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Zero-index metamaterials for Dirac fermion in graphene
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We study the response of ballistic electron waves in graphene to a square array composed of gate-defined
quantum dots when the incident energy is at the neutral point of the Dirac conical dispersion. The effective
medium theory shows that the array will behave as a zero-refractive-index medium. Our simulations based on
the rigorous multiple scattering theory corroborate that it can indeed exhibit various typical applications of
zero-refractive-index media, such as the focusing effect of electron waves, the control over the propagation
direction, and directional emission. The array is usually about one-wavelength thick so that the incident wave
can penetrate it and the wave front can be tailored by engineering the geometrical shape of the emergent surface.
The wave-manipulating behaviors based on zero-index metamaterials could open unprecedented opportunities
to steer the flow of graphene electrons in novel manners and shape the wave front of electron beams at will.
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I. INTRODUCTION

Since graphene’s initial discovery, it has being attracting a
great deal of interest for its great potential to take microelec-
tronic technologies to new levels based on its exotic electrical
properties, including high carrier mobility, high electrical
conductivity, ballistic transport at the micron scale under am-
bient temperatures, and so on [1]. The exceptional chemical
[2], mechanical [3,4], thermal [5], and optical [6] proper-
ties endow graphene with opportunities to develop electronic
elements with unique performance. As an example, graphene-
based transparent conductive coatings [7,8] can be designed as
touchscreen displays, foldable organic light-emitting diodes,
and rollable electronic paper. Various functional devices such
as transistors [9], quantum capacitors [10], electron waveg-
uides [11–13], splitters [14,15], and inductors [16] have been
proposed. Various mechanisms of controlling the flow of
graphene electrons are used in developing such functional
devices, among which is the similarity between low-energy
graphene electrons and light waves based on the fact that
electrons in graphene have lightlike dispersion. It has inspired
the development of quantum electron optics in graphene and
great progress has been made to manipulate electron waves
in similar ways that are often used in optics. As a result,
transistors [17], electron waveguides [18], two-dimensional
Dirac fermion microscope [19,20], interferometers [21,22],
collimators [23], couplers [24], and so on have been succes-
sively designed based on the theory of electron optics.

In recent decades, optical metamaterials have exhibited
peculiar optical properties, in contrast to naturally occurring
optical materials, since they can possess arbitrary desired elec-
tromagnetic susceptibilities [25]. Negative and zero refractive
indexes have been obtainable in metamaterials to which
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electromagnetic waves will respond in a counterintuitive way
[26–31]. Fortunately, negative refraction has been extended to
graphene, and Veselago lenses for electron waves have been
explored [32–34]. However, zero-refractive-index metamate-
rials for Dirac fermions in graphene have not been extensively
studied so far. Physically, the spatial and temporal field vari-
ations will decouple and waves will propagate with infinite
wavelength and phase velocity in zero-refractive-index media.
The peculiar properties enable it to exhibit a wealth of fasci-
nating applications which have been widely studied in optics
such as tunneling waveguides [35], directional emission [36],
beam steering [31], electromagnetic cloaks [37,38], and so on.

