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Electronic heat current fluctuations in a quantum dot
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The fluctuations of the heat current in a quantum dot coupled to electron reservoirs are calculated at finite
frequency, voltage, and temperature using the nonequilibrium Green function technique. The nonsymmetrized
heat noise is expressed as an integral on energy containing four contributions, each of which includes trans-
mission amplitudes, electron-hole pair distribution functions, and energy difference factors. The effect of the
asymmetry of the couplings between the quantum dot and the reservoirs is studied. Features of the heat noise
are highlighted and discussed for an equilibrium and an out-of-equilibrium quantum dot. In the latter case and
within the high transmission limit, the heat noise is closely related to the radiative power spectrum, leading to an
out-of-equilibrium Planck’s law. Proposals for the measurement of the heat noise are discussed.
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I. INTRODUCTION

In quantum devices, the heat fluctuates over time for
several reasons: the first one is related to the presence of
thermal agitation at finite temperature, the second one to the
fact that the device interacts with its electromagnetic envi-
ronment by emitting or absorbing energy via phonons or
photons, and the third one to the probabilistic nature of parti-
cle transfer in quantum systems. The characterization of these
heat fluctuations provides a variety of information on energy
dissipation [1], the presence of finite coherence and entan-
glement in open quantum systems [2], and the higher-order
cumulants of charge counting statistics [3]. In addition, they
reveal features that are not visible in the charge noise [4],
such as the signature of a crossover from Coulomb blockade
to Kondo physics in energy fluctuations [5]. In the case of
on-demand single-electron sources, the heat fluctuates while
the charge emission is noiseless [6]. So far, only tempera-
ture fluctuations [7], related to energy fluctuations [6,8,9],
have been measured [10], but there are several proposals for
the measurement of heat fluctuations [8,9,11,12]. With the
fast progress of heat measurement techniques in nanosys-
tems [13–16], it can be expected that this will be possible in
the foreseeable future. Heat transport in quantum devices is
in itself well controlled [17], notably with the experimental
confirmation [18] of the existence of a thermal conductance
quantum [19] and the evidence of the heat Coulomb blockade
effect [20].

The issues raised by these studies are also of funda-
mental interest. The question of the generalization of the
fluctuation-dissipation theorem to heat transport has been
addressed [21–23], as well as the verification of the fluctu-
ation theorem [12,24–28], which is a microscopic extension
of the second law of thermodynamics. The statistics of
heat exchange in a driven open quantum system have been
studied [29] as well as the statistics of work for a two-
level system in the presence of dissipation [30]. Among
the theoretical approaches used to study the heat fluctua-
tions in quantum devices, one can cite the Landauer-Büttiker
formalism [31,32], nonequilibrium Schwinger-Keldysh Green

function technique [3,33–35], circuit theory [27], Tomonaga-
Luttinger liquid theory [36,37], generalized Lindblad master
equations [2,12,28], mean-field method coupled to Hartree-
Fock approximation [38], Boltzmann-Langevin approach [9],
and inchworm quantum Monte Carlo method [5]. The systems
in question are either molecular junctions [34,38], quan-
tum wires [31,36,39], mesoscopic constrictions [21], quantum
dots [1,12,27,35,40–42], double quantum dots [1,43], or
qubits [44]. In these works, the generating function
for the heat full-counting statistics has been determined
[1–3,5,8,24,33,39,42–46], and the zero-frequency heat noise
has been calculated [3–5,31,36,38,40,46–48] as well as the
symmetrized finite-frequency heat noise [21,22,32,34,35].
The nonsymmetrized finite-frequency heat noise has also been
calculated for a quantum dot (QD), but only for symmetrical
couplings between the QD and the electron reservoirs [41].
The objective of the present work is twofold: first, to gener-
alize the calculation of nonsymmetrized finite-frequency heat
noise to the case of asymmetrical couplings, which can differ
by a factor of up to ten [49], by looking at both autocorrelators
and cross correlators, and second, to highlight the main fea-
tures of the heat noise spectrum in a QD. Only the electronic
contribution to the heat noise is considered in this work.

The paper is organized as follows: the model and results are
presented in Sec. II, the equilibrium and out-of-equilibrium
heat noises are, respectively, discussed in Secs. III and IV,
and the conclusion is given in Sec. V.

