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Coincidence inelastic neutron scattering for detection of two-spin magnetic correlations
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Inelastic neutron scattering (INS) is one powerful technique to study the low-energy single-spin dynamics
of magnetic materials. A variety of quantum magnets show novel magnetic correlations such as quantum spin
liquids. These novel magnetic correlations are beyond the direct detection of INS. In this paper we propose a
coincidence technique, coincidence inelastic neutron scattering (cINS), which can detect the two-spin magnetic
correlations of the magnetic materials. In cINS there are two neutron sources and two neutron detectors with an
additional coincidence detector. Two neutrons from the two neutron sources are incident on the target magnetic
material, and they are scattered by the electron spins of the magnetic material. The two scattered neutrons are
detected by the two neutron detectors in coincidence with the coincidence probability described by a two-spin
Bethe-Salpeter wave function. Since the two-spin Bethe-Salpeter wave function defines the momentum-resolved
dynamical wave function with two spins excited, cINS can explicitly detect the two-spin magnetic correlations
of the magnetic material. Thus, it can be introduced to study the various spin valence bond states of the quantum
magnets.

DOI: 10.1103/PhysRevB.103.054431

I. INTRODUCTION

The novel magnetic correlations in various quantum mag-
nets have attracted much attention in the condensed-matter
field. Quantum spin liquids with strong frustration and quan-
tum fluctuations are one special type of example [1–4]. One
experimental technique in the study of these novel mag-
netic correlations is inelastic neutron scattering (INS), which
can provide the single-spin dynamical responses of magnetic
materials and thus can show the relevant physics of single-
spin excitations [5–9]. However, as most novel magnetic
correlations in the quantum magnets are beyond that of the
single-spin magnons, the spectrum of INS cannot provide
explicit information on these novel magnetic correlations. It
is imperative to develop experimental techniques which can
explicitly detect these novel magnetic correlations.

Recently, coincidence angle-resolved photoemission spec-
troscopy (cARPES) was proposed for detection of two-
particle correlations of material electrons [10]. In this paper
we will follow the idea of cARPES to propose another
coincidence technique, coincidence INS (cINS), which can
explicitly detect the two-spin magnetic correlations of mag-
netic materials. There are two neutron sources and two
neutron detectors in the experimental instrument of cINS, with
an additional coincidence detector. The two neutron sources
emit two neutrons which are incident on the target magnetic
material and are scattered by the material electron spins.
These two scattered neutrons are then detected by the two neu-
tron detectors in coincidence with the coincidence probability
relevant to a two-spin Bethe-Salpeter wave function.

*suyh@ytu.edu.cn

The two-spin Bethe-Salpeter wave function is defined as

φ
(i j)
αβ (q1t1, q2t2) = 〈�β |Tt S

(i)
⊥ (q1, t1)S( j)

⊥ (q2, t2)|�α〉, (1)

where |�α〉 and |�β〉 are the eigenstates of the electron spins
of the target magnetic material, S(i)

⊥ (q, t ) is the ith component
of the spin operator within a perpendicular plane normal to
the momentum q, and Tt is a time-ordering operator. This
Bethe-Salpeter wave function describes the time dynamical
evolution of the magnetic material with two spins excited at
times t1 and t2 in time ordering. The coincidence probability
of cINS can provide the Fourier transformation of the time
dynamical Bethe-Salpeter wave function, with the center-
of-mass frequency defined by the sum of the two transfer
energies in the two-neutron scattering and the relative fre-
quency defined by the difference of the two transfer energies.
Therefore, the coincidence detection of cINS can provide
the momentum-resolved dynamics of the two-spin magnetic
correlations, with the physics of both the center of mass and
the relative degrees of freedom of two excited spins of the
magnetic material. Thus, it can be introduced to study the spin
valence bond states of the quantum magnets.

Our paper is organized as follows. In Sec. II the theoretical
formalism of the coincidence detection of cINS will be pro-
vided. In Sec. III the coincidence probabilities of cINS for a
ferromagnet and an antiferromagnet with long-range magnetic
order will be presented. Discussion of the experimental detec-
tion of cINS will be given in Sec. IV, where a brief summary
will also be provided.

II. THEORETICAL FORMALISM FOR cINS

In this section we will establish the theoretical formalism
for the coincidence detection of cINS. First, we will review
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the principle of the single-spin INS in Sec. II A. We will then
provide the theoretical formalism for cINS in Sec. II B.

A. Review of INS

Suppose the incident neutrons have momentum qi and spin
βi with a spin distribution function P1(βi ). The incident neu-
trons interact with the electron spins of the target magnetic
material via the electron-neutron magnetic interaction

V̂s =
∑
qiq f

g(q)̂σq f qi · S⊥(q), (2)

where g(q) ≡ gF0(q), with g being an interaction constant and
F0(q) being a magnetic form factor, and q = q f − qi, with
q̂ = q

q . The operator σ̂q f qi is defined for neutrons,

σ̂q f qi =
∑
βiβ f

d†
q f β f

σβ f βi dqiβi , (3)

where dqβ and d†
qβ are the respective neutron annihilation and

creation operators and σ is the Pauli matrix. The electron spin
operator S(q) is defined by

S(q) =
∑

l

Sl e
−iq·Rl , Sl =

∑
α1α2

c†
lα2

Sα2α1 clα1 , (4)

where clα and c†
lα are the annihilation and creation operators

of the Wannier electrons at position Rl , respectively, and S =
σ
2 is the spin angular momentum operator. Here we assume
that the material electrons which have a dominant interaction
with the incident neutrons are the local Wannier electrons. It
is noted that S⊥(q) is defined as

S⊥(q) = S(q) − q̂(S(q) · q̂). (5)

A simple review of the electron-neutron magnetic interaction
V̂s is given in Appendix A.

