majorana Kramers pair (#MKP = 1).

Fermi-surface criterion. The presence or absence of Ma-
jorana Kramers pairs is determined from the Fermi-surface
topology in a given space group with a superconducting pair
potential. Following the procedure shown in Figs. 1–5, we
can systematically obtain the Z2 topological invariants cor-
responding to the parity of the number of Majorana Kramers
pairs. Examples of this criterion are shown in Sec. V C.

III. PRELIMINARY

In this paper, we discuss Majorana Kramers pairs on a
surface of three-dimensional (3D) TCSCs. In the presence
of TRS, Majorana Kramers pairs are, in general, protected
by a 3D winding number and its parity. The former is only
defined for gapful superconductors, whereas the latter is de-
fined even for gapless superconductors. We naively expect that
adding a magnetic field makes both topological invariants ill
defined and destabilizes Majorana Kramers pairs. This sce-
nario is true only for systems without additional symmetries.
Many candidate materials host crystalline symmetry keeping
Majorana Kramers pairs even under a magnetic field in a
particular direction. Our purpose is to provide a systematic
procedure to identify such crystalline-symmetry-protected
Majorana Kramers pairs and associated magnetic responses.
For this purpose, we focus on Majorana Kramers pairs at
time-reversal-invariant momenta (TRIMs) that are classified
by an order-two symmetry-protected 1D topological invariant
[50]. Note that the following discussions can be applied to
lower-dimensional and nodal superconductors.

A. Symmetry operations in superconducting states

First of all, we introduce symmetry operations that su-
perconducting states host. We start with the Bogoliubov–de
Gennes (BdG) Hamiltonian in time-reversal-invariant super-
conductors:

H (k) =
(

h(k) − μ �(k)

�(k) −h(k) + μ

)

= [h(k) − μ]τz + �(k)τx, (1)

in the basis of (ck↑, ck↓, c†
−k↓,−c†

−k↑), where ↑ and ↓ denote
the up and down spins, respectively. The indices for the or-
bital and sublattice degrees of freedom are implicit. h(k) is a
normal Hamiltonian, �(k) a pair potential, and μ a chemical
potential. τi (i = x, y, z) are the Pauli matrices in the Nambu
space. The BdG Hamiltonian satisfies internal symme-
tries: time-reversal symmetry (TRS): �H (k)�−1 = H (−k),
particle-hole symmetry (PHS): CH (k)C−1 = −H (−k), C =
τy�, and chiral symmetry given by the combination of TRS
and PHS: {�, H (k)} = 0, � = �C = τy, where � is an an-
tiunitary operator and satisfies �2 = −1.

When systems have a space-group symmetry (G) in addi-
tion to the above internal symmetries, a normal Hamiltonian
h(k) satisfies

D†
k(g)h(k)Dk(g) = h(gk), g ∈ G (2)

with Dk(g) being a representation matrix of g, where a mo-
mentum k is transformed to gk under the action of g. We
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use the Seitz notation, i.e., g = {Rg|τg} with Rg rotation and
reflection followed by translation τg. Here, τg is a primitive
translation vector for symmorphic space groups and a non-
primitive translation vector for nonsymmorphic space groups.
Hereafter, the phase of representation matrices is fixed as
�Dk(g)�−1 = D−k(g) in this paper.

We focus our attention on order-two symmetry operations
in spin- 1

2 systems that satisfy g2 = {dE |Rgτg + τg}, where d E
denotes the 2π rotation in the double group. Then, represen-
tation matrices at TRIM k� satisfy

D2
k�

(g) = −e−ik� ·(Rgτg+τg) = ±1, (3)

which distinguishes nonsymmorphic space-group operations
from symmorphic ones. D2

k�
(g) = 1 holds for g being a glide

plane or screw axis with a phase shift k� · 2τg = π . Other-
wise, D2

k�
(g) = −1 always holds.

In superconducting states, space-group operations are de-
fined in a similar way to those for a normal Hamiltonian, i.e.,
a pair potential is transformed as

D†
k(g)�(k)Dk(g) = χ (g)�(gk), (4)

where χ (g) is the character of g characterizing the irreps of
pair potentials [70]. In particular, for order-two symmetries,
χ (g) takes ±1. Using Eqs. (2) and (4), the action of g on the
BdG Hamiltonian turns out to be

D̃†
k(g)H (k)D̃k(g) = H (gk), (5)

D̃k(g) =
(

Dk(g) 0
0 χ (g)Dk(g)

)
, (6)

where the commutation relations between the symmetry oper-
ations D̃k(g), �, C, and � satisfy

D̃†
−k(g)�D̃k(g) = �, (7)

D̃†
−k(g)CD̃k(g) = χ (g)C, (8)

D̃†
k(g)�D̃k(g) = χ (g)�. (9)

Therefore, Eqs. (8) and (9) depend on χ (g), which manifests
a connection between symmetry operators and irreps of pair
potentials.

B. Topological classification in 1D subspaces

In the following, we review the topological classification in
1D systems with an order-two symmetry. Related topological
classifications have been done in the previous studies [47–55].

To begin with, we categorize a symmetry operation g into
two types: U , a symmetry operation that preserves the surface,
and P, a symmetry operation that inverts the surface. The
stability of Majorana Kramers pairs is ascribed to U , while P
indirectly affects them via bulk topological invariants. From
Eq. (5), the actions of U and P on the BdG Hamiltonians
become

[D̃k⊥ (U ), H (k⊥)] = 0, (10)

D̃†
k⊥ (P)H (k⊥)D̃k⊥ (P) = H (−k⊥), (11)

where k⊥ and k‖ are momentum normal and parallel to the
surface, respectively; k‖ is fixed at TRIMs. Hereafter, we refer
to U and P as a surface symmetry and a “parity” symmetry,

TABLE I. AZ symmetry class and 1D topological invariant
(Topo) of H± in the eigenspace of D̃(U ), where χ (U ) and D2(U )
are the character of U and the square of representation matrix.
D2(U ) = −1 (1) indicates that U is a (non)symmorphic symmetry-
group operation.

χ (U ) D2(U ) AZ Topo

1 1 DIII Z2 ⊕ Z2

1 −1 AIII Z
−1 1 AII 0
−1 −1 D Z2

respectively. Note that “parity” stems from that P behaves like
inversion symmetry in a 1D subspace. In particular, we call
a “parity” symmetry that satisfies D̃2

k⊥ (P) = 1 an “inversion”
symmetry because the original inversion operation satisfies
this condition. We often find the “inversion” operation in
systems with nonsymmorphic symmetry, such as glide and
screw symmetries.

Now, we consider symmetry classes of the BdG Hamilto-
nians with a symmetry U , which stabilizes Majorana Kramers
pairs. The effect of a “parity” symmetry will be discussed in
Sec. V. Since the BdG Hamiltonians commute with D̃k⊥ (U ),
they can be decomposed in the eigenspaces of D̃k⊥ (U ), i.e.,
H → H+ ⊕ H−, where the subscript ± denotes eigenvalues of
D̃k⊥ (U ). Under the decomposition, we can define AZ classes
within the eigenspaces of Dk⊥ (U ) because a mixing term be-
tween H+ and H− is forbidden by Eq. (10). Dk⊥ (U ) preserving
the surface is independent of k⊥, so we omit the subscript
unless otherwise stated.

For an order-two symmetry, AZ classes depend only
on the character χ (U ) and the square D2(U ): when
(χ (U ), D2(U )) = (1, 1), it follows from Eqs. (7), (8), and
(9) that D(U ) commute with TRS and PHS, and thus those
symmetries keep within the same eigenspace. That is, H±
belongs to class DIII. The corresponding 1D topological in-
variant is Z2 ⊕ Z2, where two Z2 invariants are defined within
each eigenspace. On the other hand, when (χ (U ), D2(U )) =
(1,−1), we obtain the same commutation relation among
D(U ), TRS, and PHS, but � and C are not preserved within
the eigenspaces because D2(U ) = −1 has eigenvalues ±i and
� and C are antiunitary operators. Hence, the eigenspaces
have only the chiral symmetry, and then they belong to
class AIII and are classified by a Z invariant. Similarly,
we find class AII for (χ (U ), D2(U )) = (−1, 1) and class
D for (χ (U ), D2(U )) = (−1,−1), which are characterized
by 1D topological invariants 0 and Z2, respectively. Note
that classes D and AIII have a single topological invari-
ant since � swaps H+ for H− and their invariants are the
same. The resulting symmetry classes under symmetry U
are listed in Table I, where Majorana Kramers pairs appear
when (χ (U ), D2(U )) = (1, 1), (1,−1), and (−1,−1). From
Eqs. (3) and (4), D2(U ) takes −1 (1) for (non)symmorphic
symmetry groups, and χ (U ) is related to irreps of pair poten-
tials. It is found that symmorphic symmetry groups lead to Z
for a U -even pair potential and Z2 for a U -odd pair potential,
whereas nonsymmorphic symmetry groups only to Z2 ⊕ Z2

for a U -even pair potential.
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C. 1D topological invariants

We here define the corresponding 1D topological invariants
for each AZ class. We start with a Z2 topological invariant in
the absence of symmetry U . Since a single Majorana Kramers
pair is solely protected by TRS, it is defined by

νDIII =
∫

dk

2π
a−(k) mod 2, (12)

where a−(k) is the Berry connection in negative-energy states
that satisfies H (k)|k − α〉 = −Eα (k)|k − α〉:

a−(k) = −i
∑

α

∑
ζ=I,II

〈k − αζ |∂k|k − αζ 〉, (13)

where α is the band index and ζ = I, II label a Kramers pair
with the fixed gauge as �|k − αI〉 = |−k − αII〉.

When taking into account U , the stability of Majorana
Kramers pairs can be ensured by symmetry-protected 1D
topological invariants. First, we consider a topological in-
variant for (χ (U ), D2(U )) = (1,−1), which belongs to class
AIII. The corresponding 1D topological invariant is the mag-
netic winding number

W [U ] = i

4π

∫
dk tr(�[U ]H−1∂kH ) ∈ Z, (14)

where we use the magnetic chiral operator �[U ] = eiφ�D̃(U )
instead of the usual chiral operator since the winding number
in terms of � becomes zero under TRS or PHS. The phase
φ is chosen as �[U ]2 = 1. The bulk-edge correspondence
manifests a one-to-one correspondence between the magnetic
winding number and the number of the surface zero-energy
states:

W [U ] = N+ − N−, (15)

where N± is the number of the surface zero-energy states that
are eigenstates of �[U ] with eigenvalues ±1. The physical
implication of Eq. (15) is that a pair of states with positive and
negative eigenvalues of �[U ] is lifted by a small perturbation
without breaking any symmetry due to {H, �[U ]} = 0. After
all, only (N+ − N−) zero-energy states remain stable. In tight-
binding BdG Hamiltonians with an open-boundary condition,
Eq. (15) is categorized only to three cases: N+ 
= 0 ∧ N− = 0,
N+ = 0 ∧ N− 
= 0, or N+ = N− [56].

