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Knowledge of the magnetic ordering temperature is one of the fundamental physical properties characterizing
material behavior. Magnetism is not only related to the magnitude of magnetic moments within specific magnetic
ordering, but it also influences other physical properties. In the present work, we determine magnetic ordering
temperatures for high-entropy alloys (HEAs), with examples of the Al- and Mo-based Cantor alloy derivatives.
Nowadays, HEAs represent a promising class of materials in the sense of mechanical engineering. Regarding the
paramagnetic state of the well-known and well-explored Cantor alloy, we deal with its Mo and Al derivatives,
which offer higher possible ordering temperatures. We discuss the differences between p-type and d-type
substitution as well as their influence on the magnetic behavior. We determine the ordering temperatures based on
the ab initio calculated magnetic exchange interactions in terms of the mean-field approximation, random-phase
approximation, and Monte Carlo simulations. Based on the thorough description of magnetic pair exchange
interactions, a particular composition’s influence on the achieved critical temperatures is described.
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I. INTRODUCTION

High-entropy alloys (HEAs) are well known and well stud-
ied thanks to their unique physical properties, ensuring their
high application potential, especially their mechanical prop-
erties [1–3]. HEAs are based on multiple principal elements.
This allows for a large entropy contribution that stabilizes
them. It differentiates them from classical alloys, and it pro-
vides a great variability of their properties [3,4]. Regarding
applications, magnetic behavior [4,5] is significant, despite
being far less studied. One should recognize that it not only
determines the temperature range of the alloy in different
magnetic states, i.e., magnetic ordering temperature, but it
also influences phase stability, crystal structure [6,7], and
mechanical properties [8,9].

In this work, we focus on the magnetic ordering and
exchange interactions of the prototype CrMnFeCoNi HEA
based on magnetic 3d elements, the so-called Cantor alloy
[10], in the presence of nonmagnetic substitutions. Despite
being composed of magnetic elements, this alloy is param-
agnetic under ambient conditions [11] as it bears only weak
magnetic moment per site. Some experiments suggest just
spin-glass behavior at quite low temperature [12]. It is sup-
posed to originate in the frustration of magnetic moments
as complex magnetic exchange interactions occurring among
magnetic 3d metals [13–15]. However, it has been demon-
strated that appropriate substitution can bring a modification
of the crystal structure [16,17], which is highly responsible
for the character of pair exchange interactions [14,18], and
that a substitution is able to suppress the interplay of ferro-
magnetic (FM) and antiferromagnetic (AFM) elements, which
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reduces magnetic moments magnitudes [14]. Therefore, by
using a suitable substitution, it is possible to enhance sub-
stantially critical temperatures. Experiments and theoretical
calculations show that they can considerably exceed the room
temperature [16,18–20], which gives them potential to be used
in industrial applications.

We focus on the impact of the type and the position of the
substitution on the magnitude of achievable critical temper-
atures, concerning a possible generalization of the observed
behavior, which might be useful for designing materials based
on CrMnFeCoNi with a high critical temperature. To cover a
wider range of alloys, we deal with a nonmagnetic d-metal
substitution as well as a p-metal one. Our choice of Mo-based
alloys [14] and Al-based ones, where the magnetism has been
partially discussed in the literature [16–18], is motivated by
our further insights [14]. Besides the strength of the mag-
netism as a function of the form of the substitution, we discuss
the character of the magnetic pair exchange interactions as
well as the reliability of the employed approaches used for the
evaluation of critical temperatures.

This paper is organized as follows. Section II describes
the methods employed to evaluate magnetic exchange inter-
actions and ordering temperatures. In Sec. III general trends
of calculated exchange interactions and ordering temperatures
depending on the composition are discussed. Finally, the main
results of our study are concluded in Sec. IV.

II. FORMALISM

Evaluation of critical temperatures TC of Al- and Mo-based
Cantor alloy derivatives is based on quantum-mechanical
electronic structure calculations. They rely on the tight-
binding linear muffin-tin method (TB-LMTO) employing the
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Green’s function (GF) formalism within the atomic sphere
approximation [21,22], where the fully relativistic (FR) treat-
ment is employed. Our previous calculations [14] showed
that it is needed to achieve reliable results as the scalar rela-
tivistic treatment provides suppressed magnetic behavior. The
exchange-correlation potential is described by the local spin
density approximation and the potential of Vosko et al. [23].
An s, p, d atomic model is involved.

The use of TB-LMTO allows treating the disorder in the
framework of the coherent potential approximation (CPA)
[24]. The CPA is a highly efficient method to solve small unit
cells and small perturbations. Hence, it suits alloys composed
of rather similar atoms or alloys near equimolar composi-
tion, which are well disordered. The CPA neglects the local
environment effects, including local distorting. Therefore, a
homogeneous alloy is simulated. Finally, a basic screened
impurity model is involved in improving electrostatics in
disordered systems [25]. The elemental cell is constructed
by reflecting the element metallic radii [26]. Although the
muffin-tin-based methods allow for only a simple relaxation,
they provide reliable observations, as shown recently in papers
where HEAs were successfully solved [14,18,27,28].