One incident neutron with momentum qi can be scattered
by the material electrons into the state with momentum q f .
The relevant scattering probability is defined as

�(1)(q f , qi ) = 1

Z

∑
αββiβ f

e−βEα P1(βi )

× |〈�β |̂S(1)(+∞,−∞)|�α〉|2, (6)

where the initial state |�α〉 = |�α; qiβi〉 and the final state
|�β〉 = |�β ; q f β f 〉 and |�α〉 and |�β〉 are the electron
eigenstates whose eigenvalues are Eα and Eβ , respectively.
Ŝ(1)(+∞,−∞) is the first-order expansion of the time-
evolution S matrix of the perturbation electron-neutron
magnetic interaction V̂s and is defined as

Ŝ(1)(+∞,−∞) = − i

h̄

∫ +∞

−∞
dtV̂I (t )Fθ (t ), (7)

where V̂I (t ) = eiH0t/h̄V̂se−iH0t/h̄, with H0 being the sum of the
Hamiltonians of the material electrons and the neutrons. Fθ (t )
defines the interaction perturbation time,

Fθ (t ) = θ (t + 	t/2) − θ (t − 	t/2), (8)

where θ (t ) is the step function.

It should be noted that in the above scattering probability,
we have defined implicitly the initial and final states by the
density matrices as follows:

P̂I = 1

Z

∑
αβi

e−βEα P1(βi )|�α; qiβi〉〈βiqi; �α|,

P̂F =
∑
ββ f

|�β ; q f β f 〉〈β f q f ; �β |. (9)

In this paper we will focus on the cases where the incident
neutrons are the thermal neutrons in the spin mixed state
defined by∑

βi

P1(βi )|βi〉〈βi| = 1

2
(| ↑〉〈↑ | + | ↓〉〈↓ |). (10)

We introduce an imaginary-time Green’s function
G(q, τ ) = −∑

i j〈Tτ Si(q, τ )S†
j (q, 0)〉(δi j − q̂iq̂ j ). Its

corresponding spectrum function χ (q, E ) is defined as
χ (q, E ) = −2 ImG(q, iνn → E + iδ+), which follows

χ (q, E ) = 2π

Z

∑
αβi j

e−βEα 〈�α|S†
i (q)|�β〉〈�β |S j (q)|�α〉

× (δi j − q̂iq̂ j )n
−1
B (E )δ(E + Eβ − Eα ). (11)

The scattering probability can easily be shown to follow

�(1)(q f , qi ) = |g(q)|2	t

h̄
χ (q, E (1) )nB(E (1) ), (12)

where the transfer momentum and energy are defined as

q = q f − qi, E (1) = E (q f ) − E (qi ), (13)

with E (q) = (h̄q)2

2mn
(mn is the neutron mass), and nB(E ) is

the Bose distribution function. In the above derivation, we
have assumed that the time interval 	t is large and sin2(ax)

x2 →
πaδ(x) when a → +∞.

Let us consider the scattering cross section. We define the
incident neutron flux by JI = nIvI , where the density nI = 1

VI

(VI is the renormalization volume for one neutron) and the
velocity vI = h̄qi

mn
. The scattering cross section per scatter σ

follows

JIσ = 1

Nm	t

∑
q f

�(1)(q f , qi ), (14)

where Nm is the number of scatter electrons in the incident
neutron beam. The double-differential scattering cross section
is shown to follow

d2σ

d�dE f
= (γ Re)2

2πNm

q f

qi
|F0(q)|2χ (q, E (1) )nB(E (1) ), (15)

where E f is the energy of the scattered neutrons, γ = 1.91 is
a constant for the neutron gyromagnetic ratio, and Re is the
classical electron radius, defined as

Re = μ0e2

4πme
= e2

4πε0mec2
, (16)

with μ0 being the free-space permeability and ε0 being the
vacuum permittivity. This double-differential cross section
we have obtained is the same as that from Fermi’s golden

054431-2



COINCIDENCE INELASTIC NEUTRON SCATTERING FOR … PHYSICAL REVIEW B 103, 054431 (2021)

FIG. 1. Schematic diagram of cINS. The two red dashed lines
represent two incident neutrons, and the two green solid lines rep-
resent two scattered neutrons. D1 and D2 are two single-neutron
detectors, and D12 is a coincidence detector which records one count-
ing when D1 and D2 each detect one single neutron simultaneously.

rule [5–7]. Physically, the scattering probability and the scat-
tering cross section of INS come from the contribution of
the first-order perturbation of the electron-neutron magnetic
interaction.

B. Theoretical formalism for cINS

In this section we will present a coincidence technique,
coincidence inelastic neutron scattering, which we call cINS.
It is proposed for the detection of the two-spin magnetic corre-
lations of the target magnetic material. The schematic diagram
of cINS is shown in Fig. 1. There are two neutron sources
which emit two neutrons with momenta qi1 and qi2 . These
two neutrons are incident on the target magnetic material and
interact with the electron spins. The two incident neutrons
are then scattered outside of the material into the states with
momenta q f1 and q f2 . Two single-neutron detectors detect the
two scattered neutrons, and a coincidence detector records the
coincidence counting probability when each of the two single-
neutron detectors detects one single neutron simultaneously.