The analogies between optics and low-energy electronics
in monolayer graphene inspires us to explore, in this work,
the possibilities of constructing Dirac fermion metamaterials
with zero refractive index to control graphene ballistic elec-
trons. In general, the effective refractive index of a potential
zone is zero when the incident electron energy is equal to
the potential applied to the zone since the refractive index
is defined as n = |E − V |/E . However, the incident energy
actually resides at the Dirac point in the conical dispersion of
graphene at this moment. It is a well-known fact that graphene
has poor conductivity at the Dirac point, though it is not zero
because of the so-called minimum conductivity [39–43]. In
addition, graphene near charge neutrality probably behaves
as a “Dirac fluid,” instead of a Fermi liquid, and exhibits
a quantum-critical relativistic plasma behavior. As a result,
zero-refractive-index metamaterials have not been considered
as a feasible platform to manipulate graphene electrons. How-
ever, as will be shown in our studies, this does not mean
that the concept of zero refractive index necessarily fails to
apply to graphene. Our studies demonstrate that near-normal-
incidence electrons at the Dirac energy can pass through
a near-wavelength-thick material with near-unity efficiency.
This is because the incident wave will enter the zero-index
material in the form of evanescent waves when encountering
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it, instead of being reflected immediately. The evanescent
modes help the wave penetrate the material that is thinner
than wavelength with nearly 100% efficiency. Moreover, the
electrons which travel out from the materials will behave in
accordance with the properties of zero-refractive-index media,
allowing one to impose a control over the electrons. Finally,
it should be noted that the Dirac point energy does not im-
ply that the electrons in our systems necessarily behave as a
Dirac fluid. The description of a Fermi liquid holds true in
appropriate temperatures and the carrier densities, as shown
in Ref. [44].

In this paper, we will construct a square-lattice array of
quantum dots (QDs) to realize zero-refractive-index Dirac
fermion metamaterials. In previous research, an effective
medium theory was developed to calculate the effective re-
fractive index of Dirac fermion metamaterials consisting of
QDs [45]. This allows us to theoretically design a metama-
terial with an arbitrary refractive index using QDs with a
controllable bias. Very recently, nanoscale QDs with atom-
ically sharp boundaries have been obtainable in experiment
[46–48]. The fabrication techniques of high-precision QDs
[46–49] make it possible to realize such metamaterials. In
Sec. II, we will give a brief description of the retrieval
of the zero refractive index and identify a zero-refractive-
index material for which an effective medium theory can
be satisfactorily applied. In Sec. III, we will demonstrate
various behaviors of electron waves when they strike the
designer zero-refractive-index material. Three characteristic
phenomena in zero-refractive-index media will be presented,
including wave-front modulation, beam steering, and direc-
tional emission.

II. THEORETICAL DESIGN OF ZERO-INDEX
METAMATERIALS

An analytic formulation of an effective “refractive index”
has been derived based on the coherent-potential approxima-
tion for low-energy graphene electron waves in an array of
QDs [45]. It is applicable when the scattering of electrons by a
circular QD can be described by the single-valley Hamiltonian
[50–56]

H = −i∇σ + Vs�(rs − r), (1)

where σ = (σx, σy) are Pauli matrices, Vs is the potential ap-
plied to the QD, �(rs − r) is the Heaviside step function, and
rs is the radius of the QD. The description for the behaviors of
electrons in Eq. (1) holds when the Fermi wavelength λF of
Dirac electrons is much larger than the gradual transition �R
of potentials in the boundary of the circular QD (i.e., λF �
�R). Meanwhile, �R should be smaller than 0.5rs [57] so that
the electron scattering behaviors of the QDs are not affected
by the grading width, but are much larger than the graphene’s
intrinsic lattice constant to forbid the umklapp scattering be-
tween different valleys in the graphene. The reduced units
are employed throughout with h̄ = 1 and the Fermi velocity
vF = 1, unless noted otherwise.

The electron waves obeying the Hamiltonian in Eq. (1) will
have a linear lightlike dispersion relation in the low-energy
region, allowing the extension of the effective media theory
for light to graphene electronics. Thus, a periodic QD array

FIG. 1. (a) The energy band structures of the square array of
the QDs with the radius of the QDs rs = 1.0, the lattice constant
a = 4.0, and the potential applied on the QDs, Vs = 1.0. They are
calculated using the rigorous multiple scattering theory. (b) The
effective “refractive index” ne f f vs ˜E = Ea/2π , obtained from the
coherent-potential approximation. The inset in (a) indicates the geo-
metric configuration of the square-lattice array.

can be handled as a uniform medium when both the dimension
of the QDs and the lattice spacing are smaller than the electron
wavelength. The QDs behave as an artificial atom/molecule
with respect to the wavelength. The effective “refractive in-
dex” of a two-dimensional array is given by Ref. [45],

ne f f = 2[J1(koro) + D0(o)H (1)
1 (koro)]

koro[J0(koro) + D−1(o)H (1)
0 (koro)]