The TB-LMTO method based on GFs allows one to com-
pute magnetic pair exchange interactions Ji j employing the
magnetic force theorem [29,30]. Furthermore, the vertex can-
cellation theorem ensures the validity in the presence of
disorder involving the conditionally averaged Green’s func-
tion [31]. Concerning the effective Heisenberg Hamiltonian
[Eq. (1)] [30] the pair exchange interaction Jαβ

i j describes the
magnetic exchange interaction between atoms of the α and β

types occupying sites Ri and R j , respectively.

Hex = −
∑

i j

Jαβ
i j (Ri − R j ) ei(Ri ) · e j (R j ). (1)

In the framework of the CPA Liechtenstein’s formula
[29,30,32] for the conditionally averaged pair exchange in-
teraction reads

J̄ αβ
i j = 1

4π
Im

∫
C

TrL
[
�α

i (z) ḡαβ, ↑
i j (z) �

β
j (z) ḡβα, ↓

ji (z)
]
dz.

(2)
The energy integration is performed along the contour C in the
upper part of the complex plane involving the occupied part
of the valence band. TrL stands for the trace over the angular
momentum indices L = (l, m). �α

i (z) describes the spin split-
ting of the LMTO potential function, and ḡαβ, σ

i j represents the
spin-resolved part of the conditionally averaged Green’s func-
tion. In the present work, Jαβ

i j ’s are evaluated by employing
outcomes from FR electronic structure calculations.

Within the CPA, the simulated system is well disordered,
and the translation symmetry is maintained. Pair exchange
interactions depend only on the position of the atomic sites
within the elemental cell, their occupation, and the pair dis-
tance |Ri − R j |. This approach allows one to evaluate the
on-site average pair exchange interaction J̄ 0,α

i by a simple
summation over all neighboring atomic shells [30] as follows:

J̄ 0,α
i =

∑
β

∑
j

J̄ αβ
i j cβ

j , (3)

where the concentration cβ
j of the counterpart of the β type is

considered. The infinite summation can be avoided [32]. The
effective on-site exchange interaction over the whole crystal
can be obtained directly by conditionally averaged Green’s
functions ḡα, σ (z). It yields

J̄0,α
i = − 1

4π
Im

∫
C

TrL
{
�α

i (z)
[
ḡα, ↑

ii (z) − ḡα, ↓
ii (z)

]
+ [

�α
i (z) ḡα, ↑

ii (z) �α
i (z) ḡα, ↓

ii (z)
]}

dz. (4)

The knowledge of the effective on-site interaction possibly
allows one to determine the critical temperature TC by means
of the mean-field approximation (MFA). The MFA is the
simplest approximation, which neglects spin correlation and
is valid only in the high-temperature limit. Therefore, it yields
overestimated critical temperatures [30,32–35]. However, it
serves as a useful upper limit for the TC,

kBT MFA
C = 2

3 J0. (5)

Concerning a random alloy, one has to tackle the depen-
dence of the effective exchange interaction J0,α on the selected
element α. The simplest solution, which neglects the disorder
in principle, is the so-called average lattice model (ALM)
[32,34,36]. It leads to averaging J0,α and straightforward ap-
plication of Eq. (5).

However, the appropriate way to estimate TC of a multi-
sublattice system in the framework of the MFA is to solve
the eigenvalue problem of the symmetric matrix J (0) [30,35],
defined as

Jαβ (q) = c β
∑

i

J̄ αβ

0i exp(i q · Ri ). (6)

Then, the corresponding critical temperature T MFA
C is related

to the maximal eigenvalue jmax of the matrix J (0). It yields

kBT MFA
C = 2

3 jmax. (7)

The random-phase approximation (RPA) represents an im-
provement of the MFA [33–35,37]. It allows for the existence
of magnons, and therefore, it describes more accurately the
behavior in the vicinity of TC. Regardless of the type of the
magnetic order (ferromagnetic, ferrimagnetic, etc.) the RPA
suppresses the value of the critical temperature in comparison
to the MFA (T RPA

C < T MFA
C ) [35]. For a simple lattice the

critical temperature obeys the following relation:

1

kBT RPA
C

= 3

2

1

N

∑
q

[J0 − J (q)]−1. (8)

The case of a multisublattice system is described in Sec. A 1.
One of the most reliable methods to obtain the critical

temperature of a system described by the effective Heisenberg
Hamiltonian [Eq. (1)] is the method of Monte Carlo simu-
lations (MC) [38–40]. We utilize the Metropolis algorithm
implemented in the Uppsala Atomistic Spin Dynamics (UP-
PASD) package [41,42]. The temperature dependence of the
magnetization M(T ) is obtained by the so-called simulated
annealing technique, where a system heated up at a temper-
ature substantially higher than the critical temperature TC is
slowly cooled down. Each temperature point consists of about
105 MC steps in our simulations. For more details, we refer to
Sec. A 2.
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TABLE I. Calculated magnitudes of magnetic moments of Al-based derivatives depending on the crystal structure and magnetic phase.
Total energy differences are stated for comparison.

