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The magnetic ratchet effect has been studied in phosphorene by the use of the Boltzmann kinetic equation,
which is a semiclassical approach. The Hamiltonian of phosphorene in a steady parallel magnetic field is derived
using the tight-binding model. We consider the effect of the magnetic field on nonlinear dynamics in the presence
of an ac laser field and spatial inversion asymmetry. We have shown that for anisotropic two-dimensional
materials and phosphorene, the ratchet current has a response to three different light polarizations: linearly
polarized light, circularly polarized light, and unpolarized light.
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I. INTRODUCTION

In a ratchet machine, while a pawl moves upward and
downward, the wheel rotates in one direction. According to
the magnetic ratchet effect, a dc current will be produced in a
semiconductor where it is under an alternating electric field of
laser radiation and a steady magnetic field. Ratchet effects in-
duced by the in-plane magnetic field were previously studied
[1,2]. It has been experimentally observed in graphene, where
the symmetry is broken by adatoms [3] or superlattice [4] and
Si-MOSFET [5]. It has also been theoretically predicted for
gated bilayer graphene [6,7] and quantum well [8]. However,
it is unclear how this effect would appear in an anisotropic
material. In this paper, we solve this issue by the study of the
magnetic ratchet effect in phosphorene, a monolayer of black
phosphorus.

In phosphorene, each phosphorus atom is covalently
bonded with three adjacent phosphorus atoms. Hence, each
p orbital retains a lone pair of electrons. Because of the
sp® hybridization, phosphorene does not form an atomically
flat sheet like graphene. This property generates an intrinsic
in-plane anisotropy that results in a specific angle-dependent
conductivity [9]. The puckered structure of phosphorene de-
duces to a strong anisotropy in electric conducting and it is
important to have novel devices with anisotropic properties
[10]. Phosphorene has also been fabricated and manipulated
in the laboratory [11,12]. The most remarkable properties of
phosphorene are high carrier mobility, high optical and UV
absorption, strong in-plane anisotropy, showing a direct band
gap, and other attractive properties, which are of particular
interest for optoelectronic applications [12,13].

Here, we have considered the effect of an ac laser field and
an in-plane steady magnetic field on the induced second-order
dc current in phosphorene. We have considered the effect of
the spatial asymmetry caused by the disorder and an external
gate on the ratchet current. In this paper, we will show that
under asymmetric spatial disorder, phosphorene produces a
dc current that includes the responses to linearly polarized
light, circularly polarized light, and unpolarized light because
the momentum relaxation time depends on energy. This ef-
fect is observable in monolayer graphene due to the linear
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dispersion of carriers, as well [3]. However, in two-
dimensional (2D) materials with parabolic dispersion, the
circular ratchet effect and the unpolarized ratchet current
under an in-plane magnetic field are possible only if the
momentum relaxation time depends on energy [6,8,14]. As
an example, for bilayer graphene where Coulomb impurities
act like short-range scatters, it is shown that only the lin-
ear magnetic ratchet current is possible [6]. Additionally, the
established circular polarized light detectors rely on chiral or-
ganic semiconductors and metal metamaterials [15]; however,
based on this study we predict that inorganic phosphorene
could act as a polarized light detector. This point is also
valuable to develop a polarization detection and measurement
based on anisotropic 2D materials.