In contrast, the cases of (χ (U ), D2(U )) = (1, 1) and
(−1,−1), respectively, belong to class DIII and D, whose 1D
topological invariants are characterized by Z2. However, these
invariants are different. To see this, we first consider the case
of (−1,−1) whose eigenspaces belong to class D. Thus, we
can define a symmetry-protected Z2 invariant in class D:

νD,±[U ] =
∫

dk

π
a±

−(k) mod 2, (16)

with the Berry connection in the eigenspaces

a±
−(k) = −i

∑
α

〈k − α±| ∂

∂k
|k − α±〉, (17)

where |k − α±〉 is an αth negative-energy state that satisfies
H±(k)|k − α±〉 = −E±

α (k)|k − α±〉 and ± represent eigen-
values of U . Due to TRS, the eigenspaces are related to each
other, resulting in νD,+[U ] = −νD,−[U ].

On the other hand, for (1,1), TRS keeps in the eigenspaces,
i.e., those belong to class DIII, which hosts a symmetry-
protected Z2 invariant in terms of a Kramers pair labeled by
ζ = I and II. The corresponding Z2 invariant is defined in a
similar way to Eq. (12):

νDIII,±[U ] =
∫

dk

2π
a±

−(k) mod 2, (18)

with the Berry connection in the eigenspaces

a±
−(k) = −i

∑
α

∑
ζ=I,II

〈k − αζ±|∂k|k − αζ±〉, (19)

where |k − αζ±〉 is an αth negative-energy state that satis-
fies H±(k)|k − αζ±〉 = −E±

α (k)|k − αζ±〉 and ± represent
eigenvalues of U , and we fix the gauge as �|k − αI±〉 =
|−k − αII±〉. Note that νDIII,+[U ] and νDIII,−[U ] are in-
dependent of each other unless an additional constraint
is imposed, so Majorana Kramers pairs are classified by
(νDIII,+[U ], νDIII,−[U ]) ∈ Z2 ⊕ Z2.

IV. MAGNETIC RESPONSE OF MAJORANA KRAMERS
PAIRS

We turn to magnetic responses of Majorana Kramers pairs,
which are stabilized by one of those 1D topological invariants
(12), (14), (16), and (18). Since Majorana Kramers pairs are
topological objects, we envision a magnetic field that makes
the 1D topological invariants ill defined is detrimental to their
stability. This mechanism enables us to determine possible
magnetic responses from the analysis of topological invari-
ants; namely, a magnetic response of Majorana Kramers pairs
occurs if a 1D topological number protecting them becomes
unstable by adding a TRS breaking perturbation, e.g., the
Zeeman terms, in the BdG Hamiltonian. Thus, the magnetic
responses can be ascribed to Eqs. (12), (14), (16), and (18);
each case is categorized into types A, B, C, and D, respec-
tively. In addition, double Majorana Kramers pairs appear
when types B and D, characterized by Z and Z2 ⊕ Z2, respec-
tively. The number of Majorana Kramers pairs also affects
magnetic responses, and the magnetic responses are different
from those in a single Majorana Kramers pair. The possible
magnetic responses are summarized in Table II. A systematic
classification including the Z2 invariants and double Majo-
rana Kramers pairs has not been achieved in the previous
works [50,56–58,71]. In the following, we show that magnetic
responses are systematically determined from those 1D topo-
logical invariants for a single Majorana Kramers pair. On the
other hand, double Majorana Kramers pairs involve several
couplings between Majorana Kramers pairs, which render
magnetic responses complex. Thus, the magnetic responses
depend not only on the 1D invariants, but also on the details
of material-dependent parameters in systems.

A. A single Majorana Kramers pair

First of all, we discuss a general form of magnetic re-
sponses for a single Majorana Kramers pair. We start with
a surface effective theory describing couplings between Ma-
jorana fermions. Let us define N Majorana Kramers pairs
γ1, . . . γ2N satisfying γ

†
i = γi and {γi, γ j} = δi j . The time-
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TABLE II. Four types of magnetic response of Majorana Kramers pairs, which are classified by relevant 1D topological invariants (12),
(14), (16), and (18). Second, third, fourth, and fifth columns represent surface symmetries that protect Majorana Kramers pairs, the character
of U , the square of D(U ), the number of Majorana Kramers pairs, and the energy gap of Majorana Kramers pairs under an applied magnetic
field, respectively. For types A and C, a Majorana Kramers pair is protected by the Z2 invariant, so only a single Majorana Kramers pair
appears, whereas for types B and D, Majorana Kramers pairs are protected by Z and Z2 ⊕ Z2, respectively. Interestingly, types B and D
become distinguishable for double Majorana Kramers pairs.

Type Surface symmetry χ (U ) D2(U ) #MKP EM(B)

A TRS only 1 Eq. (21)
B Magnetic chiral �[U ] 1 −1 1 Eq. (21) with f (UB) = f (B)

1 −1 N � 2 Eq. (25) with fi(UB) = fi(B) and gi(UB) = −gi(B)
C Symmorphic U −1 −1 1 Eq. (21) with f (UB) = − f (B)
D Nonsymmorphic �[U ] 1 1 1 Eq. (21) with f (UB) = f (B)

1 1 2 Eq. (25)

reversal operation changes γ2n−1 to γ2n and γ2n to −γ2n−1

since �2 = −1. Then, the coupling between N Majorana
Kramers pairs is given by

J = 1

2
γTAγ, AT = −A, (20)

where γ = (γ1, . . . , γ2N )T and J† = J . Equation (20) can be
applicable in the low-energy regime, i.e., the energy scale of
TRS-breaking terms is much smaller than the superconduct-
ing gap.

Provided that a single Majorana Kramers pair exists at a
TRIM in a surface BZ, one is described by γ = (γ1, γ2)T. A
is the antisymmetric matrix, uniquely represented by A = sy,
where si (i = 0, x, y, z) denotes the 2 × 2 identity matrix and
the Pauli matrices. In addition, TRS imposes that Eq. (20)
is invariant under γ1 → γ2 and γ2 → −γ1. One finds that J
is a time-reversal-odd (magnetic) operator and coupled to a
magnetic field B. Thus, a surface Hamiltonian in terms of
a single Majorana Kramers pair under a magnetic field B
is of form HMF = A f (B) and its energy spectrum EM(B) =
± f (B), where f (B) is an analytic odd function of B, explicitly
shown as [71]

f (B) =
∑

i

ρiBi +
∑
i, j,k

ρi jkBiB jBk + O(B5), (21)

where the coefficients ρi and ρi jk depend on the details of the
system. We emphasize that A is fixed due to the property of
Majorana operators and TRS, and only a magnetic response
is realized. As a corollary of the fact, we find a one-to-one
correspondence between anisotropic magnetic responses and
bulk physical quantities, as we shall see in Sec. V.

1. Type A

Now we see the connection between the 1D topological
invariants and Eq. (21), and readily find that a magnetic re-
sponse for Majorana Kramers pairs protected by Eq. (12),
i.e., type A, is of the form (21) since there is no symmetry
constraint. On the other hand, Eqs. (14), (16), and (18) pro-
vide an additional constraint of U on Eq. (21), as explained
hereafter.

2. Type B

First, we consider a Majorana Kramers pair protected by
the magnetic winding number when surface symmetry U
obeys (χ (U ), D2(U )) = (1,−1). In this case, Eq. (14) is well
defined as long as the BdG Hamiltonian satisfies magnetic chi-
ral symmetry {H, �[U ]} = 0. Hence, if a TRS-breaking term,
such as the Zeeman and vector potential terms, commutes
with �[U ], the magnetic chiral operator is no longer preserved
and Eq. (14) becomes ill defined.

In addition, Majorana Kramers pairs become unstable
under applied magnetic fields in a specific direction. To
see this concretely, we consider the Zeeman magnetic term
Hmag ∝ B · s, where si’s are the Pauli matrices in the spin
space. Since [Hmag, �] = 0, the condition for the instabil-
ity is [Hmag, D̃(U )] = 0. For instance, let D̃(U ) = in · sτ0 be
a twofold rotation operation in the direction n. Then, the
Zeeman term in the n direction Hmag ∝ Bn · sτ0 leads to
the instability condition [Hmag, D̃(U )] = 0. The same com-
mutation relation is found when U is a reflection or glide
operation whose symmetric plane is perpendicular to n. In
both cases, the energy gap induced by a magnetic field B can
be proportional to n · B, which response has been known as
the Ising anisotropy [50,56]. Such an anisotropy would be
observed in superfluid 3He-B phase [41–44,72], doped topo-
logical insulator [22,57], and the TRS-preserving E1u state of
UPt3 [73–77]. The same argument holds true for an arbitrary
TRS-breaking perturbation. Trigonal and hexagonal crystals
potentially show an exotic magnetic response of Majorana
Kramers pairs, an octupole-shaped energy gap EM(B) ∝ B3

x −
3BxB2

y as a leading contribution when reflection symmetry
protects a Majorana Kramers pair [57].

In general, Eq. (21) for type B satisfies

f (UB) = f (B), (22)

where UB represents a rotation of axial vectors under U ,
e.g., (Bx, By, Bz ) → (−Bx,−By, Bz ) when U is the twofold
rotation in the z direction.

3. Type C

Second, we discuss magnetic responses of a Majorana
Kramers pair protected by Eq. (16), which is a Z2-invariant-
induced magnetic response. Under the surface symmetry
U , the BdG Hamiltonian is split into eigenspaces of U ,
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H+ ⊕ H−, and each eigenspace belongs to class D since
(χ (U ), D2(U )) = (−1,−1). Hence, the stability of a Ma-
jorana Kramers pair relies only on U and C. Since PHS
(C) remains intact under a magnetic field, the instability
comes from the breaking of U , i.e., a TRS-breaking term
that anticommutes with U kills a Majorana Kramers pair.
For instance, consider a twofold rotation, reflection, or glide
operation U = in · s and apply the Zeeman magnetic field
Hmag ∝ B · sτ0 to the Hamiltonian. Then, the anticommutation
relation {Hmag,U } = 0 is satisfied for B ⊥ n. Thus, the mag-
netic response stands in stark contrast to type B, and generally,
Eq. (21) for type C satisfies

f (UB) = − f (B). (23)

4. Type D

Third, a different Z2-invariant-induced magnetic response
appears for a Majorana Kramers pair protected by Eq. (18).
Similarly to the above case, the BdG Hamiltonian is trans-
formed into a form of H+ ⊕ H− with respect to eigenspaces
of U , but H± are of class DIII since (χ (U ), D2(U )) = (1, 1).
Such a situation happens when U is a glide operator and a
TRIM k� satisfies k� · 2τU = π . TRS breaks owing to a mag-
netic field, but still, U supports the stability of the Majorana
Kramers pair. Since a magnetic field perpendicular to the glide
plane preserves U , the AZ class in the eigenspaces changes
from class DIII to D, and the Z2 invariant (18) is trivialized,
leading to the disappearance of the Majorana Kramers pair.
On the other hand, when an applied magnetic field is parallel
to the glide plane, a TRS-breaking term anticommutes with
U . Then, the magnetic-glide symmetry, defined by the com-
bination of the glide plane and time reversal �[U ] ≡ �D̃(U )
is preserved, and plays a role of an emergent TRS under an
applied magnetic field. Therefore, the Majorana Kramers pair
remains stable under a magnetic field in this direction, and
the magnetic response of type D is of the form (22) with n
being perpendicular to the glide plane. That is, the magnetic
response is similar to that of type B. Interestingly, types B and
D are distinguishable when double Majorana Kramers pairs
are considered, as we shall discuss in the following.