Lattice fcc bcc
Magnetic Efcc−bcc EDLM−FM Magnetic moments per EDLM−FM Magnetic moments per

Alloy structure (mRy) (mRy) element (in units of μB) Average (mRy) element (in units of μB) Average

AlMnFeCoNi FM 3.41 −0.03 −1.53 1.85 0.72 0.12 0.22 −0.09 2.04 2.23 1.44 0.44 1.21
DLM 0.07 0.27 0.00 −1.78 1.69 0.00 0.00 −0.02 3.62 0.00 2.03 2.08 0.85 0.00 0.99

CrAlFeCoNi FM 3.36 −0.43 −0.04 1.77 0.73 0.15 0.43 −0.09 −0.06 2.08 1.23 0.20 0.67
DLM 1.77 0.52 0.00 0.00 1.51 0.00 0.00 0.30 2.10 0.00 0.00 1.94 0.70 0.00 0.53

CrMnAlCoNi FM 3.24 −0.29 0.97 −0.01 0.17 0.04 0.18 −0.23 1.43 −0.04 1.13 0.16 0.49
DLM 2.35 −0.15 0.00 1.39 0.00 0.00 0.00 0.28 0.75 0.00 −1.08 0.00 −0.73 0.00 0.36

CrMnFeAlNi FM 5.35 −0.01 −0.89 1.43 −0.01 0.04 0.11 −0.33 0.96 1.92 −0.05 0.21 0.54
DLM 4.39 0.05 0.00 1.19 1.31 0.00 0.00 0.50 1.01 0.00 0.00 1.77 0.00 0.00 0.35

CrMnFeCoAl FM 6.74 −0.11 −0.42 1.23 0.17 −0.01 0.17 −0.28 1.23 1.97 1.30 −0.07 0.83
DLM 3.91 0.08 0.00 −0.65 1.12 0.00 0.00 0.09 2.90 0.00 0.00 1.84 0.82 0.00 0.53

III. RESULTS AND DISCUSSION

In our recent work [14], we tried to describe magnetic
behavior in the well-known Cantor alloy [10] based on the
Mo substitution, which leads to the crystal structure transfor-
mation and enhancement of the ground state magnetism [14],
which promises relatively high ordering temperatures. We
found that the bcc structure exhibits a high density of states at
the Fermi level [14] in the nonmagnetic state, which usually
governs strong magnetic interactions [14,18] in the case of a
spin-polarized state. Nonetheless, the ground state bcc crystal
structure seems to be unstable at ambient temperatures in the
case of Mo-based derivatives [43–45]. Therefore, Al-based
derivatives seem to be advantageous as they tend toward bcc
crystal structure based on recent experiments [16,46–50].

Having calculated the magnetic ground state properties of
Al-based alloys, one can find that they follow the behavior
of the Mo ones (compare results in Table I with those of
Ref. [14]). Naturally, a preference for the bcc crystal structure,
which has stronger magnetism than the fcc one according
to previous studies [14,18], and a tendency towards an FM
structure are observed. In addition, the substitution of AFM
elements still leads to the enhancement of the magnetic mo-
ments (Table I). One should be aware of increased magnetic
moment magnitudes in comparison to the former Mo deriva-
tives. The increase originates from slightly larger Al metallic
radii as well as missing hybridization with d states [51] of
the nonmagnetic substitution. It is evident for both considered
crystal structures (Fig. 1). Concerning the fcc crystal structure,
the missing hybridization causes a shifting of d states towards
the Fermi level, enhancing the magnetic moment. Regarding
the bcc counterpart, the density of states (DOS) is more com-
plicated due to the occurrence of d-state splitting, apparently
caused by a cubic crystal field. Assuming octahedral crystal
field splitting, the eg states are placed near the Fermi level
EF as they are higher in energy than the t2g ones. Not only
does the presence of these narrow d states at EF enhance the
magnitudes of the magnetic moments in comparison to the fcc
crystal structure, but also it makes bcc structures sensitive to
the actual composition as more substantial average magnetic
moment changes occur with the p or d nonmagnetic substitu-
tion. Concerning the missing hybridization, the p substitution
brings about both relative suppression of magnetic moments

in comparison to the Mo counterparts in the case of substituted
Co and Ni and their relative enhancement when Cr or Fe is
replaced.

Although the energy differences between FM and para-
magnetic states, described by disordered local moments
(DLMs), are rather reduced compared to Mo derivatives
(Table I vs results in Ref. [14]), the ordered FM state pre-
vails over DLMs in almost all cases. In addition, magnetic
properties in the presence of either p or d substitution hardly
change. Therefore, thanks to the higher stability of the bcc
phase at higher temperatures with respect to Mo derivatives,
the Al-based counterparts are more suitable candidates.

