PHYSICAL REVIEW B 103, 085307 (2021)

Topological Anderson insulators in an Ammann-Beenker quasicrystal and a snub-square crystal
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The quest for the topological phases of matter in an aperiodic system has been greatly developed recently.
Here we investigate the effects of disorder on topological phases of a two-dimensional Ammann-Beenker tiling
quasicrystalline lattice. For comparison purposes, we also consider the case of a periodic snub-square crystalline
lattice, which has the same primitive tiles as the Ammann-Beenker tiling quasicrystalline lattice. By calculating
the spin Bott index and the two-terminal conductance, we confirm that the topological phases with disorder
share the similar properties in the two systems which possess different symmetry and periodicity. It is shown
that the quantum spin Hall states are robust against weak disorder in both the quasicrystalline lattice and the
crystalline lattice. More interesting is that topological Anderson insulator phases induced by disorder appear
in the two systems. Furthermore, the quantized conductance plateau contributed by the topological Anderson
insulator phase is verified by the distribution of local currents.
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I. INTRODUCTION

In the past decade, the study of quantum spin Hall (QSH)
insulator, which is a two-dimensional (2D) topological insu-
lator with a full insulating bulk gap but gapless helical edge
states protected by time-reversal symmetry, has always been a
hot spot in condensed matter physics [1-10]. However, most
of the previous works were implemented in the crystalline
systems. The aperiodic systems without the translational sym-
metry are also found to host topological phases [11-44].
Interestingly, topological phases in quasicrystalline systems,
which are the special aperiodic systems and possess forbid-
den symmetries in crystals, have been extensively studied.
Some typical topological phases, such as the non-Hermitian
topological phase [25,26], the higher-order topological phase
[27-29], and the topological superconductor phase [30,31],
have been studied in quasicrystalline systems. Moreover, the
photonic quasicrystals [45] and the quasiperiodic acoustic
waveguides [46] can be used as the experimental platform to
research topological phase in quasicrystals.

Very recently, Huang and Liu theoretically presented that
the fivefold Penrose tiling quasicrystal can be used as a plat-
form to realize the QSH insulator, and a real-space topological
invariant called the spin Bott index is defined to characterize
the topological phase of the system [32,33]. Furtherly, they
found that the QSH states in an eightfold Ammann-Beenker
tiling quasicrystal and a periodic snub-square crystal, both
sharing the same primitive tiles, exhibit similar topological
behaviors regardless of symmetry and periodicity, except for
some quantitative differences [34].
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However, due to the abundant physical phenomenon
induced by disorder, the interplay between disorder and
topology is an important topic in the research of topo-
logical phase. Topological Anderson insulator (TAI) [47],
which is a disorder-induced topological phase, has been
theoretically studied in various systems, including Chern in-
sulators [48-52], topological insulators [53-63], topological
semimetals [51,64—69], topological superconductors [70-73],
non-Hermitian systems [74-76], and higher-order topological
insulators [77,78]. The more important discoveries of TAI
are the recent experimental realizations in a one-dimensional
disordered atomic wires [79], a photonic platform [80,81] and
electric circuits [82], respectively. It is noted that recently
Chen et al. extended the territory of the TAI phase from
crystalline systems to quasicrystalline systems, and they im-
plemented the TAI in a fivefold Penrose tiling quasicrystal
[83]. Inspired by the work of Huang and Liu [34], an intrigu-
ing question is that whether the appearance of TAI phase in
crystalline and quasicrystalline systems is similar and has the
same regular pattern.

In this work, we investigate the effects of disorder on
topological phases of a 2D eightfold Ammann-Beenker tiling
quasicrystalline lattice [84-87] and a periodic snub-square
crystalline lattice [88], as shown in Fig. 1. This quasicrys-
talline lattice and this crystalline lattice have the same square
and rhombus tiles, therefore they can be used as an effective
comparison device to study the similarities and differences of
physical phenomenon in the systems with different symme-
try and periodicity [34]. By calculating the spin Bott index
and the two-terminal conductance, we show that the QSH
insulator phases in the two systems are robust against weak
disorder, and the TAI induced from a normal insulator occurs
at a certain region of disorder strength with a quantized con-
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FIG. 1. (a) Ammann-Beenker tiling quasicrystal containing 264
vertices and (b) snub-square crystal containing 256 vertices. The two
lattices are consist of the same square and rhombus tiles. The first
three nearest-neighbor bonds correspond to the short diagonal of the
rhombus tile, the edge of square and rhombus tile, and the diagonal
of square tile, respectively. The distance ratio of the three bonds is
ro:r iry=2sing :1:2sin7.

