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Hall viscosity in the A phase of superfluid *He
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We construct the effective field theory for the A phase of superfluid *He up to the next-to-leading order in
the derivative expansion. To this end, we gauge the internal global symmetries of the theory on curved space
by introducing the background gauge fields and spatial metric so as to expose a hidden local symmetry known
as nonrelativistic diffeomorphism. Nonrelativistic diffeomorphism is particularly useful to yield an additional
constraint on the effective field theory and reveal a universal expression for the Hall viscosity in the A phase.
We find it five orders of magnitude larger than that in the B phase under a magnetic field so that its experimental
observation is more feasible by measuring the induced elliptic polarization of sound waves.
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I. INTRODUCTION

Recent developments in topological material science orig-
inate from the discovery of the quantum Hall systems [1,2].
The topological properties are encoded into their time-reversal
odd dissipationless transport coefficient known as the Hall
conductivity [3]. The Hall viscosity [4,5] is a viscous analog
of the Hall conductivity and possibly appears in three-
dimensional anisotropic liquids with broken time-reversal
symmetry as well as in time-reversal odd liquids in two
dimensions. It is related to an adiabatic response to deforma-
tions of the spatial geometry [6,7] and attracts considerable
attention as an analogous index to the Hall conductivity that
can distinguish topological phases. Theoretical studies have
been performed in various systems, such as integer [6,8] and
fractional quantum Hall systems [9-15], topological insula-
tors [16—19], chiral superfluids and superconductors [20-22],
the superfluid *He B phase (Balian-Werthamer state) [23], and
so on [24-30]. Although a number of its observable signatures
has been proposed [31-38], the Hall viscosity has rarely been
measured in experiments except for graphene [39] and col-
loidal chiral fluid [40].

Toward further experimental measurements of the Hall vis-
cosity, it is still meaningful to determine the Hall viscosity
in other systems and predict how it appears in observable
quantities. Here, we turn to the superfluid *He A phase
(Anderson-Brinkman-Morel state) [41]. This phase is real-
ized at zero temperature under a sufficiently large magnetic
field, where *He atoms form spin-triplet p-wave Cooper pairs
spinning around a spontaneously fixed axis. Thanks to their
intrinsic angular momentum, the ground state spontaneously
breaks the time-reversal and space-rotation symmetries, SO
that the A phase naturally satisfies the conditions for a non-
vanishing Hall viscosity. Therefore, one may expect a larger
Hall viscosity in the A phase compared to the B phase, where
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the above conditions are satisfied only by applying an external
magnetic field [23].

In spite of such an expectation, it is theoretically difficult to
analyze the A phase quantitatively. This is because *He atoms
are strongly interacting, so that the perturbative expansion
is no longer valid. Hence, a reliable approach beyond the
perturbative expansion is highly desired. We here employ
the effective field theory based on the symmetries and the
systematic derivative expansion following Refs. [20,23,42].
This approach is valid at zero temperature and thus applicable
to the A phase under a sufficiently large magnetic field. The
effective field theory is constructed on low-energy degrees
of freedom, such as Nambu-Goldstone bosons and gapless
fermions, and is expanded systematically in terms of their
derivatives. Because its form is constrained by the symmetries
of the system, it is important to recognize all the available
symmetries of the A phase.

To this end, it is advantageous to construct the effective
field theory in the presence of the background gauge fields
and the background spatial metric. The benefit is that such
background fields expose a hidden local symmetry known
as nonrelativistic diffeomorphism [42]. Importantly, nonrel-
ativistic diffeomorphism yields an additional constraint on the
effective field theory that remains even when the background
fields are turned off. We will find that the resulting universal
expression for the Hall viscosity in the A phase is a natural
three-dimensional generalization of that in the chiral super-
fluid in two dimensions [20-22]. Furthermore, it will turn out
to be five orders of magnitude larger than that in the B phase
under a reasonable magnetic field [23]. We emphasize that our
predictions are based solely on the symmetries and the sys-
tematic derivative expansion, so that they are nonperturbative,
model independent, and quantitatively reliable.

This paper is organized as follows. In Sec. II, we start
our discussion by clarifying the global symmetries, building
blocks, and power counting in the A phase. We then construct
the effective Lagrangian up to the next-to-leading order in the
derivative expansion. Subsequently, we compute the particle
number current and the stress tensor from the constructed
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effective Lagrangian and determine the universal expression
for the Hall viscosity in the A phase in Sec. III. Furthermore,
we estimate the elliptical polarization of sound waves induced
by the Hall viscosity, which serves as an experimental observ-
able. Finally, Sec. IV is devoted to a summary of our results.
Throughout this paper, we work in real-time formalism in
three-dimensional space. Spacetime and spatial indices are de-
notedas o, v =1, x', x2, x> and i, j = x', x2, x3, respectively.
Spin indices are given by s, s’ = 1, |, and the Pauli matrices
acting on them are given by 0% (¢ = 1, 2, 3). Summations
over repeated indices are implicitly understood.