The coincidence counting probability of the two scattered
neutrons is described by

�(2)
(
q f1 q f2 , qi1 qi2

) = 1

Z

∑
αββiβ f

e−βEα P2
(
βi1 , βi2

)
× |〈�β |̂S(2)(+∞,−∞)|�α〉|2, (17)

where the initial state |�α〉 = |�α; qi1βi1 qi2βi2〉 and the fi-
nal state |�β〉 = |�β ; q f1β f1 q f2β f2〉. P2(βi1 , βi2 ) defines the
spin distribution function of the incident thermal neutrons. In
the following, we will consider the cases with P2(βi1 , βi2 ) =
P1(βi1 )P1(βi2 ). Ŝ(2)(+∞,−∞) is the second-order expansion
of the time-evolution S matrix and is defined by

Ŝ(2)(+∞,−∞)

= 1

2!

(
− i

h̄

)2 ∫∫ +∞

−∞
dt1dt2Tt [V̂I (t1)V̂I (t2)]Fθ (t1, t2).

(18)

Here the time function Fθ (t1, t2) is defined as Fθ (t1, t2) =
Fθ (t1)Fθ (t2). Physically, the coincidence probability of cINS is
determined by the second-order perturbation of the electron-
neutron magnetic interaction.

Following the theoretical treatment for cARPES [10], we
introduce the two-spin Bethe-Salpeter wave function defined

in Eq. (1). With the two-spin Bethe-Salpeter wave function,
we can show that the coincidence probability of cINS can be
expressed as

�(2) = �
(2)
1 + �

(2)
2 , (19)

where

�
(2)
1 = 1

Z

∑
αββiβ f

e−βEα P1
(
βi1

)
P1

(
βi2

)
× 1

h̄4

∣∣∣∣ ∫∫ +∞

−∞
dt1dt2Mαβ,1(t1, t2)Fθ (t1, t2)

∣∣∣∣2

,

�
(2)
2 = 1

Z

∑
αββiβ f

e−βEα P1
(
βi1

)
P1

(
βi2

)
× 1

h̄4

∣∣∣∣ ∫∫ +∞

−∞
dt1dt2Mαβ,2(t1, t2)Fθ (t1, t2)

∣∣∣∣2

.

Here the matrix elements Mαβ,1 and Mαβ,2 are defined as

Mαβ,1 = g(q1)g(q2)
∑

i j

φ
(i j)
αβ (q1t1, q2t2)

× σ
(i)
β f1 βi1

σ
( j)
β f2 βi2

ei(E (2)
1 t1+E (2)

2 t2 )/h̄,

Mαβ,2 = g(q1)g(q2)
∑

i j

φ
(i j)
αβ (q1t1, q2t2)

× σ
(i)
β f1 βi2

σ
( j)
β f2 βi1

ei(E
(2)
1 t1+E

(2)
2 t2 )/h̄,

where the transfer momenta are defined as

q1 = q f1 − qi1 , q2 = q f2 − qi2 ,

q1 = q f1 − qi2 , q2 = q f2 − qi1 (20)

and the transfer energies are defined as

E (2)
1 = E (q f1 ) − E (qi1 ), E (2)

2 = E (q f2 ) − E (qi2 ),

E
(2)
1 = E (q f1 ) − E (qi2 ), E

(2)
2 = E (q f2 ) − E (qi1 ). (21)

Physically, there are two different classes of microscopic
neutron scattering processes involved in the coincidence scat-
tering. One is with the state changes of the two neutrons
as |qi1βi1〉 → |q f1β f1〉 and |qi2βi2〉 → |q f2β f2〉, and the other
one is with |qi1βi1〉 → |q f2β f2〉 and |qi2βi2〉 → |q f1β f1〉. The
matrix elements Mαβ,1 and Mαβ,2 and the corresponding coin-
cidence probabilities �

(2)
1 and �

(2)
2 describe these two different

classes of microscopic neutron scattering processes, respec-
tively. It should be noted that here we have ignored the
quantum interference of these two different scattering con-
tributions as they come from different scattering channels
of energy transfer with energy-conservation-like resonance
features at different energies.

We define the center-of-mass time tc = 1
2 (t1 + t2) and

the relative time tr = t1 − t2 and denote the two-spin Bethe-
Salpeter wave function φ

(i j)
αβ (q1, q2; tc, tr ) = φ

(i j)
αβ (q1t1, q2t2).

We can introduce the Fourier transformations of
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φ
(i j)
αβ (q1, q2; tc, tr ) as follows:

φ
(i j)
αβ (q1, q2; tc, tr )

=
∫∫ +∞

−∞

d�dω

(2π )2
φ

(i j)
αβ (q1, q2; �,ω)e−i�tc−iωtr ,

φ
(i j)
αβ (q1, q2; �,ω)

=
∫∫ +∞

−∞
dtcdtrφ

(i j)
αβ (q1, q2; tc, tr )ei�tc+iωtr .

