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Electron-exciton interactions in the exciton-polaron problem
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Recently, it has been demonstrated that the absorption of moderately doped two-dimensional semiconductors
can be described in terms of exciton polarons. In this scenario, attractive and repulsive polaron branches are
formed due to interactions between a photoexcited exciton and a Fermi sea of excess charge carriers. These
interactions have previously been treated in a phenomenological manner. Here, we present a microscopic
derivation of the electron-exciton interactions which utilizes a mixture of variational and perturbative approaches.
We find that the interactions feature classical charge-dipole behavior in the long-range limit, and that they are
only weakly modified for moderate doping. We apply our theory to the absorption properties and show that the
dependence on doping is well captured by a model with a phenomenological contact potential.

DOLI: 10.1103/PhysRevB.103.075417

I. INTRODUCTION

The fabrication of graphene has opened the door to the
world of flatland materials [1-3]. This diverse family is
still growing and prominently includes the transition-metal
dichalcogenide (TMDC) monolayers MoS,, MoSe,, WS,
and WSe;. These are two-dimensional semiconductors fea-
turing a direct band gap and extraordinarily strong Coulomb
interactions, such that their optical properties are dominated
by exciton physics (bound electron-hole pairs) even at room
temperature. An important property of TMDC monolayers is
a strong spin-valley splitting. Together with the possibility
of valley selective light-matter coupling by using circularly
polarized light, this opens avenues for spintronics and val-
leytronics [4,5]. The ability to combine TMDC monolayers
in lateral and vertical heterostructures furthermore makes
them strong candidates for optoelectronic applications (e.g.,
[6-10]) and promises a versatile platform for the exploration
of exciton physics [11-13].

An additional advantage of TMDC monolayers is that their
optical properties can be tuned by gating. The presence of
excess charge carriers (electrons or holes) has been found
[14-20] to split the exciton feature in absorption spectra [21]
into two peaks [22]. The presence of the redshifted peak
has conventionally been attributed to trions, i.e., charged and
weakly coupled three-particle complexes formed by bind-
ing two electrons to one hole, or two holes to one electron
[11-13]. Its binding energy et is interpreted to be equal to
the splitting between peaks in the limit of vanishing doping
[23-28]. However, recent work [29-31] has argued that the
three-particle picture for the additional peak is only relevant
at very low doping and cannot explain the doping dependence
of absorption (see, also, earlier works [32-39] where the
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trion scenario has been questioned). Instead, within the wide
doping range where the excess-carrier Fermi energy eg ~ er,
the appropriate picture is one of excitons interacting with
the degenerate Fermi sea of excess charge carriers. In this
case, the excitons are dressed by excitations of the Fermi sea,
forming attractive and repulsive exciton-polaron (XP) quasi-
particles such as in the Fermi-polaron problem introduced in
the context of cold atoms [40,41]. These quasiparticles rep-
resent a many-body generalization of exciton-electron (X-e)
bound and unbound states.

The theory of absorption by XPs developed in Refs. [30,31]
has naturally and successfully explained its observed dop-
ing dependence (it should be mentioned that there is an
alternative picture that is based on dynamical screening
and exciton-plasmon interactions [42-44]). However, there
are still a number of experimentally relevant open ques-
tions that are within the focus of recent theoretical research
[27,28,45-48]. These include the manifestations of the XP
physics in photoluminescence (PL) and in nonlinear optical
phenomena [49-52], as well as the crossover between few-
particle and Fermi-polaron physics. For the latter problem,
it has been recently argued [47] that predictions of XP- and
trion-based absorption theories are almost indistinguishable
in the limit of low doping. Another outstanding question
concerns the importance of the microscopic details of the
X-e interactions, which have been approximated by a phe-
nomenological contact potential in previous work [29-31].
These details are also essential if excitons and excess charge
carriers are spatially separated into different layers, a scenario
that opens new avenues to control the flow of excitons [53,54].

In the present work, we have used a mixture of varia-
tional and perturbative techniques to derive the microscopic
exciton-electron interactions. We have found that these in-
teractions possess a weak doping dependence. Furthermore,
they can be well approximated by a local potential which
depends only on the X-e distance, and which features
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classical charge-dipole behavior at large separation. We find
that this potential compares well to those recently obtained
by other researchers [45,48], and that the resulting energy
of the exciton-electron bound state agrees well with previous
numerical results for the trion binding energy in the full three-
body problem [20,55,56]. We compare our calculated doping
dependence of the optical conductivity with that obtained in
a model with a phenomenological contact potential and find
that these agree very well. This indicates that including the
finite range of exciton-electron interactions is not essential to
capturing XP physics.

This paper is organized as follows: In Sec. I, we introduce
our model for describing the optical properties of TMDC
monolayers. We briefly review the phenomenological theory
for XPs and then present our microscopic theory in Sec. III.
We discuss the details of our microscopically derived X-e
interactions in Sec. IV, and we also compare them to the
recent results of other investigations. In Sec. V, we present
a microscopic calculation of the optical conductivity and we
describe its dependence on frequency and doping. Section VI
contains discussions and a brief summary.

II. MODEL

The low-energy electron and hole states in TMDC mono-
layers are concentrated near two equivalent valleys (K and K”)
and are separated by a direct band gap. In undoped mono-
layers, the absorption spectrum is dominated by excitons that
can be selectively excited in one of the valleys by circularly
polarized light. In the presence of excess charge carriers (we
assume these to be electrons with the generalization to holes
straightforward), the valleys are generically equally popu-
lated, which provides two Fermi seas (FSs) for the polaronic
dressing of excitons. Importantly, electrons in one valley are
distinguishable from the photoexcited electron hidden in the
exciton, while electrons in the other valley are clearly not. The
complicated interplay between the exchange and the polaronic
physics with two FSs still represents a challenge for the micro-
scopic theory of absorption. However, the effects of two FSs
can be disentangled in the presence of strong valley splitting,
which depletes electrons in one of the two valleys. Since the
K and K’ points are time-reversal partners, the splitting can
be induced by exchange coupling to an insulating magnetic
substrate [57] or by a magnetic field [58].