B. Double Majorana Kramers pairs

So far, we have seen the magnetic responses of a single
Majorana Kramers pair described by Eq. (21). We now shift
our focus to multiple Majorana Kramers pairs, which will
appear in the case of (χ (U ), D2(U )) = (1, 1) and (1,−1). We
envision that the magnetic responses become more compli-
cated than those for a single Majorana Kramers pair. Yet, it
is possible to determine a general form of magnetic responses
and symmetry constraint on it. For simplicity, we focus on
double Majorana Kramers pairs as a minimal setup.

To see a general form of magnetic responses for dou-
ble Majorana Kramers pairs, we recall the effective theory
Eq. (20). Double Majorana Kramers pairs are given by γ =
(γ1, γ2, γ3, γ4)T, where γ2n−1 and γ2n form a Kramers pair.
Bearing the fact that A is an antisymmetric matrix in mind,
possible coupling terms between Majorana fermions are rep-
resented by six matrices: A1 = syτ0, A2 = syτz, A3 = s0τy,
A4 = syτx, B1 = szτy, and B2 = sxτy, where τi (i = 0, x, y, z)

are the identity matrix and the Pauli matrices describing the
coupling between different Majorana Kramers pairs. Time
reversals of Ai and Bi are given by −Ai and Bi, so we call
them magnetic and electric coupling terms, respectively. Us-
ing these matrices, a surface Hamiltonian that describes the
coupling between double Majorana Kramers pairs and mag-
netic fields can be constructed as

HMF =
4∑

i=1

Ai fi(B) +
2∑

i=1

Bigi(B), (24)

where fi(B) [gi(B)] is an analytic odd (even) function of B.
By diagonalizing HMF, one gets the energy spectrum of double
Majorana Kramers pairs as

EM(B) = ±(√
f 2
1 + f 2

3 + f 2
4 ±

√
f 2
2 + g2

1 + g2
2

)
. (25)

Since mainly the low-energy gap can be contributed to the
magnetic response, we choose the low-energy branch of
Eq. (25) and approximate it in the lowest order of B. Then,
a general form of double Majorana Kramers pairs is of the
form

EM(B) ∼ ±
⎛
⎝√∑

i j

ρi jBiB j −
√∑

i j

ρ ′
i jBiB j

⎞
⎠, (26)

where ρi j and ρ ′
i j are parameters, determined from the details

of the systems. In the following, we discuss the influence of
the surface symmetry U on Eq. (26).

1. Type D

For (χ (U ), D2(U )) = (1, 1), double Majorana Kramers
pairs appear when two Z2 invariants, i.e., (ν+[U ], ν−[U ]) ∈
Z2 ⊕ Z2 in Eq. (18), are both nontrivial. As discussed above,
we have the magnetic-glide symmetry �[U ], but it does not
guarantee the stability of double Majorana Kramers pairs.
Thus, there is no symmetry constraint on Eq. (26), and the
magnetic response of type D is Eq. (26) itself. A typical ex-
ample is quadrupole-shaped anisotropy which will be shown
in Sec. VI.

2. Type B

On the other hand, for (χ (U ), D2(U )) = (1,−1), i.e., type
B, the relevant topological invariant is Eq. (14), i.e., W [U ] ∈
Z, which protects N (= |W [U ]|) Majorana Kramers pairs.
Accordingly, N Majorana Kramers pairs are stable unless a
TRS-breaking term breaks the magnetic chiral symmetry. In
the following, we pay attention to double Majorana Kramers
pairs.

To break the magnetic chiral symmetry, a symmetry con-
straint on the effective Hamiltonian is imposed as

[�[U ], Ai] = 0, [�[U ], Bi] = 0, (27)

leading to [�[U ], HMF] = 0. Ai and Bi are magnetic and elec-
tric terms, hence, they must satisfy

[�, Ai] = 0, {�, Bi} = 0. (28)

Combining the above two relations, we obtain

[D̃(U ), Ai] = 0, {D̃(U ), Bi} = 0. (29)

094508-6



MAGNETIC RESPONSE OF MAJORANA KRAMERS PAIRS … PHYSICAL REVIEW B 103, 094508 (2021)

Therefore, the coefficients in the effective Hamiltonian are
constrained to be

fi(UB) = fi(B), (30)

gi(UB) = −gi(B), (31)

due to U symmetry, D̃†(U )HBD̃(U ) = HUB. The condition
(30) is similar to Eq. (22), while (31) takes a minus sign since
Bi are electric operators. To see how Eqs. (30) and (31) affect
Eq. (26), we assume that U is a twofold rotation symmetry in
the z direction. Then, fi and gi take the form

fi(B) = ρi,zBz + O(B3), (32)

gi(B) = ρi,xzBxBz + ρi,yzByBz + O(B4). (33)

Substituting Eqs. (32) and (33) into Eq. (25), it follows that

EM(B) ∼ ±Bz(
√

α −
√

β ), (34)

where α = ρ2
1,z + ρ2

3,z + ρ2
4,z and β = ρ2

2,z +∑
i=1,2(ρi,xzBx + ρi,yzBy)2. Thus, the energy gap is

proportional to Bz and exhibits the Ising anisotropy like a
single Majorana Kramers pair when |B| � 1. We emphasize
that Eqs. (21) and (26) are qualitatively different in that the
latter includes an electric response and can potentially react
to electric perturbations.

C. Comparison with a single Dirac fermion

It is interesting to compare the above results with those of a
single Dirac fermion on the surface of a topological insulator,
which has three components sx, sy, and sz of spin due to the
absence of particle-hole symmetry. The spin operators are
defined by si = ∑

ss′ c†
s (si)ss′cs′ in terms of complex-fermion

operators cs and c†
s , not Majorana ones γi.

1. Gap opening

Twofold degeneracy on the Dirac point is lifted by the
Zeeman effect HDirac = ∑

i ρiBisi as

EDirac(B) =
√

ρ2
x B2

x + ρ2
y B2

y + ρ2
z B2

z , (35)

with nonzero coefficient ρx, ρy, and ρz. EDirac(B) takes a
nonzero value for an arbitrary magnetic field B and is distinct
from that of a Majorana Kramers pair EDirac(B) 
= EM(B) ∼
ρ · B of Eq. (21).

2. Shift of Dirac point

When the surface and the applied magnetic field respect
mirror-reflection symmetry, the Dirac point shifts to a momen-
tum k0 on the reflection-invariant plane [78] EDirac(B, k0) = 0.
The shifted Dirac point is protected by the mirror Chern num-
ber [79]. To make the discussion more concrete, the mirror is
set on the xz plane.

The Dirac point shifts on the xz plane, i.e., k0 = (a, 0), for
B = (0, By). Such a shift is prohibited for a Majorana Kramers
pair: The zero-energy state of a Majorana Kramers pair is
always pinned on the TRIM because of particle-hole sym-
metry, EM(B, k) = −EM(B,−k). On the contrary, for double
Majorana Kramers pairs, the zero-energy point can be moved
while maintaining particle-hole symmetry.

D. Relation to quantum tunnelings

In this section, we have mentioned that a chiral Majo-
rana fermion has no physical operator and a single Majorana
Kramers pair has no electric operator. Additionally, we have
implied that double Majorana Kramers pairs have two oper-
ators coupled to time-reversal-invariant (electric) degrees of
freedom as γiγ jρ, where ρ denotes a classical or quantum
electric quantity.

Besides, these Majorana fermions γi can be coupled to
complex fermions c j via the quantum tunneling as γi(c j + c†

j ),
which leads to tunneling conductance between the TCSC and
a normal metal [80,81]. The Josephson coupling between
Majorana fermions is also possible since it is a quantum
effect arising from a nonuniform phase φ(r) of pair poten-
tial �(r) = |�|eiφ(r). This results in an anomalous Josephson
effect [82,83].

V. SOME RELATIONS AMONG BULK ELECTRONIC
STRUCTURES, 1D Z2 TOPOLOGICAL INVARIANTS, AND

SURFACE MAGNETIC RESPONSES

Anisotropic magnetic response of Majorana Kramers pairs
is a direct consequence of the bulk-boundary correspondence
between surface zero modes and bulk topological invariants.
This fact tells us that we can determine surface magnetic
responses only from bulk electronic structures. To this end,
we discuss a relation between surface magnetic responses and
the bulk electronic structures through the symmetry-protected
1D topological invariants. Such a relation has been discussed
in the case of the Z invariant, i.e., type B [56,57], where
the magnetic chiral symmetry plays a key role. Here, we
extend it to the Z2 topological invariants in types A, C, and
D. Especially, those Z2 invariants can be reduced to a simple
formula with the help of a “parity” symmetry, an “inversion”
symmetry, and an additional surface symmetry.

We briefly summarize the results as follows. We start with a
relation between the Z2 topological invariant and the number
of Fermi surfaces, which is called the Fermi-surface criterion,
for TRS-breaking systems in Sec. V A. This criterion tells
us that an odd number of Fermi surfaces lead to topolog-
ically nontrivial superconductivity except for even-“parity”
pairings. The Fermi-surface criterion is extended to time-
reversal-symmetric systems with crystalline symmetry, i.e.,
the Z2 invariants in types A, C, and D, in Sec. V B thanks to
“inversion” symmetry including glide plane and screw axis.
We also illustrate flowcharts of the Fermi surface criterion
for each case, which will offer a guideline for searching for
the topological invariants and a connection between surface
magnetic responses and bulk electronic structures.

A. Without TRS

1. Without symmetry

First of all, we revisit the Fermi-surface criterion for
systems without symmetry (class D). We assume the weak-
coupling condition that H (k = 0, π ) is deformed continu-
ously to H (k = 0, π )|�=0. Under the assumption, the Z2

invariant is obtained to be

νD = #FS mod 2, (36)
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where #FS indicates the number of the Fermi surfaces be-
tween k = 0 and π . This Fermi-surface criterion has been well
known, but the proof needs spatial-inversion symmetry. In the
following, we provide an alternative proof of it, without using
spatial-inversion symmetry.

We fix the gauge as C|k ± α〉 = |−k ∓ α〉. In this choice,
the particle-hole symmetry of a±(k) is represented by
a±(k) = a∗

∓(−k). Then, the 1D topological invariant in class
D is rewritten as

νD = −i
∫ π

0

dk

π
tru†(k)

∂u(k)

∂k
= − i

π
ln

det u(π )

det u(0)
mod 2,

(37)

where we used tr ln u(k) = ln det u(k), and the unitary matrix
u(k) ≡ (|k + 1〉 . . . |k + N 〉C|−k + 1〉 . . .C|−k + N 〉) with
|k + n〉 the nth eigenvector for a positive eigenvalue of BdG
Hamiltonian. Now, we impose the weak-coupling assumption.
The eigenvector for �(k� ) → 0 on a TRIM k� is given by

|k� + α〉 =

⎧⎪⎪⎨
⎪⎪⎩

(
vα (k� )

0

)
for εα (k� ) > μ,(

0
isyv

∗
α (k� )

)
for εα (k� ) < μ,

(38)

where εα (k) and vα (k) are the normal-state energy and eigen-
vector, which is the solution of h(k)vα (k) = εα (k)vα (k). Here,
the particle-hole conjugate is expressed by C = τy� = τysyK.
For μ → −∞, we have

u(k� ) =
(

v(k� ) 0

0 isyv
∗(k� )

)
, v(k) = (v1(k) . . . vN (k)).