For the incident thermal neutrons in the spin mixed state
defined by Eq. (10), the coincidence probability is shown to
follow

�(2) = 1

h̄4

1

Z

∑
αβi j

e−βEα

× [
C1

∣∣φ(i j)
αβ,1(q1, q2)

∣∣2 + C2

∣∣φ(i j)
αβ,2(q1, q2)

∣∣2]
, (22)

where the two factors are defined as

C1 = |g(q1)g(q2)|2, C2 = |g(q1)g(q2)|2, (23)

and the two wave functions φ
(i j)
αβ,1(q1, q2) and φ

(i j)
αβ,2(q1, q2)

are defined as

φ
(i j)
αβ,1(q1, q2)

=
∫∫ +∞

−∞

d�dω

(2π )2
φ

(i j)
αβ (q1, q2; �,ω)Y1(�,ω), (24)

φ
(i j)
αβ,2(q1, q2)

=
∫∫ +∞

−∞

d�dω

(2π )2
φ

(i j)
αβ (q1, q2; �,ω)Y2(�,ω). (25)

Here the functions Y1(�,ω) and Y2(�,ω) are given by

Y1(�,ω) = sin
[(

E (2)
1 /h̄ − �/2 − ω

)
	t/2

](
E (2)

1 /h̄ − �/2 − ω
)
/2

× sin
[(

E (2)
2 /h̄ − �/2 + ω

)
	t/2

](
E (2)

2 /h̄ − �/2 + ω
)
/2

, (26)

Y2(�,ω) = sin
[(

E
(2)
1 /h̄ − �/2 − ω

)
	t/2

](
E

(2)
1 /h̄ − �/2 − ω

)
/2

× sin[(E
(2)
2 /h̄ − �/2 + ω)	t/2]

(E
(2)
2 /h̄ − �/2 + ω)/2

. (27)

In large, but finite, 	t , we can make the approximation that∫ 	t/2
−	t/2 dt2

∫ 	t/2
−	t/2 dt1 → ∫ 	t/2

−	t/2 dtc
∫ 	t/2
−	t/2 dtr . In this case the

functions Y1(�,ω) and Y2(�,ω) can be approximated as

Y1(�,ω) = sin
[(

� − E (2)
1 /h̄ − E (2)

2 /h̄
)
	t/2

](
� − E (2)

1 /h̄ − E (2)
2 /h̄

)
/2

× sin
[(

ω − E (2)
1 /2h̄ + E (2)

2 /2h̄
)
	t/2

](
ω − E (2)

1 /2h̄ + E (2)
2 /2h̄

)
/2

, (28)

Y2(�,ω) = sin
[
(� − E

(2)
1 /h̄ − E

(2)
2 /h̄

)
	t/2

](
� − E

(2)
1 /h̄ − E

(2)
2 /h̄

)
/2

× sin
[(

ω − E
(2)
1 /2h̄ + E

(2)
2 /2h̄

)
	t/2

](
ω − E

(2)
1 /2h̄ + E

(2)
2 /2h̄

)
/2

. (29)

In the limit with 	t → +∞, it can be shown that

�(2) = 1

h̄4

1

Z

∑
αβi j

e−βEα
[
C1

∣∣φ(i j)
αβ (q1, q2; �1, ω1)

∣∣2 + C2

∣∣φ(i j)
αβ (q1, q2; �2, ω2)

∣∣2]
, (30)

where the transfer frequencies are defined as

�1 = 1

h̄

(
E (2)

1 + E (2)
2

)
, ω1 = 1

2h̄

(
E (2)

1 − E (2)
2

)
, �2 = 1

h̄

(
E

(2)
1 + E

(2)
2

)
, ω2 = 1

2h̄

(
E

(2)
1 − E

(2)
2

)
. (31)

The coincidence probability �(2) in Eq. (30) shows that cINS can explicitly detect the frequency Bethe-Salpeter wave function,
which describes the dynamical magnetic physics of the target material with two-spin excitations involved. This can be seen more
clearly from the following spectrum expression of the frequency Bethe-Salpeter wave function:

φ
(i j)
αβ

(q1, q2; �,ω) = 2πδ[� + (Eβ − Eα )/h̄]φ(i j)
αβ

(q1, q2; ω), (32)

where φ
(i j)
αβ (q1, q2; ω) follows

φ
(i j)
αβ

(q1, q2; ω) =
∑

γ

[
i〈�β |S(i)

⊥ (q1)|�γ 〉〈�γ |S( j)
⊥ (q2)|�α〉

ω + iδ+ + (Eα + Eβ − 2Eγ )/2h̄
− i〈�β |S( j)

⊥ (q2)|�γ 〉〈�γ |S(i)
⊥ (q1)|�α〉

ω − iδ+ − (Eα + Eβ − 2Eγ )/2h̄

]
. (33)

Obviously, the frequency Bethe-Salpeter wave function in-
volves the following dynamical magnetic physics of two
spins of the target magnetic material: (1) the center-of-
mass dynamics of the two spins described by δ[� +
(Eβ − Eα )/h̄], which shows the transfer energy conserva-
tion with the center-of-mass degrees of freedom involved,

and (2) the two-spin relative dynamics φ
(i j)
αβ (q1, q2; ω),

which has resonance structures peaked at ∓(Eα + Eβ −
2Eγ )/2h̄ with weights 〈�β |S(i)

⊥ (q1)|�γ 〉〈�γ |S( j)
⊥ (q2)|�α〉

and 〈�β |S( j)
⊥ (q2)|�γ 〉〈�γ |S(i)

⊥ (q1)|�α〉, respectively. There-
fore, cINS can provide the momentum-resolved dynamical
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two-spin magnetic correlations of the target magnetic
material.

III. COINCIDENCE PROBABILITIES OF THE
FERROMAGNET AND ANTIFERROMAGNET

In this section we will study the coincidence probabilities
of cINS for a ferromagnet and an antiferromagnet which have
long-range magnetic order with well-defined magnon excita-
tions.