, (2)

where

Dm(o)= −Jm(kors)Jm+1(ksrs)+αα′Jm+1(kors)Jm(ksrs)

Jm+1(ksrs)H (1)
m (kors)−αα′Jm(ksrs)H (1)

m+1(kors)
(3)

are the Mie scattering coefficients of the QDs [49,50,55,56].
For the square-lattice array depicted schematically in the in-
set of Fig. 1(a), ro = a√

π
represents the radius of the coated

potential, with a the lattice constant. The coated potential in
the coherent-potential approximation is an equal-area region
of the unit cell of the system, with the QD as the inner core
and the background medium as the coated layer. The effective
refractive index ne f f is determined by the condition that the
total scattering of a coated potential in the effective medium
vanishes in the limit kero � 1, where ke = ne f f ko, with ko

and ke the wave number in the background medium and the
effective medium, respectively. Jm and H (1)

m are, respectively,
the mth-order Bessel function and Hankel function of the
first kind, and ks is the wave number in the QD region. The
“band indices” α and α′ are defined as α = sgn(E ) and α′ =
sgn(E − Vs), with E the energy of the incident electrons. The
QDs embedded in a background medium with refractive index
nb = (E − Vb)/E are handled as a circular potential, with re-
fractive index ns = (E − Vs)/E . The circular potential can be
considered infinitely high in size in contrast to one-atom-thick
graphene, and thus a two-dimensional model is applicable to
the problem. Vb is the potential applied in the background and
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is set to 0 without loss of generality (i.e., the refractive index
of the background, nb = 1).

The energy band structures of the system with a = 4,
rs = 1, and Vs = 1 are calculated using the rigorous multiple
scattering theory [24,45] and are shown in Fig. 1(a). One can
see that a Dirac cone dispersion exists about the � point (k =
0). We use Eq. (2) to calculate its effective refractive index,
which is given as a function of the incident energy in Fig. 1(b).
We see that ne f f goes from negative to positive with the en-
ergy increasing. The comparison between Figs. 1(a) and 1(b)
shows that the slope of the bands is consistent with the sign of
ne f f near k = 0. Above the Dirac point, the band has a positive
slope and corresponds to positive refractive indices, while a
negative slope below the Dirac point is related to negative
refraction indices. As a result, the near-zero refractive indices
appear near the Dirac point energy. There is actually one
correspondence between a Dirac point and a zero refractive
index, as has been revealed in nano-optics [37]. However, a
Dirac cone dispersion does not always imply a zero refractive
index. To achieve a zero refractive index, the Dirac cone is
required to be at k = 0. In the following, we will use the
square array to simulate a zero-refractive-index medium in
graphene and perform a proof-of-principle demonstration for
its wave-manipulating behavior. We also explore the possibil-
ities to construct a zero-index metamaterial based on quantum
antidots [58,59] since they can be prepared through current
experimental techniques, but unfortunately our calculation
shows the approach is not feasible. In this paper, the QD radius
rs = 1 implies that the quantities with the dimension of length,
including the lattice spacing and wavelength, are in units of rs.
Once rs is known in real units, the lattice spacing is a = 4rs,
the wavelength is λ = 2πrs/E , and thus the incident energy in
real units is Eh̄vF /rs according to the de Broglie relationship.
Accordingly, the bias in real units is V h̄vF /rs.