(39)

Then, the determinant is given by det u(k� ) = | det v(k� )|2 =
1. When the chemical potential is located at ε1(k) < μ <

ε2(k), the eigenvectors are given by

u(k� ) =
(

0 v′(k� ) v1(k� ) 0

isyv
∗
1 (k� ) 0 0 isyv

′∗(k� )

)
, (40)

where v′(k) = (v2(k) . . . vN (k)). By exchanging the first and
(N + 1)th columns, one finds

det u(k� ) = − det

(
v(k� ) 0

0 isyv
∗(k� )

)
= −1. (41)

Repeating this procedure, we obtain the determinant for arbi-
trary μ as det u(k� ) = (−1)NF (k� ), where NF(k) is the number
of states below the Fermi energy at momentum k. As a result,
the Z2 invariant is given by the Fermi-surface criterion:

νD = NF(π ) − NF(0) = #FS mod 2. (42)

2. With “parity” symmetry

In addition, “parity” symmetry [Eq. (11)] is influential
to the Fermi-surface criterion. When a “parity” symmetry
exists, the BdG Hamiltonian satisfies {CD̃(P), H (k)} = 0 in
conjunction with PHS. That is, the symmetry class of H (k)
in the zero-dimensional (0D) system changes to class D for
χ (P)D2(P) = 1 and class C for χ (P)D2(P) = −1, where we
use Eq. (8). As a result, a nondegenerate Fermi surface can-
not be gapped when χ (P)D2(P) = 1, i.e., the even-“parity”

FIG. 1. Fermi-surface criterion for systems without TRS, where
“parity” symmetry is defined by D†(P)h(−k⊥, k‖)D(P) = h(k⊥, k‖)
with D2(P) = ±1.

pair potential, because it is protected by the fermion “parity”
for arbitrary k [84–86]. Note that when the pair potential is
sufficiently large to hybridize states on and away from the
Fermi energy, a topologically trivial gapped phase (νD = 0)
emerges. On the other hand, there is no constraint in the case
of χ (P)D2(P) = −1. Hence, Eq. (36) is always valid. The
Fermi-surface criterion for systems without TRS is summa-
rized in Fig. 1.

B. With TRS

1. Type A

The Fermi-surface criterion can be applied to time-
reversal-invariant systems when spatial-inversion symmetry
exists [22,39,59,60,87]. Here, we extend the Fermi-surface
criterion to systems with “inversion” symmetry, where “in-
version” (P) satisfies Eq. (11) and D2(P) = 1. Note that P
refers not only to spatial-inversion but also to glide-plane or
screw-axis symmetry, which satisfies the same condition in a
1D subspace. In the presence of “inversion” symmetry, energy
bands are twofold degenerate due to the Kramers theorem, and
the topology of TSCs is related to an eigenvalue of “inver-
sion” symmetry at TRIMs. Following the procedures [22,60],
Eq. (12) can be simplified to

νDIII =
⎧⎨
⎩

0 for χ (P) = 1,

NF(π ) − NF(0)

2
= #FS

2
for χ (P) = −1,

(43)

with modulo 2. Thus, the surface magnetic response of type A
is intrinsically related to the number of bulk Fermi surfaces.
Note that a “parity” symmetry with D2(P) = −1 does not lead
to the Fermi-surface criterion since the P exchanges Kramers
partners. The Fermi-surface criterion for type A and the rele-
vant flowchart are summarized in Fig. 2.

2. Type C

In the following, we apply the Fermi-surface criterion
to the surface symmetry-protected 1D topological invari-
ants. We first focus on type C, which is realized when
(χ (U ), D2(U )) = (−1,−1). As shown in Table I, the two
eigenspaces of U belong to class D and host the Z2 invariant
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FIG. 2. Fermi-surface criterion for type A, where “inversion”
symmetry is defined by D†(P)h(−k⊥, k‖)D(P) = h(k⊥, k‖) with
D2(P) = 1.

[Eq. (16)]. Following Sec. VA1, Eq. (16) can be reduced to

νD,±[U ] = N±
F (π ) − N±

F (0) mod 2, (44)

where N±
F are the number of occupied states in H±. Since TRS

relates N+
F with N−

F , Eq. (44) is further simplified as

νD,+[U ] = νD,−[U ] = NF(π ) − NF(0)

2
mod 2. (45)

Therefore, the Z2 invariant for type C is nontrivial when the
difference between the number of occupied states at k = 0 and
π is odd in a 1D subsystem.

In addition, the even-“parity” condition discussed in
Sec. VA2 is also applied to νD,±[U ] when [D(P), D(U )] = 0
and χ (P)D2(P) = 1. Once the condition is satisfied, a su-
perconducting state belongs to either a gapless phase or a
topologically trivial gapped phase. The latter (former) phase
is realized if the system has (non)degenerate Fermi surface
in the D̃(U ) = ±i eigenspace. On the other hand, when D(P)
is an “inversion” symmetry and satisfies {D(U ), D(P)} = 0,
a superconducting state always belongs to a topologically
trivial gapped phase due to the Kramers degeneracy in the
eigenspaces ensured by PT (“inversion” followed by time-
reversal) symmetry.

We comment on the case that Eq. (45) is reduced to the
number of the Fermi surfaces:

νD,±[U ] = #FS/2 mod 2, (46)

which can be realized when energy bands that belong to
different eigenspaces of D(U ) are degenerate at arbitrary k,
i.e., the bands are doubly degenerate. The twofold degener-
acy arises when systems host an “inversion” symmetry that
satisfies [D(U ), D(P)] = 0 and χ (P) = −1 or an additional
surface symmetry (U ′) that satisfies {D(U ), D(U ′)} = 0. The
flowchart for type C is summarized in Fig. 3.

3. Type D

Next, we consider the Z2 invariant for type D, which
is realized when D(U ) satisfies (χ (U ), D2(U )) = (1, 1).
Since the eigenspaces of D̃(U ) belong to class
DIII, the Fermi-surface criterion can be constructed
in a similar way to the discussion in Sec. VB1.
Thus, when each eigenspace preserves “inversion”
symmetry (P), i.e., [D(P), D(U )] = 0 and D2(P) = 1,
Eq. (18) is rewritten by the number of Fermi surfaces in each
eigenspace:

νDIII,±[U ] =
⎧⎨
⎩

0 for χ (P) = 1,

#FS±
2

for χ (P) = −1,
(47)

with modulo 2, where #FS± denotes the number of Fermi
surfaces in the D̃(U ) = ±1 eigenspace. Note that νDIII,+[U ]
and νDIII,−[U ] are independent, hence, the topological phase
is characterized by Z2 ⊕ Z2.

Equation (47) tells us that two Z2 invariants are both non-
trivial when N+

F (k� ) = N−
F (k� ). Such a situation is important

because Eq. (47) manifests double Majorana Kramers pairs
(νDIII,+[U ] = νDIII,−[U ] = 1), leading to a quadrupole-shaped
magnetic response [58]. In the following, we show that when
a “parity” symmetry P′( 
= P) or a surface symmetry U ′( 
= U )
exists additionally, the fourfold degeneracy emerges at k� and
satisfies N+

F (k� ) = N−
F (k� ). Note that the following discus-

sion does not depend on the commutation relation between
P and P′ or P and U ′. For an additional “parity” symmetry,
the fourfold degeneracy emerges when {D(P′), D(U )} = 0,
which yields NF(k� ) = 2N+

F (k� ) = 2N−
F (k� ). Thus, Eq. (47)

is recast into

νDIII,+[U ] = νDIII,−[U ] = NF(π ) − NF(0)

4
mod 2. (48)

In addition, if P′ is an “inversion” symmetry, Eq. (48) is
related to the number of Fermi surfaces:

νDIII,±[U ] = #FS/4 mod 2, (49)

FIG. 3. Fermi-surface criterion for type C, where surface symmetry satisfies [D(U ), h(k⊥, k‖)] = 0. “Parity” symmetry, which satisfies
D†(P)h(−k⊥, k‖)D(P) = h(k⊥, k‖), in the eigenspaces is (ii) preserved [D(U ), D(P)] = 0 or (i) not {D(U ), D(P)} = 0. Apply (i) first. If (i) is
not fulfilled, then apply (ii). When the system has no “parity” symmetry, the Z2 invariant is given by νD,±[U ] = [NF(π ) − NF(0)]/2.
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FIG. 4. Fermi-surface criterion for type D with “parity” sym-
metry [D†(P)h(−k⊥, k‖)D(P) = h(k⊥, k‖)]. Apply criterion (i) first,
then (ii). If (i) is satisfied, the Fermi-surface criterion νDIII,±[U ] =
#FS±/2 at the bottom of the figure reduces to νDIII,±[U ] = [NF(π ) −
NF(0)]/4. Furthermore, if P in (i) is “inversion” symmetry D2(P) =
1, the Z2 invariant is related to the number of Fermi surfaces
νDIII,±[U ] = #FS+/2 = #FS−/2 = #FS/4.

where the fourfold degeneracy is enforced at arbitrary k by
PT symmetry D(P′)�. The flowchart for type D with an
additional “parity” symmetry is shown in Fig. 4.

Similarly, the fourfold degeneracy also emerges when
an additional surface symmetry (U ′) exists and satisfies
{D(U ), D(U ′)} = 0. Since the eigenspaces of D(U ) are ex-
changed under D(U ′), the numbers of occupied states in
eigenspaces of D̃(U ) are the same, so we obtain Eq. (49). The
flowchart for type D with an additional surface symmetry is
shown in Fig. 5.

C. Demonstration of Fermi-surface criterion for types C and D

In this section, we demonstrate the Fermi-surface criterion
of types C and D under P222 (No. 16) and P21/c (No. 14)
symmetries. Another example is shown in Appendix B, where
we demonstrate the magnetic responses of types B and D
(#MKP = 2) for Pmma (No. 51).

1. Type C for P222

Space group P222 consists of three rotations

{C2(x)|0}, {C2(y)|0}, {C2(z)|0}, (50)

along the x, y, and z axes, respectively. We focus on a Majo-
rana Kramers pair on the (xy) surface for kx = ky = 0 with
a pair potential of B3 irrep of D2. The three rotations are
classified into one surface symmetry (U ) and two “parity” (P1

and P2) symmetries as

U = {C2(z)|0}, P1 = {C2(x)|0}, P2 = {C2(y)|0}. (51)

FIG. 5. Fermi-surface criterion for type D with a “parity” (P) and
an additional surface (U ′) symmetry.

The squares of these symmetry operations equal the 2π ro-
tation {dE |0} and are represented by −1. They anticommute
with each other. The B3 irrep is defined by

χ (U ) = −1, χ (P1) = 1, χ (P2) = −1. (52)

Applying the Fermi-surface criterion for type C [χ (U ) =
D2(U ) = −1] given in Fig. 3, we find that the Z2 invariant
νD,±[U ] protected by the twofold rotation is determined to be

νD,±[U ] = NF(0, 0, π ) − NF(0, 0, 0)

2
mod 2. (53)

The energy gap of a Majorana Kramers pair corresponding to
νD,±[U ] is given by

EM(B) = Bx
(
ρx + ρxzzB

2
z

) + By
(
ρy + ρyzzB

2
z

) + O(B5),
(54)

with satisfying EM(Bx, By, Bz ) = −EM(−Bx,−By, Bz ) from
Table II.

