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Unconventional filling factor of 4/11: A closed-form ground-state wave function
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The ground state at 4/11 filling factor is very well understood, Mukherjee et al. [Phys. Rev. Lett. 112,
016801 (2014)] in terms of the 1/3-filled second effective Landau level of the composite fermions whose
correlations resemble that of electrons in the ground state of a two-body Haldane pseudo-potential of relative
angular momentum 3, V3. We here propose a closed-form ground-state wave function for V3 at 1/3 filling
factor. We successfully compare it with the exact wave function for systems with a few electrons by calculating
their mutual overlap, pair-correlation function, and entanglement spectra. By numerical exact diagonalization
for a few electron systems, we find a window of nonzero V3 is essential together with V1 for being 4/11
state incompressible. The constructed wave function for the 4/11 state using this proposed wave function has
satisfactorily high overlap with previously studied composite-fermion-diagonalized ground-state wave function.

DOI: 10.1103/PhysRevB.103.075304

I. INTRODUCTION

Most of the fractional quantum Hall effect (FQHE) [1,2]
in the lowest Landau level (LL) belonging to the sequences of
filling factors ν = n/(2pn ± 1) and 1 − n/(2pn ± 1) are gen-
erally understood as a ν∗ = n integer quantum Hall effect [3]
(integer number of the filled effective LL, called � level) of
composite fermions (CFs) [4,5] carrying 2p vortices, denoted
as 2pCFs. Amongst many other unconventional FQHE states
in the lowest and higher LLs, the FQHE states in the range
1/3 < ν < 2/5 are particularly intriguing [6]. The states such
as 4/11, 5/13, 3/8, and 6/17 within this range are observed in
the experiments [7–9], although the latter two are not yet fully
confirmed as there are no hints of flattening of the correspond-
ing Hall resistances. These states correspond to respective
fractional fillings ν∗ = 1 + 1/3, 1 + 2/3, 1 + 1/2, and 1 +
1/5 of 2CFs, i.e., � = 0 is completely filled and � = 1 is par-
tially filled with respective fractions ν̄ = 1/3, 2/3, 1/2, and
1/5. The neutral modes of excitations of these states display
extremely low magnetoroton energies [10]. While ν̄ = 1/5
seems to be a conventional [11] FQHE of CFs, the correlations
for other three states can only be understood through uncon-
ventional [12–14] mechanisms: (i) Moore-Read Pfaffian [15]
correlation, which is the exact ground state for a short-ranged
three-body potential at ν̄ = 1/2; (ii) Wojs-Yi-Quinn (WYQ)
correlation [16], i.e., the ground state of a two-body Haldane
pseudopotential [17] V3 (where Vm is the model potential with
two-body relative angular momentum m), at ν̄ = 1/3 and its
particle-hole conjugate partner 2/3. However, the absence of a
suitable trial wave function of ν̄ = 1/3 in the literature eludes
us for knowing a closed-form ground-state wave function for
ν = 4/11 and further investigations of its properties.

Our primary focus in this paper is proposing a trial wave
function of 1/3 WYQ state through several validity checks
such as overlap with the exact wave function for a few elec-

tron systems, pair-correlation function [18] and qualitative
low-energy features of the corresponding neutral mode in the
single-mode approximation [19], and entanglement spectra
(ES) [20]. Unlike the Laughlin state [2], the counting of states
in the ES is found to be consistent with two Abelian edge
modes [21]. The satisfactorily well trial wave function for
WYQ state enables us to construct a closed-form ground-state
wave function at ν = 4/11 that has high overlap with the pre-
viously found composite-fermion diagonalized (CFD) ground
state [13]. In addition, we investigate why the wave function
for a V3 model potential is necessary for understanding the
4/11 state while its neighboring conventional states 1/3 and
2/5 are well understood [5] only through the model potential
V1.

A two-body interaction operator V̂ for fermions con-
fined in the lowest LL, in general, may be expressed in
terms of two-particle projection operators |m〉〈m| as V̂ =∑

m (odd) Vm|m〉〈m|, where |m〉 denotes the two-particle state
with relative angular momentum m, and Vm is the so-called
Haldane pseudopotential [17] describing energy of the state
|m〉. For the Coulomb interaction in the lowest LL, V1

dominates over other pseudopotentials. The Laughlin wave
function at ν = 1/3 with flux-shift 3, i.e., number of flux
quanta, Nφ = 3N − 3, is the exact ground state of V1 and
the other conventional FQHE states with filling factors ν =
n/(2n ± 1) can be reproduced by the model potential V1 only.
The Laughlin wave function for ν = 1/5 with Nφ = 5N − 5
is the zero-energy ground state for V1 = V3 �= 0 and vanishing
other higher order pseudopotential components. The WYQ
state [16] at ν = 1/3 corresponding to the ground state of
V3 occurs for Nφ = 3N − 7. The pseudopotential V3 for CFs
dominates over V1 for the effective interaction between 2CFs
in the second � level [22,23]. Therefore, the FQHE of 2CFs
in � = 1 should primarily be feasible for V3 only. This is why
the ground-state wave function for ν = 4/11 that corresponds

2469-9950/2021/103(7)/075304(10) 075304-1 ©2021 American Physical Society

https://orcid.org/0000-0003-3885-0484
https://orcid.org/0000-0002-4864-840X
https://orcid.org/0000-0003-0665-0218
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.103.075304&domain=pdf&date_stamp=2021-02-11
https://doi.org/10.1103/PhysRevLett.112.016801
https://doi.org/10.1103/PhysRevB.103.075304


DAS, DAS, AND MANDAL PHYSICAL REVIEW B 103, 075304 (2021)

to 1/3 FQHE of 2CFs in � = 1 are well-described [13] by the
WYQ correlation.