A. Pair exchange interactions

Having calculated the electronic structure, for details con-
cerning Mo derivatives, we refer the reader to Ref. [14]; we
evaluate the appropriate pair exchange interactions employ-
ing Liechtenstein’s formula [Eq. (2)] up to a distance of 9a,
where a is the lattice parameter. A sufficiently high number
of neighboring atomic shells is crucial for reliable estimation
of critical temperatures TC. However, one can observe that the
exchange interactions rapidly decay (Fig. 2), which promises
rather good convergence with the number of included
neighbors.

In addition, we point out that the exchange interactions’
calculations focus not only on the FM phase but also on the
paramagnetic phase described by a DLM state. Strictly speak-
ing, the FM and DLM states stand for the limiting cases of
the magnetic order. One describes a perfectly ordered system;
the other one describes an absolute disorder. Therefore, both
approaches are employed to grasp a more realistic description.
Finally, we note that we neglect the breaking of the cubic
symmetry of exchange interactions by the spin-orbit coupling.
It causes only weak perturbation of Ji j magnitudes. Namely,
it changes T MFA

C less than about 0.1 K.

B. Mean-field approximation

The most straightforward evaluation of the critical temper-
ature TC relies on the MFA. Based on the calculated exchange
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FIG. 1. Comparison of DOSs related to Al and Mo substitutions
in a nonmagnetic XMnFeCoNi alloy.

interactions Jαβ
i j , we estimate the critical temperatures T MFA

C

according to the eigenvalues of matrices Jαβ (0) [Eqs. (6) and
(7)]. Over 100 atomic shells is sufficient to achieve conver-
gence better than 0.1 K (Fig. 3). In addition, it is evident that
TC’s of the Al derivatives converge faster than those of the Mo
counterpart. The faster convergence is generally valid due to
the weaker exchange interactions in the case of Al derivatives
(Fig. 2). Therefore, a smaller number of neighboring shells is
possibly needed there. Finally, we note that we do not restrict
ourselves to the bcc crystal structures possessing stronger
magnetism (Tables II and III), and we also include the fcc
structure (Appendix B, Tables IV and V) for comparison.
It explains well the contrast between both crystal structures
concerned.

In addition, the most straightforward way to estimate TC

within the framework of the MFA could be directly with the
mean value of the average on-site exchange interaction J̄0,α

i
obtained by Eq. (3) or Eq. (4), based on the ALM. Never-
theless, it neglects the randomness of the alloy and leads to
underestimated critical temperatures T MFA−ALM

C compared to

the previous approach. In general, the ALM is more common
to describe the behavior of an alloy containing diluted mag-
netic atoms [32]. We note that the DLM state is simulated in
the CPA by employing merely two opposite spins on single
atomic sites. Regarding the ALM case, employing both spin
sublattices would lead to zero critical temperatures. Thus, we
restrict our study to only on one of them, seeking magnetic
ordering within the DLM phase, which generally provides
distinct critical temperatures. We proceed similarly in the
subsequent approaches.

C. Random-phase approximation

Knowing the MFA critical temperatures, we concentrate on
an improvement, which resides in the RPA. It is convenient to
know T MFA

C before to set a sufficiently high initial temperature
based on Eqs. (A1) and (A2). According to the theory, the
RPA, which also concerns the spin excitations, yields reduced
critical temperatures T RPA

C compared to the MFA. In the case
of Al-based derivatives within the bcc structure, the reduction
is generally about 70 K except in the case of substituted Fe
(Table III). This value indicates a magnitude similar to the
spin correlation. Similar behavior is also observed for bcc
Mo-based counterparts. Furthermore, a relative reduction in
TC within the range of 10%–20% corresponds to the ones
reported for pure Co or Ni [30]. On the contrary, fcc crystal
structures bear more distinct behavior depending on the par-
ticular composition. Results show that spin wave excitations
are much more important in the case of Mo substitutions
(Table IV). The reason is likely their weaker magnetism
concerning the fcc structure, and it may indicate higher spin
frustration.

D. Monte Carlo simulations

Finally, we evaluate critical temperatures by the Monte
Carlo method, which is the most reliable approach. We do
not employ such distant pair exchange interactions as in the
previous approaches because of high computational demands.
Similarly, we also evaluate the critical temperatures T MC

C only
for the promising structures based on the previously esti-
mated TC’s. This means we especially avoid the fcc crystals
structures.

To estimate T MC
C in the framework of the Binder cumulant

U (L, T ), supercells of various sizes and with random distribu-
tions of constituents are employed. Regarding the FM phase,
we used an edge length L of 10 to 25 atoms (Fig. 4). Accord-
ing to the presence of nonmagnetic atoms, the evaluation of
the DLM phase requires larger supercells (L = 20–30 atoms)
to keep a sufficient number of magnetic atoms. Furthermore,
we considered the average over five distinct random elements’
distributions to include a homogeneous disorder.