II. HAMILTONIAN

The unit cell of phosphorene is depicted in Fig. 1 with arm-
chair (zigzag) edge structure at the x(y) direction. According
to this figure, there are four atoms in the unit cell: two atoms
on the lower layer (A; and B;), and two atoms on the upper
layer (A, and B;). Intralayer coupling #;, interlayer couplings
1y, t4, and fs, different on-site energies (U; and U,) and §,
and interlayer potential asymmetry, are depicted in Fig. 1.
It is worthy to mention that the on-site energy difference §
between the positions A; and B; (A, and B;) is introduced
and determined by infrared spectroscopy [16]. In addition, the
interlayer hopping parameter #; is the transfer energy of the
B, atom of one unit cell with the A; atom of the adjacent unit
cell and it is not depicted in Fig. 1. Furthermore, the intralayer
distance between atoms in one unit cell is a, and for d as in-
terlayer distance, d’ is the distance between B and A, atoms.
We also assume that two angles « and 8 are o = Aﬁ?l\Al =
B>A2B> = 96.5° and B = A,B1A; — 90° = 108.04° — 90° =
18.04°. While the upper layer is located at d/2, the lower
layer is located at —d /2 where d = 2.13 A [17,18]. Finally,
we assume that phosphorene is under the effect of an in-
plane steady magnetic field, B = (B, B,, 0), where its vector
potential is A = z(B,, —By, 0) chosen to preserve translation
symmetry in the phosphorene plane; z is the Cartesian coordi-
nate perpendicular to the phosphorene plane.

©2021 American Physical Society
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FIG. 1. The side view of four atoms in the unit cell of phospho-
rene. A; and B atoms on the lower layer, and A, and B, on the upper
layer have been depicted. The intralayer distance between atoms in
one unit cell is a, and d’ is the distance between B; and A, atoms in
different layers. Straight lines indicate intralayer coupling #,. Inter-
layer couplings 1,, t4, and #5 are depicted by dashed lines. Parameters
U,, U,, and § indicate different on-site energies, as described in the
main text. Note that x is armchair and y is zigzag direction.

Because there are four atoms in the unit cell of phospho-
rene, the phosphorene tight-binding Hamiltonian is a 4 x 4
matrix, and phosphorene has two conduction bands and two
valence bands. To write the tight-binding Hamiltonian of
phosphorene in a parallel magnetic field, we use the Peierls
substitution. For instance, to determine the Hamiltonian ele-
ment for a process of hopping between the in-plane A and B
sublattices, H4p, we have determined the following summa-
tion over B sites at the position Rg,:

3 . R4
Hu=1) exp [iK . (Rp, — Ry) — %f A-dl}.

j=1 R,

Here, K = p/# is the electron wave vector, —e is the charge
of electron, and d1 is the length differential. Consequently, we
can show that the Hamiltonian of phosphorene in the steady
magnetic field and in the basis of (A, By, Az, By) is

U, fi+fs fa L+
g [T U+s AT+ o
fa* L+ fs ) A+
L+ 5 fa* T U,

We assume that b =edB/2, in-plane momentum p =
(Px, Py, 0), and a, and a, are the length of the unit cell into
the x and y directions, respectively. For the lower layer, we
have

bx J x_b
f1=2t1c0say(py2;_ )ex [l(ph y)acos%i|, ()
(py + by
f3 :2%(:05%

xexp|:— w@gﬂsinﬂ + a cos %)] 3)

and for the upper layer, we have

- bx ] X b
f| =2t cos ay(py2h )ex |:l(p ;_ y)a cos %] 4)
b,
f3’ = 213 cos ay(Py2h )
i(px + Dy .
X exp |: — W(Za” sin B + a cos %)] 5)
Furthermore, we have
f=texp [ — —pid’sin ﬂ}, ©)
x . o v .o
fa = 4t4cos [% (d/ sin B + a cos §>i| cos [%a sin 5i|,
@)
fs = tsexp [i%(ax —d'sin ,8)]. (8)

Additionally, it is important to work in the low-energy regime.
To do so, we make a Taylor expansion of f; functions in
the vicinity of the I' point. Consequently, we can assume
that cosx = 1 — x?/2 and expx = 1 + x + x?/2. In addition,
we neglect those terms that are quadratic or higher in the
magnetic field.