III. RESULTS AND DISCUSSIONS

A. Phenomena in metamaterials with refractive index near zero

One of the appealing extraordinary abilities of zero-
refractive-index media is to mold the wave front of the
electron beams into shapes that can be designed at will.
This arises from the fact that the waves emerging from
zero-refractive-index media will propagate along the normal
direction of the interface. A simple understanding can be
gained from the Snell’s law,

ne f f sin θi = nb sin θt , (4)

where ne f f is 0 in a zero-refractive-index medium and thus
θt has to equal 0. In other words, the emergent direction is
normal to the interface. The property allows one to control
the wave front of the electron waves by tailoring the geometry
of the emergent surface of zero-refractive-index media. Natu-
rally, the focusing effect can be expected for the wave coming
out of the semicircle-shaped emergent surface because its
normal direction is the radial direction and the emergent wave
will converge at the center of the semicircle.

To this end, we design a zero-index metamaterial lens
which has a semicircle-shaped emergent surface and a planar
incident surface in Fig. 2. The zero-index metamaterial is
the square QD array studied in Fig. 1. The incident-electron

FIG. 2. (a) The electron density and the quiver of local current-
density vector around a lens made of the zero-refractive-index
metamaterial given in Fig. 1 when illuminated by a Gaussian beam
with the Dirac energy ˜E = Ea/2π = 0.13. (b) The real part of the
first spinor component Re{ψA} distribution pattern when the lens in
(a) is constructed by the QDs in real units. The QD radius is 5 nm and
the lattice spacing, incident energy, and bias are 20 nm, 26.8 meV,
and 131.6 meV, respectively. The black dots in both panels denote
the QDs constituting the lens, which has a planar incident surface
and a half-circular concave emergent surface.

energy is set at ˜E = Ea/2π = 0.13 so that the metamate-
rial operates at the Dirac point in Fig. 1(a), which implies
an effective refractive index ne f f = 0. Figure 2(a) displays
the electron density distribution and the local current-density
vector around the zero-index lens when an incident wave
strikes the planar surface on the left. One can see that the
emergent wave is focused at the center of the semicircle. Here
and throughout the paper, all the simulations are carried out
based on the Mie scattering theory and the multiple scattering
theory. The Mie scattering theory rigorously calculates the
electron scattering of a single QD, while the multiple scat-
tering theory handles the scattering problem of a multiple QD
system in the case of considering the interaction between all
QDs, not the nearest neighbor and the next-nearest neighbor
alone.

The focusing can also be understood from the infinite
wavelength feature in zero-refractive-index materials. It im-
plies that the propagation distance in it will not cause any
phase accumulation, however long or short. For the lens in
Fig. 2(a), the difference in propagation distance because of
the curved surface does not produce any impact on the phase
of the electrons. According to Fermat’s principle, an optical
system for focusing necessarily satisfies the principle of equal
optical path. At the focusing spot, all the electrons have the
same phase and therefore the focusing effect is achieved. The
zero-index lens is different from Veselago lenses based on
negative refraction, where the focal imaging is obtained for
a point source. Figure 2 displays a focusing for a parallel
electron beam and thus the array can serve as a coupler to
couple wide electron beams into various electronic units. To
acquire the information about transport when considering the
role of couplers, the local current-density vectors are provided
in Fig. 2(a) at the same time since the high-resolution imaging
of the current flow in monolayer graphene has been achievable
in a recent experiment [60].

With the development of the fabrication techniques of
high-precision QDs and QD arrays [46–48], it is possi-
ble to demonstrate the zero-index behaviors of electrons in
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FIG. 3. (a) The effective refractive index ne f f vs ˜E for the same
square array of the QDs as in Fig. 2, but the potential applied on the
QDs is Vs = −0.4. The array has the effective refractive index ne f f =
1.5 at ˜E = 0.13. (b) The electron density distribution pattern around
the metamaterial with ne f f = 1.5 when illuminated by a Gaussian
beam with the energy ˜E = Ea/2π = 0.13. The black dots in both
panels denote the QDs constituting the metamaterial.