II. EFFECTIVE FIELD THEORY

A. Symmetries

Microscopically, *He atoms are described by nonrelativis-
tic spin-1/2 fermions v(x) of mass m with a density-density
interaction and have global continuous symmetries [23]:

U(n x SUQR)s x Gspacetimea (D

where U(1)y is associated with the particle number con-
servation and SU(2)s is the spin-rotation symmetry. The
spacetime symmetry Ggpacetime includes the SO(3) space rota-
tion, spacetime translation, and Galilean invariance. Note that
the microscopic theory also has time-reversal and parity sym-
metries. Throughout this paper, we neglect the dipole-dipole
interaction between *He atoms.

For later convenience, we couple the system to background
fields and promote the global symmetries to local ones. To
this end, we introduce the U(1)x and SU(2)s gauge fields,
Au(x) and By (x) = B (x)o® = H(x)8,, + 8B, (x), as well
as the spatial metric g;;(x) = ej’(x)e;f(x) so as to place the
system on a curved spatial manifold. Here, H(x) and 8B, (x)
represent an applied magnetic field and a perturbation around
it, respectively, and the vierbein e{ (x) defines a local orthog-
onal coordinate (a,b =1, 2, 3). A,(x) and B, (x) give us the
U(1)n and SU(2)s gauge invariance:

Yy (x) = U )y (x), (2a)
A (x) = A, (x) + 0, (x), (2b)
B, (x) — U(x)BM(x)U+(x) — iBMU(x)UJ’(x), (2¢)
where ¢*® e U(1)p and U (x) € SU(2)s. On the other hand,
el (x) yields the local rotational SO(3)x invariance: ef(x) —
Rah(x)eib(x) [R(x) € SO(3)r]. Furthermore, thanks to the
spacetime-dependent metric g;;(x), the system has infinites-
imal nonrelativistic diffeomorphism [23]:

(t,x") = (t,x' + E(x)), (3a)
Yx) = Yx) — EX [P (x), (3b)
A (x) = A (x) — EX(0)3A (x) — 3,EX (DA(x),  (Be)

Ai(x) = Ai(x) — EX(0)0A(x) — 3E" (0)AL(x)
—mg;; (X)3,&/ (x), (3d)
Bi(x) = B,(x) — £X(x)&B; (x) — 3,£* (x)Br(x),  (3e)
Bi(x) — Bi(x) — X (0)8Bi(x) — 9:£* ()Br(x), (3
ef(x) > ef(x) — E () el (x) — dE* (Def(x),  (3g)

gij(x) = gij(x) — EX(x)dhgij (x)
— 3 ()gr; (x) — 3;EF () gu (x). (3h)

The nonrelativistic diffeomorphism invariance is larger than
the spatial general coordinate invariance introduced by a time-
independent metric and is regarded as a local extension of the
Galilean invariance [42]. Therefore, after gauging the global
symmetries, *He atoms have the following local continuous
symmetries:

U()ny x SUR)s x SOB)r x GNR-difeo- 4)

We then explain low-energy degrees of freedom in the
A phase of superfluid *He, which serve as ingredients for
the effective field theory. The ground state in the A phase
spontaneously breaks the internal symmetries as [41]

U(Dx x SOB3)r x SUQ2)s
= U(ny-r xU(l)s x (Z2)n-s- )

While the spin symmetry breaks down to its U (1) subgroup,
the former two symmetries break down to the subgroup
U(1)n—r, which is generated by simultaneous rotations of
U(1)n and SO(3)R. Details of these unbroken symmetries
as well as the discrete one are clarified below in Sec. II B.
Thanks to the spontaneous symmetry breaking, the A phase
hosts five gapless Nambu-Goldstone bosons. In addition to
the Nambu-Goldstone bosons, Bogoliubov quasiparticles in
the A phase are gapless at two points in momentum space,
which are described by left- and right-handed Weyl fermions
[41]. Therefore, the effective field theory for the A phase
should consist of the Nambu-Goldstone bosons and the Weyl
fermions.