III. RATCHET CURRENT IN A TWO-DIMENSIONAL
MATERIAL

According to the perturbation theory, the magnetic-
dependent valence band is

10)P = 10) + Mll), ©)
€1 — €0

where |0) and |0)” = |p) are valence band and perturbed va-
lence band eigenstates, respectively. In this equation, |1) is the
conduction band eigenstate, and V is that part of the Hamilto-
nian which includes the magnetic field. Additionally, €; and
€o are the conduction band and the valence band energies,
respectively. By the same method, the perturbed conduction
band is derived, as well.

We assume that the two-dimensional material, phos-
phorene, is under an in-plane ac electric field with the
angular frequency w. It means that E| (1) = Ejexp(—iot) +
Eﬁexp(ia)t), where E| = (E,, Ey) and EW = (E;‘,E;‘). This
in-plane radiation changes the electron distribution function,
so that the electron distribution function is dependent on the
momentum p and ¢ time; f(p, t). For homogeneous materials,
we use a Boltzmann kinetic equation, hence the results of this
paper are valid in the semiclassical regime, fiw < €r; € is
the Fermi level [19]. Assuming v - 9 f/dr = 0, where v is the
electron velocity, we have

af(p.1)
ot

—eE \V,f(p, 1) + = S{f}. (10)

Collision integral S{f} is

Sy =Y W f(P 1) — Wy f (P, 1)].

Y
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For a perturbed electron gas, the scattering rate is
0
Wop = Wi + Wy, (11)

where W) is the rate of the electron scattering between
unperturbed states, and Wy, is the change of the scattering
rate because of the perturbation.

Additionally, according to Fermi’s golden rule, the transi-
tion rate between p and p’ states under a scattering potential,
S6H,is

2 f 2

Wop = 7|<p |6H |p)|"8(ep — €p), (12)

where angular brackets indicate an average over impurity

positions. Considering static impurities, we can write the fol-
lowing equation for 6H:

Nimp

SH =) Yu(r—Ry), (13)

J=1

where Ny, is the number of impurities, u(r — R;) describes
the spatial dependence of the impurity potential, and ¥ is a
dimensionless matrix describing the structure. We also neglect
the interference between different impurities, and we use the
Fourier transform of the impurity potential

u(q) = / d*ru(r)e ar/m,

In the scattering rate, we perform a harmonic expansion of the
impurity potential as described in the following equation:

| i;t(p/ _ p) |2: Z Vm/eiITl/(¢,7¢)v
m

where ¢ is the polar angle of momentum and v_,, = v,, be-
cause it is an even function of (¢’ — ¢).

To determine the current by the Boltzmann kinetic equation
[Eq. (10)], we consider that f(p, t) is a series with two indices
(n, m). So, the distribution function is expanded in terms of ¢
and ¢ harmonics with coefficients f,ﬁl") that are functions of €,
the total energy of an electron

f@.0) =) [\ exp(img — inwr),

n,m

where m and n are integers, and multiplying the Boltzmann
equation by a factor exp (—ij¢ + ilwt), where j and [ are
integers and integrating over a period 2w of angle ¢ and a
period of time, ¢, lead to coupled equations between different
harmonic coefficients

-1 _ I -1 |~ I+1 -1

(T — i) fj = o1 fiTy + & fil) + nj fii
1 fii1 + 885 (14)

For an isotropic material in the absence of the magnetic field

;' =Y Wyl — cos(jl¢' — @]
-

is the relaxation time of the jth angular harmonic of the
electron distribution function. However, for an anisotropic

two-dimensional electron gas like phosphorene, it is [20,21]
_ 2
T P) = = D UPISH ) a(e, — &)
v

x{l _ 18- Ve®)lzjip }
[§ - Ve(P)lTjip

where £ is the unit matrix of the electric field and V, is the
group velocity. In addition, operators in Eq. (14) are

= B TE) (D
! 2 p op)

e(EX —iE [/ j 8
g = CETIED (D0
2 p 0p

_e(Ex+iEy)<i'+ a)

= 2 p ap
e(Er +iED) (] L
= 2 p op)

where p = |p|. The factors rSS; in Eq. (14) describe the cor-
rection to the scattering caused by the magnetic field.