2. Type D for P21/c

Next, we focus on Majorana Kramers pairs on the (100)
surface in nonsymmorphic space group P21/c, which con-
sists of twofold screw axis along b, c-glide plane, and spatial
inversion. The glide plane preserves the (100) plane while
the screw axis or “inversion” inverts it. The surface (U ) and
“parity” (P1, P2) symmetries are assigned to be

U = {σ (010)|b/2 + c/2}, (55)

P1 = {C2(010)|b/2 + c/2}, P2 = {I|0}. (56)

The products satisfy

U 2 = {dE |c}, P2
1 = {dE |b}, P2

2 = {E |0}, (57)

UP1 = {E | − b + c}P2U, UP2 = {E |b + c}P2U, (58)

and these are represented by

D2(U ) = D(U 2) = −e−ik� ·c, (59)

D2(P1) = D
(
P2

1

) = −e−ik� ·b, (60)

D2(P2) = D
(
P2

2

) = 1, (61)
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D(U )D(P1) = e−ik� ·(−b+c)D(P1)D(U ), (62)

D(U )D(P2) = e−ik� ·(b+c)D(P2)D(U ). (63)

We consider the Bu irrep of point group C2h, which is
defined by χ (U ) = 1, χ (P1) = −1, and χ (P2) = −1, as a rep-
resentative. The surface symmetry satisfies χ (U ) = D2(U ) =
1 for k� · c = π . Applying the Fermi-surface criterion for type
D [χ (U ) = D2(U ) = 1] in Fig. 4, we find that the Z2 invariant
for k� · b = k� · c = π is determined to be

νDIII,±[U ] = #FS±/2 mod 2 (64)

because of [D(U ), D(P)] = 0, D2(P) = 1, and χ (P) = −1
for both P = P1 and P2. Note that νDIII,+[U ] and νDIII,−[U ]
are independent since the system has no “parity” symmetry
satisfying condition (i).

The energy gap of a single Majorana Kramers pair
[(νDIII,+[U ], νDIII,−[U ]) = (1, 0) or (0,1)] is given by

EM(B) = Bb
(
ρb + ρbaaB2

a + ρbccB2
c + ρbacBaBc

) + O(B5),
(65)

with f (Baâ + Bbb̂ + Bcĉ) = f (−Baâ + Bbb̂ − Bcĉ) from
Table II. That of double Majorana Kramers pairs
[(νDIII,+[U ], νDIII,−[U ]) = (1, 1)] is, on the other hand,
given by

EM(B) ∼
√∑

i j

ρi jBiB j −
√∑

i j

ρ ′
i jBiB j, (66)

from Eq. (26).

VI. APPLICATION TO TOPOLOGICAL
NONSYMMORPHIC CRYSTALLINE SUPERCONDUCTING

STATES IN UCoGe

This section shows the magnetic response of two Majorana
Kramers pairs on UCoGe, which has been proposed as a
candidate time-reversal-invariant topological superconductor
at high pressure [63–68] with the space group Pnma [69].
This material is a ferromagnetic superconductor at ambient
pressure [88,89], and an experimental result [90] suggests that
the ferromagnetic superconducting state has Au symmetry of
C2h, which deforms into either Au or B1u symmetry of D2h at
high pressure [61].

The (010) and (01̄1) surfaces have only glide-plane sym-
metry represented by Ga and Gn, respectively. On the (010)
surface, there is no Majorana Kramers pair protected by the
a-glide plane (Ga) for the following reasons. UCoGe has no
Fermi surface for kx = 0. For kx = π , D2

kx=π,ky,kz
(Ga) = 1 and

χ (Ga) = −1 violate a condition for the nontrivial phase for
both the Au and B1u pairing. On the (01̄1) surface, on the
other hand, the B1u-pairing state hosts two Majorana Kramers
pairs because of the n-glide-plane (Gn) symmetry satisfying
D2

k(Gn) = χ (Gn) = 1 on the Brillouin zone boundary. Thus,
the magnetic response of Majorana Kramers pairs on UCoGe
is predicted to be of type D represented by Eq. (26). In the fol-
lowing, we show the magnetic response of Majorana Kramers
pairs on the (01̄1) surface of UCoGe with the B1u pairing.

A. Normal state

The unit cell of the system is composed of four sublattices
a1, a2, b1, and b2. The effective model of the normal part is
given by [61,62]

h(k) = c(k)η0σ0s0 + t1[η0σx + λ1(kx )]s0 + λ2(k)s0

+ α[δα sin(kxa1)sy − sin(kya2)sx]ηzσz

+ β[sin(kya2)sz + δβ sin(kza3)sy]ηzσ0, (67)

c(k) = 2t ′
1 cos(kxa1) + 2t2 cos(kya2) + 2t3 cos(kza3)

− μ, (68)

where s, σ , and η denote the Pauli matrices representing the
spin, sublattice degrees of freedom (1,2) and (a, b), respec-
tively. Here, we introduce the following matrices:

λ1(kx ) =

⎛
⎜⎜⎝

0 e−ikxa1 0 0
eikxa1 0 0 0

0 0 0 eikxa1

0 0 e−ikxa1 0

⎞
⎟⎟⎠, (69)

λ2(k) =

⎛
⎜⎝

0 0 v1(k) 0
0 0 0 v2(k)

v∗
1 (k) 0 0 0
0 v∗

2 (k) 0 0

⎞
⎟⎠, (70)

where v1(k) = e−ikxa1 (1 + e−ikya2 )(tab + eikza3t ′
ab), v2(k) =

eikza3 (1 + e−ikya2 )(tab + e−ikza3t ′
ab). The inversion I and n-

glide-plane operation Gn is represented as follows:

D(I ) =

⎛
⎜⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞
⎟⎠, (71)

Dk(Gn) = (−isx )

×

⎛
⎜⎜⎝

0 0 0 ei(kxa1−kya2 )

0 0 e−ikya2 0
0 e−ikza3 0 0

ei(kxa1−kza3 ) 0 0 0

⎞
⎟⎟⎠.

(72)

We assume that the model is defined on the primitive or-
thorhombic lattice spanned by a1 = a1x̂, a2 = a2ŷ, and a3 =
a3ẑ. Figure 6 shows the lattice structure with the (01̄1) sur-
faces on the (yz) plane. Any site in the finite-sized system
terminated by the surfaces is represented by la + mb + nc
for l , m, and n being integers, where we redefine translation
vectors by a = a2 + a3, b = a3, and c = a1. The periodic
boundary condition is imposed along the a and c directions,
while the open boundary condition along the b direction. The
quasi-one-dimensional system we calculate has the form

H =
Nb∑

m,m′=1

c†
mtmm′ (ka, kc)cm′ , (73)

with annihilation operator cl,m,n located at la + mb + nc,
cl,m,n = 1√

NaNc

∑
ka,kc

ei(kala+kcnc)cm(ka, kc). The corre-

sponding bulk Hamiltonian H = ∑
kb

c†(kb)H (kb)c(kb)
is obtained by the Fourier transform cm(ka, kc) =

1√
Nb

∑
kb

eikbnbc(ka, kb, kc) along the b direction. The surface
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FIG. 6. Geometry of the system. (a) Lattice structure on the (yz)
plane with the (01̄1) surfaces. Sublattice structure (a1, a2, b1, b2)
is regarded as an internal degree of freedom. (b) Bulk and surface
Brillouin zones (BZs) for a fixed kx . a = √

a2
2 + a2

3.

zero modes on the TRIMs with kaa = 0 correspond to the
one-dimensional topological invariant νD,±[Gn] of H (kb)
while those with kaa = π to νDIII,±[Gn].

New coordinate (ka, kb, kc) is given by kxa1 = kcc, kya2 =
kaa − kbb, kza3 = kcc, where ka and kc are conserved in the
system terminated with the (01̄1) surface. Figures 7(a) and
7(b) show the band structure of the normal state h(k) for
kcc = π . The parameters are given by [61], as shown in Ta-
ble III. Note that all the bands are fourfold degenerate at any
momentum owing to PT symmetry and an additional symme-
try [h(k)|kcc=π , σz] = 0, which satisfies {σz, Dk(Gn)} = 0. The
present model is oversimplified to have additional symmetry.

B. Superconducting state

We take into account a pair potential of B1u irrep defined
by [61]

�(k) = �[sin(kxa1)sy + sin(kya2)sx + sin(kza3)syσz]

= �[sin(kaa) cos(kbb)sx − sin(kbb) cos(kaa)sx

+ sin(kbb)syσz + sin(kcc)sy]. (74)

In addition, to clarify the relation between the magnetic re-
sponse and crystalline symmetry, we break the additional
symmetry σz by adding the following term:

�H (k) = ε[Dk(Gn) + D†
k(Gn)]τz. (75)

The present case is classified into type D, i.e.,
χ (Gn) = D2

k(Gn)|kaa=kcc=π = 1. The eigenspace of the
n-glide plane respects the inversion symmetry due to

TABLE III. Parameters for UCoGe taken from Ref. [61].

t1 t2 t3 tab t ′
ab μ t ′

1 α δα β δβ ε � |B|
1.0 0.2 0.1 0.5 0.1 0.55 0.1 0.3 0.5 0.3 0.5 0.015 0.5 0.1

FIG. 7. Energy spectra for the normal and superconducting
states. (a) Energy dispersion of the normal state h(k). (b) Fourfold-
degenerate Fermi surfaces of the normal state h(k). Note that (ka, kb)
is displayed in the orthogonal form for simplicity, although a · b 
= 0.
(c) Energy spectrum of Eq. (77) without a magnetic field. Two
Majorana Kramers pairs are located at ka = π . They are gapped by
an external magnetic field. (d) The polar plot of the energy gap |EM|
of H + �H + HZ as a function of B with |B| = 0.1. The parameters
are shown in Table III. ε = 0 for (a) and (b). The lattice constants are
set to unity, a = b = c = 1. For all the panels, kc = π .

D†(I )Dk(Gn)D(I )|kaa=kcc=π = Dk(Gn)|kaa=kcc=π,kb→−kb .
Hence, the 1D Z2 invariant on the line at kaa = kcc = π

is given by

νDIII,±[Gn] = #FS±
2

mod 2, (76)

from the Fermi-surface criterion shown in Fig. 4. Extracting
the number of the Fermi surface from Fig. 7(b), we find
νDIII,±[Gn] = 1, which corresponds to the existence of double
Majorana Kramers pairs on the surface, provided that the ε

term is small. Note that when ε is zero, the same result is ob-
tained by the Fermi-surface criterion shown in Fig. 5 owing to
the additional symmetry. Fourfold degenerate Fermi surfaces
(#FS = 4) appear between the U and S points, as shown in
Fig. 7(b). Therefore, the topological invariant is obtained to
be νDIII,±[Gn] = #FS/4 = 1.
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C. Magnetic response

We calculate the energy spectrum of the system with the
(01̄1) surface in the presence of a Zeeman field at kc = π .
The finite-sized BdG Hamiltonian has the form

H + �H =
Nb−1∑
m=2

∑
ξ, ξ ′ =

a1, a2, b1, b2

c†
m,ξ [ε(ka, kc)]ξξ ′cm,ξ ′

+
Nb−2∑
m=2

∑
ξ, ξ ′ =

a1, a2, b1, b2

[c†
m,ξ [tb(ka, kc)]ξξ ′cm+1,ξ ′ + H.c.]