Two possible scenarios in the presence of strong split-
ting are sketched in Fig. 1. Figure 1(a) illustrates the case
where the photoexcited electron is indistinguishable from the
electrons in the Fermi sea. In this case, the polaronic dress-
ing is limited by exchange physics and momentum-space
restrictions (usually referred to as the Pauli-blocking effect)
[59,60]. It is firmly established experimentally in the TMDCs
[58,61-64] that this does not result in a splitting of the exci-
tonic feature in absorption [65]. While at the theoretical level
the role of exchange physics on the absorption peaks is under-
stood only at very low doping [20], this problem is outside the
scope of the present work. The dressing by a distinguishable
Fermi sea is sketched in Fig. 1(b). Due to the absence of both
exchange physics and the Pauli-blocking effect, this regime
is more favorable for polaronic physics, and it is the scenario
considered in the current work.

\%/

(a)

FIG. 1. Low-energy region of the TMDC band structure in the
presence of strong valley imbalance. Selective coupling with circu-
larly polarized light leads to the creation of exciton polarons dressed
solely by either (a) the indistinguishable or (b) the distinguishable
Fermi sea. The second band arrangement (b) is considered in the
present work.

The physics of XPs for the band arrangement shown in
Fig. 1(b) can be described by the Hamiltonian, H = Hy +
Hc + Hyy, which includes the kinetic energy Hp, Coulomb
interactions Hc, and light-matter interactions Hpy. The first
of these is given by

Ho =) [esesen + ephyhp + € fy fo- (1)
P

Here, e:; and hi‘; are the creation operators for photoexcited

electrons and holes, respectively, with pr the operator for
excess electrons. The band masses for electrons and holes
in monolayer TMDCs can be well approximated as equal

to each other. Thus, we take the dispersions to be €™ =

€g/2 + p*/2m (with p = |p|) and €, = p*/2m — e, where €,
is the gap in the spectrum and e is the Fermi energy of excess
charge carriers. Note that in this work, we employ Gaussian
units (4mwey = 1) and we additionally set the system area to
unity.

The Coulombic interactions can be modeled by

T T
HC:ZUq[ep+qu—qfl3€P p+qu‘ ool p+q hp—qlpepls
PPq
2)

where we neglect intraspecies interactions since these do
not significantly affect the absorption [66]. Here, Uy is the
Coulomb interaction potential and our developed microscopic
theory for exciton polarons does not rely on its explicit form.
For numerical calculations, we employ the two-dimensional
(2D) Coulomb potential, Uy = 2me? /kq, with k the effective
dielectric constant of the surrounding media. However, we
argue that our results are much more general and can be
extended to other screening models, including the Keldysh
potential [67—69]. The Keldysh potential properly handles di-
electric screening and is argued to quite accurately capture the
spectrum of excitonic states in TMDC monolayers [17,70].

Within the dipole approximation, light-matter interactions
can be described by using a position-independent vector po-
tential A as follows:

ev . .
Hy=——Y A-[eelh’ e ™ +Hec.l]. 3
LM A Xp: [e ephlpe™™ +He] 3

The light frequency satisfies w ~ €, > €, which allows us to
neglect intraband electronic transitions. Above, v = \/€z/m
is the interband matrix element for the velocity operator, and

075417-2



ELECTRON-EXCITON INTERACTIONS IN THE ...

PHYSICAL REVIEW B 103, 075417 (2021)

e = (e, tiey)/ V2 determines the valley selection by circu-
larly polarized light. We elaborate on the absorption theory in
Sec. V, while the two subsequent sections are devoted to our
microscopic theory for XPs.

III. EXCITON-POLARON THEORY

A. Exciton problem

Within our model, the exciton can be described by the
creation operator

X = 2 Copipe2 pipesa: “)
P

Here, C, is the wave function for the relative motion of the
electron and hole. Note that it does not depend on the exciton’s
center-of-mass momentum, px. This is because there is a
separation of relative and center-of-mass dynamics in the two-
body problem with a conventional quadratic spectrum. The
wave function C,, satisfies the following eigenvalue equation:

(€5 +€"))Co — D Up wCy = EXGp. 5)
>

with total energy EX. The resulting spectrum includes both
discrete excitonic states and continuous unbound electron-
hole pairs, and we label these states by a collective index,
v. The bound excitonic states are labeled by principal n and
orbital [ quantum numbers, |v) = |n,[) (with |0, 0) corre-
sponding to the ground-state exciton).

B. Phenomenological approach

For completeness, here we briefly review the theory of
exciton polarons with phenomenological contact exciton-
electron interactions [29-31]. Its cornerstone is the hierarchy
of binding energies for trions (e7) and excitons (e€x), i.e., e K
ex. This ensures that in the wide density range where er ~ €,
the formation of an exciton by a photoexcited electron and
hole is only weakly disturbed by excess charge carriers. In
this limit, it is therefore reasonable to consider the exciton
as a structureless quasiparticle where the center-of-mass mo-
mentum is the only relevant degree of freedom.

The exciton’s interaction with the Fermi sea dresses it into
an exciton polaron. The corresponding Fermi-polaron prob-
lem (involving a Fermi sea as a quantum environment) has
recently been realized in 2D cold-atom experiments [71-73],
and a remarkable understanding of its rich behavior has been
achieved [40,41]. The creation operator for an optically active
XP with zero momentum can be well approximated by the
Chevy ansatz [74] as follows:

Py =Xy + Y xa Xy fi fie- 6)
Kk’

Above, ¢ is the weight of the exciton, while xy weights
the contribution of a single electron-hole pair excitation of
the FS with momenta k > kg and k' < kg. The possibility
to excite multiple electron-hole pairs has been proven to be
negligibly small [75]. The photoexcited electron and hole
interact both with the electron outside the FS and with the hole
inside the FS. However, momentum-space limitations mean
that the latter is inefficient for € << €x and can therefore be
omitted. If we introduce the exciton-electron interactions in a

phenomenological manner as Vg, then the variational equa-
tions for the state (6) are given by

(AEXP - ZV0)¢ = Zkak’ka” (72)
k/

Kk’

(AEX® — &) e = Vio wp + Z VickXiw-  (7b)
k

Here, e[y = €, + €l — €}, is the sum of kinetic energies for
the exciton’s center of mass and an electron-hole excitation
of the Fermi sea. The quantity AEX? = EXP — EX is the
energy of the exciton-polaron state EX? defined with respect
to the exciton energy EX. Due to the Pauli-blocking effect of
electrons in the FS, the momentum in the last sum of Eq. (7)
is restricted to k > k.