Provided that (1) the two incident neutrons are indepen-
dent following a spin distribution function as P2(βi1 , βi2 ) =
P1(βi1 )P1(βi2 ) and (2) the single-spin magnetic excitations
of the target material have well-defined momenta and are
decoupled from each other, the coincidence probability of
cINS has a simple product behavior, which can be expressed
mathematically as

�(2) = �(1)
(
q f1 , qi1

) · �(1)
(
q f2 , qi2

)
+�(1)

(
q f1 , qi2

) · �(1)
(
q f2 , qi1

)
. (34)

This is a general result which can be exactly proven from
the definitions of the scattering probability of INS and the
coincidence probability of cINS, Eqs. (6) and (17).

We will consider localized spin magnetic systems with a
cubic crystal lattice, the Hamiltonians of which are defined by

H = J

2

∑
lδ

Sl · Sl+δ, (35)

where δ = ±aex,±aey,±aez. The localized spins are in a
low-temperature ordering state with the magnetic moments
ordered along the ez axis.

A. Ferromagnet

Let us consider a ferromagnet with J < 0. We
introduce the Holstein-Primakoff transformation, S+

l =√
2S − a†

l al al , S−
l = a†

l

√
2S − a†

l al , Sz
l = S − a†

l al , where al

and a†
l are the bosonic magnon operators. In linear spin-wave

theory, the spin Hamiltonian can be approximated as

HFM =
∑

k

εka†
kak, (36)

where εk = |J|zS(1 − γk ), with γk = 1
z

∑
δ eik·δ and coordi-

nation number z = 6. Here ak = 1√
N

∑
l al e−ik·Rl .

Let us first study the scattering probability of the single-
spin INS. Suppose the incident thermal neutrons are in the
spin mixed state defined by Eq. (10). It can be shown from
Eq. (12) that the scattering probability �(1) follows

�
(1)
FM(q f , qi )

= |g(q)|2	t

h̄
nB(E (1) )

[
χxx(q, E (1) )

(
1 − q̂2

x

)
+χyy(q, E (1) )

(
1 − q̂2

y

) + χzz(q, E (1) )
(
1 − q̂2

z

)]
, (37)

where the spin spectrum functions χii(q, E ) are given by

χxx(q, E ) = χyy(q, E ) = πNS[δ(E − εq) − δ(E + ε−q)],

χzz(q, E ) = 2π
∑

k

[nB(εk ) − nB(εk+q)]δ(E + εk − εk+q).

(38)

Here the transfer momentum and energy, q and E (1), are
defined as in Eq. (13). While the transverse spin flips lead
to single-magnon peak structures in the scattering probability,
the longitudinal spin fluctuations contribute magnon density
fluctuations. Besides these inelastic scattering contributions,
there is one additional elastic scattering contribution from the
magnon condensation, which gives

�
(1)
FM,c = 2π |g(q)|2	t

h̄
(NmFM)2δ(E (1) )δq,0

(
1 − q̂2

z

)
, (39)

where mFM = 1
N

∑
l〈Sz

l 〉 is the ordered spin magnetic moment
per site. It is noted that in experiment, N is the number of local
Wannier electron spins in the incident neutron beam. When
considering only the single-magnon contributions without that
of the magnon density fluctuations, the inelastic scattering
probability of INS for the ordered ferromagnet follows

�
(1)
FM(q f , qi ) = πNS|g(q)|2	t

h̄
nB(E (1) )

(
1 + q̂2

z

)
× [δ(E (1) − εq) − δ(E (1) + ε−q)]. (40)

Now let us study the coincidence probability of cINS for
the ordered ferromagnet. Suppose the two incident thermal
neutrons with momenta qi1 and qi2 are scattered into the states
with momenta q f1 and q f2 and the incident neutrons are in spin
states with P2(βi1 , βi2 ) = P1(βi1 )P1(βi2 ) and P1(βi ) defined in
Eq. (10). Since the magnons are well-defined single-spin exci-
tations with the momentum being a good quantum number, the
coincidence probability of cINS for the ordered ferromagnet
with only contributions from the single-magnon excitations
has a product behavior described by Eq. (34), i.e.,

�
(2)
FM = �

(1)
FM(q f1 , qi1 ) · �

(1)
FM

(
q f2 , qi2

)
+�

(1)
FM

(
q f1 , qi2

) · �
(1)
FM

(
q f2 , qi1

)
, (41)

where the four �
(1)
FM(q f , qi )’s are the scattering probabilities

of the single-magnon relevant INS defined in Eq. (40). The
magnon density fluctuations are not well-defined excitations,
and their contribution would break down this simple product
behavior.

B. Antiferromagnet

Now let us consider an antiferromagnet in a cubic crystal
lattice with long-range magnetic order. It has a spin lattice
Hamiltonian defined by Eq. (35) with J > 0. We introduce the
spin rotation transformation as Sx

l = eiQ·Rl Sx
l ,S

y
l = Sy

l ,S
z
l =

eiQ·Rl Sz
l , where Q = (π/a, π/a, π/a) is the characteris-

tic antiferromagnetic momentum. Introducing the Holstein-
Primakoff transformation for the new spin operators, the spin
Hamiltonian can be approximated in a linear spin-wave theory
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as