II. MODEL AND RESULTS

The standard Hamiltonian describing a noninteracting QD
connected to left (L) and right (R) reservoirs of electrons is
the Anderson Hamiltonian,

H =
∑

α=L,R

∑
k∈α

εαkc†
αkcαk + ε0d†d

+
∑

α=L,R

∑
k∈α

(Vαkc†
αkd + H.c.), (1)
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TABLE I. Expressions of matrix elements Mγ δ

αβ (ε, ω) appearing in the finite-frequency heat noise of Eq. (2), setting h̄ = 1, where tαβ (ε) =
i
√

�α�βGr (ε) is the transmission amplitude, Tαβ (ε) = |tαβ (ε)|2 is the transmission coefficient, and Eα (ε) = ε − μα is the difference between
the energy ε of the particle and the chemical potential in the reservoir α.

Mγ δ

αβ (ε, ω) γ = δ = L γ = δ = R γ = L, δ = R γ = R, δ = L

α = L
∣∣EL (ε − ω)tLL (ε) E2

L

(
ε − ω

2

) ∣∣EL (ε)
∣∣EL (ε − ω)

β = L +EL (ε)t∗
LL (ε − ω) ×TLR(ε)TLR(ε − ω) −EL

(
ε − ω

2

)
tLL (ε)

∣∣2 −EL

(
ε − ω

2

)
tLL (ε − ω)

∣∣2

−EL

(
ε − ω

2

)
tLL (ε)t∗

LL (ε − ω)
∣∣2 ×TLR(ε − ω) ×TLR(ε)

α = R E2
R

(
ε − ω

2

) ∣∣ER(ε − ω)tRR(ε)
∣∣ER(ε − ω)

∣∣ER(ε)

β = R ×TLR(ε)TLR(ε − ω) +ER(ε)t∗
RR(ε − ω) −ER

(
ε − ω

2

)
tRR(ε − ω)

∣∣2 −ER

(
ε − ω

2

)
tRR(ε)

∣∣2

−ER

(
ε − ω

2

)
tRR(ε)t∗

RR(ε − ω)
∣∣2 ×TLR(ε) ×TLR(ε − ω)

α = L ER

(
ε − ω

2

)
tLR(ε)t∗

LR(ε − ω) EL

(
ε − ω

2

)
t∗
LR(ε)tLR(ε − ω)

[
EL (ε)tLL (ε)

[
EL (ε − ω)t∗

LL (ε − ω)

β = R ×[
EL

(
ε − ω

2

)
t∗
LL (ε)tLL (ε − ω) ×[

ER

(
ε − ω

2

)
tRR(ε)t∗

RR(ε − ω) −EL

(
ε − ω

2

)
TLL (ε)

] −EL

(
ε − ω

2

)
TLL (ε − ω)

]
−EL (ε − ω)t∗

LL (ε) −ER(ε − ω)tRR(ε) ×[
ER(ε − ω)tRR(ε − ω) ×[

ER(ε)t∗
RR(ε)

−EL (ε)tLL (ε − ω)
] −ER(ε)t∗

RR(ε − ω)
] −ER

(
ε − ω

2

)
TRR(ε − ω)

] −ER

(
ε − ω

2

)
TRR(ε)

]

α = R ER

(
ε − ω

2

)
t∗
LR(ε)tLR(ε − ω) EL

(
ε − ω

2

)
tLR(ε)t∗

LR(ε − ω)
[
EL (ε)t∗

LL (ε)
[
EL (ε − ω)tLL (ε − ω)

β = L ×[
EL

(
ε − ω

2

)
tLL (ε)t∗

LL (ε − ω) ×[
ER

(
ε − ω

2

)
t∗
RR(ε)tRR(ε − ω) −EL

(
ε − ω

2

)
TLL (ε)

] −EL

(
ε − ω

2

)
TLL (ε − ω)

]
−EL (ε − ω)tLL (ε) −ER(ε − ω)t∗

RR(ε) ×[
ER(ε − ω)t∗

RR(ε − ω) ×[
ER(ε)tRR(ε)

−EL (ε)t∗
LL (ε − ω)

] −ER(ε)tRR(ε − ω)
] −ER

(
ε − ω

2

)
TRR(ε − ω)

] −ER

(
ε − ω

2

)
TRR(ε)

]

where c†
αk (d†), cαk (d) are the creation and annihilation op-

erators associated with the reservoir α (respectively, the QD).
The energies εαk , ε0, and Vαk are, respectively, the energy of
the electrons in the reservoir α, the discrete energy level of the
QD, and the hopping integral between the reservoirs and the
QD. The retarded Green function associated with the QD con-
nected to the reservoirs is given in the flat wideband limit by
Gr (ε) = [ε − ε0 + i(�L + �R)/2]−1, where �α = 2πρα|Vα|2
is the coupling between the QD and the reservoir α assum-
ing that the density of states ρα and Vα ≡ Vαk are energy
independent.