If V4 is approximated by a contact potential with a
momentum-independent Fourier transform, then the system
of equations becomes algebraic [76] and analytically tractable
[77]. Its solution can be elegantly parameterized by the bind-
ing energy er for the two-particle X-e state, which is a
simplified model for the trion. The energy e determines the
splitting between attractive and repulsive XP branches in the
limit of vanishing doping, and therefore can be easily adjusted
to fit experiments. The frequency and doping dependence of
absorption within this model has been extensively discussed in
our previous work [30] and has been argued to well describe
the experimental data.

C. Microscopic theory

To derive the microscopic theory for XPs, we avoid using
excitons as an intermediate step of the theory. Instead, we
write the creation operator for an XP with zero momentum
as follows:

Py = ¢pebh’y+ > xpawey hy fifie.  (8)
P pkk/
Here, p+ = p £ (k' — k)/2 and Kk’ — k is the center-of-mass
momentum for the photoexcited electron and hole. In addi-
tion, ¢, is the wave function for the relative motion of the
electron-hole pair, while xpk weights its correlations with a
single particle-hole excitation of the Fermi sea. By neglecting
interactions between the excitonic electron or hole and the
Fermi-sea hole, since these are inefficient due to momentum-
space limitations, we obtain the variational expressions shown
below,

(GS + 6}lp)(pl’ - Z UPP¢i:+
p
Z Uk_k’(Xp—k’Tk/,kk’ - Xp+k’Tk/,kk’) =EX¢p ©

kK’

and

(6; + G}lp + GEE/)kak/ - Z Up—l_)Xl_)kk/
p

~ Gpis) =EX xpae. - (10)
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Due to the presence of the Fermi sea, the momenta are re-
stricted to k, k > kg, and k' < kg above and in what follows.
For the considered doping range €p < €x, the relative motion
of the electron and hole within the exciton is only weakly dis-
turbed by excess electrons. This motivates the decomposition
of both wave functions, ¢, and xpkk/, into the excitonic (and
continuum) states discussed in Sec. III A,

$p= Coto. Xpk = Coxumw- (D)

The variational equations can then be rewritten as

XP b
AET ¢, = E AR Xokies
Kk’

(AR — e ) xomae = D AW s + Y AL Xk (12)
v vk

(12a)

where we denote AEXP = EXP — EX. The excitonic levels
are coupled by the matrix element A(‘i‘_’, which represents the
amplitude of X-e scattering between states |i,) = X, fif |g)
and | f,) = Xvax +q fJE,q| g) (where |g) is the undisturbed Fermi
sea). The scattering amplitude, with transferred momentum q,
in the Born approximation is given by

AL = (fol (Her + Hyp)lis). (13)

Here, H.s and Hy ¢ represent, respectively, the interaction
between a Fermi-sea electron and the electron or hole that
constitutes the exciton. They correspond to the first two terms
in Eq. (2). The explicit expression for the scattering matrix
element is

Ay =Ug Y () (Cogro = Cpaapr)- (14)
P

We can further comprehend the nature of A(‘;‘_’ by now con-
sidering its behavior at small momentum transfer, gax < 1,
with ax the exciton size. By introducing C; as the Fourier
transform of Cl‘,’ in Eq. (14), we find that

_ _ .r
A =1, f dr(cy)'c}2isin ()

qax <K 1,

(152)

~ iUyq - dyp, (15b)

where ed,; = (vl|er|v) is the matrix element of the dipole
moment. This explicitly reflects the charge-dipole nature of
exciton-electron interactions. Since |v) is a parity eigenstate,
Aff follows the selection rules for optical dipole transi-
tions between the excitonic states. Therefore, A(”]‘_’ is nonzero
only between states of opposite parities, which implies that
I —[==+1, £3,.... Consequently, the diagonal matrix el-
ements vanish, A* =0, and we emphasize that only those
elements coupling distinct excitonic (and continuum) states
are nonzero.

To proceed, we restrict our attention to the effect of the
excess electrons on only the ground excitonic state. The
corresponding exciton-polaron state predominantly consists
of ¢ = ¢, and xxw = xvkk'» With |v) = |0, 0). Provided that
€, €T K €x, the contribution of all excited states is small.
Interactions between them are of second order in er/ex and
can therefore be neglected. If we treat the coupling of excited

states to (only) the ground state |0, 0) perturbatively, then
Eq. (12) simplifies to

(AEé(P — Z Vk’k’k)d’ = Z Vi Xacke' »

k' kk’

(16a)

(AE&“’ - GEE/)ka' = Vkkw ¢ + Z Vikk X - (16b)
k

For a detailed derivation, we refer the reader to
Appendix A.

This set of equations remarkably coincides with the
variational expressions (7) obtained previously within the
phenomenological approach. However, the microscopically
derived interactions,

Ov v0
Ak—k2 Ak,—k

Vit = 3 itk a7)

are intrinsically nonlocal and depend explicitly on the mo-
mentum of the electron before (k) and after (k;) scattering
with the exciton, as well as on the momentum of the redundant
Fermi hole (k') which does not participate directly in the
scattering process. Note that we have taken EXP ~ EJ in the
denominator of Eq. (17). This approximation makes Eq. (16)
tractable and is reasonable because the total energy is only
shifted away from the exciton energy by a small amount (of
the order of g, e7 K €x).

The cornerstone relation of the exciton-polaron theory is
the hierarchy of scales, € ~ er < €x, ensuring that the the-
ory is applicable in a wide range of density of excess charge
carriers. At very low doping, €r < e, three-particle corre-
lations not captured by the theory may be expected to be
important. However, predictions of trion and exciton-polaron
scenarios have been recently found to be almost indistinguish-
able in this regime [47], thus suggesting that the theory is also
applicable at low doping.