+
Nb−3∑
m=2

∑
ξ, ξ ′ =

a1, a2, b1, b2

[c†
m,ξ [t2b(ka, kc)]ξξ ′cm+2,ξ ′ + H.c.]

+ Hsurf, (77)

where Hsurf denotes the surface term on m = 1 and Nb. The
electron operator of sublattice ξ on site m for momentum ka

is defined by cm,ξ = (cm,ξ ,↑, cm,ξ ,↓)T. The surface term Hsurf is
given by

Hsurf =
∑

ξ,ξ ′=a1,a2

c†
1,ξ [ε(ka, kc)]ξξ ′c1,ξ ′

+
∑

ξ,ξ ′=a1,a2

[c†
1,ξ [tb(ka, kc)]ξξ ′c2,ξ ′ + H.c.]

+
∑

ξ,ξ ′=a1,a2

[c†
1,ξ [t2b(ka, kc)]ξξ ′c3,ξ ′ + H.c.]

+
∑

ξ,ξ ′=b1,b2

c†
Nb,ξ

[ε(ka, kc)]ξξ ′cNb,ξ ′

+
∑

ξ,ξ ′=b1,b2

[c†
Nb−1,ξ [tb(ka, kc)]ξξ ′cNb,ξ ′ + H.c.]

+
∑

ξ,ξ ′=b1,b2

[c†
Nb−2,ξ [t2b(ka, kc)]ξξ ′cNb,ξ ′ + H.c.], (78)

which is invariant for the n-glide plane

cm,a1 → −isxcm+1,b2, (79)

cm,a2 → isxcm+1,b1, (80)

cm,b1 → e−ika isxcm−1,a2, (81)

cm,b2 → −e−ika isxcm−1,a1. (82)

The onsite energy ε(ka, kc) and hopping tb(ka, kc), t2b(ka, kc)
are obtained by replacing 1 → c†

ncn, cos kb → 1
2 c†

ncn+1 +
H.c., sin kb → − i

2 c†
ncn+1 + H.c., cos 2kb → 1

2 c†
ncn+2 + H.c.,

and sin 2kb → − i
2 c†

ncn+2 + H.c. A magnetic field induces the
Zeeman term

HZ =
Nb∑

m=1

∑
ξ=a1,a2,b1,b2

c†
m,ξ B · sσ0τ0cm,ξ . (83)

The energy spectrum of the total Hamiltonian H + �H +
HZ for the B1u pairing is shown in Figs. 7(c) and 7(d). Without
a magnetic field |B| = 0, the superconducting gap in the bulk
is of the order of 0.5. Two Majorana Kramers pairs on the

surface for kaa = π appear. Note that the energy spectrum
has a small gap for ka = 0. Figure 7(d) shows the polar plot
of the energy gap |EM(B)| of H + �H + HZ as a function
of B with |B| = 0.1. The energy gap of Majorana Kramers
pairs is of the order of ∼0.14 at maximum and biaxially
(quadrupolar) anisotropic in the (01̄1) plane. This behavior
is a direct consequence of double Majorana Kramers pairs
protected by glide-plane symmetry.

VII. CONCLUSION

We have provided a comprehensive understanding of the
magnetic response of Z2-protected Majorana Kramers pairs
emergent on the surface of TCSCs with order-two crystalline
symmetries. Four types A, B, C, and D of the magnetic
response can occur, depending on crystalline and Cooper-
pair symmetries, and especially on the number of Majorana
Kramers pairs. We have also constructed a practical procedure
to diagnose electromagnetic degrees of freedom of Majo-
rana Kramers pairs only from the Fermi-surface topology
and symmetry consideration, that is, an extended Fermi-
surface criterion of Z2 invariants protected by order-two
symmetry for arbitrary space group including nonsymmor-
phic ones. Applying the procedure, we found a biaxially
(quadrupole-shaped) magnetic response on candidate TCSC
UCoGe, which would be direct evidence of the presence of
double Majorana Kramers pairs protected by the glide-plane
symmetry.

The predicted magnetic response can be measured in a
spectroscopic way, e.g., tunneling spectroscopy on a surface
of TCSC under a magnetic field or with a ferromagnet at-
tached [80,91–95]. Gap opening in Majorana Kramers pairs
on the zero energy leads to the split of zero-bias conduc-
tance peak. We have focused on Majorana Kramers pairs
on TRIMs. Due to the self-conjugate property γ = γ † of
Majorana fermion [81,96], they dominantly contribute to the
zero-bias tunneling conductance G = 2e2/h

∑
k‖ Tk‖ , where

Tk‖ denotes the transmission probability on the zero energy
given by Tk‖ = 1 + Ak‖ − Bk‖ with Ak‖ and Bk‖ the Andreev
and normal reflection probabilities, respectively. The resonant
Andreev reflection occurs for self-conjugate states and leads
to a sizable zero-bias tunneling conductance with Ak‖ = Bk‖ ,
i.e., Tk‖ = 1 for k‖ ∈ TRIM. Since zero-energy states away
from TRIMs do not hold the self-conjugate property, Tk‖ takes
a value smaller than unity. Nevertheless, they may smear
the splitting of the zero-bias conductance peak. Therefore,
for comparison of our theory to an experiment, we must
quantitatively estimate the conductance spectrum attributed to
Majorana Kramers pairs.

Surface-sensitive measurements such as ferromagnetic res-
onance of a ferromagnet-TCSC junction [97,98] can also
detect the anisotropy of Majorana Kramers pairs via the sur-
face spin susceptibility. We have focused especially on the
Zeeman effect from a magnetic field. The other contribu-
tion from an external magnetic field is the screening current,
the Meissner effect. The coupling is well described by the
Doppler shift of energy dispersion in the weak-field regime
[99]. It is guessed that this effect plays a small role in the mag-
netic response of Majorana Kramers pairs since the energy on
TRIMs does not change. However, it is necessary to calculate
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how much it affects the physical quantity, such as the density
of states and magnetic susceptibility.

In this work, we consider only a classical magnetic field
as a magnetic perturbation. Majorana Kramers pairs can, on
the one hand, couple to magnetic degrees of freedom with
quantum dynamics, such as a magnetic impurity leading to
anisotropic Kondo effect [40]. Our theory will be useful for
deducing a Hamiltonian coupled to dynamics variables. These
will be studied in future work. Although the theory applies
to limited cases in this paper, it can apply to all the space
groups with any surface and irreps of pair potential. The
complete data for 230 space groups would be more efficient
for practical applications. From a fundamental viewpoint, it
is interesting to consider an exotic electromagnetic response
of Majorana Kramers pairs protected by C3, C4, or C6 sym-
metries, which are out of the scope of this paper. Moreover,
the discussion in Sec. IV implies that Majorana Kramers pairs
possess electric degrees of freedom whose ranks are higher
than the monopole. The electric operators can be decomposed
into irreps of space group in a way similar to magnetic ones.
These issues will be addressed in a future paper [100].
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APPENDIX A: FERMI-SURFACE CRITERION WHEN
TYPES C AND D COEXIST

We consider a particular case of the Fermi-surface criterion
that hosts two surface symmetries U and U ′ such that

χ (U ) = D2(U ) = 1, (A1a)

χ (U ′) = D2(U ′) = −1, (A1b)

[D(U ), D(U ′)] = 0. (A1c)

Here, D(U ) and D(U ′) satisfy the conditions for the types
D and C, respectively. The situation is often realized for
nonsymmorphic space-group symmetry like Pmma (No. 51),
which we will discuss in detail in Appendix B. Since they
are commutative, the Hamiltonian can be divided into four
eigenspaces in terms of D̃(U ) = ±1 and D̃(U ′) = ±i, each of
which belongs to class D and is classified by Z2 invariants
ν±,±i. The Z2 invariants are related to Eqs. (16) and (18):

νDIII,±[U ] = ν±,+i mod 2, (A2)

νD,±[U ′] = ν+,±i + ν−,±i mod 2, (A3)

where ν±,+i = ν±,−i due to TRS. Thus, whole systems are
classified by (ν+,+i, ν−,+i ) ∈ Z2 ⊕ Z2. Note that for a single
Majorana Kramers pair, Eqs. (A2) and (A3) are both nontrivial
and, thus, the magnetic response is determined from both
Eqs. (22) and (23), namely, EM(B) = ± f (B) with

f (UB) = f (B), f (U ′B) = − f (B), (A4)

FIG. 8. Fermi-surface criterion of νD,±[U ′] for systems with two
surface symmetries U and U ′ that satisfy Eq. (A1).

which can induce a complicated magnetic response. On the
other hand, for double Majorana Kramers pairs, Eq. (A2)
remains but Eq. (A3) becomes zero, so that the magnetic
response is described by Eq. (26). Due to the fact that the
four eigenspaces belong to class D, the Fermi-surface criterion
[Eq. (45)] is applied to each eigenspace, and ν±,+i is rewritten
as

ν±,+i = N±
F (π ) − N±

F (0)

2
mod 2, (A5)

where N±
F (k� ) denotes the occupation number of the

eigenspace with D̃k�
(U ) = ±1.

An additional “parity” symmetry further simplifies the
Fermi-surface criterion in a similar way to types C and D
discussed in Secs. VB2 and VB3. The Fermi-surface criterion
for this case is summarized in Figs. 8 and 9.

APPENDIX B: MAGNETIC RESPONSE OF MAJORANA
KRAMERS PAIRS FOR Pmma

Here, we show another example of magnetic responses of
Majorana Kramers pairs on the (xz) surface in space group
Pmma (No. 51). The result is summarized in Table IV.