HAF =
∑

k

′
ψ

†
k

(
A Bk
Bk A

)
ψk, ψk =

(
ak

a†
−k

)
, (42)

where A = JzS, Bk = −JzSγk, and ψk is a bosonic Nambu
spinor operator. Here the sum over k involves each pair
(k,−k) once. With the canonical transformation(

ak

a†
−k

)
=

(
uk vk
vk uk

)(
βk

β
†
−k

)
, (43)

the Hamiltonian can be diagonalized into the form

HAF =
∑

k

′
Ek(β†

kβk + β
†
−kβ−k ), (44)

where Ek =
√

A2 − B2
k . Here u2

k = A+Ek
2Ek

, v2
k = A−Ek

2Ek
, and

ukvk = − Bk
2Ek

.
It can easily be shown that the neutron scattering probabil-

ity of INS for the ordered antiferromagnet �
(1)
AF(q f , qi ) follows

an expression similar to Eq. (37) for �
(1)
FM(q f , qi ), with the

corresponding spin spectrum functions χii(q, E ) given by

χxx(q, E ) = χyy(q, E )

= πNS
A + Bq

Eq
[δ(E − Eq) − δ(E + Eq)] (45)

and

χzz(q, E ) = 2π
∑

k

{[
C(1)

kq δ(E + εk − εk+q+Q) − C(4)
kq δ(E − εk + εk+q+Q)

]
[nB(εk ) − nB(εk+q+Q)]

+ [
C(2)

kq δ(E − εk − εk+q+Q) − C(3)
kq δ(E + εk + εk+q+Q)

]
[1 + nB(εk ) + nB(εk+q+Q)]

}
. (46)

Here C(1)
kq = u2

k+q+Qu2
k + uk+q+Qvk+q+Qukvk, C(2)

kq = u2
k+q+Qv2

k + uk+q+Qvk+q+Qukvk, C(3)
kq = v2

k+q+Qu2
k +

uk+q+Qvk+q+Qukvk, and C(4)
kq = v2

k+q+Qv2
k + uk+q+Qvk+q+Qukvk. Similar to the ordered ferromagnet, there is also one

additional elastic scattering contribution due to the magnon condensation,

�
(1)
AF,c = 2π |g(q)|2	t

h̄
(NmAF)2δ(E (1) )δq,Q

(
1 − q̂2

z

)
, (47)

where mAF = 1
N

∑
l eiQ·Rl 〈Sz

l 〉 is the ordered antiferromagnetic moment per site. Here the transfer momentum and energy, q
and E (1), are also defined in Eq. (13). In the approximation with only the single-magnon contributions, the inelastic scattering
probability of INS for the ordered antiferromagnet follows

�
(1)
AF(q f , qi ) = πNS|g(q)|2	t

h̄

A + Bq

Eq
nB(E (1) )

(
1 + q̂2

z

)
[δ(E (1) − Eq) − δ(E (1) + Eq)]. (48)

Now let us consider cINS with the thermal neutrons which
have initial incident momenta qi1 and qi2 and final scattered
momenta q f1 and q f2 . The incident neutrons are independent,
with the spin state defined by Eq. (10). In linear spin-wave the-
ory defined by the approximate Hamiltonian (42), the Nambu
spinor operators with different momenta are decoupled. This
means that the single-magnon excitations in the ordered
antiferromagnet are decoupled. Therefore, in the linear spin-
wave theory with only contributions from the single-magnon
excitations, the conditions for the product behavior of the
coincidence probability in Eq. (34) are also satisfied in the or-
dered antiferromagnet. In this approximation the coincidence
probability of cINS for the ordered antiferromagnet follows a
similar product behavior defined as

�
(2)
AF = �

(1)
AF

(
q f1 , qi1

) · �
(1)
AF

(
q f2 , qi2

)
+�

(1)
AF

(
q f1 , qi2

) · �
(1)
AF

(
q f2 , qi1

)
, (49)

where the four �
(1)
AF(q f , qi )’s are the scattering probabilities of

the single-magnon relevant INS defined in Eq. (48).

IV. DISCUSSION AND SUMMARY

In this paper we have proposed a coincidence technique,
cINS, which has two neutron sources and two neutron de-
tectors, with an additional coincidence detector. The two

neutron sources emit two neutrons which are scattered by
the electron spins of the magnetic material and are then de-
tected by the two neutron detectors. The coincidence detector
records the coincidence probability of the two scattered neu-
trons, which gives information on a two-spin Bethe-Salpeter
wave function. This two-spin Bethe-Salpeter wave function
defines the momentum-resolved dynamical wave function of
the magnetic material with two spins excited. Thus, cINS
can explicitly detect the two-spin magnetic correlations of the
magnetic material. The coincidence probabilities of cINS for
a ferromagnet and an antiferromagnet with long-range mag-
netic order have been calculated and show a product behavior
contributed by the single-magnon relevant INSs. This trivial
product behavior for the ordered ferromagnet and antiferro-
magnet is consistent with the magnetic properties dominated
by the nearly free magnon excitations, which have no intrinsic
two-spin magnetic correlations.

On the experimental instrument of cINS, we remark that
the two incident neutrons can come from one neutron source.
In this case the initial momenta of the two incident neu-
trons follow qi2 = qi1 + δq, with δq → 0. These two incident
neutrons can be regarded equivalently to be emitted from
two different neutron sources but with nearly the same mo-
menta. Thus, the theoretical formalism for cINS with one
neutron source can be similarly established following the
one we established in Sec. II B for cINS with two neutron
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sources. There are two main challenges in the experimental
realization of cINS. One is to develop a two-neutron coinci-
dence detector, and the other one is accurate control of the
coincidence detection. The two-photon coincidence measure-
ment in modern quantum optics [11] and the coincidence
detection of the photoelectron and the Auger electron in
double-photoemission spectroscopy [12] may provide a useful
guideline.