In Sec. II, we begin by ruling out a simple possibility
of a trial wave function like an extension to the CF wave
function when only the third effective LL is completely filled,
as the trial wave function for the WYQ state at ν = 1/3.
We then propose a successful trial wave function for this
state as we find its reasonably high overlap with the exact
ground state up to 14 electrons. We have also shown that
overlap with the exact wave function may further be sub-
stantially improved by incorporating a simple extension of
this proposed wave function by their suitable superpositions.
For further checking the consistency of the proposed wave
function, we calculate pair-correlation function, neutral mode
of excitation within the single-mode approximation, and ES
that are qualitatively and even quantitatively close to that for
the exact state. Although the minimum gap for the neutral
mode is an order of magnitude lower than the Laughlin state
at the same filling factor, the finite gap ensures that the wave
function represents an incompressible state. The low-lying ES
indicates the label counting of the edge states as 1, 2, 5, . . .,
suggesting two Abelian edge modes [21] for the WYQ 1/3
state. The trial wave function for WYQ 1/3 state is then
used to construct a trial wave function for the 4/11 state in
Sec. III. This wave function has been shown to have high
overlap with the CFD [24] ground state [13], which is close
to the exact state. In Sec. IV, we obtain a phase diagram in
V1–V3 parameter space and identify the region for which 4/11
becomes an incompressible state. The phase diagram indicates
that a window of V3 needs to be essentially mixed with V1 for
an incompressible 4/11 state, consistent with our constructed
wave function which consists of a part that is incompress-
ible for the V3 pseudopotential. Section V is devoted to a
discussion about the future direction of study. In Appendix
A, we have developed a method for how a many-body wave
function in spherical geometry can be decomposed into the
linear combination of determinants of occupied single-particle
basis states. In Appendix B, we have reexpressed single-
particle basis functions [5] of the lowest two � levels in a
form [25] which shows similarity with the basis functions in
a disk geometry [5]. Appendix C shows how a many-body
wave function for the lowest LL can be recast for the � = 1
level.

II. TRIAL WAVE FUNCTION FOR WYQ 1/3 STATE

Since the WYQ 1/3 state occurs for Nφ = 3N − 7 in con-
trast to Nφ = 3N − 3 for the Laughlin wave function,

�
1/3
L =

∏
i< j

(uiv j − u jvi )
3, (1)

which is also same as the CF wave function [4,5], it is tempt-
ing to write a trial wave function

�
1/3
CF,2 = PLLL

∏
i< j

(uiv j − u jvi )
2 χ2({ui, vi}), (2)

where χ2 is the wave function for the � = 2 level being
completely filled by the CFs while keeping the lower � levels
with � = 0 and 1 completely empty, and PLLL represents

TABLE I. Overlaps of the wave function �
1/3
V3

with �
1/3
CF,2, �

1/3
L−R,

and �
1/3
L−MR including appropriate normalizations at ν = 1/3 for N

electrons. The numbers in (..) indicate the Monte Carlo uncertainty
in the last significant digits. ∗For N = 5, �

1/3
CF,2 identically vanishes.

�
1/3
L−R is exact for N = 5.

N 〈�1/3
V3

|�1/3
CF,2〉 〈�1/3

V3
|�1/3

L−R〉 〈�1/3
V3

|�1/3
L−MR〉

5∗ − 1.0 −
6 0.299(2) 0.89017 0.99762
7 0.213(2) 0.91661 0.95505
8 0.205(3) 0.88519 0.92107
9 0.158(5) 0.76491 0.90428
10 − 0.72486 0.86071
11 − 0.753(4) 0.863(2)
12 − 0.773(6) 0.854(2)
13 − 0.781(3) 0.836(2)
14 − 0.777(2) 0.824(1)

projection onto the lowest LL. Here u j = cos(θ j/2)eiφ j/2 and
v j = sin(θ j/2)e−iφ j/2 are the spherical spinors in terms of
spherical coordinates for jth electron in a spherical geome-
try [17] of radius R = √

Q in the unit of magnetic length,
� = (h̄c/eB)1/2, with magnetic monopole charge Q = Nφ/2
residing at the center of the sphere. Since the overlap of
�CF,2 with the exact ground state has not been found to be
impressive (Table I), it cannot be considered as a satisfactory
trial wave function.

We here propose the ground-state wave function of V3 at
1/3 as

�
1/3
L−R({ui, vi}) =

N∏
i< j

(uiv j − viu j )
3 S (RN ) , (3)

RN =
[

N∏
i=1

(uivi+1 − viui+1)−2

]
, (4)

where the extra factor RN represents a ring correlation be-
tween N electrons; electrons are arranged in a closed ring (see
Fig. 1) with uN+1 = u1 and vN+1 = v1 . Here S represents the
symmetrization for N identical particles. It is easy to check
that the angular momentum of the wave function Eq. (3),
L = 0. Although there appears a singularity in RN when two
electrons are closed, it is removed in �

1/3
L−R and Pauli exclusion

principle is restored. The corresponding wave function in the
disk geometry will read (by dropping ubiquitous Gaussian
factor)

�
1/3
L−R({z j}) =

N∏
i< j

(zi − z j )
3 S

(
N∏

i=1

(zi − zi+1)−2

)
, (5)

with z j = (x j − iy j )/� and zN+1 = z1.
We determine the ground-state wave function �

1/3
V3

by ex-
actly diagonalizing [26] the pseudopotential V3 with Nφ =
3N − 7. The incompressible (the lowest energy state is at
L = 0 only) ground state is obtained for N � 5. The over-
lap between �

1/3
V3

and �
1/3
L−R, 〈�1/3

V3
|�1/3

L−R〉 obtained by the
method of decomposition into the single-particle eigenbasis
(DSPEB) introduced here (see Appendix A) for smaller N
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FIG. 1. Schematic arrangement of ten particles in closed rings
where spheres represent electrons and the connecting lines be-
tweenith and jth electrons represent the function (uiv j − viu j )−2.
Diagrammatic representations of the ring functions: (a) R10,
(b) R7R3, (c) R6R4, and (d) R5R5.

and by the Monte Carlo method in the Metropolis algo-
rithm for larger N is tabulated in Table I. While the latter
method has statistical uncertainty, the former provides an ex-
act value, albeit limited to a lesser number of particles. We
find that �

1/3
L−R is exact for N = 5, but the overlap somewhat

decreases with the increase of N . However, much improved
overlap is obtained by mixing functions RN with RN−kRk

where k = 3, 4, . . . , (N − 1)/2 (N/2) for odd (even) N . Here
kmin = 3 because a ring is possible for at least three par-
ticles. These rings for N = 10 are schematically shown in
Fig. 1 and the corresponding variational ground-state wave
function is denoted as �

1/3
L−MR. The weight factors of the

wave functions (not mutually orthogonal) constructed with
ring functions RN−kRk in �

1/3
L−MR are tabulated in Table II.

As the construction of exact real space wave function in
each Monte Carlo step becomes computationally expensive
for larger N due to exponential growth of basis states, we are
able to compare our proposed wave function with the exact
wave function up to N = 14 only for which the number of
basis states is ∼4.8 × 107. The overlap 〈�1/3

V3
|�1/3

L−MR〉 de-
creases with N , yet it seems to have a reasonably high value
in the thermodynamic limit (Fig. 2). Although the overlap
〈�1/3

V3
|�1/3

L−R〉 decreases very fast with the increase in N up to
N = 10, thereafter it slowly increases with N and approaches
〈�1/3

V3
|�1/3

L−MR〉.
Having shown �

1/3
L−MR is a variationally improved trial

wave function above, we find below that �
1/3
L−R is indeed a

topologically sufficient trial wave function for the WYQ 1/3
state by comparing the corresponding pair-correlation func-
tion, neutral mode of excitation, and the state counting in the

TABLE II. Weight factors with signs of different normalized ring
wave functions (up to two rings) in �

1/3
L−MR. We note that the sum of

the square of the weight factors are not necessarily one as the ring
wave functions are not mutually orthogonal.

N RN RN−3R3 RN−4R4 RN−5R5 RN−6R6 RN−7R7

5 1.0 – – – – –
6 0.779 −0.465 – – – –
7 0.817 −0.315 – – – –
8 0.764 −0.315 −0.126 – – –
9 0.423 −0.612 −0.196 – – –
10 0.374 −0.579 −0.278 −0.096 – –
11 0.348 −0.473 −0.372 −0.160 – –
12 0.380 −0.344 −0.382 −0.212 −0.126 –
13 0.426 −0.231 −0.313 −0.242 −0.175 –
14 0.414 −0.172 −0.250 −0.268 −0.218 −0.147

low-lying sector of the ES with that of the exact ground state.
�

1/3
L−R is thus adiabatically connected to �

1/3
L−MR and �

1/3
V3

, and

in turn topologically distinct from �
1/3
L .

A. Pair-correlation and neutral mode

In Fig. 3, we show pair correlation function g(r) =
1

Nρ0
〈∑i< j δ(r − ri j )〉 with mean electron density ρ0 and in-

terparticle separation ri j = ri − r j for N = 10 in the ground
states of �

1/3
V3

and �
1/3
L−R. The simple trial wave function

�
1/3
L−R satisfactorily reproduces all the essential features of

g(r) that one finds with the exact state, in particular, the
unusual (not present for Laughlin state [18]) hump appears
(usually found for non-Abelian states like the Moore-Read
state [29]) at r ∼ 2.5�. These g(r) are then exploited to
determine neutral modes of excitations by the method of
single mode approximation which was originally developed
by Girvin-MacDonald-Platzman (GMP) [19,28]. The mode
is determined by using a previously derived expression

FIG. 2. Overlaps 〈�1/3
V3

|�1/3
L−R〉 and 〈�1/3

V3
|�1/3

L−MR〉 tabulated in
Table I versus 1/N . The line is a guide to the eye.
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FIG. 3. Top panel: (a) Pair correlation function obtained for
N = 10 using the wave functions �

1/3
V3

(dashed line) and �
1/3
L−R

(solid line); Inset: Thermodynamic extrapolation of g(r) for the
wave function �

1/3
V3

in the damped-oscillatory form [27] g(r) = 1 +
A(r/�)−α sin(βr/� − γ ) used earlier for the oscillatory part, where
A, α, β, and γ are numerical constants. Bottom panel: (b) Dispersion
of the GMP mode �(q). Inset: The lowest LL-projected structure
factor S̄(q) calculated using thermodynamically extrapolated g(r)
and further fitting with the GMP form [19,28] g(r) = 1 − e−r2/(2�2 ) +∑

m (odd)(2/m!)(r2/4�2)mcme−r2/(4�2 ), where the coefficients cm [up to
a suitable maximum value of m for picking up the oscillations in
g(r)] are to be determined by fitting.