B. Building blocks

Let us introduce the Nambu-Goldstone bosons and de-
scribe the building blocks of our effective field theory in
the boson sector. In the presence of fluctuations associated
with the Nambu-Goldstone bosons, the gap function, or the
superfluid order parameter, takes the form of

(Ys(X) 3Py (x)) o 2POR 1, (X)PE(do (X))io 15y, (6)

Here, we introduced a U (1) phase 8(x), a three-component
real scalar d,(x) with dj(x) =1, an SO3)r matrix R, (x),
and ¢o = (1/+/2,i/+/2,0). d,(x) transforms in the adjoint
representation under SU(2)s, while 6(x) and R(x) trans-
form in the following ways under e*® e U(1), and Q(x) €
SOB3)r:

O(x) = 6(x) + Alx), (7a)
R(x) = QX)R(x). (7b)

Suppose that the fluctuations are turned off, i.e., 8(x) = 6,
R(x) =13, and d,(x) = 843. Then, the order parameter is
invariant under the spin rotation ¢'%" € U(1)s C SU(2)s as
well as under the simultaneous rotations of U (1) by A/2 and
SO(3)% by —A around ly = (0, 0, 1)7. These are the unbroken
symmetries U (1)a—r and U(1)s in Eq. (5). Note that the or-
der parameter is also invariant under 6(x) — 6(x) + 7 /2 and
dy(x) = —dy(x), which corresponds to the discrete (Z;)ar—s
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symmetry in Eq. (5). This discrete unbroken symmetry re-
duces the number of possible terms at the next-to-leading
order.

While d,(x) describes the two Nambu-Goldstone bosons
in the spin sector, 8(x) and R(x) have four components
and are redundant corresponding to the unbroken symmetry
U(1)ar—w. This redundancy in the U (1)x x SO(3)% sector
is removed by the invariance of the order parameter (6) under
local transformation:

O(x) = 6(x) + A(x)/2, (8a)
R(x) — R(x)e ) (8b)

with (L. )a, = —i€® being a generator of SO(3)%.
The covariant derivatives for these dynamical fields take
the forms of

D,0(x) = 3,0(x) — A, (x), (9a)
D, R(x) = [0, — iw, (x)]R(x), (9b)
Dyudy(x) = 0,dy(x) + €*P7 8BS (x)d, (x). (9¢c)

Here, w,,(x) is the spin connection, which is a gauge field for
the SO(3)% symmetry defined as [20,23]

1 . 1
w(x) = | — =€ (x)d,e5(x) + =€ DyAp(x) | L, (10a)
2 J 2m

wi(x) = — e (0)[0i€)(x) — T (x)ed ()] L., (10b)

where I‘f‘j(x) denotes the Christoffel symbol of the spatial
manifold. The magnetic field of A, (x) appears in Eq (10a) so
that the spin connection transforms as a vector under nonrela-
tivistic diffeomorphism. This is the most crucial consequence
of the nonrelativistic diffeomorphism invariance.

The SU(2)s sector of the effective field theory can be
constructed by combining d,(x) and its covariant derivative
D, d,(x). On the other hand, we take the coset construction
approach [43,44] to build the U(1)ar x SO(3)% sector. The
minimal combinations invariant under the internal symmetries
are the Maurer-Cartan forms:

D,6(x), Xﬁ(x):%e“b"[—iR_](x)D,LR(x)]bC. (11)

We parametrize the fluctuations in the coset [U(1)n X
SOB)RI/U()N-r as

lax«
mv,(x) = D,0(x) + 0 g(X), (12a)
X{,(x) = X{(x) — 515X (x). (12b)

While the latter transforms as a vector under SO2)y—r =~
U(1)n—r, the former is invariant and called the velocity
vector because it transforms under nonrelativistic diffeomor-
phism as

v (x) = v, (x) — EX ) v (x) — EX () vky,  (130)
vi(x) = vi(x) — EX )i (x) — EX () (x)
+ g (X)3,E* (x). (13b)

This expression (12a) is a natural generalization of that for
the chiral superfluid in two dimensions [20], and it plays an
essential role in Sec. II D. Note that the unbroken symmetry

shifts X, (x) = [§X;(x), so that this quantity appears only in
the covariant derivatives via minimal coupling.