The cINS we have proposed is one potential technique to
study novel magnetic correlations which are far beyond the
physics of the single-spin magnons. For example, the long-
sought quantum spin liquids [1–4] from strong frustration and
quantum fluctuations show novel physics, such as various spin
valence bond states [13–16] and novel quantum criticality
[17]. Experimental study of the spin valence bond states by
cINS would provide new insights into quantum spin liquids.
The various quantum magnetic materials with spin dimers,
such as TlCuCl3 [18], SrCu2(BO3)2 [19], and BaCuSi2O6

[20], could be the first focus in a cINS experiment. Quan-
tum spin liquid materials in triangular, honeycomb, kagome,
and hyperkagome lattices (e.g., the materials reviewed in
Refs. [4,21]) are also interesting target materials for a cINS
experiment.

In summary, we have proposed a coincidence technique,
cINS, which can explicitly detect the two-spin magnetic corre-
lations of magnetic materials. It can be introduced to study the
dynamical physics of the spin valence bond states of quantum
magnets.
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APPENDIX A: ELECTRON-NEUTRON
MAGNETIC INTERACTION

Let us review the electron-neutron magnetic interaction
[5–7]. We define the neutron spin magnetic moment as μn =
−γμNσ, where γ = 1.91 is a constant for the neutron gyro-
magnetic ratio, μN = eh̄

2mp
is the nuclear magneton, with mp

being the proton mass, and σ is the Pauli matrix. We define
the electron spin magnetic moment as μs = −gsμBS and the
electron orbital magnetic moment as μl = −glμBL, where
the g factors are set as gs = 2 and gl = 1 and μB = eh̄

2me
is

the Bohr magneton. The spin angular momentum operator S
has eigenvalues ± 1

2 , and the orbital angular momentum oper-
ator is defined as L = 1

h̄ re × pe. Suppose there is an electron
at position re which can produce a magnetic field at position
rn as

B = μ0

4π
∇ ×

[
(μs + μl ) × R

R3

]
, (A1)

where μ0 is the free-space permeability and R = rn − re. The
electron-neutron magnetic interaction can be defined by V =

−μn · B, which follows

V = − μ0

4π
γμNμBσ · ∇ ×

[
(gsS + glL) × R

R3

]
. (A2)

Here we have introduced the orbital angular momentum L to
describe the orbital motions of the electrons [7]. It is more
convenient in the study of the orbital motions of electrons in
compounds with transition metal and/or rare earth atoms.

Let us present the second quantization of the electron-
neutron magnetic interaction. We introduce the single-neutron
states {|qβ〉}, where q is the neutron momentum and β defines
the neutron spin, and the single-electron states {|λ〉}, where λ

involves the momentum, orbital, and spin degrees of freedom,
etc. Let us introduce the following identities:

1 = 1

V1

∫
dre|re〉〈re|

for the electrons and

1 = 1

V2

∫
drn|rn〉〈rn|

for the neutrons. Here V1 and V2 are the renormalization
volumes for the single-electron and single-neutron states,
respectively. The electron-neutron magnetic interaction in
second quantization can be expressed as

V̂ = V̂s + V̂l , (A3)

where

V̂s = 4πAs

V2

∑
qiq f

σ̂q f qi · [̂q × (Ds(q) × q̂)], (A4)

V̂l = 4πAl

V2

∑
qiq f

σ̂q f qi · [̂q × (Dl (q) × q̂)]. (A5)

Here the momentum q = q f − qi, and q̂ = q
q . It is noted that

q̂ × (D(q) × q̂) can be reexpressed as D⊥(q):

D⊥(q) = D(q) − q̂(D(q) · q̂). (A6)

In the electron-neutron magnetic interaction V̂ , the constants
As and Al are defined as

As = − μ0

4π
γ gsμNμB, Al = − μ0

4π
γ glμNμB, (A7)

and the operator σ̂q f qi is defined as

σ̂q f qi =
∑
βiβ f

d†
q f β f

σβ f βi dqiβi , (A8)

where dqβ and d†
qβ are the annihilation and creation operators

for the neutrons. The operators Ds and Dl in V̂ are defined as

Ds(q) =
∑
λ1λ2

c†
λ2

M(s)
λ2λ1

(q)cλ1 , (A9)

Dl (q) =
∑
λ1λ2

c†
λ2

M(l )
λ2λ1

(q)cλ1 , (A10)

where cλ and c†
λ are the annihilation and creation operators for

the electrons and

M(s)
λ2λ1

(q) = 1

V1

∫
dre

[
ψ∗

λ2
(re)Sψλ1 (re)

]
e−iq·re ,
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M(l )
λ2λ1

(q) = 1

V1

∫
dre

[
ψ∗

λ2
(re)Lψλ1 (re)

]
e−iq·re .