[19,28]

�(q) = 2(S̄(q))−1
∫

dk
(2π )2

sin2

(
q × k

2
�2

)
e−q2�2/2

× [
v(|k − q|)eq·(k−q/2)�2 − v(k)

]
S̄(k), (6)

where projected structure factor S̄(k) = S(k) − 1 + e−k2�2/2

and v(q) = ( 2πe2

εq )e−q2�2
L3(q2�2) is the momentum-dependent

potential [30] corresponding to the V3 pseudopotential
component of the Coulomb interaction. Here S(k) =
1 + n0

∫
dreik·r[g(r) − 1] is the static structure factor,

where the mean electron density n0 = ν/2π�2 and
L3(q2�2) is the third-order Laguerre polynomial. The
neutral modes for �

1/3
L−R agrees quite well with that

for �
1/3
V3

. Unlike [28] the Laughlin wave function,
both of these show two side-by-side roton minima and

FIG. 4. Entanglement spectra obtained by the method of particle
partitioning in real space. NA (NB) is the number of particles in
northern (southern) hemisphere of the spherical geometry. LA

z is the
z component of the total orbital angular momentum of subsystem A.
(a) and (b), respectively, for �

1/3
V3

and �
1/3
L−R with NA = 4 and NB = 4.

(c), (d), respectively, for �
1/3
V3

and �
1/3
L−R with NA = 5 and NB = 4.

The counting of low-lying levels (starting from the maximum value
of LA

z = 22 for the system N = 8 electrons and LA
z = 28 for N = 9)

for �
1/3
L−R is in agreement with that for �

1/3
V3

. The low-lying levels are
counted as 1, 2, 5,....

the minimum gap is much lower than the Laughlin
state.

B. Entanglement spectra

The state counting in the low-lying ES [20,31–35] has now
been routinely used for determining the number of states at
the edges [21] of FQHE systems. It therefore has been very
useful for determining the topological nature of a FQHE state.
The entanglement spectrum of an incompressible ground state
is characterized by an entanglement gap separating low-lying
spectrum from the high-energy sector [36].

The ES are generally obtained by partitioning the system
into two subsystems in a number of ways, namely, orbital par-
titions, particle partitions, and partitions in real space. Here,
we employ the method described in Ref. [33] by dividing
the sphere into two hemispheres A (upper hemisphere) and B
(lower hemisphere), so the Fock space of the Hamiltonian H
is partitioned into two parts HA ⊗ HB. Using Schmidt decom-
position [37], a many-body ground-state wave function for the
whole system can be decomposed into the linear combination
of the products of states in two subsystems,

|ψ〉 =
∑

i

e−(1/2)ξi
∣∣ψ i

A

〉 ⊗ ∣∣ψ i
B

〉
, (7)
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FIG. 5. Entanglement spectra with particle partitioning for �
1/3
L–R

as described in the caption of Fig. 4. Here NA = NB = 5 (N = 10)
and the low-lying spectra starts from maximum value of LA

z = 35.5.
The low-lying level counting is found as 1, 2, 5, . . ., which matches
with the counting of two chiral edge modes [21].

where, |ψ i
A〉 ∈ HA, |ψ i

B〉 ∈ HB, 〈ψ i
A|ψ i

A〉 = 〈ψ i
B|ψ i

B〉 =
δi j and ξi represents entanglement energy for the ith state.
Therefore, ξi can be obtained by diagonalizing the reduced
density matrix for a subsystem, say A, i.e., ρ̂A which may
be obtained by tracing over B degrees of freedom of the full
density matrix: ρ̂A = TrB[ρ̂]. If the subsystems contain NA

and NB numbers of electrons, respectively, the total azimuthal
angular momentum of the subsystems, LA/B

z = ∑NA/NB

k=1 lk
z with

lk
z = −Q, . . . ,+Q [lk

z is positive (negative) in A (B)]. We
determine ES for each LA

z separately. In Fig. 4, we compare
ES for N = 8 and 9 electrons calculated using the trial wave
function �

1/3
L−R with that for the exact wave function �

1/3
V3

of
WYQ state at 1/3 filling. The state counting for the low-lying
states in the spectra of �

1/3
L−R matches that with �

1/3
V3

. The
counting goes as 1, 2, 5, . . ., which is further confirmed
(Fig. 5) in the spectra of N = 10. This sequence of counting
resembles two Abelian edge modes [21]. This indicates that
the WYQ 1/3 state has two edge modes rather than one,
as evidenced for the Laughlin 1/3 state. Two magnetoroton
minima in the neutral mode (Fig. 3) for the bulk excitations is
consistent with the two edge modes.

III. CLOSED-FORM WAVE FUNCTION FOR 4/11 STATE

In Ref. [13], the ground-state wave function for ν = 4/11
was proposed as the CF-WYQ wave function,

�
4/11
CF−WYQ = PLLL

[1,N]∏
i< j

(uiv j − u jvi )
2 �

1+1/3
WYQ , (8)

TABLE III. Overlaps of the wave function �
4/11
CFD with �

4/11
CF−WYQ,

�
4/11
L−R, and �

4/11
L−MR for N electrons of which N∗ electrons in � = 1

level. The numbers in (..) indicate the Monte Carlo uncertainty in the
last significant digits.