FIG. 9. Fermi-surface criterion of νDIII,±[U ] for systems with
two surface symmetries U and U ′ that satisfy Eq. (A1). If condition
(i) or (ii) in Figs. 8 and 9 holds, then νDIII,+[U ] = νDIII,−[U ].
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TABLE IV. Magnetic response of Majorana Kramers pairs on the (xz) surface for kx = 0 and π in space group Pmma. Irreducible
representation (irrep) of the superconducting pair potential in the bulk, topological invariant associated with the symmetry Ui which protects
Majorana Kramers pairs, the number of Majorana Kramers pairs (#MKP) (N denotes a non-negative integer) and the energy gap EM(B) induced
by a magnetic field B are shown. “gap” and “node” denote the presence and absence of superconducting gap, respectively, in the weak-pairing
regime |�(kF )| � |h(kF ) − μ| [62,101–103] on the Fermi surface k⊥ = kF. The Z2 indices here are determined by the Fermi-surface criterion
(Sec. V). The surface-symmetry operations are assigned to be U1 = {C2(y)|0}, U2 = {σ (xy)|a/2}, and U3 = {σ (yz)|a/2}.

kx = 0
irrep Topo #MKP EM(B) |�| � |h − μ|
Ag 0 0 Gap
B1g 0 0 Node
B2g 0 0 Node
B3g 0 0 Node
Au Z W [U1] N ∝By Gap

Z2 νD,±[U2] = νD,±[U3] = (#FS)/2
B1u Z W [U3] N ∝Bx Gap

Z2 νD,±[U1] = νD,±[U2] = (#FS)/2
B2u 0 0 Node
B3u Z W [U2] N ∝Bz Gap

Z2 νD,±[U1] = νD,±[U3] = (#FS)/2

kx = π

irrep Topo #MKP EM(B) |�| � |h − μ|
Ag 2Z W [U3] 2N ∝Bx Gap

Z2 νDIII,±[U2]

B1g Z2 νDIII,±[U2] = [NF(π ) − NF(0)]/4 0, 2
√∑

i j ρi jBiB j −
√∑

i j ρ
′
i jBiB j Node

B2g 0 0 Node
B3g 0 0 Node
Au 0 0 Node
B1u 0 0 Gap
B2u 2Z W [U1] 2N ∝By Gap

Z2 νDIII,±[U2]

B3u Z2 νDIII,±[U2] = [NF(π ) − NF(0)]/4 0, 2
√∑

i j ρi jBiB j −
√∑

i j ρ
′
i jBiB j Node

1. General classification

a. Symmetry operation

The primitive translation vector a is set to be along the x
direction. There are three surface-symmetry operations

U1 = {C2(y)|0}, U2 = {σ (xy)|a/2}, U3 = {σ (yz)|a/2}
(B1)

(and identity) which preserve the (xz) surface and four “par-
ity” operations

P1 = {σ (xz)|0}, P2 = {C2(z)|a/2}, P3 = {C2(x)|a/2},
(B2)

and inversion I = UiPi which invert the (xz) surface.
The square of order-two symmetry operation g2 =

{d E |2τg}, except for inversion, is represented as

Dk(g2) = D2
k(g) = −e−ik·2τg (B3)

on the g-invariant momentum k. Inversion I is squared to
be D2

k�
(I ) = 1 on k� being a TRIM. The commutation rela-

tions g1g2 = {d E |Rg1τg2 + τg1 − Rg2τg1 − τg2}g2g1 and gI =
{E |2τg}Ig are represented as

Dk(g1)Dk(g2)

= −e−ik·(Rg1 τg2 +τg1 −Rg2 τg1 −τg2 )Dk(g2)Dk(g1), (B4)

Dk(g)Dk(I ) = e−ik·2τgDk(I )Dk(g) (B5)

for order-two symmetry operations on TRIMs. These relations
for Pmma are listed in Table V.

b. Z invariant

We use the irreps of point group D2h, which is compati-
ble with space group Pmma, to classify the pair potentials.
A necessary condition for type-B Majorana Kramers pairs,
W [Ui] 
= 0, has been obtained [56] and summarized as

D2
k(Ui ) = −1, χ (Ui ) = 1,

χ (Uj ) = ηk(Ui,Uj ), χ (Pj ) = −ηk(Ui, Pj ), (B6)

where ηk(g1, g2) denotes the commutation relation be-
tween Dk(g1) and Dk(g2), defined by Dk(g1)Dk(g2) =
ηk(g1, g2)Dk(g2)Dk(g1).

For kx = 0, odd-“parity” pairings except for B2u satisfy
the above condition, i.e., Au, B1u, and B3u pairings can host
Majorana Kramers pairs protected by the magnetic winding
numbers W [U1], W [U3], and W [U2], respectively. The char-
acter χ� (g) of g for irrep � is shown in Table V. Since
the commutation relations for kx = π change from those for
kx = 0, as shown in Table V, Ag and B2u pairings can take
a nontrivial value of W [U3] and W [U1], respectively. The
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TABLE V. Representation matrices Dk(g) and characters χ� (g)
for the irrep � of the space group Pmma, for g = Ui and Pj . ηk(g1, g2)
denotes the commutation relation between the representation ma-
trices, which is defined by Dk(g1)Dk(g2) = ηk(g1, g2)Dk(g2)Dk(g1).
The surface- and “parity”-symmetry operations are assigned
to be U1 = {C2(y)|0}, U2 = {σ (xy)|a/2}, U3 = {σ (yz)|a/2}, P1 =
{σ (xz)|0}, P2 = {C2(z)|a/2}, P3 = {C2(x)|a/2}, and the inversion I .

U1 U2 U3 I P1 P2 P3

D2
k(g) − 1 −e−ikx − 1 1 − 1 − 1 −e−ikx

χAg (g) 1 1 1 1 1 1 1
χB1g (g) − 1 1 − 1 1 − 1 1 − 1
χB2g (g) 1 − 1 − 1 1 1 − 1 − 1
χB3g (g) − 1 − 1 1 1 − 1 − 1 1
χAu (g) 1 − 1 − 1 − 1 − 1 1 1
χB1u (g) − 1 − 1 1 − 1 1 1 − 1
χB2u (g) 1 1 1 − 1 − 1 − 1 − 1
χB3u (g) − 1 1 − 1 − 1 1 − 1 1
ηk(U1, g) 1 −eikx −eikx 1 1 −eikx −eikx

ηk(U2, g) −eikx 1 −eikx eikx −1 eikx −1
ηk(U3, g) −eikx −eikx 1 eikx −1 −1 eikx

corresponding magnetic responses are also summarized in
Table IV.

c. Z2 invariant

The Z2 invariants νD,±[U ] and νDIII,±[U ] can be non-
trivial for types C [(χ (U ), D2(U )) = (−1,−1)] and D
[(χ (U ), D2(U )) = (1, 1)], respectively. The possible nontriv-
ial case for Ag pairing is only νDIII,±[U2] on kx = π . Since all
the parities exchange the U2 eigenspaces, the invariant Z2 ⊕
Z2 reduces to Z2, νDIII,+[U2] = νDIII,−[U2], but no Fermi-
surface criterion applies to them, as shown in Fig. 4. As a
result, the magnetic winding number W [U3], which is shown
above, coexists νDIII,+[U2] = νDIII,−[U2]. The former invariant
determines the magnetic response EM(B) ∝ Bx, and must be
an even number W [U3] ∈ 2Z owing to the latter condition.

For the B1g pairing, on the other hand, the Z2 invariant
νD,±[U1] cannot be defined (gapless) or zero since the even-
“parity” condition [D(I ), D(U1)] = 0 and χ (I )D2(I ) = 1 is
fulfilled (see Fig. 3). Such a symmetry-protected gap node is
indicated in the last column of Table IV. An alternative and
systematic analysis of the nodes is shown in Appendix C.
Topological invariants and magnetic responses for the other
irreps are deduced in a similar way and summarized in Ta-
ble IV.

2. Toy model

Next, we verify the above general result by examining a toy
model on a layered 2D lattice with two sublattices which has
the glide plane on the (xz) surface [104], as shown in Fig. 10.

a. Normal state

The normal part h(k) of the BdG Hamiltonian reads as

h(k) = c(k)σ0s0 + t3 cos(kx/2)σ1(kx )s0

+ (λ1sx sin ky + λ2sy sin kx )σ3, (B7)

c(k) = m0 + t1 cos kx + t2 cos ky,

FIG. 10. Lattice structure of the toy model. Top (a) and side
(b) views. a is the primitive translational vector along the x axis.
There are two sublattices denoted by A (open circle) and B (closed
circle). The (xy) plane (the dashed green line) is the glide plane.

where the lattice constant is set to 1. s and σ denote the Pauli
matrices representing the spin and layer degrees of freedom
(A and B), respectively. Here, we introduce the modified Pauli
matrices

σ1(kx ) =
(

0 eikx/2

e−ikx/2 0

)
, (B8)

σ2(kx ) =
(

0 −ieikx/2

ie−ikx/2 0

)
, (B9)

and σ3 = diag(1,−1), which satisfy {σi(kx ), σ j (kx )} = 2δi j .
h(k) has to satisfy the periodicity h(k) = h(k + G), where
G denotes a reciprocal lattice vector. Note that σ1(kx ) and
σ2(kx ) are antiperiodic: σ1(kx ) = −σ1(kx + 2π ) and σ2(kx ) =
−σ2(kx + 2π ). Symmetry operations of Pmma are repre-
sented as follows:

Dk({C2(y)|0}) = iσ1sy, (B10)

Dk({σ (xy)|a/2}) = i

(
0 eikx

1 0

)
sz, (B11)

Dk({σ (yz)|a/2}) = i

(
eikx 0
0 1

)
sx, (B12)

Dk({σ (xz)|0}) = iσ0sy, (B13)

Dk({C2(z)|a/2}) = i

(
eikx 0
0 1

)
sz, (B14)

Dk({C2(x)|a/2}) = i

(
0 eikx

1 0

)
sx. (B15)

The band structure of the normal state h(k) is shown in
Fig. 11. The parameters are set to those shown in Table VI.
All the bands are twofold degenerate at any momentum owing
to inversion and time-reversal symmetries. Particularly, the
bands are fourfold degenerate at the X and S points. Therefore,
the number of Fermi surfaces is a multiple of 4 between the X
and S points.

TABLE VI. Parameters taken for Eq. (B7).

m0 t1 t2 t3 λ1 λ2 � �′ |B|
−1.0 0.1 2.5 0.25 −1.0 0.3 1.5 0.5 0.2
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FIG. 11. Energy dispersion (left) and Fermi surface (right) of the
normal state h(k).

b. Superconducting state

Next, we consider time-reversal-invariant superconducting
pair potential �� (k), where � labels irreps of D2h. The BdG
Hamiltonian has the form

H (k) = [h(k) − μ]τz + �� (k)τx. (B16)

The possible pair potentials are listed in Table VII. The
energy dispersions in the superconducting states are easily
obtained. For example, at kx = π , the BdG Hamiltonian with
the B3u pairing is given by

H (π, ky) = {[c(π, ky) − μ]σ0s0 + λ1 sin kyσ3sx}τz

+ [� sin kyσ0sz + �′σ1sx sin ky]τx, (B17)

and the energy dispersion is

E (π, ky) = ± λ1 sin ky

±
√

(�2 + �′2) sin2 ky + [c(π, ky) − μ]2.

(B18)

The energy dispersion has the zeros if the following equation
holds:

sin2 ky = (m0 − t1 + t2 cos ky − μ)2

λ2
1 − (�2 + �′2)

. (B19)

As a result, when λ2
1 < �2 + �′2, there is no node on the

kx = π line. In the weak-coupling limit (�,�′ → 0), on the
other hand, the above condition holds and thus superconduct-
ing gap nodes appear on the Fermi surface. It is consistent
with the symmetry consideration in Appendix C. Hereafter,
we assume the gapped case λ2

1 < �2 + �′2, where Majorana
Kramers pairs appear.