To quantify the dc current caused by an ac electric field, it
is necessary to determine time-independent asymmetric parts
of the distribution function; f?, harmonics. We assume that
electrons are trapped in a huge box with length L and under a
periodic potential. For § f = f10 exp(i¢) + f91 exp(—ig¢), the
current density is

8

J=—75 ) eVidf. (15)

P

where g is the spin degeneracy factor (g = 2).

To solve Eq. (15), the summation over the momentum
vector could be written based on two integrals: one integral
over the electron energy, €, and another one over the direction
of the momentum, ¢:

o0 2 d
Z(...) =L2/ F(e)de/ 2_¢(...).
b 0 0 us

The coupled equations [Eq. (14)] for the harmonics f].(l) of
the distribution function are also used to exPress 8 f in terms
of the equilibrium distribution function féo . In addition, we
consider that we have a degenerate electron gas, at low-
temperature condition; kg7 < €;. Hence, we can assume that

Af\V /e ~ —8(e — €5).

IV. PHOSPHORENE

We assume that the band dispersion is equal to €, the
density of states per spin per unit area is I'(¢), and the group
velocity of trapped electrons is V, = Vye. To calculate the
change of the scattering rate Wy, in Eq. (11), we use a
numerical approach. Accordingly, after deriving the perturbed
eigenstates of the Hamiltonian [Eq. (1)] according to Eq. (9),
we substitute values of #; (i = 1, 2, ..., 5) coupling parame-
ters and lattice parameters in a derived perturbed eigenstate
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for the conduction and valence bands. We consider that t; =
—1.220eV, 5, =3.665eV,t3 = —0.205¢eV, 1, = —0.105 eV,
and 5 = —0.055 eV [17,18,22]. We also substitute numerical
values of a,, ay, @, B, and d’ [Egs. (2)—~(8)]. To derive Wy, we
also consider different forms of ¥ matrix [Egs. (12) and (13)].
In the symmetric case, where the upper and lower layers are
under the effect of disorder, with equal amounts of scattering
on the two layers, the disorder matrix is a unit matrix. In addi-
tion, according to the selected basis that is (A;, By, A», By)T,
if we consider that scattering is limited to the lower layer
(¢ = 1) or upper layer (¢ = —1), the disorder matrix is
Y =1d+¢6.90.

Hence, we derive a general form for Wy,. This general form
that is linear in magnetic field and momentum is

Wp’p(Ulv U2’ 8 é‘)

_2_JTM|(

h L?

X {Co(Ul,Uz,&{)

—p)I’8(ey — €p)

1
+ ?Cl(Uh U, 8, £)byp(cos ¢ + cos @)

1
+ ?CZ(U19 U27 87 é‘)bxp(SIIl(b + sin ¢,)}7

where niyp = Nimp /L? is the density of impurities and Cy, C|,
and C, are three parameters that change by the change of on-
site energies (U, U,, and §) and disorder types. To estimate
Co, C1, and C; prefactors, we discuss the problem numerically.
We select U; = 0, and we consider different values for U, and
6 parameters. Hence, U, is a tunable factor that is defined as
the difference in the electrostatic potential on the two layers
[6,16]. We consider § in the range of 0-20 meV and U, in the
range of 0—40 meV [6,16]. Then, we calculate Cy, C;, and C,
based on selected ranges of values for three different disorder
types.

For the case of symmetric disorder, Y = I, we can show
that the ratchet current is equal to zero; C; = C; = 0. Conse-
quently, the symmetry of the upper and lower layers should
be broken by disorder or substrate to have a nonzero ratchet
current.

For asymmetric disorder types, we can show that by the
change of § in the range of 0-20 meV and U, in the range
of 040 meV, the Cp is equal to 1/4 in the order of 1072
Additionally, for these two disorder types, for the conduction
and valence bands, we can show that considering § = U, =
0 will deduce to a zero ratchet current. In addition, for any
amount of § factor, for a nonzero U, amount, C; is nonzero.
However, for § = 0 or U, = 0, C; is equal to zero.