N N∗ 〈�4/11
CFD |�4/11

CF−WYQ〉 〈�4/11
CFD |�4/11

L−R〉 〈�4/11
CFD |�4/11

L−MR〉
12 5 1.0 1.0 –
16 6 0.9985(1) 0.893(1) 0.9977(0)
20 7 0.9834(1) 0.976(1) 0.9800(0)
24 8 0.9351(2) 0.892(1) 0.9551(4)
28 9 0.9627(2) 0.790(3) 0.9093(6)

where �
1+1/3
WYQ is the determinant with � = 0 completely filled

by N − N∗ particles and 1/3-filled � = 1 level with N∗ =
N/4 + 2. Here the WYQ wave function for the 1/3 state
is the exact numerical wave function (linear combination of
N∗ × N∗ determinants when N∗ particles occupy certain sin-
gle particle states) for the ground state of the pseudopotential
V3.

As we now have a trial wave function [Eqs. (3) and (4)] for
�

1/3
V3

, we explicitly construct the corresponding wave function
for ν = 4/11 as

�
4/11
L−R =

[1,N]∏
i< j

(uiv j − u jvi )
2 A

[
[N∗+1,N]∏

k<l

(ukvl − ulvk )

×
(

[1,N∗]∏
j

Q j

)(
Dα�

1/3,N∗
α,L−R ({ui, vi})

)]
, (9)

Here antisymmetrization A may be performed conveniently
by multiplying the corresponding factor (−1)

∑
j j with each

of the combinations NCN∗ , where j represents the particle
number associated in the second � level, the second �

level projection factor Qj = ∑[1,N]
l �= j v jvl (u jvl − ulv j )−1 into

the lowest � level, and Dα represents numerical factor (see
Appendixes B and C for details) associated with α basis of the
DSPEB of �

1/3,N∗
L−R . However, the detailed numerical factors

and need for DSPEB is special for the spherical geometry.
The proposed wave function in the disk geometry will have a
much simpler structure,

�
4/11
L−R =

[1,N]∏
i< j

(zi − z j )
2A

[ [N∗+1,N]∏
k<l

(zk − zl )

(
[1,N∗]∏

j

Pj

)

×�
1/3,N∗
L−R ({z j})

]
exp

[
− 1

4�2

∑
j

|z j |2
]
, (10)

with Pj = ∑[1,N]
l �= j (zl − z j )−1 and the explicit form of �

1/3,N∗
L−R

is shown in Eq. (5) for N∗ particles.
The overlap of the trial wave function �

4/11
L−R (9) with the

CFD [24] wave function [13] �
4/11
CFD for ν = 4/11 is tabulated

in Table III. The overlaps are reasonably high and it is fur-
ther increased with the trial wave function �

4/11
L−R replaced by

�
4/11
L−MR. A comparison has also been made with the overlap

〈�4/11
CFD |�4/11

CF−WYQ〉 reported earlier [13]. In Fig. 6, we com-

pare the energies corresponding to �
4/11
CFD , �

4/11
L−R, and �

4/11
L−MR

075304-5
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FIG. 6. Ground-state energy per electron versus 1/N for �
4/11
CFD

(circles), �
4/11
L−R (triangles), and �

4/11
L−MR (diamonds). The correspond-

ing linearly fitted lines are extrapolated to determine the ground-state
energies in the thermodynamic limit.

states for various N . The linear extrapolations of these data
determine the respective thermodynamic energies per parti-
cle as −0.4141(4), −0.4140(3), and −0.4153(5) in the unit
e2/(ε�) where ε is the dielectric constant of the background.
Surprisingly, the energy of the trial wave function is very
close to that of the CFD wave function. As the overlaps
〈�4/11

CFD |�4/11
L−R〉 for the systems that we have studied are rea-

sonably high and the ground-state energies corresponding to
these states in the thermodynamic limit are very close, the trial
wave function Eq. (9) may be regarded as a good trial wave
function in spherical geometry for the ν = 4/11 state.

IV. PHASE DIAGRAM

We recall that the neighboring conventional states of 4/11,
i.e., 1/3 and 2/5 are understood through the model pseu-
dopotential V1 only. On the other hand, the unconventional
incompressible 4/11 state is understood through a wave func-
tion which is partly constructed with a wave function that
describes an incompressible state for V3 pseudopotential. This
indicates the 4/11 state should not be incompressible for V1

alone, and V3 pseudopotential must have a substantial role
for the state’s incompressibility. For investigating whether or
not this assertion is true, we obtain a phase diagram (Fig. 7)
in V1–V3 parameter space by performing exact diagonaliza-
tion for the 4/11 state with N = 12 electrons and hybrid
pseudopotentials and examining the state’s nature. Clearly,
unlike its neighboring conventional states, the 4/11 state is
not incompressible for V1 alone. Also, V3 alone cannot make
the 4/11 state incompressible. A window of V3/V1 < 1 makes
the 4/11 state incompressible. Because the values of V1 and
V3 for Coulomb potential in the lowest LL are in the same
order of magnitude with V1 > V3, unconventional states like

FIG. 7. Phase diagram for 4/11 state obtained for N = 12 elec-
trons. The filled region indicates the regime of incompressible
ground state. The gradient in the color coding indicates the overlap of
the exact ground state wave function in the hybrid pseudopotentials
of V1 and V3 with the CFD ground-state wave function. We consider
the phase as incompressible when the ground state is obtained at zero
angular momentum and no other state is degenerate to this state.

4/11 and 5/13 are incompressible along with their immediate
neighboring conventional states 1/3 and 2/5.