TABLE VII. Time-reversal-invariant pair potential �� (k) for ir-
rep � that is nonzero for kx = 0 or π in the Pmma model.

irrep �� (k)

Ag �σ3sx sin ky

B1g �σ3sy sin ky + �′σ1(kx )s0 sin(kx/2) sin ky

B2g �σ3sz sin ky + �′σ2(kx )s0 sin(kx/2)
B3g

Au �σ0sy sin ky + �′σ1(kx )sx sin(kx/2)
B1u �σ0sx sin ky + �′σ1(kx )sy sin(kx/2)
B2u �σ2(kx )sy sin(kx/2) sin ky + �′σ1(kx )sz sin(kx/2)
B3u �σ0sz sin ky + �′σ2(kx )sx sin(kx/2) sin ky

c. Magnetic response

We calculate the energy spectrum of the system with (xz)
surface in the presence of a Zeeman field. The corresponding
finite-sized BdG Hamiltonian has the form

H (kx ) =
Ny∑

n=1

c†
n(kx )ε(kx )cn(kx )

+
Ny−1∑
n=1

[c†
n(kx )ty(kx )cn+1(kx ) + H.c.], (B20)

where Ny denotes the number of the sites along the y direc-
tion. The Fermi energy is set to 0, then the system has four
Fermi surfaces between the X and S points. The onsite en-
ergy ε(kx ) and hopping ty(kx ) are obtained by replacing 1 →
c†

n(kx )cn(kx ), cos ky → 1
2 c†

n(kx )cn+1(kx ) + H.c., and sin ky →
− i

2 c†
n(kx )cn+1(kx ) + H.c. in the bulk Hamiltonian (B16). A

magnetic field induces the Zeeman term

HZ =
Ny∑

n=1

c†
n(kx )B · sσ0τ0cn(kx ). (B21)

The energy spectra of the total Hamiltonians H (kx ) + HZ

for all the possible pair potentials are shown in Fig. 12(a).
Without a magnetic field |B| = 0, the superconducting gap in
the bulk is of the order of 1.0. Majorana Kramers pairs on
the surface with kx = π appear for the Ag, B1g, B2u, and B3u

pairings, while that with kx = 0 appears for the B1u pairing.
The B3g paring has no Majorana Kramers pair. The B2g and
Au pairings also have no Majorana Kramers pair but in-gap
surface states protected by glide-plane symmetry (for detail,
see Appendix D). Figure 12(b) shows a polar plot of the en-
ergy gap EM(B) for the Ag pairing with |B| = 0.2. The energy
gap is of the order of ∼0.4 at maximum for a magnetic field
along the x direction. Then, the energy gap EM(B) induced by
magnetic fields B is proportional to EM(B) ∝ Bx for the Ag

pairing. Similarly, the energy gap is proportional to EM(B) ∝
Bx for the B1u pairing, and EM(B) ∝ By for the B2u pairing, re-
spectively. This Majorana-Ising-spin nature is consistent with
that predicted by the general theory shown in Table IV. The
magnetic response for the B1g pairing is the same as for B3u,
which has been discussed in Sec. B 1. Figure 12(b) shows
a polar plot of the energy gap EM(B) for the B3u pairing
with |B| = 0.2. The energy gap is of the order of ∼0.25 at
maximum and biaxially (quadrupolar) anisotropic, which is

given by EM(B) ∼
√

ρxxB2
x + ρyyB2

y + ρzzB2
z − √

ρ ′
zzB

2
z . Coef-

ficients ρii and ρ ′
ii are material parameters.

APPENDIX C: SUPERCONDUCTING GAP AND NODE FOR
SPACE GROUP Pmma

The symmetry-allowed gap functions are classified based
on the group-theoretical scheme [62,101–103]. Let Mk =
Gk + GkI� be a little group mapping the momentum as k →
gk = k for the high-symmetry line. Gk is the little group of
space group G, and I� denotes space-time inversion. The
character χ [Pk(m)] for the representation Pk of the Cooper
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FIG. 12. (a) Energy spectrum for each pair potential in a magnetic field. Majorana Kramers pairs with kx = π appear for the Ag, B1g, B2u,
and B3u pairings. That with kx = 0 appears for the B1u pairing. The B2g, B3g, and Au pairings have no Majorana Kramers pair. (b) Polar plots of
the energy gap EM of H + HZ as a function of B for the Ag and B3u pairings, respectively. μ is set to 0 and the other parameters are shown in
Table VI.
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TABLE VIII. Symmetry operation g of Pmma. I denotes the
spatial inversion. The superscript d is indicated for the 2π rotation.
Boldface denotes a vector.

g Ig IgI IgIg

{E |0} {I|0} {E |0} {E |0}
{C2(z)|a/2} {σ (xy)| − a/2} {C2(z)| − a/2} {d E | − a}
{C2(y)|0} {σ (xz)|0} {C2(y)|0} {d E |0}
{C2(x)|a/2} {σ (yz)| − a/2} {C2(x)| − a/2} {d E |0}
{I|0} {E |0} {I|0} {E |0}
{σ (xy)|a/2} {C2(z)| − a/2} {σ (xy)| − a/2} {d E |0}
{σ (xz)|0} {C2(y)|0} {σ (xz)|0} {d E |0}
{σ (yz)|a/2} {C2(x)| − a/2} {σ (yz)| − a/2} {d E | − a}

pair formed by γk and γ−k, which are irreps of Mk and M−k,
is obtained by using the Mackey-Bradley theorem:

χ [Pk(m)] = χ [γk(m)]χ [γk(ImI )], (C1)

χ [Pk(Im)] = −χ [γk(ImIm)]. (C2)

The symmetry operations g = {Rg|τg}, Ig = {IRg| − τg},
IgI = {Rg| − τg}, and IgIg = {R2

g|Rgτg − τg} are listed in
Table VIII. The result is summarized in Table IX. The ir-
reducible decomposition of Pk shows symmetry-adapted gap
functions. Pair potentials that are not included in the decom-
position cannot create the superconducting gap, resulting in
gap nodes. The details of the calculation are shown in the
following subsections.

1. Classification on the � line (kx, ky, kz ) = (0, 0, kz )

On the � line kx = ky = 0, the little group is written as

Gk = {E |0}T + {C2(z)|a/2}T + {σ (xz)|0}T
+ {σ (yz)|a/2}T, (C3)

where T is the translation subgroup. There is the two-
dimensional double-valued pseudoreal irrep �5 of Gk [105],
which is time-reversal invariant. The character is zero except

for m = E ; χ [γk(E )] = 2 and χ [γk(m 
= E )] = 0. Substitut-
ing these into Eqs. (C1) and (C2), one obtains χ [Pk(m)].
Note that representations for the Cooper pair are translation
invariant, i.e., Pk(m) = Pk(mt ) for t ∈ T . We obtain χ [Pk(m)]
for the H [(kx, ky) = (0, π )], � [(ky, kz ) = (0, 0)], and �

[(kz, kx ) = (0, 0)] lines in a similar way. In the following, we
focus on the situations that χ [Pk(m)] is different from the
above.

2. Classification on the G line (kx, ky, kz ) = (π, 0, kz ) and the Q
line (π,π, kz )

On the G (Q) line, there is the two-dimensional double-
valued real irrep G5 (Q5), whose characters are zero except for
the identity. The time-reversal-invariant irrep is given by two
copies of G5 (Q5). Thus, the characters are χ [γk(E )] = 4 and
χ [γk(m 
= 0)] = 0. By using the Mackey-Bradley theorem
[Eqs. (C1) and (C2)], one obtains the character χ [Pk(m)].

3. Classification on the D line (kz, kx, ky) = (0, π, ky) and the P
line (π,π, ky)

On the D and P lines, Gk is written as

Gk = {E |0}T + {C2(y)|0}T + {σ (xy)|a/2}T
+ {σ (yz)|a/2}T . (C4)

There is a pair of the double-valued conjugated irreps
(D4, D5). The time-reversal-invariant irreps that are the direct
sum of these conjugated representations are given by

γk({E |0}) =
(

1 0
0 1

)
, (C5)

γk
({C2(y)|0}) =

(−i 0
0 i

)
, (C6)

γk
({σ (xy)|a/2}) =

(
1 0
0 −1

)
, (C7)

TABLE IX. Classification of gap functions in space group Pmma. The characters for representations Pk of the pair potential and the
irreducible decomposition of possible pair potential are shown.

Line (kx, ky ) E C2(z) C2(y) C2(x) I σ (xy) σ (xz) σ (yz) Decomposition

� (0,0) 4 0 2 2 −2 2 0 0 Ag + Au + B2u + B3u

G (π, 0) 16 0 4 −4 −4 −4 0 0 Ag + B1g + 3B2g + B3g + 3Au + 3B1u + 3B2u + B3u

H (0, π ) 4 0 2 2 −2 2 0 0 Ag + Au + B2u + B3u

Q (π, π ) 16 0 4 −4 −4 −4 0 0 Ag + B1g + 3B2g + B3g + 3Au + 3B1u + 3B2u + B3u

Line (ky, kz ) E C2(z) C2(y) C2(x) I σ (xy) σ (xz) σ (yz) Decomposition

� (0,0) 4 2 2 0 −2 0 0 2 Ag + Au + B1u + B2u

C (π, 0) 4 2 2 0 −2 0 0 2 Ag + Au + B1u + B2u

A (0, π ) 4 2 2 0 −2 0 0 2 Ag + Au + B1u + B2u

E (π, π ) 4 2 2 0 −2 0 0 2 Ag + Au + B1u + B2u

Line (kz, kx ) E C2(z) C2(y) C2(x) I σ (xy) σ (xz) σ (yz) Decomposition

� (0,0) 4 2 0 2 −2 0 2 0 Ag + Au + B1u + B3u

B (π, 0) 4 2 0 2 −2 0 2 0 Ag + Au + B1u + B3u

D (0, π ) 4 2 0 −2 −2 0 2 4 Ag + 2B1u + B2u

Q (π, π ) 4 2 0 −2 −2 0 2 4 Ag + 2B1u + B2u
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FIG. 13. Energy spectrum for the B2g pairing of (a) H (kx ) (the same as in Fig. 12), (b) H+(kx ), and (c) H−(kx ). For the in-gap surface states,
only those localized at the n = 1 edge, which satisfy Eq. (D2), are shown.

γk
({σ (yz)|a/2}) =

(
i 0
0 i.

)
(C8)

By using the Mackey-Bradley theorem [Eqs. (C1) and (C2)],
the character of Pk(m) is calculated.

APPENDIX D: SURFACE STATES PROTECTED BY THE Z4

INVARIANT

From Fig. 12, the B2g and Au pairings host two right-
and left-moving surface states within the superconducting gap
instead of Majorana Kramers pairs on the zero energy. These
in-gap states are protected by the Z4 invariant from the glide-
plane symmetry, as discussed below.

The BdG Hamiltonian is decomposed into those in
the eigenspaces of glide plane D̃k‖ (U2 = {σ (xy)|a/2}), i.e.,
H (kx ) = H+(kx ) ⊕ H−(kx ), where the subscript ± denotes the
eigenvalue ±ieikx/2. The Hamiltonian H±(kx ) has the same

form as Eq. (B20). We define the eigenstates of H±(kx ) by

H±(kx )|kx, α〉± = E±
n (kx )|kx, α〉±. (D1)

There are two surface states |kx, α〉± (α = 1, 2, 3, 4) for any
kx bound around each surface n ∼ 1 (n ∼ Ny). In Fig. 13, we
plot the energy spectrum for the eigenstates localized on n ∼ 1
that satisfy

Ny/4∑
n=1

|〈0|c±,n(kx )|kx, α〉±|2

>

Ny∑
n=3Ny/4

|〈0|c±,n(kx )|kx, α〉±|2, (D2)

for α = 1, 2, 3, and 4, where |0〉 denotes the vacuum and
c±,n(kx ) denotes the electron operator on each sector.

The above condition means that the number of quasiparti-
cles existing in 1 � n � Ny/4 is larger than that in 3Ny/4 <

n < Ny. We can see the Möbius structure with 4π periodicity
of the surface states shown in Figs. 13(b) and 13(c), protected
by the Z4 invariant of θ = 2 [51,61,62].
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