On the other hand, the Bogoliubov quasiparticles are gap-
less at the points k = £k¢ly in momentum space with k¢
being the Fermi momentum. Thus, the microscopic *He field

is decomposed as follows at low energy:
Y ~ MY () + ey (), (14)

and ¥1o(x) = e PWyr, (x) are employed as building blocks
in the fermion sector. The covariant derivative for the fermion
fields is then given by

Dy ro(x) = [0, — iX)u(x)/2 — iB, ()]Yzo(x).  (15)

C. Power counting

The effective Lagrangian is constructed on the building
blocks explained above and is expanded systematically in
terms of their derivatives. Thus, we must clarify our power
counting scheme for the derivative expansion. We regard

0.0(x), R(x), dy(x), Au(x), Hy(x), ef(x) (16)
as O(8%) and
0y, 8BL(x), Yio(x) 17)

as O(d") quantities. It is possible to consider 3,60 (x) as O(3°)
because the U (1), symmetry prohibits 6(x) from appearing
without derivatives (see Refs. [20,21,23,42] for similar discus-
sions). ¥o(x) are regarded as O(d') because the density of
Bogoliubov quasiparticles must be small at zero temperature.
Consequently, fermion bilinear terms do not appear in the
effective Lagrangian up to the next-to-leading order in the
derivative expansion.

D. Effective Lagrangian

Based on the power counting scheme explained above,
we now construct the effective Lagrangian at (O(3°). Only
polynomials of

Ox) = —m[v,(x) + M} (18a)
D(x) = 3Hy (), (18b)
W(x) = 3dy () Hy ()] (18¢)

are scalars under nonrelativistic diffeomorphism. Thus, the
most general effective Lagrangian is an arbitrary function of
O(x), (x), and ¥(x), which takes the form of

LOx) = fo(O(x), D(x), ¥(x)). (19)

This arbitrary function f; can be identified as the pressure of
a ground state at the leading order [42]. This is because we
have ® = p and a constant d,, for the ground state, so that the
arbitrary function is related to the particle number density and
the spin density as

ad
p(u, Hy) = a—fo(,u, Hy), (20a)
12
_ 9fo
sa(M» Ha) - E(P@ Hoz)- (20b)

064506-3



FURUSAWA, FUIJII, AND NISHIDA

PHYSICAL REVIEW B 103, 064506 (2021)

On the other hand, the following two terms at O(3') are
allowed by the time-reversal and parity symmetries and the
unbroken discrete symmetry:

L) = fiO), dx), ¥(x))

x €*PY d,(x)Hg (x)[D; + v'(x)D;1d, (x), (21a)
L) = f(O), D(x), W(x)) do (x)Hq (x)

x iHg(X)[D; + v (x)D;1dp (x), (21b)

where f; and f, are arbitrary functions. The covariant
derivative in the temporal direction must enter the effective
Lagrangian in the combination [D; + vi(x)D;] because of
the nonrelativistic diffeomorphism invariance. Note that the
derivatives of H,(x) are neglected because we are eventually
interested in situations with a constant magnetic field. Finally,
the effective Lagrangian up to the next-to-leading order in the
derivative expansion reads

2
LO) + L), (22)

n=1

Lefr(x) =

III. HALL VISCOSITY

A. Universal expression

To derive the Hall viscosity from the effective Lagrangian
constructed above, we need to identify the orbital angular
momentum density, which appears in the particle number
current, and compute a part of the stress tensor in the A phase.
The particle number current is obtained by differentiating the
effective action,

Sur = / /500 Latt (), (23)

with respect to the background U(1)n gauge field A, (x).
When it is varied as A, (x) — A, (x) + 84, (x), we find

8Seir = / d*x\/g(0)[ p(x)8A (x) + T (0)8A;(x)],  (24)
where the particle number density and current are defined as

fo

p) = S5 (O). (), \If<x>)+2pn<x> (252)
X n=1
JH@) = pGv' () + Ji (0) + D Ji(x) (25b)
with .
Ji () = Sijk(X)Di;[Z(X)lk(X)]' 26)

Here, the contributions from E,ﬂl)(x) are denoted as p,(x)
and J,(x) for simplicity and &'/%(x) = €™ (x)el’ (x)e™ (x)
is defined. We also introduce the / vector [,(x) = Rab(x)lé’ and
Zi(x) = p(x);(x)/2. Zi(x) represents the orbital angular mo-
mentum density originating from the spinning Cooper pairs
because it contributes to the orbital angular momentum as

L; =m/d x e (IR (x) = /d3x7,-(x). 7

Note that the particle number current (25b) does not include
the term of J! (x) o e (x)1; (x)[€*¢1,(x)Dpl.(x)], which is
nonvanishing when €Dyl .(x) # 0 [41]. Such a term is for-
bidden in our approach because it results from the Lagrangian
density muv; (x)J;,,m (x) violating the nonrelativistic diffeomor-
phism invariance.