The heat noise is defined as the Fourier transform of
the nonsymmetrized correlator of heat currents at two dif-
ferent times: Sheat

αβ (ω) = ∫ ∞
−∞〈�Jα (t )�Jβ (0)〉e−iωt dt , where

�Jα (t ) = Jα (t ) − 〈Jα〉. The heat current operator is given by
[50–53] Jα (t ) = −Ḣα + μαṄα , where Hα = ∑

k∈α εαkc†
αkcαk

is the Hamiltonian of the uncoupled reservoir α and Nα =∑
k∈α c†

αkcαk is the operator number of electrons in the
reservoir α. The calculation of the nonsymmetrized finite-
frequency heat noise is performed using the nonequilibrium
Green function technique. It gives [54]

Sheat
αβ (ω) = 1

h

∑
γ ,δ=L,R

∫ ∞

−∞
dεMγ δ

αβ (ε, ω) f e
γ (ε) f h

δ (ε − h̄ω),

(2)
where f e

γ (ε) = {1 + exp[(ε − μγ )/kBTγ ]}−1 and f h
δ (ε) =

1 − f e
δ (ε) are the Fermi-Dirac distributions for the electrons

in the reservoir γ and the holes in the reservoir δ. μγ and
Tγ are, respectively, the chemical potential and the temper-
ature in the reservoir γ . The matrix elements Mγ δ

αβ (ε, ω) are
listed in Table I. The relative importance of the four terms
in Eq. (2) varies according to the experimental conditions:
they all have an equal weight at equilibrium, while the term
MLR

αβ (ε, ω) dominates out of equilibrium. The result of Eq. (2)

is applicable to any frequency ω, temperatures TL,R, voltage
V , and couplings �L,R. It generalizes the results of Ref. [41]
to arbitrary couplings between the QD and the reservoirs. The
expressions of the elements for the matrix M reduce to the
ones entering in the expression of the charge noise Scharge

αβ (ω)
of Refs. [55,56], provided that the factor Eα (ε) is replaced
by the value 1. One notices that three of such factors enter
into the expression of the heat noise: Eα (ε), the energy of
the electron in the reservoir α; Eα (ε − h̄ω), the energy of the
hole in the reservoir α; and Eα (ε − h̄ω/2), the average energy
of the electron-hole pair in the reservoir α. These factors
are related to the energy exchanged with the electromagnetic
environment surrounding the QD during the various transfer
processes contributing to the heat noise. These processes are
10 in number (for Sheat

LL (ω), see Fig. 1) and involve transfer of
electron-hole pairs through the QD. Depending on the initial
location of the electron and the hole, the number of possible
processes differs. When the electron and the hole are both
located in the right reservoir, there is only one process: P1.
When the electron is located in the left (right) reservoir and
the hole in the right (left) reservoir, there are two processes:
P2 and P3 (P4 and P5). Finally, when the electron and the hole
are both initially located in the left reservoir, there are five
processes: from P5 to P10. To calculate the contribution of
each of these sets of processes, one must take the quantum
superposition of the processes having the same initial state
[54]. Using this simple rule, one recognizes the expression
of Sheat

LL (ω) of Table I. It highlights the fact that the energy
exchanged with the electromagnetic environment during the
processes is the average energy of the electron-hole pair, i.e.,
either EL(ε − h̄ω/2), when the electron and the hole both
make an excursion in the central part of the QD, or ±h̄ω/2,
when only one of the two particles makes the excursion. This
is the case for the processes P3, P5, P8, and P10, which have
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FIG. 1. Illustration of the 10 processes contributing to the heat
noise in the left reservoir attached to the QD. The green (blue)
spheres represent an electron (hole) of energy ε (ε − h̄ω). The energy
released for each process is indicated on the left side.

the particularity to contribute to the heat noise whereas they
do not contribute to the charge noise [55].

III. EQUILIBRIUM HEAT NOISE

Before exploiting the result of Eq. (2), one checks that it
gives the expected behavior for heat noise within known lim-
its. At zero frequency ω = 0, symmetrical couplings �L,R =
� with T (ε) = �2Gr (ε)Ga(ε), and using the optical theorem
that holds for a noninteracting QD, which means that one
has t (ε) + t∗(ε) = 2T (ε), Eq. (2) leads for the autocorrelators
(α = β) to the expression [54]

Sheat
αα (0) = 1

h

∫ ∞

−∞
dε(ε − μα )2

× {
T (ε)[1 − T (ε)]