ductance plateau (G = 2¢?/h) characterized by a nonzero spin
Bott index (B; = 1). More interestingly, we found that with
the same model parameters, the disorder-induced topological
phase transition can occur in smaller disorder strength in the
quasicrystalline lattice than in the crystalline lattice. This is
due to the different initial bulk energy gaps of the two systems.
The distribution of nonequilibrium local current further con-
firms that the quantized conductance plateau arises from the
helical edge states induced by disorder. It is presented that the
topological nontrivial phases with disorder reveal qualitative
similarities in quasicrystals and crystals, in spite of quantita-
tive differences. Thus, it is indicated that the appearance of
TAI is independent of the lattice symmetry and periodicity.

The rest of the paper is organized as follows. In Sec. II, we
introduce a QSH insulator model with Anderson-type disorder
in 2D quasicrystalline lattice and crystalline lattice. Then, we
give the details of numerical methods in Sec. III, and provide
numerical results for studying the topological phase transi-
tions of the two systems in Sec. IV. Finally, we summarize
our conclusions in Sec. V.

II. MODEL

We start with a tight-binding model of a QSH insulator
with Anderson-type disorder in an Ammann-Beenker tiling
quasicrystalline lattice and a periodic snub-square crystalline
lattice. The lattice sites are located on the vertices of the
quasicrystalline lattice and the crystalline lattice as shown in
Fig. 1. In this work, we only consider the first three nearest-
neighbor hopping. The model Hamiltonian is given by [27,29]

H = Hy + Hgj, (D

with the QSH insulator Hamiltonian

I(rig) +.. ;
Hy = — Z 21 C}[ltl (5371 €080 + SoT2 sin Oj1)
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and the Anderson-type disorder term

Hgs =Y ciU;sotoc;, 3)

J
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where ¢; = (cjm, Ciglr Cipts ij) is the creation operator at

site j. @ and B present two orbitals at each site. 1 and |
denote spin-up and spin-down, respectively. j and k denote
lattice sites running from 1 to Q, and Q is the total number of
lattice sites. 51 2,3 and 7 » 3 are the Pauli matrices acting an the
spin and orbital spaces, respectively. sy and 7y are the 2 x 2
identity matrices. #; and t, are the hopping amplitudes. 6 is
the polar angle of bond between site j and k with respect to
the horizontal direction. [(rj) = e'~"#*/* is the spatial decay
factor of hopping amplitudes with the decay length XA, where
rjk = |rj — ry| is the distance from the site j to site k. M is the
Dirac mass. U; is the uniform random variable chosen from
[-W/2,W/2], and W is the disorder strength. H, preserves
time-reversal, particle-hole and chiral symmetries, therefore
it belongs to the class DIII [27,89,90]. It is worth noting that
the system will reduce to a Bernevig-Hughes-Zhang model [8]
which describes the QSH states in HgTe quantum wells, if the
QSH insulator Hamiltonian in Eq. (2) is projected to a square
lattice and only the nearest neighbor hopping is considered. In
the following calculations, the spatial decay length A and the
side length of rhombus and square r; are fixed as 1, and the
energy unit is set as r; = 1.

III. NUMERICAL METHODS

In this section, we introduce the numerical methods, which
include the spin Bott index [32,33,83] and the two-terminal
conductance based on the recursive Green’s function method
[91,92], to study the disorder-induced topological phase tran-
sitions in the quasicrystalline and the crystalline systems.

It is well known that the Z, index is a useful topological
invariant to characterize the QSH topological phase in pe-
riodic systems [7,93]. However, the Amman-Beenker tiling
quasicrystal lacks the translational symmetry since it is tiled
completely of the 2D plane with squares and rhombuses in
an aperiodic way. Therefore, the quasicrystalline systems can
not use the momentum-space Z, index to characterize the
topological phase, and we need to adopt a real-space topo-
logical invariant without translational invariance. It is worth
noting that Huang and Liu have proposed that the spin Bott
index, which is a real-space topological invariant, can ap-
propriately characterize the QSH state in both periodic and
aperiodic systems [32,33]. Additionally, there are also sev-
eral Z, invariants that can be computed on 2D systems with
time-reversal symmetry and without translational invariance
in finite-dimensional Hilbert space [94,95]. Here, we will em-
ploy the spin Bott index to characterize the topological phases
of the systems.