We then consider a variation with respect to the vierbein

ef(x) to obtain the stress tensor, which is defined as

1 Setf
aj bl 28
Jg_<x>[ D5y “(x) O3 5ei(x J 29

For the effective action (23), the stress tensor takes the form
of

Ti<i(x) _

T (x) = g7(x)Legr(x) — mpx)v' (x)v/ (x)
+ mvi(x)J-f(x) + mvj(x)Ji(x)
— i GOV (x) + O(3). (29)
Here, V;;j(x) = [Div;(x) + D;v;(x) + 3;g,,(x)]/2 denotes the

strain-rate tensor and the Hall viscosity nHa“ (x) is found to be

L&)
lj kl
Hdl] ( ) 4

+ e (g (x) + e (x)g" (x)]. (30)

[e"! (x)g"™ (x) + &"* (x)g" (x)

Thanks to the antisymmetric property nfllail] x) = —nl}{a]ﬂ] (x),
the Hall viscosity is dissipationless. It should be remarked that
the leading contribution to the Hall viscosity is completely
fixed by the intrinsic orbital angular momentum density 1:(x).
The expression (30), taking the same form as the B phase
[23], is universal because our derivation depends only on the
symmetries.

B. Experimental observable

Finally, let us clarify the implication of the Hall viscosity.
We turn off the background fields and prepare the situation,
where the particle number density is constant [i.e., p(x) =
po] and the [ vector points at the x? direction [i.e., [(x) =
(0, 0, 1)]. We then perturb the uniform ground state as p(x) =
po + 8p(x) and J;(x) = 6J;(x) and linearize the particle num-
ber and momentum conservation equations to obtain

8,8p(x) + 8:8J'(x) = 0,

nij;kl

—Hall 58,81 (x).
Lo

(31a)

md; 81 (x) + mc*d;8p(x) = (31b)
Here, the speed of sound c is defined as mc? = dP/3p. In
particular, for the density modulation 8p(x) = 8§p ¢~ Tikx'
the set of equations (31) yields the sound-wave solution:

5J,(x) = %Sbe_i“”Hk"l, (32a)

21511

Hall lk8~ 71wt+th

8Jr(x) = (32b)

with the dispersion relation a)2 = k. In contrast to the
sound wave in s-wave superfluids, the sound wave in the A
phase has not only the longitudinal component but also the
transverse one because of the Hall viscosity (30). Namely,
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the sound wave is elliptically polarized. The ratio between the
longitudinal and transverse components is proportional to the
Hall viscosity and estimated as

8J>
8y

_ @ o o -8
= mloocz |nHall = W 6 x 10 s (33)

for representative values of w ~ 1 MHz, mpy ~ 100 kg/m3,
and ¢ ~ 300 m/s [45] as well as /i = 1.05 x 1073* Js and
m = 5.01 x 10727 kg. This ratio is found to be five orders of
magnitude larger than that in the B phase under a reasonable
magnetic field [23], so that its experimental observation is
more feasible in the A phase.

IV. SUMMARY

In this paper, we constructed the effective field theory
describing low-energy dynamics in the A phase of superfluid
*He at zero temperature under a sufficiently large magnetic
field. This approach is based solely on the symmetries and the
systematic derivative expansion, so that it is nonperturbative,
model independent, and qualitatively reliable. To this end,
we turned on the background gauge fields and spatial metric
so as to expose the nonrelativistic diffeomorphism invari-
ance, which is regarded as a local extension of the Galilean
invariance. We then established the most general effective
Lagrangian up to the next-to-leading order in the derivative

expansion respecting the nonrelativistic diffeomorphism in-
variance as well as the local U(1)x x SO(3)r x SUQR)s
symmetries. In particular, the nonrelativistic diffeomorphism
invariance uniquely fixes the temporal component of the spin
connection, which leads to the universal expression for the
Hall viscosity proportional to the intrinsic orbital angular mo-
mentum density.

At the quantitative level, we found that the Hall viscos-
ity in the A phase is ng = |17}2{1a;1}1| ~5x 1077 Pas or vy =
nu/(mpg) ~ 5 x 10~° m?/s normalized by the mass density,
which is five orders of magnitude larger than that in the B
phase under a reasonable magnetic field [23]. Therefore, the
experimental observation of the Hall viscosity is more feasi-
ble in the A phase, for example, by measuring the induced
elliptic polarization of sound waves. For comparison to other
systems but in two dimensions, the Hall viscosity was recently
measured at vy ~ 1072 m? /s for graphene [39] and at ny ~
10~8 Pam s for colloidal chiral fluid [40]. Although it may be
challenging, it is indeed worthwhile to devote further efforts
toward the experimental observation of the Hall viscosity for
the superfluid *He.
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