[
f e
α (ε) − f e

α (ε)
]2

+ T (ε)
[

f e
α (ε) f h

α (ε) + f e
α (ε) f h

α (ε)
]}

, (3)

in agreement with the results of Refs. [4,36,42]. The index
α takes the value R for α = L and the value L for α = R.
The last line of Eq. (3) corresponds to the equilibrium heat
noise Sheat

JN (Johnson-Nyquist), which can be expressed as a
function of the thermal conductance Kα = ∂〈Jα〉/∂Tα by the
relation Sheat

JN = kBT 2
L KL + kBT 2

R KR, in perfect agreement with
Refs. [36,46,57]. One is reminded that the equilibrium charge
noise Scharge

JN is related to the electrical conductance by the
relation Scharge

JN = kBTLGL + kBTRGR, with Gα = e∂〈Iα〉/∂μα ,
where 〈Iα〉 is the electrical current associated to the reservoir
α. The Johnson-Nyquist heat and charge noises are displayed
in Figs. 2(a) and 2(b) as a function of the QD energy level
ε0. Within a certain range of values for the coupling �, Sheat

JN
shows a double-peak profile, while a single one is observed

FIG. 2. Johnson-Nyquist (a) heat and (b) charge noises at equi-
librium (eV = h̄ω = 0 and TL,R = T ) as a function of the QD level
energy ε0 at kBT = 0.1 meV (i.e., T = 1.16 K) for several values of
the couplings between the reservoirs and the QD taken symmetrical:
�L,R = � (in meV).

in Scharge
JN . Indeed, at equilibrium, the charge fluctuations are

maximal when the QD energy level is aligned with the chem-
ical potentials, i.e., at ε0 = 0 when μL,R = 0, since charge
transfer does not cost energy. It results in a local minimum
in the heat noise at ε0 = 0. For increasing values of |ε0|, the
heat noise starts to increase because the charge transfer costs
energy in this case. Then it finally decreases and converges
to zero due to the fact that the probability for the charge to be
transferred through the dot vanishes at high |ε0|. When the two
peaks in Sheat

JN are present, their positions are ε0 ≈ ±2.5kBT at
most [54], in line with Ref. [58] where such a double-peak
structure has been predicted in the thermal conductance of
a QD. The condition to have a double peak in Sheat

JN can be
identified [54]. One finds that the condition is �L + �R �
8kBT . These results could be verified experimentally since
at equilibrium the heat noise is proportional to the thermal
conductance.

IV. OUT-OF-EQUILIBRIUM HEAT NOISE

The heat noise is sensitive to the fact that the system is
driven out of equilibrium either by applying a bias voltage,
a temperature gradient, or by considering the noise at finite
frequency. Figure 3 shows the profiles of heat and charge
noises in the left reservoir as a function of the frequency at

FIG. 3. Out-of-equilibrium (a) heat noise and (b) charge noise
in the left reservoir as a function of frequency at kBTL,R =
0.01 meV, ε0 = 0, and eV = 1 meV for different coupling values
taken symmetrical: � = �L,R (in meV). The dashed black line in
(a) corresponds to Eq. (4).
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low temperature and fixed value of the voltage. For increasing
values of the couplings �L,R (here taken symmetrical), the
profile of the charge noise displayed in Fig. 3(b) changes until
it vanishes for strong couplings since the transmission be-
comes perfect in this limit (TLR(ε) ≈ 1) which means that no
fluctuation of charge current can occur: Scharge

LL (ω) = 0. This is
not the case for heat noise. On the contrary, one observes that
the heat noise globally increases when the couplings increase
until it reaches the curve of equation

Sheat
αα (ω > 0, T = 0) = h̄2ω2

4h
(eV − h̄ω)(eV − h̄ω) (4)

derived in Ref. [54] in the zero temperature and perfect trans-
mission limits, corresponding to the dashed black line in
Fig. 3(a). Here,  is the Heaviside function. More generally,
the heat noise at perfect transmission is expressed as follows:

Sheat
αα (ω) = h̄ω

h

(
h̄2ω2

6
+ e2V 2 + 2e2LT 2

)
N (h̄ω)

+ h̄2ω2

4h

∑
±

(h̄ω ± eV )N (h̄ω ± eV ), (5)

with N (h̄ω) the Bose-Einstein distribution function, and L =
π2k2

B/3e2 the Lorenz number. This is a key result that gener-
alizes the Planck’s law for driven out-of-equilibrium quantum
systems [59–63]. It gives Sheat

αα (ω) ∝ h̄3ω3N (h̄ω) at zero volt-
age and low temperature, and Eq. (4) at positive voltage and
zero temperature since one has NT =0(ε) = −(−ε). It means
that the heat noise could be interpreted as the radiative power
spectrum associated with the QD, opening the route to its
measure. Thus, contrary to the charge noise, the heat noise
does not vanish within the perfect transmission limit. It is
related to the fact that external sources of energy are sup-
plied to the system by the applied voltage or the frequency
of the measurement device, resulting in fluctuations of the
heat current, except when h̄ω > eV since the system cannot
deliver energy at a frequency higher than the voltage in the
low-temperature limit [64].