In the case of Mo derivatives, we deal with three reduced
numbers of neighboring shells Nsh, mentioned in Table II,
in order to evaluate the influence of the weak convergence
of the effective exchange interactions (Fig. 3) on the critical
temperature T MC

C . The results show a rather strong depen-
dence of T MC

C on the number of neighboring shells Nsh, which
almost corresponds to a similar dependence of T MFA

C (Nsh ) for
appropriate values of Nsh (Fig. 3). On the other hand, thanks
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FIG. 2. Distribution of the magnetic pair exchange interactions Jαβ

i j as a function of the distance and the type of the element. Only exchange
interactions within the sublattice of the same element are depicted. The distance is expressed in units of the nearest-neighbor distance aNN. The
FM phase and bcc crystal structure are used. The insets depict exchange interactions’ oscillations for larger distances.

to fairly good convergence of Al-based alloys (Fig. 3), only a
single shell dimension is used (Table III).

In general, the obtained values of T MC
C are much lower

than the critical temperatures obtained not only by the MFA
but also by the RPA (Tables II and III). One can suppose
an influence of very complex spin correlations, which go
beyond the scope of the RPA. Interestingly, the values of T MC

C
approach the values obtained within the MFA-ALM. Strictly
speaking, this result does not mean that MFA-AFM is a good
description. It provides lower critical temperatures, which dis-
agree with general statements. The MFA should stand for a
high-temperature limit. However, the MFA-ALM is suitable
for a diluted magnetic alloy. Hence, close values might be
related to the fact that no all elements bear strong magnetic

FIG. 3. Dependence of the MFA critical temperature T MFA
C on

the number of included atomic shells Nsh. The radius of the related
sphere of the interacting neighbors in units of nearest-neighbor dis-
tance aNN is depicted as well.

behavior (compare Table I and the results in Ref. [14]), which
could imply a kind of diluted character.

Having mentioned the diluted behavior, we should also
notice Ruderman-Kittel-Kasuya-Yosida (RKKY)-like oscilla-
tions in the spatial dependence of (r/a)3Ji j (Fig. 5), where
the factor (r/a)3 stands for scaling of the RKKY interaction.
The oscillations are nearly exponentially damped, apparently
by the presence of disorder [30]. Oscillations damping sup-
ports a rather localized character of the exchange interactions
depicted in Fig. 2. Moreover, the comparison of Al and Mo
alloys (Fig. 5) reveals enhanced screening of exchange in-
teractions in the case of Al alloys as stronger damping of
oscillations is observed. It agrees with previously described
behavior of exchange interactions themselves and T MFA

C ’s
(Figs. 2 and 3). The influence of p substitution and the missing
d states might be suggested.

E. TC vs composition and structure

According to our previous studies [14,17,18], we confirm
that the type of crystal structure is one of the most impor-
tant factors which determines the magnitude of the critical
temperature regardless of the type of substitution (Tables II
and III). A close-packed structure, e.g., the fcc one here,
leads to suppression of magnetic exchange interactions overall
(Appendix B, Tables IV and V). The present results show that
the TC’s in the case of the fcc structure hardly exceed 50 K ex-
cept for a few Al-based alloys based on the MFA-ALM. These
exceptions are related to replacement of AFM elements. It was
shown at the beginning of this section that p substitutions lead
to stronger magnetic behavior.

On the one hand, in fcc structures, it seems that the pres-
ence of several AFM elements indicates an obstacle to the
appearance of magnetism [14]. Due to their estimated T MFA

C
below the ambient temperature, we do not perform MC simu-
lations for them. On the other hand, bcc structures have about
10 times higher critical temperatures, which corresponds
to enhanced exchange interactions or higher magnitudes of
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TABLE II. Calculated critical temperatures TC of Mo-based alloys. The bcc crystal structures are used. MC, Monte Carlo; MFA-ALM,
mean-field approximation within the average lattice model; MFA, mean-field approximation of the random alloy; RPA, random-phase
approximation of the random alloy; Nsh, number of included neighboring shells.

bcc

Magnetic
TC (K) TC (K)

Alloy phase Nsh MC Nsh MFA-ALM MFA RPA

CrMnFeCoNi DLM 70 283 567 495
MoMnFeCoNi FM 12 420 ± 10 70 478 762 678

16 470 ± 10
23 460 ± 10

DLM 23 335 ± 5 70 333 640 558
CrMoFeCoNi FM 12 270 ± 5 70 249 608 529

16 320 ± 10
23 300 ± 5

DLM 23 230 ± 5 70 193 542 462
CrMnMoCoNi FM 70 0 164 55

DLM 23 50 ± 15 70 88 226 194
CrMnFeMoNi FM 12 130 ± 10 70 201 499 415

16 180 ± 5
23 175 ± 5

DLM 23 110 ± 15 70 171 532 435
CrMnFeCoMo FM 12 520 ± 15 70 487 834 746

16 550 ± 5
23 560 ± 5

DLM 23 380 ± 10 70 367 690 605

magnetic moments caused by the splitting of d states (Fig. 1).
We show that both kinds of substituted alloys, either with Mo
or Al, can lead to high critical temperatures at the ground state.
Nonetheless, based on the experiments [43–45], the Mo-based
alloys tend to have an fcc crystal structure at ambient temper-
atures, which makes them likely less attractive for engineering
applications.