Note that our arguments thus far do not specify the in-
teraction between electrons and holes, Ug, which relies on
details of the screening (dielectric or metallic) due to the
surrounding media. For this reason, our developed theory is
applicable to monolayer semiconductors as well as to conven-
tional semiconductor quantum wells (QWs). In the following,
for simplicity, we have chosen to use the 2D Coulomb po-
tential, Uq = 27‘[62/KC], where « is the effective dielectric
constant of the surrounding environment. While this potential
properly captures only the excited excitonic states including
the continuous part of the spectrum, analytic expressions for
the wave functions Cl‘,’ are known, which considerably sim-
plifies the numerics. These wave functions are provided in
Appendix B. (Note that the entire spectrum is reasonably
well described by the Keldysh potential [67-69], which prop-
erly incorporates the dielectric screening in layered systems
[17,70].) In the discussion in Sec. VI, we argue that our results
are very general and therefore extendable to other potentials.

IV. EXCITON-ELECTRON INTERACTIONS

The excitonic spectrum with 2D Coulomb interactions,
Uy = 27e? /kq, admits an analytical solution which has been
extensively discussed in Refs. [78-80] and is summarized
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FIG. 2. Fourier transform of the X-e interactions at doping levels
er = 0 (solid red line) and g = 0.12 €x (dashed blue line). The inset
shows the weak doping dependence for the binding energy er of the
two-particle X-e bound state.

in Appendix B. The spectrum of discrete states, EX =
—ex/(2n 4 1)? where |v) = |n, [), possesses accidental de-
generacy, which is typical for Coulomb problems [80]. Here,
ex = I° /ma% = me*/ h2k? is the binding energy of the ex-
citonic ground state |v) = |0, 0), and ax = i’k /me” is the
average electron-hole separation in that state. The continuous
spectrum of unbound electron-hole pairs, EX = g?ex, can be
labeled |v) = |q, I) by a dimensionless absolute momentum g
and an orbital quantum number /. For numerical calculations
of the effective X-e interactions, we have taken into account
excitonic states withn=1,...,10 and |I| =1, 3, 5 as well
as the whole continuous spectrum with |/| = 1, 3. We have
checked that the contribution of truncated states is negligibly
small.

The derived X-e interaction (17) is doping dependent and
nonlocal in nature. However, it is instructive to introduce its
simplified doping-dependent local counterpart,

VL(@) = Vg,0,0 = Vo,q.0- (18)

This local potential is solely determined by the transferred
momentum q, which implies that the corresponding real-space
potential Vi (r) only depends on the relative distance between
the exciton and electron.

Due to the hierarchy of energy scales €p, er K €x, the
spatial scale over which the polaronic correlations occur can
be estimated by ar =~ ax+/€x/er ~ 3ax. This implies that the
details of the real-space potential profile, corresponding to
Eq. (17), are most important at r = ax. A careful numerical
comparison of the nonlocal (17) and local (18) potentials is
presented in Appendix D, and there we show how the latter
very well approximates the interactions for gax < 1. Evi-
dently, the nonlocal nature of X-e interactions is unimportant
and, at r 2 ax, they are well captured by Eq. (18), which we
use below.

The resulting local interactions Vi (q) at zero doping and
at doping er = 0.12 ¢x are presented in Fig. 2. The doping
dependence of the interaction is weak and its dependence on
momentum at gax < 1 is smooth. This is a signature of the
short-range nature of the interactions and it presents an addi-
tional justification for the contact phenomenological potential
that has been used previously [29-31].

VL(T‘)

are?

262(r? + a2)2

ae?

Interactions, V/ex
AN

- - -
’ L L ~T

0 1 2 3

Interparticle distance, r/ax

FIG. 3. Spatial profile of the local X-e interaction Vi (r) (solid
red line), its approximation by a modified charge-dipole potential
Va(r) (dashed purple line), and the asymptotic behavior at large
interparticle distance (dashed black line).

In the limit of vanishing doping, the polaronic physics
reduces to the two-particle X-e problem. Their bound state
represents a simplified model for the trion and its binding
energy is shown in the inset of Fig. 2. It has a very weak dop-
ing dependence and is equal to €} = 0.106 €x at eg = 0. This
energy is quite close to the numerical solution for the three-
particle trion problem, et = 0.118 €x, with 2D Coulomb
interactions [20,55,56]. This suggests that the low-doping
regime e€p < €7 is also properly captured by the polaronic
theory, in agreement with the conclusions of Ref. [47] where
a detailed comparison of the predictions of trion and XP
theories is presented. The origin of the small discrepancy with
the numerical solution for er is the perturbative treatment
of the excited exciton states—not the local approximation of
interactions given by Eq. (18).

The spatial dependence of the interactions at egp = 0 is
presented in Fig. 3, and it can be accurately approximated by
the following expression:

ae’r

Var) = ———= (19)
2k2(r? + a})®

Here, ay ~ 0.54 ax, and « is the polarizability of the ground
state |0, 0) which, within second-order perturbation theory, is
calculated to be

_ |d0v|2 20
=Y ppy (20)

v

As before, dy, is the matrix element for the dipole moment
between the excitonic ground state and an excited state |v). It
is clearly seen in Fig. 3 that the potential perfectly follows the
classical charge-dipole interaction, —ae?/2«%r* at r > ax,
which is the relevant region for polaronic physics. For this
reason, we refer to the microscopically derived interaction
(17) as a charge-dipole potential.

Numerically, we find that the contributions of discrete ex-
citonic states («p ~ 2«/3) and unbound electron-hole pairs
(ac =~ a/3) to the polarizability of the exciton are comparable
with each other. Thus, the latter is important and cannot be
truncated within the microscopic XP theory. It should also
be mentioned that the low-energy continuum states cannot be
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FIG. 4. Energy dependence of the X-e scattering phase shift 6(£)
with the interactions approximated by Va(r) (solid red line) and
Vi (r) (long-dashed blue line). The result for the contact potential
which reproduces the X-e binding energy e is also shown for com-
parison (short-dashed black line). For all considered interactions, the
phase shift approaches § = —m for E > ex.

approximated by plane waves due to the presence of Gamow-
Sommerfeld enhancement [81].