experiment. Typically, the metamaterial in Fig. 2(a) can be
composed of the QDs of radius rs = 5 nm. Thus the lattice
spacing, incident energy, and the bias are 20 nm, 26.8 meV,
and 131.6 meV, respectively. Figure 2(b) shows the real part
of the first spinor component, ReψA, around the zero-index
lens consisting of such QDs in real units. The thinnest and
thickest parts of the lens are about 100 and 600 nm, re-
spectively. Therefore, the focusing process can be completely
demonstrated in the total propagation distance of 1 μm. Such
a distance is below the mean free path of electrons which
is 5.5 μm at 50 K and 2.5 μm at 100 K [61–63] by using
appropriate substrates [64]. On the other hand, the electron-
electron interaction [65] and the self-consistent interactions
of electrons [66] indeed exist within a beam. It means that the
focusing effect should be observed at an appropriate tempera-
ture and the low carrier densities [62,63], as discussed in the
next section.

To exclude the possibility that the focusing effect in Fig. 2
originates from the curved geometries in the lenses, we ex-
amine the spatial probability distribution of electrons when
the incident energy, the radius of the QDs, and the geometric
configuration of the array remain the same, but the potential
Vs applied to the QDs is changed. The variation of Vs causes
the change of effective refractive index of the metamaterial
and the focusing associated with the zero refractive index will
disappear. Figure 3(a) displays the effective refractive index
ne f f when Vs = −0.4. We see ne f f = 1.5 at ˜E = 0.13 and
the spatial probability distribution in Fig. 3(b) shows that the
focusing effect of electrons does not occur though the incident
energy and that the geometric features of the array are the
same as in Fig. 2. Therefore, it is the zero refractive index
rather than the curved geometries in the lenses that leads to
the equal optical path and thus the focusing in Fig. 2(b).

Metamaterials have the advantage of robustness in pro-
ducing functional devices. This can be due to the fact that
metamaterials may be regarded as a uniform medium at the
operation energy, as indicated by the isotropic band structures
around the � point in Fig. 1. The slight change of the lat-
tice structure or the radius hardly affects the performance of
zero-refractive-index media. To this end, the position disorder
and the radius disorder are, respectively, introduced into the
metamaterial in Figs. 4(a) and 4(b), with the other parameters

FIG. 4. The electron density distribution around the same zero-
index lens as in Fig. 2, with (a) the disorder of position and (b) radius
of the QDs introduced.

the same as Fig. 2. The displacement of each QD from its
original position is expressed as di = ξχ1di0, with i = x or
y, and the variation of the radius is set to be �r = ζχ2di0,
where ξ and ζ are the random numbers uniformly distributed
between −0.5 and 0.5, χ1 and χ2 are the quantities measuring
the degree of disorder, and di0 = a − 2rs is the maximum
variation of the radius or position within a unit cell for a
square lattice. Here, χ1 = 1 is chosen, which implies that the
QDs can even touch each other, while χ2 = 0.25 implies that
the maximum radius variation is as large as one-fourth of
the radius in this structure. The electron density distribution
is given in Figs. 4(a) and 4(b), respectively, and show an
excellent focusing effect, which bears a close resemblance to
that without any disorder in Fig. 2. This illustrates the char-
acteristic nature of metamaterials in which the constituting
particles (QDs) behave as artificial molecules or atoms that
are much smaller than wavelength. The electron wave cannot
sensitively discern the variation of position or radius of the
QDs and thus the focusing is not affected.

Our calculations show that electron waves with angle of
incidence below 10◦ can pass through the wavelength-thick
array of the QDs with high efficiency. Thus one can ex-
pect that the same focusing effect can be observed when an
oblique-incidence electron wave encounters the array used
in Fig. 2. In Fig. 5(a), we show the electron distribution
probability when the incident angle is changed into

FIG. 5. (a) The electron density distribution around the same lens
as in Fig. 2 when the incident angle is φinc = 10◦. (b) The electron
density distribution around the lens with a quarter-circular concave
emergent surface. In all the cases, the Gaussian beams have the Dirac
energy ˜E = 0.13 and the arrays have the zero effective refractive
index.