Moreover, we can show that the relevant 855 factors in
Eq. (14) that describe the correction to scattering caused by
the magnetic field are

88, =0,

88| = A(CiB, +iC:B,)f1,
88", = A(CiBy —iGB))f',,

885 = A(CiB, —iC2B) f},
88', = A(C1By +iGB)f',,

where

A edT Ry Qre)
= € s
253 P

Q = —(VQ — 1)2).

Hence, we can show that the corresponding in-plane current
is

T = My [B,(IE,|* — |E,[*) + B(E.E; + E,E})]

+M, (B, |E|* + Ms (Bli(E;E} — E\EY),  (16)

Iy =My, [-B(E:|* — |E,*) + B(E:E} + E,E;)]

+MayB,|E > — M3 ,Bli(EE} — E,E}), (17)

where B; = C\By and B, = C,B,. Furthermore, M coeffi-
cients are the current responses to different light polarizations.
M is the current response to the linearly polarized light, M,
is the current response to the unpolarized light, and M3 is the
current response to the circularly polarized light. We can show
that for phosphorene and anisotropic 2D materials

3
ge -1 9 2t 0dfo
M= =55 Y Vemmih (= + o )y 0
1' 4L22p:g’ e (p 8p>1+w2 L ap’

a
,l = 4L2 ZVngll< )

ap

211,12, M) (1 — 0?11,72,) 3o
X I
(14?7} ) (1 +?53;) 9p

Sunid)

ap

Qoty,iT i A)(TLi + T2.0) 3fo
(1+ o) (1 +e?7},) 0p

where V, . = p/my, V,, = p/m,,, and m,, and m,, are the
effective masses along the x (armchair) and y (zigzag) direc-
tions.

V. DISCUSSION

To determine M coefficients and the current, we assume
that the eigenvalues of the system are based on Ref. [23].
Accordingly,

=C
”hpae

and
2 y2
CPh hz + (nv/c + Vv/c)

where s is the band index and it is +1 for the conduction
band and —1 for the valence band. E, is the direct en-
ergy gap, and y = 0.480 eV nm?, 5, = 0.038 eV nm?, v, =
0.030 eV nm?, n. = 0.008 eV nm?, and v, = 0.030 eV nm?
are from Ref. [23]. The above values have been calculated
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for E, = 0.912 eV so that it can be potentially tuned [23,24].
Hence, we can show that
3

ge T1,i
M =-2C,—4
. 2 "My w2
x{VeiT(€)11,12,i A + CpppIT(6)V,,i11,iT2,i AP},
(18)
ge® . T,miA(l — 0’1y, )
M2,i = _Cph ' ) >
2 (1 + Tl,iwz)(l + Tz,ia)z)
x{2V,,(e)T1,i — CoppIT(e)Vgit1ipl'},  (19)
g’ wt1,; T2, A(T1,; + T2,i)
M;; = —Cy, 5 5
2 (1 + r1,1‘6"2)(1 + Tz,iwz)
X{2V,,iT(€)T1i — ConplT(€)Vgit1ip]}.  (20)
Here, derivatives are related to the energy, (---) =

d(---)/0e, and all parameters are evaluated on the Fermi
surface. We have also assumed that £, = R2an/mg; n is the
carrier density in phosphorene [21] and m; = /My, Where
my, = 0.15mg, my, = 0.7mp, and myg is electron free mass
[21]. In addition, we have V, , = 2sp(y2 + Egnv/c)/Egh2 and
Vey = 2spvv/c/h2. We also consider the density of states,
I'(e), equal to md/nhz. As we discussed before, the mo-
mentum relaxation time is dependent on the electric field
direction as well as the incoming wave vector [21]. Conse-
quently, the current responses to different light polarizations,
M coefficients, are not equal to zero. Hence, phosphorene
and anisotropic 2D materials have responses to three types
of radiation: the unpolarized light, the linearly polarized light,
and the circularly polarized light.