The interactions between excitons and electrons have also
been recently addressed through other approaches. In partic-
ular, a comprehensive analysis [48] of the energy-dependent
phase shifts 6(E) for X-e scattering has demonstrated that
their low-energy behavior is well captured by the following
modified charge-dipole interaction:

a (3U)2

Vi) = {;ﬁj(w)’ 1> @)
which, importantly, features the same functional form of the
long-range interactions. Here, the potential V, and length a,
(which is comparable to the exciton radius ax) are parameters
used for the fitting of §(E) calculated numerically within
the three-particle problem. Within the spatial range relevant
for the polaronic correlations, r 2 ar ~ 3ax, the potential
V. follows the classical charge-dipole behavior in the same
manner as Va(r) in Eq. (19). However, they have different
short-range behavior at r < ax. In Ref. [48], the interactions
U (r) were approximated by the Keldysh potential, which
complicates a direct comparison between V and V, ; however,
we may still compare the general behavior of the resulting X-e
scattering. To investigate the importance of short-range details
for the X-e potentials, we therefore instead use 2D Coulomb
interactions, U (r) = e?/kr, and we choose the potential Vi
to be continuous, which implies that V, = —e? / 2K2ai. We
then adjust the length a,, = 0.866 ax such that the potential V;{
reproduces the binding energy of the exciton-electron bound
state €7 in this simplified model for the formation of a trion.
The resulting energy dependence of the scattering phase shift
8(E) is presented in Fig. 4, where we see that the results for
Va and V, are almost indistinguishable, demonstrating that
the short-range details of the potentials are not important.
We can further illustrate this point by comparing with the
universal form of the phase shift calculated from a contact
exciton-electron potential that reproduces the same binding
energy, cot§(E) = % In(E /e}). We see that the phase shifts
obtained within the potentials V5 and V, can be reasonably

described by contact interactions, which does not agree with
the conclusions of Ref. [48]. Our calculations, therefore, sug-
gest that the screening of electronic interactions is essential to
resolve this discrepancy.

Previous work has argued that the X-e interactions can be
extracted directly from the matrix element of their scattering,
Vs(q) = Ago [45,82,83]. Its magnitude and sign were shown
to be very sensitive to the ratio between the electron m, and
hole my, masses. In particular, for the balanced case considered
here where m. = my, Vs(q) is zero due to parity arguments
and it is therefore insensitive to the details of the interaction
potential Ug between the electrons and holes [84]. Therefore,
our theory represents the minimal level of perturbation the-
ory necessary to describe the experimentally relevant case of
TMDC monolayers.

The matrix element Vs(q) can be nonzero in the presence
of the exchange channel that appears if the electron within
the exciton and those of the Fermi sea are indistinguishable.
This is relevant in the case of intravalley exciton-electron
correlations in TMDC monolayers and spin-triplet ones in
semiconductor QWs; however, this effect is outside the scope
of the present work.

We conclude that the interactions between an exciton and
an electron of the Fermi sea, given by Eq. (17), are very
well approximated by the local and doping-independent in-
teractions in Eq. (19) that are derived from the two-particle
exciton-electron problem. We use the latter in our numerical
calculations of absorption by XPs.

V. ABSORPTION OF EXCITON POLARONS

A. Derivation of optical conductivity

The absorption of a semiconductor is determined by the
real part of its optical conductivity o(w). Within linear-
response (Kubo) theory, this can be approximated by [85]

T

o(w) =

D KellwPs(ho — EXF).  (22)
"

2e,

Above, J = eve}_ ephp +H.c. is the electric current op-

erator restricted to intraband transitions. Its matrix element is

calculated between the ground state, |g) = ITy <, fkT, |vac), and

the polaronic state with zero momentum, |u®) = P;0| g). The

index w labels an eigenstate of the polaronic equations (16)

l\;vith energy E ,i“’. The corresponding matrix element is given
y

(gldlu) = eve ) ¢up =eveY Cr_opun.  (23)
p v

Here, we have used the decomposition ¢,p = >, Cpdy in
terms of the excitonic states Cl‘;, as written in (11). The con-
tribution of excited states is small at eg < €x and we only
keep the contribution of the ground state, ¢, = ¢,0. If we
assume that the light is circularly polarized and note that
CY_, = V2/max, then the optical conductivity (22) simpli-
fies as follows:

o(w) = opex Y _ 27 |¢ul*8 (0 — E;7) = opexAx(@). (24)
"
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FIG. 5. Optical conductivity o (w)/oy, where oy = €*/h is the
quantum unit of conductance. Interactions between an exciton and
a Fermi sea of excess charge carriers are approximated by either
(a) a charge-dipole or (b) a contact potential, which causes the
excitonic absorption feature to split into attractive and repulsive
exciton-polaron branches.

Above, oy = €?/2mh is the conductivity quantum and we
have introduced the spectral function for excitons dressed into
XPs, Ax(w). The latter naturally appears in the diagrammatic
theory for XPs [29-31]. The frequency dependence of the ab-
sorption is completely determined from the spectral function,
and we have numerically calculated this by using the vari-
ational equations (16) for XPs with local doping-dependent
interactions (18).

B. Doping dependence of optical conductivity

We now proceed to compare the predictions of our
parameter-free microscopic theory for XPs with those of the
phenomenological approach. To this end, we need to adjust e
in the latter, since this is the only free parameter. We have
chosen to use €}, which represents the binding energy for
the two-body X-e state. The numerical calculations require a
broadening [86], and thus we replace 6(w) — ()/X/JT)/(w2 +
y)%), where we take yx = 0.1 e}. Physically, such a broaden-
ing can originate from the radiative decay of excitons or from
their scattering due to disorder or phonons; all of these effects
are inevitably present in real materials.

The doping and frequency dependence of the optical
conductivity o (w) are presented in Fig. 5, both for our charge-
dipole interactions and for the case of contact interactions
[30,86]. The dressing of excitons by the Fermi sea of excess
charge carriers splits them into attractive (redshifted peak) and
repulsive (blueshifted) XPs. Even at a quantitative level, the
predictions between contact and charge-dipole interactions
agree very well, and any difference becomes apparent only
at a moderate doping e€p ~ er. In the following, we charac-
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0.00 0.05 0.10 0.15

Doping, €r/ex

FIG. 6. Doping dependence of the (a) peak position, (b) peak
width, and (c) the associated spectral weight. The solid red and
long-dashed blue lines correspond, respectively, to the attractive and
repulsive XP branches calculated by using charge-dipole interac-
tions. The dot-dashed purple and short-dashed green lines likewise
correspond to those calculated for contact interactions. Black dots
in (a) correspond to the model with infinite exciton mass and are
evaluated with Egs. (25).

terize these attractive (A) and repulsive (R) branches by their
position @ar), Width yar), and spectral weight Zsg) (also
commonly referred to as the oscillator strength).