V. DISCUSSION

In this paper, we have proposed a trial wave function for
the WYQ 1/3 state in terms of a product of the Laughlin
wave function and a ring function in which all electrons are
correlated with two other electrons only. The ES of this wave
function as well as the exact wave function indicates that
this state consists of two edge modes rather than one. This
wave function has further been used for the 1/3-filled second
� level along with the completely filled lowest � level for
constructing a wave function for the 4/11 state. This indicates
that the 4/11 state should have three gapless edge modes.
It will be interesting to study the currents flowing through
each of the channels, thereby determining the charge of the
quasiparticle for the 4/11 state. All our results are based on
the calculations on a sphere. We have also proposed analogous
trial wave functions for a disk geometry.

Another approach would be development of the conformal
field theory for the WYQ 1/3 state, thereby determining the
ground-state wave function followed by proving its adiabatic
connection with our proposed wave function.
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APPENDIX A: DECOMPOSITION OF A TRIAL
MANY-BODY WAVE FUNCTION IN SINGLE-PARTICLE

EIGENBASIS

Consider a general many-body wave function with total
angular momentum L = 0 in a spherical geometry as

� = A
N∏

i< j

(uiv j − u jvi )
ni j , (A1)

where u j = cos(θ j/2)eiφ j/2 and v j = sin(θ j/2)eiφ j/2 are the
spherical spinors for the jth electron in terms of spherical
angles 0 � θ j � π and 0 � φ j � 2π , the integer exponent
ni j � 1 (requirement due to Pauli exclusion principle) de-
pends on pair of electrons with the constraint

∑
j ni j = N�

for any electron with N� being the total number of flux
quanta. In general, ni j may not be equal for all N (N − 1)/2
pairs and hence antisymmetrization represented by A must be
performed with different permutations of the pairs. We note
that the ground-state wave function of any FQHE state can
be obtained by diagonalizing the many-body Hamiltonian in
the linearly independent many-body basis functions Eq. (A1),
which may be obtained for different sets [38] of ni j with the
above constraint. Considering η j = u j/v j , the wave function
in Eq. (A1) can be recast as

� =
∏

j

v
N�

j �({η j}) ; �({η j}) = A
N∏

i< j

(ηi − η j )
ni j , (A2)

where �({η j}) is an antisymmetric polynomial of degree
NN�/2. We then factor out the Vandermonde determinant
V = ∏N

i< j (ηi − η j ) from the function �({η j}), i.e.,

�({η j}) = V �̃({η j}) ; �̃({η j}) = S
N∏

i< j

(ηi − η j )
ni j−1 (A3)

will be a symmetric polynomial of degree N (N� − N + 1)/2,
where S represents the symmetrization over the permutation
of particles.

The symmetric polynomial �̃({η j}) can be expressed in the
symmetric monomial [39] basis M{μ} given by

M{μ} =
∑
P{μ}

N∏
i=1

η
{μ}
i , (A4)

with distinct set {μ} ≡ (μ1, μ2, . . . , μN ) in descending or-
der such that 0 � μi � N� − N + 1 and

∑N
i=1 μi = N (N� −

N + 1)/2. Here the summation over P{μ} represents all the
permutations of the entries in the set {μ}. We thus have [40]

�̃({η j}) =
∑

α

mαMα≡{μ}, (A5)

where we associate a number α for a distinct set of {μ}, the
dimension of α is equal to the number of distinct symmetric

polynomials, and the coefficient mα is the weight factor of the
symmetric polynomial Mα .

The symmetrization in Eq. (A3) involves addition of N!
terms of the permutation, in general. It is a rather daunting
task even with the use of MATHEMATICA [41] for algebraic
manipulation with such a huge number of terms because
each term consists of several monomial basis functions. We,
however, exploit the form of the function

∏N
i< j (ηi − η j )ni j−1

for one of the terms of the permutation to obtain mα without
explicit consideration of other (N! − 1) terms. We first expand∏N

i< j (ηi − η j )ni j−1 as a sum of terms, each as products of the
monomials in all the coordinates ηi. These terms belong to
several groups identified with the appropriate set α. By adding
the coefficients of all the terms in a set α, we find m′

α . We
then inspect entries of μi in the set α ≡ (μ1, μ2, . . . , μN ) and
count the number of equal entries. If all the μi’s are different,
m′

α gets renormalized for all the N! terms. However, if there
are nλ identical entries with λ = 1, . . . , k, then m′

α normalizes
to

mα = m′
α

k∏
λ=1

nλ! . (A6)

The symmetric polynomial �̃({η j}) can also be expanded
in the Schur basis [39], where the Schur functions are given
by

S{μ}(η1, η2, . . . , ηN ) ≡

∣∣∣∣∣∣∣∣∣∣

η
μ1+N−1
1 η

μ2+N−2
1 · · · η

μN
1

η
μ1+N−1
2 η

μ2+N−2
2 · · · η

μN
2

...
...

. . .
...

η
μ1+N−1
N η

μ2+N−2
N · · · η

μN
N

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ηN−1
1 ηN−2

1 · · · 1

ηN−1
2 ηN−2

2 · · · 1
...

...
. . .

...

ηN−1
N ηN−2

N · · · 1

∣∣∣∣∣∣∣∣∣∣

.