For linearly polarized light, we can assume that E} =
E; = (Eo/2)cos and E; = Ey = (Ep/2)sin 6, where 6 is the
polarization angle. We also assume that B[‘ = (B)’C2 + B’y2)1/2
and ¢’ = arctan(B|/B, ). Consequently, we can show that the
current density is

E} . , .
Jo = TOB?‘[M].X sin(20 + ¢') + M . sin ¢'],

2
Jy = TOB‘/‘ [—Mycos(20 + ¢') + My cos ¢'].

According to the above equations, the direction of the current
density for the linearly polarized light is dependent on the
polarization angle 6, the magnetic field direction, the gate
voltage, and the disorder location which determine ¢’. Also,
for unpolarized light, M ,,, related terms are equal to zero
while the M, ,, related terms survive. For circularly polarized
light, we can show that E} = E, = Ey/2 and E} = —E, =
—iuEy/2, where u =1 (—1) for the left- (right-) handed
circularly polarized light. For circularly polarized light, we

can show that

J _E(%B/(M : / M /
v = B (Myysing’ + 3,5 COSQ),

2

J, = 7031, (Ms, cos ¢’ + uMs,, sing).
For the circularly polarized light, the current density direction
is determined by the u, the magnetic field direction, the gate
voltage, and the disorder location.

Furthermore, based on the momentum relaxation time and
the group velocity, the current magnitude changes. In addition,
dependent on the place of the disorder, the effect of an applied
magnetic field in the x and y directions changes. So, the
macroscopic current has the sign of the microscopic occur-
rence. Note that the frequency dependencies of M coefficients
for the isotropic and anisotropic materials are similar [6].

To estimate the strength of the effect, we use parameters
of Ref. [21] and we consider that momentum relaxation time
is independent of the energy and ¢ is equal to 1. Hence, we
assume for carrier densities 10'® m™2, njm, = 10' m~2, and
for impurity distance 0 nm, we have 7, ~ 7, = 0.1 ps [21]. We
also assume that vy is independent of the energy, and it is equal
to what has been calculated for bilayer graphene [6]; py is of
the order of 1072 kgms~!, |[E| = 10kVcem ™', |B| = 7T, and
o= 2.1 x 103 rads~! [3]. In the case of the valence band,
for¢ =1,6 =0.02eVand U, = 0.04eV,C; = 0.034 AZand
C,=—-1882x 1078 A2 Ttis worthy to mention that, for the
conduction band, the magnitudes of the C; and C, prefactors
are similar to the valence band. For instance, in the case of a
conduction band where § = 0.02 eV and 0 < U, < 0.04, the
C, prefactor decreases linearly between 0 and —0.034 A2, and
the C, prefactor increases linearly from 0 to 1.861 x 1078 A2,
Hence, according to Eqgs. (16)—(20), we estimate that the mag-
netic ratchet current density caused by the applied linearly
and circularly polarized lights for the x and y directions are in
the order of uA cm™'. And, for unpolarized light the current
density for the x direction is in the order of uA cm~! and for

the y direction is in the order of nA cm™'.

VI. CONCLUSION

We have considered phosphorene to study the ratchet cur-
rent in anisotropic materials. The tight-binding Hamiltonian
of phosphorene in a parallel magnetic field has been derived
and the orbital effect of an in-plane magnetic field on electrons
in phosphorene is demonstrated. Moreover, the semiclassical
Boltzmann kinetic equation is used to derive the direct cur-
rent in phosphorene under the in-plane magnetic field. For
anisotropic materials under an asymmetric disorder or sub-
strate, ratchet current includes the response to three types of
radiations: linearly polarized light, circularly polarized light,
and unpolarized light. This result can play an important role
in inorganic material based polarized and unpolarized light
detectors.
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