We know that the magnetism in studied alloys relies on
the iron atoms (Ref. [14] and Table I). Although noticeable
Co and Mn magnetic moments occur with substituted iron
atoms, negligible T MC

C ’s are obtained, which well indicates
that the magnetic behavior is rather weak (Tables II and III).

Furthermore, one should be aware of the influence of the Co
atoms. We showed in our calculations that their absence either
leads to a paramagnetic ground state in the case of the Mo
substitution [14] or reduces the stability of the FM phase when
Co is replaced by Al (Table I) . However, it is relevant to
evaluate the strength of the exchange interactions. Naturally,
rather weak magnetism yields not very high TC’s. Based on
the magnetic moment magnitudes (Table I and Ref. [14]),
the most substantial exchange interactions are apparently re-
lated to Co, Fe, and Mn. Hence, these elements should be
maintained regardless of the p or d type of the substitution.
Unsurprisingly, the critical temperatures scale well with the

TABLE III. Calculated critical temperatures TC of Al-based alloys. The bcc crystal structures are used. MC, Monte Carlo; MFA-ALM,
mean-field approximation within the average lattice model; MFA, mean-field approximation of the random alloy; RPA, random-phase
approximation of the random alloy; Nsh, number of included neighboring shells.

bcc

Magnetic
TC (K) TC (K)

Alloy phase Nsh MC Nsh MFA-ALM MFA RPA

AlMnFeCoNi FM 25 525 ± 5 50 522 835 756
DLM 25 370 ± 5 50 315 659 585

CrAlFeCoNi FM 25 340 ± 5 50 275 634 563
DLM 25 235 ± 5 50 187 521 451

CrMnAlCoNi FM 25 75 ± 5 50 121 279 244
DLM 50 16 58 44

CrMnFeAlNi FM 25 120 ± 5 50 154 403 338
DLM 25 45 ± 10 50 77 386 308

CrMnFeCoAl FM 25 420 ± 5 50 377 678 609
DLM 25 240 ± 10 50 126 522 453
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FIG. 4. Evaluation of the Monte Carlo critical temperature T MC
C

based on the Binder cumulant curves. The temperature dependence
of the magnetic susceptibility χ is depicted for comparison.

magnitude of the average magnetic moment (Table I and
Ref. [14]), and the highest TC’s belong to alloys with substi-
tuted Cr or Ni atoms irrespective of nonmagnetic elements.
Based on the MC simulation employing bcc crystal structures
within the FM phase, critical temperatures overcome 400 K
there. Regarding DOSs of nonmagnetic alloys [Figs. 1(b) and
9], Cr and Ni states give the smallest contribution at the
Fermi level EF. Thus, their substitution likely shows the most
suitable way to enhance the spin splitting and the magnetic
ordering temperature (Fig. 6). This observation corresponds
to Curie temperature behavior, as shown in preceding works
[9,18].

Concerning experimental results, one can guess that using
heavier p-metal atoms might lead to higher TC [19,20,52]. The
increase corresponds to the observed preference of magnetism
in more spatial crystal structures. Finally, one should be aware
that theoretical and experimental works point to stabilization
of the bcc structure by Cr and Fe, whereas it seems that Co
and Ni stabilize the fcc one [53,54].

F. Magnon dispersion and J(q) in the Brillouin zone

Having evaluated critical temperatures, one can compare
them with calculated exchange interactions in more detail.
We focus on the lattice Fourier transformation of exchange
interactions Jαβ (q) = ∑

Jαβ

0i exp(iq · Ri ) not only because we
have employed it within the RPA but especially because it
displays well magnitudes of the exchange interaction as well
as their character.

We deal with the bcc crystal structure, which provides
relevant critical temperatures. For clarity, we select the most
substantial exchange interactions J (q) (Figs. 7 and 8). We
exclude Cr, and almost all Ni related exchange interactions
because of their fragility. We recall the related weak magnetic

FIG. 5. Damping of long-range RKKY-like oscillations in the
radial distribution of pair exchange interactions Jαβ

i j . The FM phase
and bcc crystal structure are used. The distance is expressed in units
of the nearest-neighbor distance aNN.

moments of both Cr and Ni (see Table I and Ref. [14], re-
spectively). Compared to the previously shown behavior of
Ji j (Fig. 2 and Ref. [14]), we display here nearly the total
strength of the exchange interactions as it is illustrated by the
convergence of T MFA