085431-4



ZERO-INDEX METAMATERIALS FOR DIRAC FERMION IN … PHYSICAL REVIEW B 103, 085431 (2021)

FIG. 6. The real part of the first spinor component, Re{ψA}, for a (a) three-port, (b) four-port, and (c) six-port emitter. The point sources
are placed at the coordinate origin and directional emission can be observed in all of the cases.

φinc = 10◦. As expected, the electron wave is focused on the
transmission side again. It shows that the focusing effect is
robust to incident angles. This allows us to design a coupler
with a certain angle tolerance, which is useful in graphene-
based microelectronics. On the other hand, when significantly
deviating from the normal incidence, the incident wave hardly
enters the zero-refractive-index material. Consequently, the
majority of the wave will be reflected and no obvious focus-
ing effect can be observed with the transmittance decaying
quickly.

In addition to the control over the wave front, the zero-
refractive-index materials can also control the propagation
direction of the emergent waves by engineering the orientation
of the emergent surfaces. In Fig. 5(b), we design a zero-
refractive-index material which has a quarter-circular concave
surface on the right side. When a beam of wave normally
strikes the left planar surface, the emergent wave is deflected
about 45 degrees since it propagates along the radial direction,
and is simultaneously focused at the center of the circular
concave surface.

Zero-refractive-index metamaterials have been explored to
make directional emitters in optics [36,67]. The metamaterials
are usually designed as a polyhedron and a point source is
placed in its center. Each surface of the polyhedron acts as an
emergent port. The waves emerging from the surfaces of the
polyhedron propagate along the normal direction of the sur-
faces. The direction of emission can be controlled by adjusting
the orientation of the surfaces and the number of emission
is determined by the number of surfaces. In Figs. 6(a)–6(c),
respectively, we demonstrate a three-port, four-port, and six-
port emitter for graphene electron waves with a point source
placed in their centers. All of the ports are comprised of the
square QD array studied in Fig. 1. Accordingly, the electrons
from the point sources have energy ˜E = 0.13 so that the
refractive index is zero. The ports are designed to be thinner
than wavelength to guarantee that the electrons from the point
sources can penetrate through them. The emitters do not need
to be excited in a special way, except to place the point
source in their center. The propagating wave directionally
emits along the predetermined directions out of the emitters
no matter how many ports are designed. It shows that the
zero-refractive-index materials provide a platform to design
directional emitters with flexible emission beam number and
arbitrary output boundary.

B. Conditions for experimental observation

In the previous section, we theoretically demonstrated
various phenomena which can be achieved in zero-index
metamaterials. To make sure that they can be implemented
in experiment, the carrier concentration should be ρ =
1011 cm−1 so that beam instability does not occur [66] and
the collimated beam propagates as a Fermi fluid [44]. At the
same time, the mean free path l is set to be 2 μm, which
is a long enough distance to observe the results, implying
a transport relaxation time τ = l/vF = 2 ps. The calculation
[61] shows that the carrier mobility is μ = 500 000 cm2/V s
according to l = h/2eμ

√
ρ/π by taking ρ = 1011 cm−1 and

l = 2 μm. Such carrier mobility is obtainable under 100 K
[62] with an appropriate substrate utilized to eliminate the
extrinsic scattering in graphene [61,64].

IV. CONCLUSION

In conclusion, we design a zero-refractive-index Dirac
fermion metamaterial by retrieving the effective refractive
index of a quantum-dot array with the developed effective
media theory for electron waves in graphene. The near-zero
refractive index appears near the Dirac point of the conical
dispersion of the array. The incident electron beam can pen-
etrate the array when it is one-wavelength thick, though it
behaves as a neutral zone. The behavior of the emergent wave
is constrained by the zero refractive index of the material and
its wave front is always parallel to the emergent surface. Thus
the zero-refractive-index material allows for the wave-front
shaping and beam steering by engineering the geometry of the
emergent surfaces. In addition, the direction emission can also
be achieved in a multiple-port emitter when a point source is
place in its center. The artificially structured materials could
find applications in designing graphene electron units.
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