Here, we review the detailed steps of numerical calculation
of the spin Bott index. First, one constructs the projector
operator of the occupied states as

N
P =Y "1y wil, )
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where ; is the ith wave function of the Hamiltonian (1) and
N is the total number of occupied states. Then, one introduces
another projector operator as P, = P#),P, where #j, = %az is
the spin operator with the Pauli matrix o,. The eigenvalues
of P, are divided into two parts by zero energy, in which the
number of positive and negative eigenvalues are both equal to
N/2. Then, a new projector operator can be constructed as

N/2

Pe= " l67) g, 5)

where ¢;" and ¢, are the eigenvectors corresponding to the ith
positive and negative eigenvalues, respectively. The projected
position operators of the two spin sectors can be defined as

Uy = Pee®™X Py 4 (I — Py), ©)

Vi =Pee™ Py + (I — Py), @)

where X and Y are two diagonal matrices, X;; = x; and ¥;; = y;
with (x;, y;) being the coordinate of the ith lattice site.

In addition, the singular value decomposition (SVD)
method, acting on Uy and V., will be used to improve the
stability of the numerical results. The SVD can be expressed
as S = ZATI", where Z and II are unitary and A is real
and diagonal. Then, one takes S = ZIT" as the new projected
position operator used to replace S. Finally, one can obtain the
spin Bott index as [32,33,83]

1
B, = (B, —B.). ®)

where By = %Im{Tr[ln(ViﬁiVji 01 )]} are the Bott indexes
of spin up and down, respectively. The case with B; = 0 corre-
sponds to the normal insulator phase, and B; = 1 corresponds
to the QSH insulator phase.

However, we also study the transport properties of the
systems, and the setups are shown in Fig. 2. It is assumed
that two semi-infinite normal metal leads are attached to the
end of the quasicrystal device [shown in Fig. 2(a)] and the
crystal device [shown in Fig. 2(b)], respectively. Then, we
calculate the two-terminal conductance of the system based on
the recursive Green’s function method [91,92]. According to
Landauer-Biittiker-Fisher-Lee formula [96-98], the conduc-
tance can be written as

2

e

where T () = Tr[T(w)G" ()T r()G*(w)] is the transmis-
sion coefficient at energy p. I'rgy(n) = i(Xpg) — Tfg)) 18
the left (right) linewidth with the left (right) lead retarded self-
energy Xy, and the left (right) lead advanced self-energy

%f gy G"(p) is the retarded (advanced) Green’s function
of the device, and can be expressed as

G =16"wl'=[u-H-3;-%2]"", (0

where H is the device Hamiltonian.

IV. NUMERICAL SIMULATION

In this section, we give the numerical results of calculating
the spin Bott index and the two-terminal conductance to inves-
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FIG. 2. Schematic illustrations of the two-terminal setups of
(a) the Ammann-Beenker tiling quasicrystal device and (b) the snub-
square crystal device. The device size is L, x L,, with L, = 200r,
and L, = 100r, respectively.

tigate the topological phase transitions of the quasicrystalline
and the crystalline systems.

Before studying disorder effects on the two systems, we
first reveal the topological phase diagrams of the two systems
in the clean limit, i.e., the disorder strength W = 0. Figure 3
shows the bulk energy gap as a function of Dirac mass M and
hopping amplitude #, in the clean limit for the two systems.
The color map shows the magnitudes of the bulk energy
gap E,. The energy gaps of two systems are both calculated
numerically in real space with periodic boundary condition.
There would be midgap states if we directly covert a square-
shaped AB tiling quasicrystalline lattice to a torus geometry
when applying periodic boundary conditions. This is because
some additional hoppings are introduced when linking the

FIG. 3. Topological phase diagrams of (a) the Ammann-Beenker
tiling quasicrystal and (b) the snub-square crystal in the (M, t,)
space with W = 0. The color map represents the magnitudes of the
bulk energy gap. The white dashed lines represent the phase bound-
aries calculated by the spin Bott index, and the approximate linear
equations are (a) M/t, = 1.65, M/t, = —2.91 and (b) M/t, = 1.21,
M/t, = —3.06.
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FIG. 4. The two-terminal conductance G as a function of the disorder strength W with different Dirac mass M for (a, b) the quasicrystalline
system and (c, d) the crystalline system. The chemical potential is taken as i = 0. The spin Bott index B; as a function of W with different Dirac
mass M for (e, f) the quasicrystalline system and (g, h) the crystalline system. The error bars show the standard deviation of the conductance
for 1000 samples. We set #, = 1. The conductance is calculated with the device size being L, x L, = 200r; x 100r;. The spin Bott index is
calculated with a square sample containing 1393 sites for quasicrystalline system and 1444 sites for crystalline system, respectively.