An additional distinctive feature between heat and charge
noises is obtained for asymmetrical couplings �L 
= �R.
Figure 4(a) shows the heat noise in the left reservoir as a
function of voltage for different values of the asymmetry
factor a = �L/�R at low temperature and strong couplings.
One observes that the variation of Sheat

LL (ω) changes from a
linear variation with eV at a = 1 to a quadratic variation with
eV at a 
= 1. Therefore, the fact that heat noise varies linearly
or quadratically with voltage could provide information on
the asymmetry of couplings. Note that this asymmetry only
manifests itself when the QD is in a nonequilibrium situa-
tion when eV and h̄ω are both nonzero with the constraint
h̄ω < eV . Such a linear/quadratic variation fits with the ana-
lytical expression, displayed by the dashed lines in Fig. 4(a),
obtained for heat noise at zero temperature and perfect
transmission [54],

Sheat
αα (ω > 0, T = 0) = h̄ω

4h
(eV − h̄ω)(eV − h̄ω)

×
[(

�α

�α

− 1

)
eV + h̄ω

]
. (6)

FIG. 4. Out-of-equilibrium (a) heat noise in the left reservoir as a
function of voltage for three different values of the asymmetry factor
a = �L/�R with �L + �R = 40 meV. (b) Heat noise in the left and
right reservoirs as a function of the asymmetry factor at V = 1.5 mV
and �R = 10 meV. The other parameters are h̄ω = 1 meV, kBTL,R =
0.01 meV, and ε0 = 0. The dashed lines correspond to Eq. (6).

This result can be written alternatively under the form
Sheat

αα (ω) = �U�E/Pα , where �U = h̄ω/4 is the average
energy deviation in the equivalent RLC circuit including
the electromagnetic environment [65], �E = eV − h̄ω is the
energy barrier that the charge has to overcome during the
transfer processes, and Pα = [ω/2π + (�α/�α − 1)eV/h]−1

is a period that characterizes the dynamics of the energy
exchange associated to the reservoir α: the dynamics is faster
and the heat noise higher [see Fig. 4(b)] in the strongest
connected reservoir since one has Pα < Pα when �α > �α .
For symmetrical barriers, i.e., a = 1, the period is identical
in the two reservoirs and is equal to 2π/ω, and the left and
right heat noises coincide.

Experimentally, the heat noise at finite frequency could be
obtained either from the measurement of the radiative power
spectrum, as explained previously, or from the measure-
ment of temperature fluctuations since one has the following
relation [9,10]: Sheat

αα (ω) = (1 + ω2τ 2
E ,α )K2

αS
temp
αα (ω), where

S temp
αα (ω) = ∫ ∞

−∞〈�Tα (t )�Tα (0)〉e−iωt dt . The energy relax-
ation time τE ,α is defined as the ratio between the heat
capacity Cα = ∂〈Qα〉/∂Tα and the thermal conductance Kα =
∂〈Jα〉/∂Tα: τE ,α = Cα/Kα . When only electrons contribute to
the heat current, one has τE ,α = h̄�α/(�L�R).

V. CONCLUSION

The study of electronic heat noise reveals several fea-
tures that are not visible in charge noise. At equilibrium
and provided that

∑
α �α � 8kBT , the Johnson-Nyquist heat

noise represented as a function of the QD energy level ε0

shows a double-peak structure instead of the single-peak
structure visible in the charge noise. Out of equilibrium,
since the QD can exchange energy with its electromag-
netic environment, the heat noise does not vanish for perfect
transmission, while the charge noise does, resulting in a
crucial difference between these two quantities. Moreover,
an out-of-equilibrium Planck’s law is derived in that limit,
meaning that the heat noise could be interpreted as the ra-
diative power spectrum. Finally, unlike charge noise, heat
noise is very sensitive to the coupling asymmetry, with a
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transition from a quadratic to a linear voltage variation when
the couplings change from asymmetrical to symmetrical. A
direct extension of this work would be the determination
of the heat noise in an interacting QD using, for instance,
the theory developed in Ref. [56] for the calculation of
charge noise.
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