(A7)
We thus have [40]

�̃({η j}) =
∑

α

sαSα≡{μ}({η j}) , (A8)

where the Schur coefficients sα are to be determined.
From combinatorial theory, the Schur basis functions

Eq. (A7) is identified as a sum of monomials over semistan-
dard Young tableaux (SSYT) of shape α ≡ (μ1, μ2, . . . , μN )
and which are in turn related to monomial symmetric basis
functions Eq. (A4):

Sα (η1, η2, . . . , ηN ) =
∑

β

KαβMβ (η1, η2, . . . , ηN ) . (A9)

The non-negative integer element Kαβ is the number of SSYT
of shape α and weight β, called a Kostka number [39]. The
matrix K which we evaluate here using SAGEMATH [42] is an
upper-triangular matrix with unity diagonal elements. Using
Eqs. (A5), (A8), and (A9), we find

mβ =
∑

α

sαKαβ, (A10)
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which determines sα as

sα = mα −
α−1∑
β=1

sβKβα . (A11)

In the spherical geometry, the single-particle eigenfunc-
tions for the lowest LL are given by [5]

φλ(u, v) =
[

2Q + 1

4π

(
2Q

Q − λ

)]1/2

(−1)Q−λvQ−λuQ+λ,

(A12)
where 2Q = N� is the total number of flux quanta, λ =
−Q,−Q + 1, . . . ,+Q indicate quantum numbers of the de-
generate states in the lowest LL. By defining Q + λ = l and
η = u/v, we find

φl (u, v) = v2Q Nlη
l ; Nl =

[
2Q + 1

4π

(
2Q
l

)]1/2

(−1)l ,

(A13)
with l = 0, 1, . . . , 2Q. Therefore, the Schur functions
Eq. (A7) can be constructed with the single-particle basis
functions Eq. (A13). The determinant in the numerator of the
Schur functions are then related with the many electron basis
functions which can be expressed in terms of single particle
basis functions.

Equations (A2), (A3), (A7), (A8), and (A13) determine �

with many-body determinant basis functions as

� =
∑

α

sα∏N
i=1 Nμi+N−i

×

∣∣∣∣∣∣∣∣∣∣

φμ1+N−1(1) φμ2+N−2(1) . . . φμN (1)

φμ1+N−1(2) φμ2+N−2(2) · · · φμN (2)
...

...
. . .

...

φμ1+N−1(N ) φμ2+N−2(N ) · · · φμN (N )

∣∣∣∣∣∣∣∣∣∣
, (A14)

where l = 0, . . . , 2Q in φl (i) are the spherical quantum num-
bers, (i) is the shorthand of (ui, vi ), and α ≡ (μ1, . . . , μN ).

Example: As an illustration for the use of the above al-
gorithm, we consider the Moore-Read wave function [15] in
spherical geometry for N = 4 with N� = 2Q = 5:

�MR =
4∑

i< j

(uiv j − u jvi )
2 Pf

(
1

uiv j − u jvi

)
, (A15)

=
4∏

j=1

v5
j

4∏
i< j

η2
i jA

(
1

η13η24

)
, (A16)

where ηi j = ηi − η j and Pf(A) represents Pfaffian of the anti-
symmetric matrix A. We thus find

�̃({η j}) = S[η12η14η23η34] . (A17)

As prescribed above, without performing explicit symmetriza-
tion here, we just consider the bracketed term above, i.e., the
polynomial P({η j}) = η12η14η23η34. An expansion of P({η j})
yields

P({η j}) = ( − η2
1η

2
3 − η2

2η
2
4

) + (
η2

1η2η3 − η2
1η2η4

+η2
1η3η4 + η2

4η1η2 + η2
4η2η3 − η2

4η1η3

−η2
2η1η3 + η2

2η1η4 + η2
2η3η4 + η2

3η1η4

+η2
3η1η2 − η2

3η2η4
) + (−2η1η2zη3η4), (A18)

which corresponds to three sets of {μ}, namely, (2,2,0,0),
(2,1,1,0), and (1,1,1,1) denoted by α = 1, 2, and 3, respec-
tively. Therefore, �̃({η j}) is the addition of M1, M2, and
M3 which, respectively, are the symmetric monomials con-
structed upon symmetrization of the respective group of terms
within the parentheses in Eq. (A18). We find m′

1 = −2, m′
2 =

4, and m′
3 = −2, which are the sum of the coefficients of

these respective groups. In the sets, two entries occur twice,
one entry occurs twice and two entries occur once, and
one entry occurs four times, respectively, for α = 1, 2, and
3. Therefore, m1 = m′

1 × 2!2! = −8, m2 = m′
2 × 2!1!1! = 8,

and m3 = m′
3 × 4! = −48.

We now determine the upper triangular K matrix whose
nonzero elements Kαβ are the Kostka numbers [39] describing
the number of SSYT possible of shape α and weight β, where
α and β describe three sets, namely, (2,2,0,0), (2,1,1,0), and
(1,1,1,1). We thus find

K =

⎛
⎜⎝

1 1 2

0 1 3

0 0 1

⎞
⎟⎠ . (A19)

We next evaluate sα using Eqs. (A11) and (A19) and find s1 =
−8, s2 = 16, and s3 = −80. Using Eq. (A14), we therefore
find (ignoring overall constant factor)

�MR ≡ 1√
3

∣∣∣∣∣∣∣∣∣

φ5(1) φ4(1) φ1(1) φ0(1)

φ5(2) φ4(2) φ1(2) φ0(2)

φ5(3) φ4(3) φ1(3) φ0(3)

φ5(4) φ4(4) φ1(4) φ0(4)

∣∣∣∣∣∣∣∣∣

− 1√
3

∣∣∣∣∣∣∣∣∣

φ5(1) φ3(1) φ2(1) φ0(1)

φ5(2) φ3(2) φ2(2) φ0(2)

φ5(3) φ3(3) φ2(3) φ0(3)

φ5(4) φ3(4) φ2(4) φ0(4)

∣∣∣∣∣∣∣∣∣

+ 1√
3

∣∣∣∣∣∣∣∣∣

φ4(1) φ3(1) φ2(1) φ1(1)

φ4(2) φ3(2) φ2(2) φ1(2)

φ4(3) φ3(3) φ2(3) φ1(3)

φ4(4) φ3(4) φ2(4) φ1(4)

∣∣∣∣∣∣∣∣∣
, (A20)

which is precisely the same as the exact ground-state
description of three-body pseudo-potential for which the
Moore-Read [15] wave function is exact.