sites on the opposite boundaries. To avoid this issue, we
first generate a square-shaped quasicrystalline lattice and then
delete the sites on the top boundary of the quasicrystal square
(these sites are equivalent to the sites on the opposite bottom
boundary). Next, we glue the bottom and top boundaries. And
we perform the same procedure for the right and left bound-
aries. With this method, no additional hopping is introduced
on the torus geometry.

Both of the two phase diagrams are separated into three
parts by two lines of energy gap closure, which indicates
that the bulk energy gap of the two systems has a process
of closing and reopening with the change of parameters. It
also means that topological phase transitions may occur in the
two systems. Therefore, we also compute the spin Bott index
to distinguish the topological phases of the two systems, and
give the phase boundaries of the normal insulator phase and
the QSH insulator phase (the white dashed lines in Fig. 3).
In the case of quasicrystalline lattice, as shown in Fig. 3(a),
it is found that a QSH insulator phase is characterized by the
nonzero spin Bott index B; = 1 when —2.91 < M/f, < 1.65.
When M/t < —2.91 and M/t, > 1.65, two normal insulator
phases with B; = 0 are shown. Simultaneously, for the snub-
square crystalline lattice, the phase boundaries are M/t, =
1.21 and M /t, = —3.06 as shown in Fig. 3(b). It is found that
the phase diagrams of two systems are very similar expect that
the slopes of the phase boundaries are slightly different in the
clean limit by comparing Figs. 3(a) and 3(b).

Next, we study the disorder effects on the topological
phase transitions of the two systems. Figure 4 shows the two-
terminal conductance and the spin Bott index as a function of
the disorder strength W at several specified parametric spatial
points for two systems.

As shown in Fig. 3(a), for the case of M; = (—2.5, —1, 1)
in quasicrystalline system, the phases are the QSH insula-
tor phase with the nonzero spin Bott index B; =1 in the

clean limit. The corresponding bulk energy gap are E; ~
(0.526, 3.136, 1.117), where [ = 1,2, 3. With the disorder
strength increasing, it is found that the QSH insulator phases
remain stable in the case of weak disorder, which are char-
acterized by the quantized conductance G = 2¢?/h [colourful
curves in Fig. 4(a)] and the nonzero spin Bott index By = 1
[colourful curves in Fig. 4(e)]. When the disorder strength
W reach the critical values, the system undergoes topological
phase transitions from QSH phase into normal insulator phase
with the conductance G = 0 and the spin Bott index By = 0.
For the case of M; = (—2.5, —1, 1) in crystalline system, the
numerical results of calculating the conductance and the spin
Bott index, as shown in Figs. 4(c) and 4(g), are similar with the
case of quasicrystalline lattice except that the critical values
of the phase transition are slightly different. The numerical
results clearly demonstrate that the topological insulator phase
is robust against weak disorder whether in quasicrystal system
or crystalline system.

For another case of M; = (1.8, 2, 2.2) in quasicrystalline
system, the phases are the normal insulator phases with
the spin Bott index By =0 in the clean limit, as shown
in Fig. 3(a). The corresponding bulk energy gap are E; ~
(0.511,0.905, 1.299). The purple, orange and green curves
in Fig. 4(b) show the two-terminal conductance in the qua-
sicrystalline system as a function of disorder strength with
M; = (1.8,2,2.2), respectively. It is found that the conduc-
tances change from G =0to G = 26‘2//’1 atW, =~ (5,6,7) and
return to G = 0 at W & 10.5. Some remarkable plateaux with
the quantized conductance G = 2¢?/h are revealed. The quan-
tized plateaux indicate that a QSH insulator phase induced by
disorder in the quasicrystalline system appears, which is so
called topological Anderson insulator [47,83]. Furthermore,
the values of spin Bott index jump from B, =0 to By = 1
at W, = (5,6,7) and go back to By = 0 at W = 10.5 [shown
in Fig. 4(f)]. It is obvious that the plateaux of spin Bott
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FIG. 5. Topological phase diagram in (u, W) space of the
two systems obtained by calculating the two-terminal conductance.
(a) The quasicrystalline system with M = 1, (b) the quasicrystalline
system with M =2, (c) the crystalline system with M =1, and
(d) the crystalline system with M = 2. The purple region denotes
the topologically nontrivial phase (G = 2¢*/h), and the white re-
gion denotes the topologically trivial phase (G = 0). We set 1, = 1.
The conductance is calculated with the device size being L, x L, =
200r; x 100r.