C (Fig. 3).
One can notice that if pure Fe interactions exist, they re-

main the most prominent ones regardless of the substitution
type, although they change about 10% of their strength as
a function of the substitution position. We mentioned that
the presence of Fe or Co is essential to obtain significant
critical temperatures (Tables II and III). However, the J (q)
dependencies (Figs. 7 and 8) clearly show that additional
strong Co-related exchange interactions are highly necessary
to achieve high critical temperatures, notably, substantial Fe-
Co interactions. Furthermore, both Fe and Co interact with
Mn to a large extent as well. These interactions stand for the
third- or fourth-strongest ones in the presence of Fe atoms.
Therefore, based only on the J (q) dependencies, one could
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FIG. 6. Comparison of evaluated critical temperatures TC as a
function of the composition and employed approach, where M de-
notes type of the substitution and the superscript stands for the
substituted element. Regarding the Mo-based alloy, Nsh = 23, and
in the case of the Al-based alloys, Nsh = 25. Solid points depict MC
simulations, whereas open ones show the MFA-ALM approach. The
dashed curve serves only as an eye guide.

assume that the presence of these three elements is crucial
to achieving high TC, which corresponds to our previous
statements.

One can explore particular alloys in detail. In Mo alloys,
the highest critical temperature is achieved by the substitution
of Ni, which causes enhancement of Fe and Mn related to
ferromagnetic exchange interactions. In addition, pure Mn
pair interactions, rather, do not reject a ferromagnetic order
there. One can notice that only the substitution of either Cr or
Ni leads to a set of strong ferromagnetic exchange interactions
according to the discussion in the previous section.

Concerning the Al-based counterparts, Mn itself bears
fairly strong antiferromagnetic AFM behavior, especially
for substituted Cr atoms. However, ferromagnetic exchange
interactions are strengthened as well, including also Ni
interactions, which brings about the highest TC there.
Generally, the Mn-related interactions are mostly enhanced in

the absence of Cr atoms, which indicates a possible frustration
of magnetic moments in the presence of both AFM elements
[14].

Evaluating the interactions’ character, one observes that the
pure Mn interactions are almost the only ones that generally
repel FM ordering. Especially for Al-based alloys, J (q)’s
depict a genuine AFM character with maxima at the Brillouin
zone boundaries (H points). On the other hand, in the case
of Mo-based alloys, the AFM character is not so expressive.
However, local maxima of J (q) occur apart from the � point.
One can observe that J (q) dependencies oscillate much more
than the counterparts in the Al derivatives. The reason is most
likely the slightly higher importance of spin waves within
Mo-based alloys, which follows from the comparison of the
related T MFA

C and T RPA
C . In addition, the oscillations might

indicate a tendency to a structure more complex than pure FM
[14].

IV. CONCLUSION

In the present work, we evaluated magnetic critical tem-
peratures and thoroughly analyzed exchange interactions of
alloys derived from the well-known Cantor alloy by nonmag-
netic Mo or Al substitutions, which stand for d- and p-metal
substitutions, respectively. We showed that the Al deriva-
tives have magnetic behavior similar to the former Mo ones
[14] concerning the relation of the position of the nonmag-
netic substitution and observed magnetic behavior. Moreover,
magnetism seems to be enhanced, especially for fcc crystal
structures, thanks to using different substitutions. Increased
magnetism originates from the larger Al radii and almost
missing hybridization with d states of the substitution.

Based on the obtained values of the critical temperatures,
it seems that the most eligible alloys for real industrial appli-
cations are likely those with substituted Ni or Cr sites. They
possess critical temperatures TC sufficiently above room tem-
perature with bcc crystal structure and FM ordering regardless
of the substituting element. The analysis of the evaluated pair
exchange interactions revealed that the presence of Co, Fe,
and Mn, including the related exchange interactions, is highly
necessary to achieve high critical temperatures, irrespective of
the type of substitution.

FIG. 7. Mo-based derivatives. Lattice Fourier transformation of the pair exchange interaction along the path in the Brillouin zone. The
most substantial interactions within the ferromagnetic phase are depicted.
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FIG. 8. Al-based derivatives. Lattice Fourier transformation of the pair exchange interaction along the path in the Brillouin zone. The most
substantial interactions within the ferromagnetic phase are depicted.
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APPENDIX A: CRITICAL TEMPERATURE EVALUATION

1. RPA: Multisublattice systems

Regarding the RPA, the evaluation of the critical tempera-
ture in the case of a multisublattice system is more complex
as it requires an iterative technique. Self-consistent equations
exist which provide the critical temperature T RPA

C [35,37].
Nevertheless, their solution in our case of complicated alloys
is not stable enough. Another way to estimate T RPA

C ’s is based
on a semiclassical approximation of the mean value of mag-
netic moments [35]. This method is more robust but also more
time-consuming. It employs the Langevin function to evaluate
the temperature dependence of relative magnitudes of mean
values of magnetic moments 〈eα〉. The values 〈eα〉 obey the
relation

〈eα〉 = L
(

2

kBT

{
1

	

∫
[N−1(q)]ααdq

})
, (A1)

where T stands for the temperature and the elements of the
matrix Nαβ (q) are defined as follows:

Nαβ (q) = δαβ

∑
γ

Jαγ (0)〈eγ 〉 − 〈eα〉Jαγ (q). (A2)

The matrix Jαβ (q) is composed of the lattice Fourier transfor-
mations of the pair exchange interactions J̄ αβ

iJ [Eq. (6)]. The
critical temperature T RPA

C is denoted by the point where the
variables 〈eα〉 acquire nonzero values. One has to be aware of
the divergence, which occurs in Eq. (A1) at q = 0. It can be
avoided with an analytical deconvolution [33].