APPENDIX B: SINGLE-PARTICLE BASIS FUNCTIONS
FOR FIRST AND SECOND � LEVELS IN SPHERICAL

GEOMETRY

For the 2CFs, the effective monopole flux 2q =
2Q − 2(N − 1) and thus quantum numbers m = −q, −q +
1, . . . , q and m = −(q + 1), −q, . . . , (q + 1) are present
for single-particle basis functions, respectively, in � = 0
and 1.

The eigenbasis function in � = 0 are given by

φ̃(0)
m (u, v) =

[
2q + 1

4π

(
2q

q − m

)]1/2

(−1)q−mvq−muq+m,

(B1)
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which may be written for the jth particle as

φ̃
(0)
l ( j) ∼ (−1)l

(
1

l!(2q − l )!

)1/2

v
2q
j ηl

j (B2)

(up to the l-dependent part of normalization factor) with l =
0, 1, . . . , 2q and η j = u j/v j , by defining l = q + m.

The single-particle eigenfunctions in � = 1 are given by

φ̃(1)
m (u, v) =

[
2q + 3

4π

(q + 1 − m)!(q + 1 + m)!

(2q + 1)!

]1/2

×
[(

2q + 1

q + 1 − m

)
vv∗ −

(
2q + 1

q + 1 + m

)
uu∗

]

× (−1)q+1−mvq−muq+m, (B3)

with m = −(q + 1), −q, . . . , (q + 1); while the first term in
the bracket is excluded for m = −(q + 1), the second term
is excluded for m = q + 1. The lowest-LL projected basis
functions are then found to be for the jth particle [25] as

φ̃
(1)
l,proj = N (1)

l v
2q
j ηl

j

[(
2q + 1

l − 1

)(
Qj − N − 1

η j

)

+
(

2q + 1

l

)
Qj

]
, (B4)

with l = q + 1 + m, i.e., l = 0, 1, . . . , 2(q + 1), (l �= 0 for
the first term and l �= 2(q + 1) in the second term inside the
bracket), η j = u j/v j , Qj = ∑

k �= j (v jvk )/(u jvk − ukv j ), and

N (1)
l = [ 2q+3

4π

(2q+2−l )!l!
(2q+1)! ]

1/2
(−1)l . Now dropping the functions

which are already included in the basis functions of � = 0, we
find the basis states (keeping only the l-dependent constant
factor of the normalization constant),

φ̃
(1)
l,proj( j) ∼ (−1)l

(
1

l!(2q + 2 − l )!

)1/2

v
2q
j ηl

j

×
{

l
(
Qj − N−1

η j

)
for l = 2(q + 1)

Qj otherwise.
(B5)

We note that Eqs. (B2) and (B5) have close resemblance with
the corresponding wave functions in disk geometry [5].

APPENDIX C: CONVERSION OF MANY-BODY WAVE
FUNCTION FOR LOWEST LANDAU LEVEL

TO � = 1 LEVEL

Using the method of DSPEB developed above, we can
decompose �

1/3,N∗
L−R for N∗ particles in terms of single-particle

basis φ̃
(0)
l [see Eq. (B2)] of � = 0 as

�
1/3,N∗
L−R

∣∣
�=0

=
∑

α

Cα

∣∣∣∣∣∣∣∣∣∣∣∣

φ̃
(0)
l1

(1) φ̃
(0)
l2

(1) · · · φ̃
(0)
lN∗ (1)

φ̃
(0)
l1

(2) φ̃
(0)
l2

(2) · · · φ̃
(0)
lN∗ (2)

...
...

...
...

φ̃
(0)
l1

(N∗) φ̃
(0)
l2

(N∗) · · · φ̃
(0)
lN∗ (N∗)

∣∣∣∣∣∣∣∣∣∣∣∣
α

. (C1)

For constructing �
1/3,N∗
L−R -like wave functions in � = 1, we

need to replace φ̃
(0)
li

by φ̃
(1)
li

in Eq. (C1). Now exploiting

the common terms in the expression of φ̃
(0)
li

and φ̃
(1)
li

[see
Eqs. (B2) and (B5)], we are able to express

�
1/3,N∗
L−R

∣∣
�=1

=
N∗∏
j=1

Qj

∑
α

Dα

×

∣∣∣∣∣∣∣∣∣∣∣∣

φ̃
(0)
l1

(1) φ̃
(0)
l2

(1) · · · φ̃
(0)
lN∗ (1)

φ̃
(0)
l1

(2) φ̃
(0)
l2

(2) · · · φ̃
(0)
lN∗ (2)

...
...

...
...

φ̃
(0)
l1

(N∗) φ̃
(0)
l2

(N∗) · · · φ̃
(0)
lN∗ (N∗)

∣∣∣∣∣∣∣∣∣∣∣∣
α

, (C2)

with an exception that φ̃
(0)
2q+2( j) should be multiplied by the

factor 1 − (N − 1)/(η jQ j )

Dα = Cα

N∗∏
i=1

(
1

(2q + 2 − li )(2q + 1 − li )

)1/2

. (C3)
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