index can match well with the plateaux of the conductance.
However, some similar quantized conductance and spin Bott
index plateaux with the range of W; ~ (6.5,7,8) to W = 10
also emerge in the crystalline system, as shown in Figs. 4(d)
and 4(h). It is found that the disorder-induced topological
phase transitions from normal insulator to TAI and then to
Anderson insulator occur in both the quasicrystalline and the
crystalline systems. However, for the same model parameters,
the disorder-induced quantized plateau in the quasicrystalline
system appears in smaller disorder strength and vanishes in
stronger disorder strength than that in the crystalline system.
Thus, the disorder-induced QSH insulator phases are qualita-
tively similar in the quasicrystalline system and the crystalline
system, but quantitatively different.

Figure 5 shows the topological phase diagrams in (u, W)
space of the quasicrystalline system and the crystalline sys-
tem with different parameters obtained by the two-terminal
conductance. The color map shows the values of conductance
G. Each point in Fig. 5 is obtained from a single distribution
of disorder, which is sufficient to determine the quantized con-
ductance region. The purple region represents the topological
nontrivial phase with a quantized conductance G = 2¢°/h,
the white region represents the topological trivial phase with
G = 0, and the orange region corresponds to the conductance
of the bulk. The difference of the two lattice construction may
lead to the difference of the maximum bulk conductance. The
region between the two red dashed lines represents the bulk
energy gap of the system. It is obvious that the TAI phase
occurs mainly in the energy gap and the the disorder-induced
topological nontrivial phase region in the Ammann-Beenker
tiling quasicrystal is larger and more stable than that in the
snub-square crystalline lattice, as shown in Figs. 5(b) and 5(d).

In fact, due to the different lattice constructions, the bulk
energy gaps are different for the two systems with the same
model parameters. We will take some specific model parame-
ters to ensure that the two systems have the same bulk energy

(a) 2 - M =1.543 (b)l — M =1.543
M =1.74 y M =1.74
— —+ M =1.938 ‘ il =+ M =1.938
= . f |
L q [
© |
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FIG. 6. (a) The two-terminal conductance G in crystalline system
as a function of the disorder strength W with different Dirac mass
M = 1.543, 1.74, and 1.938, respectively. (b) The spin Bott index
B; in crystalline system as a function of the disorder strength W
with different Dirac mass M = 1.543, 1.74, and 1.938, respectively.
The chemical potential is taken as u = 0. The error bars show the
standard deviation of the conductance for 1000 samples. We set
t, = 1. The conductance is calculated with the device size being
L, x L, =200r; x 100r;. The spin Bott index is calculated with a
square sample containing 1393 sites for quasicrystalline system and
1444 sites for crystalline system, respectively.

gaps in the clean limit, and then study the effects of disorder in
this case by calculating the two-terminal conductance and spin
Bott index. Figure 6 shows the two-terminal conductance and
the spin Bott index as a function of the disorder strength W
with M; ~ (1.543, 1.740, 1.938) in crystal. The correspond-
ing bulk energy gaps are E; ~ (0.510,0.903, 1.299) in the
clean limit, which are very closed to the energy gaps E; =~
(0.511, 0.905, 1.299) with M; = (1.8, 2.0, 2.2) in quasicrys-
tal. It is found that the conductance and spin Bott index
plateaux arise at W; ~ (5,6,7) and vanish at W =~ 9.5, as
shown in Figs. 6(a) and 6(b). Here, the points where the con-
ductance and spin Bott index plateaus appear are consistent
with that in Figs. 4(a) and 4(b). Thus, it is indicated that the
response in the two systems of disorder is roughly same when
the initial bulk energy gaps of the quasicrystalline system and
the crystalline system are the same.