In our calculations, we utilized steps of 1 K above T =
100 K; below we reduced the step to about one order of mag-
nitude to keep sufficient sensitivity. In each step, 400 iterations
were performed, which is enough to achieve the convergence.
The Fourier transformation was performed in the irreducible
part of the Brillouin zone consisting of about 44 000 k points
(bcc crystal structure).

2. MC simulations and Binder cumulant

In contrast to previously mentioned approaches, the MC
method takes into account the spin correlations, which provide
exact values of TC in principle. Furthermore, the MC simula-
tions allow for the disorder (e.g., a random alloy) by using a
set of sufficiently large random supercell structures. In reality,
the precision of the MC is limited by the inclusion of only a
small finite number of the neighboring shells, which neglects
long-range magnetic interactions. This limitation stems from
the high computational demands of MC simulations.

The most reliable estimation of the critical temperature
TC in the MC simulation framework is the evaluation of the
so-called Binder cumulant [55]. It allows for the final size

TABLE IV. Calculated critical temperatures TC Mo-based al-
loy. The fcc crystal structure is used. MFA-ALM, mean-field
approximation within the average lattice model; MFA, mean-field ap-
proximation of the random alloy; RPA, random-phase approximation
of the random alloy; Nsh, number of included neighboring shells.

fcc

Magnetic
TC (K)

Alloy phase Nsh MFA-ALM MFA RPA

MoMnFeCoNi FM 70 41 71 37
DLM 70 0 35 14

CrMoFeCoNi FM 70 47 73 14
DLM 70 2.0 19 0.3

CrMnMoCoNi FM 70 0 0 0
DLM 70 0 0 0

CrMnFeMoNi FM 70 8.1 21 2.8
DLM 70 1.8 15 0.3

CrMnFeCoMo FM 70 6 12 2.7
DLM 70 1.0 7.8 0.7
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TABLE V. Calculated critical temperature TC Mo-based alloy.
The fcc crystal structure is used. MFA-ALM, mean-field ap-
proximation within the average lattice model; MFA, mean-field
approximation of the random alloy; RPA, random-phase approxima-
tion of the random alloy; Nsh, number of included neighboring shells.

fcc

Magnetic
TC (K)

Alloy phase Nsh MFA-ALM MFA RPA

AlMnFeCoNi FM 50 64 223 221
DLM 50 1.2 121 108

CrAlFeCoNi FM 50 123 217 218
DLM 50 17 85 76

CrMnAlCoNi FM 50 0 6 0
DLM 50 0 0 0

CrMnFeAlNi FM 50 11 72 67
DLM 50 0 63 50

CrMnFeCoAl FM 50 16 44 45
DLM 50 6.4 34 33

effect within the simulated supercell systems. It improves the
reliability of the obtained critical temperatures in comparison
to common approaches, including the evaluation of the mag-
netic susceptibility or the specific heat. The Binder cumulant
is defined as follows:

U ≡ U (L, T ) = 1 − 〈M4〉
3〈M2〉2

, (A3)

where L denotes the number of elemental cells along one side
of the three-dimensional L × L × L supercell, 〈· · · 〉 indicates
averaging over MC step at constant temperature T , and M
describes the total magnetization of the simulated supercell.

Determination of the critical temperature TC consists of
characteristic critical behavior of the Binder cumulant [55]
with respect to T , which reads (i) lim

T →0
U (L, T ) = 2

3 , (ii)

lim
T →∞

U (L, T ) = 1
L , and (iii) lim

T →TC

U (L, T ) = U ∗. The value

U ∗ stands for an invariant independent of the characteristic

FIG. 9. DOS related to the nonmagnetic CrMnFeAlNi alloy.

size L of the supercell. In addition, it is related to the intersec-
tion of the U (L, T ) curves obtained for various magnitudes of
L, which denotes the critical temperature T = TC as well.

APPENDIX B: FCC STRUCTURE CURIE TEMPERATURES

To provide a comparison of the studied alloys’ magnetic
behavior within bcc and fcc crystal structures, we evaluate
the critical temperatures for the latter structure type as well
(Tables IV and V). We consider both Al- and Mo-based
derivatives employing the MFA and RPA framework.

APPENDIX C: LOCAL DOS

For clarity, we append the elements resolved DOS of the
another Al-based derivative (Fig. 9). It proves that Cr and Mn
states contribution at the Fermi level is minor compared to
other 3d elements.
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