Here ψλ(re) is the single-electron wave function.
Let us focus on the spin degrees of freedom of the electrons

and ignore the orbital ones. We consider the electrons to be in
the local Wannier states {|lα〉} with position Rl and spin α.
Ds(q) can be approximately defined as

Ds(q) = F0(q)S(q), (A11)

where the spin operator S(q) is defined as

S(q) =
∑

l

Sl e
−iq·Rl , Sl =

∑
α1α2

c†
lα2

Sα2α1 clα1 (A12)

and the magnetic form factor F0(q) is given by

F0(q) = 1

V1

∫
daψ∗

l (a)ψl (a)e−iq·a, a = re − Rl . (A13)

Here we have made an approximation to consider only the
on-site intraorbital integrals and ignore all the other contribu-
tions. For the itinerant electrons in the Bloch states {|kα〉}, the
operator Ds(q) can be given by

Ds(q) =
∑
k1k2

Fk2k1 (q)Sk2k1 , (A14)

where the spin operator is defined by

Sk2k1 =
∑
α1α2

c†
k2α2

Sα2α1 ck1α1 (A15)

and the form factor Fk2k1 (q) is given by

Fk2k1 (q) = 1

V1

∫
dreψ

∗
k2

(re)ψk1 (re)e−iq·re . (A16)

Here ψk(re) is the Bloch-state wave function. In the approxi-
mation with ψk(re) = eik·re , Ds(q) can be simplified as

Ds(q) =
∑

k

Sk,k+q. (A17)

In summary, the electron-neutron magnetic interaction
with only the spin degrees of freedom of the electrons can
be given as follows. For the local Wannier electrons,

V̂s =
∑
qiq f

g(q)̂σq f qi · S⊥(q), (A18)

where g(q) ≡ gF0(q), with g = 4πAs
V2

, and S⊥(q) is the pro-
jection of S(q) in the perpendicular plane normal to the
momentum q and is defined similarly to D⊥(q) in Eq. (A6).
For the itinerant Bloch electrons,

V̂s =
∑

qiq f k1k2

gk2k1 (q)̂σq f qi · Sk2k1,⊥, (A19)

where gk2k1 (q) ≡ gFk2k1 (q) and Sk2k1,⊥ is defined similarly to
D⊥(q) in Eq. (A6). It should be noted that the form factors
F0(q) and Fk2k1 (q) have strong q dependence.

One remark is that in the above electron-neutron mag-
netic interaction, the contributions from the spin and orbital
magnetic moments are independently derived. In this case,
the spin-orbit coupling is weak like for the electrons of the
transition metal atoms. In the case with strong spin-orbit

coupling such as that of the electrons of rare earth atoms,
the total angular momentum J is conserved. In this case we
can introduce the total magnetic moment μJ = −g(JLS)μBJ,
with the Landé g factor g(JLS) defined following gl L + gsS =
g(JLS)J. A similar derivation can give us an electron-neutron
magnetic interaction in this case. Another remark is that the
Debye-Waller factor [5,6] from the crystal lattice effects is
ignored in our discussion on the neutron scattering probability
of the inelastic neutron scattering.

APPENDIX B: CALCULATIONS FOR SCATTERING
PROBABILITY OF INS

Let us introduce the imaginary-time Green’s functions
Gi j (q, τ ) = −〈Tτ Si(q, τ )S†

j (q, 0)〉, with i, j = x, y, z. The
corresponding spectrum functions are defined as χi j (q, E ) =
−2 ImGi j (q, iνn → E + iδ+). Then we have

G(q, τ ) =
∑

i j

Gi j (q, τ )(δi j − q̂iq̂ j ) (B1)

and

χ (q, E ) =
∑

i j

χi j (q, E )(δi j − q̂iq̂ j ). (B2)

First, let us consider the ferromagnet in a cubic crys-
tal lattice with a long-range magnetic order. We introduce
the imaginary-time Green’s function for the ferromagnetic
magnons, Ga(q, τ ) = −〈Tτ ak(τ )a†

k(0)〉. Its frequency Fourier
transformation is given by

Ga(k, iνn) = 1

iνn − εk
, (B3)

where the magnon energy dispersion εk is defined in Eq. (36).
It can be shown that in the linear spin-wave approximation,

Gxx(q, iνn) = Gyy(q, iνn)

= NS

2
[Ga(q, iνn) + Ga(−q,−iνn)] (B4)

and

Gzz(q, iνn) = − 1

β

∑
k,iν1

Ga(k + q, iν1 + iνn)Ga(k, iν1).

(B5)

The other Green’s functions follow

Gi j (q, iνn) = 0, i �= j. (B6)

From these results, we can obtain the spectrum functions
χi j (q, E ) in Eq. (38) for the ordered ferromagnet.

Now let us consider the antiferromagnet in a cubic crystal
lattice with a long-range magnetic order. We introduce the
imaginary-time Green’s function of a Nambu spinor operator,

Gψ (k, τ ) = −〈Tτψk(τ )ψ†
k (0)〉, (B7)

where ψk is defined in Eq. (42). It can be shown that the
frequency Green’s function follows

Gψ (k, iνn) = iνnτ3 + A − Bkτ1

(iνn)2 − E2
k

, (B8)
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where A and Bk are defined in Eq. (42) and the magnon energy
Ek is given in Eq. (44). Here τi (i = 1, 2, 3) are the Pauli
matrices.

It can be shown that

Gxx(q, iνn) = NS

2
Tr[Gψ (q + Q, iνn) + Gψ (q + Q, iνn)τ1],

Gyy(q, iνn) = NS

2
Tr[Gψ (q, iνn) − Gψ (q, iνn)τ1], (B9)

and

Gzz(q, iνn)

= − 1

β

∑
k,iν1

[
G(11)

ψ (k + q + Q, iν1 + iνn)G(11)
ψ (k, iν1)

+ G(21)
ψ (k + q + Q, iν1 + iνn)G(12)

ψ (k, iν1)
]
. (B10)

The other Green’s functions Gi j (q, iνn) = 0 for the cases
with i �= j. With these results, we can obtain the spectrum
functions χi j (q, E ) in Eqs. (45) and (46) for the ordered
antiferromagnet.
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