The doping dependence of the peak positions @aw) is
presented in Fig. 6(a). It is important to separate the effect
of excess charge carriers on the splitting between XPs (A® =
WR — @a) and their synchronous shift. The latter can also be
induced by other factors (e.g., band-gap renormalization and
interactions with phonons) that are material dependent and are
not easy to separate and distinguish. By contrast, the splitting
originates solely from the polaronic dressing and is presented
in Fig. 7. The difference between the predictions of the two
models becomes apparent only at eg = e, but is still much
smaller than A®. Importantly, within both models, the split-
ting increases linearly with e as A@ = er + 3ep/2, which
can be considered as a hallmark of Fermi polaron physics
and agrees with experimental observations [14,19]. The factor
3/2 is given by the ratio between the electron mass m and the
reduced exciton-electron mass 2m/3.

It is instructive to compare these results with the predic-
tions of the exciton-polaron model, where the exciton is taken
to be infinitely heavy. This scenario is known to be exactly
solvable and, according to Fumi’s theorem, the positions of
the peaks are related to the energy-dependent phase shifts
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FIG. 7. Doping dependence of the splitting between the attrac-
tive and repulsive XP branches for both charge-dipole (solid red line)
and contact (dashed blue line) interactions. It is well captured by
relation A@ = et + 3€g/2. Black dots in (a) correspond to the model
with infinite exciton mass that predicts A® = er + €g.

8(E) for X-e scattering as follows [87,88]:

¥ S(E
sz—/ dE(—),
0 T
@ S
WA = —€T — €F —/ dE(—) (25)
0 T

The corresponding results are also shown in Figs. 6(a)
and 7. The position of the attractive branch is well captured
by the infinite mass model, while the shift of the repulsive
one is underestimated. The doping dependence of the splitting
between peaks is also linear, Ad = et + €p, but with the
factor 1 instead of 3/2. This is not surprising since the reduced
exciton-electron mass equals the electron mass m in the case
of the infinitely heavy exciton.

The doping dependence of the peak width yaw) is pre-
sented in Fig. 6(b). In the limit of vanishing doping, €r < ex,
the widths of both XP branches are equal to the bare broaden-
ing for excitons yx. At finite doping, the repulsive XP linearly
broadens with g, while the width of the attractive XP remains
unchanged. This behavior agrees with observations both in
TMDC monolayers [14] and in semiconductor QWs [89,90],
and it is produced by both models with only a small difference
between them, even at moderate doping, €g ~ €.

Figure 6(c) shows the doping dependence of the spectral
weight, Z,r). While the total weight is conserved, Zg + Zx =
1, the doping results in a flow from the repulsive XP branch to
the attractive XP branch until the former disappears. Again,
we see a very good agreement between the results of the
charge-dipole potential and those from the contact exciton-
electron interaction. At a qualitative level, the behavior of
the weights agrees with the experiment [14], which reported
the dependence of absorption on the gate voltage that elec-
trically controls the charge-carrier concentration in a TMDC
monolayer.

VI. DISCUSSION

In this work, we have focused on the experimentally
relevant scenario where the photoexcited electron is distin-
guishable from those of the Fermi sea. The corresponding
band arrangement, presented in Fig. 1, implies the presence
of valley splitting in order for one of the Fermi seas to be

depleted. Since the two valleys are time-reversal partners, this
splitting can be induced either by exchange coupling with a
ferromagnetic substrate or by a magnetic field [61-64]. As
shown in a previous work by some of us [31], the magnetic
field only weakly influences the polaronic physics as long
as hwp K €7, with wg = eB/mc the Larmor frequency for
electrons. For a TMDC monolayer with et & 20 meV, this
condition corresponds to B « 57 T, which is why even a
magnetic field B ~ 20 T can still be considered rather weak.
The combined effect of a magnetic substrate EuS [57] and
a magnetic field 23 T [58] can be estimated to be 7.5 meV,
which is sufficient to probe solely intervalley polaronic corre-
lations, free from Pauli blocking and exchange physics.

We have demonstrated that at g < €y, the X-e interactions
can be approximated by a local potential that depends only
on the relative distance between the exciton and the elec-
tron, and that its dependence on the doping is very weak.
As a result, the presence of a Fermi sea of excess charge
carriers only weakly influences the interactions, and they can
be effectively addressed from the perspective of the three-
particle trion problem. The recent comprehensive analysis
of the energy-dependent phase shifts in the X-e scattering
problem has demonstrated [48] that their low-energy behavior
is well captured by classical charge-dipole interactions, in
agreement with our results and conclusions.

The developed microscopic theory for XPs does not rely
on any particular model for the screening of the Coulomb
interactions. We have chosen the 2D Coulomb potential only
due to the significant simplifications it provides in numerical
calculations. This should predict the excited states in the ex-
citonic spectrum reasonably well, while the ground state is
instead well described by the Keldysh potential [67—-69] that
properly treats the dielectric screening in layered structures
[17,70] (including TMDC monolayers embedded in hBN or
deposited on a dielectric substrate). However, the universal
classical charge-dipole behavior of the calculated X-e interac-
tions suggests a natural generalization of our results to other
potentials, including the Keldysh one. For instance, the X-e
interactions can be approximated by modified charge-dipole
interactions (19), which depend only on the polarizability of
the excitonic state o and on the length ay, which together
incorporate the details of the screening and band structure.
The polarizability can either be obtained from first-principles
calculations [48,91-94] of the quadratic Stark effect for the
ground excitonic state or it can be extracted from optical
absorption measurements in the presence of a direct-current
electric field. The value of ay can then be used as a free
parameter to fit the splitting between the XP branches which,
at low doping, is equal to the trion binding energy.