In order to better understand the origin of the TAI phase,
we calculate the nonequilibrium local current between neigh-
boring sites i and j from the formula [53]

262 "
g = Iml Y Hi Gl (Ep) |V = Ve), (1)
a,b

where G"(Er) = G"(Er)T'L(Er)G*(EF) is the electron corre-
lation function. a and b denote the state indices. To calculate
the local current distribution, a small external bias V =V, —
Vg is applied longitudinally between the two terminals, where
Vi, and Vi describe the voltages of the left and right leads. The
small bias voltage V is fixed to be 0.001.

In Fig. 7, we show the averaged current distribution of
the disorder-induced QSH insulator state. Distinctly, in both
the quasicrystalline system and the crystalline system, the
currents tend to be zero in the bulk, and are localized at the
boundaries of the samples without much scattering. The edge
transport is a strong evidence of the quantized conductance,
which is contributed by the topological Anderson insulator
phase. The numerical results are consistent with the above
results of the two terminal conductance and the spin Bott
index.
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FIG. 7. The averaged nonequilibrium local current distribution
of the disorder-induced QSH insulator phases of (a) the quasicrys-
talline system and (b) the crystalline system. The arrow size and
direction represent the local current strength and direction, respec-
tively. WesetM = 2,1, = 1,and W = 8.

V. CONCLUSION AND DISCUSSION

In this paper, based on the spin Bott index and the two-
terminal conductance method, we investigate the disorder-
induced topological phase transitions of the Ammann-
Beenker tiling quasicrystal and a periodic snub-square crystal.
The two lattices have the same square and rhombus tiles. The
numerical calculating results of the spin Bott index and the
two-terminal conductance of the two systems share qualitative
similarities. First, the QSH insulator phase in the two systems
are robust against weak disorder and destroyed by strong dis-
order. Second, the topological phase transitions from normal
insulator to TAI characterized by a quantized conductance
plateau and a nonzero spin Bott index of the two systems
occur at a certain range of disorder strength. Some quanti-
tative differences are also observed, such as the conductance
plateau induced by disorder in the Ammann-Beenker tiling
quasicrystal is wider than that in the snub-square crystal.
Furthermore, we present the averaged nonequilibrium local
current distribution to further identify the disorder-induced
topological nontrivial phases of the two systems. In summary,
we find that the disorder-induced topological phase transitions
whether from QSH insulator to normal insulator or from nor-
mal insulator to TAI are independent of the lattice structure

by comparing the results in the Ammann-Beenker tiling qua-
sicrystal with those of the periodic snub-square crystal.

It is noted that the classification of quasicrystals in two
dimensions is a very important problem, and has been investi-
gated in previous works [99-101]. The problem of classifying
2D lattices with N-fold rotational symmetry for arbitrary
(noncrystallographic) even N is equivalent to a much-studied
problem in algebraic number theory [99]. Mermin et al. found
that except for 29 even number N there are two or more
distinct lattices, and the smallest N for which there is more
than a single lattice is N = 46 [99]. In the previous work,
the TAI was theoretically investigated in a fivefold Penrose
tiling quasicrystal [83]. Here our study further confirmed that
the TAI can occur in an eightfold Ammann-Beenker tiling
quasicrystal. In addition, we also calculated the two-terminal
conductance of a twelvefold Stampfli-tiling quasicrystal with
disorder [the model Hamiltonian is the same as Eqs. (1)-(3)].
It is found that the QSH and the TAI phase can also occur in a
twelvefold Stampfli-tiling quasicrystal (further details will be
given in the future work). We conjecture that the appearance
of the TAI phase in 2D quasicrystals would be a general
phenomenon, and just the values of parameters where the
topological phase transition occurs depend on the quasicrystal
lattice structure properties. The TAI phase of the other N-fold
quasicrystals will be furtherly investigated in the future work,
and we predict that the same physics would be implemented
in these lattices.

Recently, TAIs and quasicrystals have been successfully
implemented in experiments based on photonic platform
[24,45,80,102-105]. Inspired by the recent experiments, we
propose an experimental setup to construct an Ammann-
Beenker tiling quasicrystalline lattice and a periodic snub-
square crystalline lattice in an array of helical evanescently
coupled waveguides [24,104], and add on-site disorder in the
form of random variations in the refractive index of the waveg-
uides [80]. Consequently, we believe that the experimental
realization of the Ammann-Beenker tiling quasicrystalline
lattice and the periodic snub-square crystalline lattice with
disorder is promising in the above experimental schemes,
especially in the photonic systems.
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