The scenario where the photoexcited electron is indistin-
guishable from those of the Fermi sea has been addressed
within three-particle physics that is valid in the low-doping
regime, €p < et [20]. In this case, exchange physics limits
correlations, and trions (intravalley ones in TMDCs or spin-
singlet ones in semiconductor QWs) are only stable if there is
a strong imbalance between the masses of electrons and holes
or in the presence of a strong magnetic field [95-99]. While
experiments confirm this prediction, the interplay of exchange
and polaronic physics is still poorly understood. This question
can be naturally addressed based on our proposed variational
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ansatz for the XP state, given by Eq. (5), but this is outside the
scope of the present work.

We have focused on the polaronic splitting for the ground
excitonic state |0, 0) and have considered its coupling to the
excited states perturbatively. The splitting for the excited state
[1, 0) (the other two states |1, £1) are optically dark) that has
been recently reported [100—102] is outside the scope of the
current work, but the ability of our approach to address this
physics appears promising.

Details of the X-e interactions are especially important if
they reside in closely spaced layers. The strong interlayer
polaronic coupling opens new avenues to control the motion
of excitons via the strong Coulomb drag effect [54], which
cannot be captured by standard perturbative approaches [103].
Moreover, control over the flow of neutral excitons via electric
and magnetic fields has recently been experimentally demon-
strated [53].

To conclude, we have microscopically derived X-e interac-
tions with the help of variational and perturbative approaches.
The interactions only weakly depend on doping and can be
well approximated by the classical charge-dipole potential.
We have calculated the doping dependence of the optical
conductivity and demonstrated that this is well captured by a
model that instead uses a phenomenological exciton-electron
contact potential. This indicates that including the finite range
of interactions is not essential to capturing the physics of
exciton polarons.

Note added. Recently, we became aware of a recent se-
ries of related papers [104-106]. These papers address the
trion/exciton-polaron physics with coupled two- and four-
particle correlation functions, and they are both consistent
with and complementary to our microscopic theory based on
the variational approach.
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APPENDIX A: PERTURBATION THEORY

This Appendix works through the perturbative approach to
dealing with the contributions of excited states, ¢, and x,kk ,
in the variational equations (12). If we neglect interactions be-
tween the excited states themselves (since they are of second
order in e1/€x), then these amplitudes become

> e AV ok
b= = ex (Ala)
X AR b0+ Dk EO 1 XOkK’ (Alb)
vkk’ —
EXP — EX — ekk

Note that in this section, momenta satisfy the conditions
k, k > kg and k', k' < kg due to the presence of the Fermi
sea. After inserting the above amplitudes into the equations

for ¢9 = ¢ and ok = xxk’, Which correspond to the ground
state |v) = |0, 0), we obtain
( AE)? — ZVk’k/k/>¢ kak’k’)(kk/ (A2a)
Kk’

(AEST — ) ik = Siae + Ve d + Z Vikk Xk -
k

(A2b)

Here, AEJ? = EXP — EX is the energy of the exciton-
polaron state EXP defined with respect to the energy of the
excitonic ground state EX. These expressions (A2) coincide
with the system of equations (16) presented in the main text,
except for the additional term

AR
S = Z EXP _

v#0

P IIC

However, we now prove that this term is zero. First we
note that due to rotational symmetry, xii above depends
only on the relative angle 6g; between momenta k and k'.
Furthermore, the matrix element A"O g can be factorized

as Al‘io =10 e " F (k, k', Og) [see Eq. (C2) later]. Here,
IT; = sin(7w|l|/2) is the parity factor that is nonzero for only
odd values of [, and F(k, k', 6z ) depends only on the rel-
ative angle between momenta 6gg . If we shift the angular
integration in Eq. (A3) to d6zdby — dbgp d6p and integrate
over df,, then we find that only excited states with / = 0 can
contribute. However, their contribution in fact vanishes due to
the parity factor I1y = 0. As a result, the term Sk is zero and

Eq. (A2) reduces to Eq. (16) in the main body.

APPENDIX B: THE SPECTRUM OF EXCITONIC STATES

In this Appendix, we briefly review the analytic solution
to the 2D Coulomb problem [78—-80]. The spectrum consists
of a discrete component that corresponds to bound excitons,
and also a continuum of unbound electron-hole pairs. The dis-
crete excitonic spectrum is labeled by radial n =0, 1,2, ...
and orbital [ = —n, ..., n quantum numbers. These can be
combined into a single index |v) = |n, [), which is used in the
main text of the paper. The corresponding binding energies
EX = —5c2ex do not depend on [ and therefore feature the ac-
cidental degeneracy known for Coulomb problems [80]. Here,
s, =1/2n+ 1), and ex = me*/h*«? is the binding energy
for the ground excitonic state. The associated real-space wave
functions sz = R,;;(r)®;(6;) can be written as a product of
the angular part ®,;(6,) = el / /27 and the radial part R (r),
given by

2N, )i _
Ru(r) = ==—=p""L}", (p)e*/>. (B1)
Above, p = 2sz,r/ax, and ax = i’k /me? is the average sepa-
ration between electron and hole in the excitonic ground state.
In addition, L (x) are generalized Laguerre polynomials and

N,; is the normalization coefficient, where

N2, =

— B2
= ! (B2)
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The continuous spectrum for unbound electron-hole pairs
is labeled by the dimensionless absolute momentum ¢ and
the orbital quantum number / = —o0, ..., 0o. Again, these
can be combined into a single index |v) = |q,[), and the
corresponding energies are EX = g?ex. The wave functions
Cl f= R4 (r)®;(6;) can again be presented as a product where
now the radial part R, (r) is given by

2Ny

Ry(r) = a—P|l|1F1<
X

i

1 .
I+ =21 +1,ip |e .
2q+||+2 [ + w)e

(B3)
Here, p = 2qr/ax, and Fi(a, b, z) is the Kummer confluent

hypergeometric function. The normalization coefficient N is
written as

Sqi 7/q
qu - — )
QNN 1+ e7/a

where S is given by S0 = 1 for / = 0 and

Ly + ! (BS)
S PR — —
2 442
otherwise. The wave functions for bound excitonic states and
unbound electron-hole pairs determine the X-e interactions

via the matrix element for X-e scattering. This matrix element
A" ;. is presented below in Appendix C.

(B4)

|71

Sa =11

s=1

APPENDIX C: SCATTERING MATRIX ELEMENT

This Appendix discusses the matrix element Al\iD—l_( of X-e

scattering with transferred momentum, k — k. The exact ex-
pression for the scattering matrix element is

VD V¥ D e (k—l_()l‘
Ak—l_( = Uk—R/dr (Cl_) Cr 2i sin T . (Cl)

By employing the explicit form of the spectrum from the
2D Coulomb problem, presented in Appendix B, this matrix
element can be rewritten as follows:

2mé?
=i

M, ;e D%A (ke &, 0 )M (C2)

v
A Ik—k|’

k—k

where 6, is the relative angle between k and k. Here, the

parity factor IT;, the angle factor A(k, k, 6% ), and the integral
M." are given by

IT;

! _
sin <%> AR, ) = —— %

[e ]
M = / rder(r)RD(r)zJU,,-‘ (ﬂ) (C3)
0 q 2
Above, R, (r) is the radial part of the wave function C;, and
J.(2) is the nth-order Bessel function of the first kind. Impor-
tantly, IT,_; is nonzero only if / — [ is odd, which implies that
the states |v) and |V) have opposite parities. For this reason,
the matrix element of elastic X-e scattering is zero, AEV—R =0,
and hence X-e interactions appear only at second order in
perturbation theory. (We discuss that further in Appendix E.)
This argument is based solely on the symmetries of the exci-
tonic states and is insensitive to details of the electron-hole

\ _ 1
e
1.0 05 — 00 -1.0

Realtive angle, Oy,

FIG. 8. Dependence of the nonlocal interaction, Vy k,k’, on both
the magnitude k’ax of the Fermi-hole momentum and its relative
angle 6y . It is calculated for the momenta magnitudes k;ax =
kyax =1 and for two values of the relative angle between them,
Okx, =0and .

interaction, Ug. The latter impacts only on the magnitude
of M;".

APPENDIX D: NONLOCAL EXCITON-ELECTRON
INTERACTIONS

This Appendix presents a comparison between the mi-
croscopically derived nonlocal exciton-electron interaction
Vkkok (17) and its local approximation Vi.(q) (18) with q =
k; — k;. The nonlocal interaction potential Vi, k,k is doping
dependent and a function of three momenta k;, k;, &’ and two
relative angles ,k,, Ok k-

First, we notice that the dependence of the interaction
Vkkk on the momentum of the redundant Fermi hole, k'
and O,k is extraordinarily weak for any k; and k, and 6, .
(Recall that this hole is not directly involved in the scattering
event.) We illustrate this in Fig. 8 for kjax = kxax = 1 and
for two values of their relative angle, 6k, = 0 and 7. As a
result, the nonlocal potential is very well approximated by its
value atk’ = 0.

A preliminary comparison between the interactions, Vi, k.o
and V_(q), shows that the discrepancy between them,
AVkk, = V0 — VL(Q)], achieves a maximum at kjax =
krax. Their dependencies on these magnitudes of momenta
and the angle between them, 6y, , are presented in Figs. 9 and
10 for ep/ex = 0 and 0.12 (respectively). Due to the ordering
of energy scales, e < €x, the length scale of the polaronic
correlations is estimated to be ar &~ ax+/€x/er ~ 3ax, which
corresponds to gax ~ 1/3. It is clear that the local potential
quite well approximates X-e interactions in the regime where
gax < 1. Therefore, the nonlocal nature of these interactions
is important only at gax 2 1, corresponding to an X-e separa-
tion that is smaller than the exciton size.

APPENDIX E: EXCITON-ELECTRON SCATTERING

In this Appendix, we connect the matrix element A(”l‘_’ pre-
sented in Appendix C with the amplitude for X-e scattering.
We additionally argue that the potential derived in Ref. [45]
appears to be incorrect. If we treat the exciton as a structure-
less bosonic particle, then its scattering is solely determined
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FIG. 9. (a) Nonlocal interactions Vi, k0, (b) the local one Vi.(q)
with q = k; — k;, and (c) the discrepancy between them AVy x, =
[Viko0 — VL(q)|. Their dependencies on the momenta magnitudes
kiax = krax and the relative angle 6y, /7 are depicted for e = 0.

via interactions with electrons, Vs(q). This can be expressed
by the scattering amplitude within the Born approximation,

Vs(@) = (folHx-clio)- (ED)

Here, |i,) = X5, filg) and |£,) = ij).(+q fJeTq| g) are the ex-
citonic states before and after scattering, with label v, and
|g) is the unexcited Fermi sea. The electron fl}; and exciton

ijx operators have been, respectively, introduced in Egs. (1)
and (4). Importantly, here, the exciton is assumed to reside in
the ground state, v = 0, which indicates that the scattering is
elastic.

The scattering matrix element (E1) can be evaluated mi-
croscopically by recalling the composite nature of the exciton
and substituting Hyx_. with H.¢ + Hy¢ [the first and second
terms in Eq. (2)]. A straightforward calculation Vs(q) = AJ

W/ 27r€xa§ o

=

-0.8 -04 0

Momentum, kjax = ksax

[ -
0 0075 0.15

0.5 1.0
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FIG. 10. (a) Nonlocal interactions Vi, ,e, (b) the local one V;.(q)
with q = k; —k,, and (c) the discrepancy between them AVy x, =
[Viko0 — VL(@)|. Their dependencies on the momenta magnitudes
kiax = krax and the relative angle 6,/ are depicted for eg =
0.12 ex.

then yields
Vs(@) = (fol(Het + Hh-r)lio)

: E2
- Uq Z (Cl())) (Cl())—q/Z - Cl())+q/2) =0. ( )
P

Above, A7 is the scattering matrix element between states v
and v, which is discussed in Appendix C. We see that Vs(q) =
0 because A'” is nonzero only between states of different
parities (explained in Appendix C). Thus, we conclude that
there is no contribution to X-e interactions from first-order
perturbation theory. The vanishing scattering amplitude Vs(q)
reflects the fact that X-e interactions appear due to the polar-
ization of the exciton by the electric field of the electron. This
process appears at second order in perturbation theory, with
no contribution at first order.
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