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Magnetophonon resonance on the phonon frequency difference in quasi-free-standing graphene
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The structure of magnetoresistance curves as a function of magnetic field from 0 to 14 T at temperatures
from 0.4 to 6.0 K for macroscopic samples of the quasi-free-standing (QFS) graphene monolayer on SiC
substrate, are observed and analyzed, and also the spatial and depth frequency distribution of phonons have
been measured using the micro-Raman spectroscopy (MRS). That one enables us to interpret the obtained
resonance magnetoresistance curves based on the electron-phonon (e-p) interaction taking into account the
actually observed phonon spectrum in researched samples: in the case of a linear e-p interaction the observation
of the corresponding peaks on the Rxx (B) curves is difficult because an uninterrupted background is created.
While nonlinear MPR with simultaneous G-phonon emission and D-phonon absorption occur in magnetic fields
below 5 T against the background of MPR due to linear e-p interaction as well as Shubnikov–de Haas oscillations.
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I. INTRODUCTION

Properties of semiconductors and metals are significantly
determined by the interaction of two crystal subsystems,
electrons and phonons, affecting both optical and transport
phenomena. Particularly, the scattering on the long wave lon-
gitudinal optical [LO(�)] phonons has an universal character
in semiconductor crystals and two-dimensional systems [1,2]
because the last one generates the macroscopic polarized pole
and electrons interact very effectively with that and causes
the resonance electron-phonon (e-p) interaction to manifest
itself in such effects as magnetophonon resonance (MPR) in
magnetoresistance [3–7] and in the magneto-optical case as
pinnings or anticrossing effect of magneto-optical resonances
(cyclotron resonance (CR) or interzone magnetoabsorption
which sometimes are called the Johnson-Larsen effect [8]),
as well as cyclotron phonon assisted resonance (CPR) [9]. All
these effects are observed in the presence of strong magnetic
field when the discrete Landau levels (LL) characterize the
electron energy spectrum. MPR (in magnetoresistance) was
widely used to research properties of bulk crystals [3–5] and
two-dimensional systems [6,7]—either the electronic struc-
ture [3–7] or phonon spectrum as well as peculiarities of the
e-p interaction [10–16].

In this context, the unique possibilities are presented by the
graphene—on the one hand due to the extreme low effective
mass of electrons (discrete electron energy spectrum takes
place at comparatively low magnetic fields) and because of
the complicated multimode nature of crystal lattice differ-
ent from other two-dimensional systems, on the other hand
[17–32]. This makes it possible to observe the above resonant
effects (MPR in magnetoresistance and the Johnson-Larsen
effect in magneto-optics) with the richness of phenomena
unimaginable to those times: nine types of different electron

transitions in the linear case (one-phonon processes) only
[12]. It is not exhausted in the same rich means oscillatory
structure of graphene because there are reports of other types
of phonons, for example, flexural phonons which, as it turns
out, can also interact with electrons [23]. On the other hand,
a theoretical paper [24] dedicated to the phonon scattering of
carriers in graphene was found that at high carrier densities
elucidate the role of the different phonon modes in limiting
electron mobility: the resistivity arising from scattering with
transverse acoustic phonons is 2.5 times higher than that
from longitudinal acoustic phonons (at nonresonant scattering
caused by acoustic phonons with practically zero energies and
momentum). How does this diversity of the phonon spectrum
in graphene translate into MPR observation?

Correspondently different types of MPR (observed in the
magnetoresistance as well as the Johnson-Larsen effect) have
been recorded in graphene, for example, anticrossings ef-
fects when the Fermi level (FL) is crossed by the electron
LL energy, equal to the phonon energy [18,25] as well as
magneto-Raman scattering measurements on graphenelike
locations on the surface of bulk graphite [26], and other
results regarding this phenomenon in graphene: the B field
dependence of the G line phonon renormalization of exfo-
liated single layer and bilayer graphene for low magnetic
fields [27], tuning the e-p coupling in multilayer graphene
with magnetic fields [28], phonon-mediated resonances at the
magneto-Raman scattering [29], electron-phonon coupling in
graphite via magnetophonon resonances [30], and measure-
ment of filling-factor-dependent MPRs (also in the Raman
spectroscopy) [31].

All these magneto-optical (including magneto-Raman) ef-
fects relate to the interaction of the current carriers with
optical phonons in-plane in the graphene. Two-phonon pro-
cesses were also observed in the case of Ref. [18]—MPR
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(as the magneto-Raman scattering) on the sum of the phonon
frequencies belonging to � or K point of the Brillouin zone
(BZ) in graphene. However, another possibility—MPR on the
frequency differences of the phonon modes [15,16] to these
times—was not observed in the two-dimensional systems.

Some of the works (magneto-optical as CR [27,32] or
based on magnetoresistance [33–36]) investigated quantum
effects in graphene in the region of comparatively weak
magnetic fields below 5 T. An observation of the magnetore-
sistance oscillations of exfoliated graphene, with a conduction
channel width of 15 μm, has been interpreted by authors [33]
as the resonant scattering of electrons on the TA phonons,
which is unlikely in a linear case in semiconductors due to
the lack of momentum conservation [1,2,18]. The recent pub-
lication [37], in which an attempt was made to theoretically
justify such a resonance, did not dispel the existing doubts,
but caused new ones. For example, how can one explain
the experimental fact that the observed oscillations in [33]
take place over a wide interval of temperatures (1.5–250 K).
The MPR temperature observation interval is limited by the
number of excited phonons in the crystal lattice on the one
hand, which requires slightly higher temperatures according
to the exponential factor exp −(hωph/kT ), where hωph is the
energy of the phonons participating in the interaction, and
the requirement to quantize the energy spectrum of electrons
in a magnetic field on the other hand. In other words, a
condition of a strong magnetic field in the quantum sense,
En+1 − En � kT , should take place which makes resonance
testing impossible at higher temperatures. Since simultane-
ously the resonance condition is En+1 − En = nhωph (where
n is an integer 1, 2, 3, …), then it follows nhωph � kT
which means that temperature cannot be high but sufficient
for excitation of the crystal lattice. It automatically means
a narrow temperature interval of MPR observation, the nar-
rower the phonon energy the smaller is hωph. In the case of
longitudinal TA phonons that are few meV only, they shift the
ability to observe MPR on the longitudinal TA phonons in the
low temperature range—certainly below 77 K. This contra-
diction with experiment [33] suggests that the interpretation as
MPR on TA phonons of the magnetoresistance oscillations ob-
served on graphene in [33,37] at near room temperature is not
appropriate.

Another group of publications [34–36] is dedicated to
the problem of the carrier density fluctuations in graphene
and, consequently, to the influence of these possible in-
homogeneities on the longitudinal ρxx and transverse ρxy

magnetoresistance with suspicion of oscillations (not peri-
odic in this case [36]) in the same region of magnetic fields
(under to 5 T). Therefore, it is interesting to explore ρxx(B)
and ρxy(B) curves in the graphene in this range of magnetic
fields with an aim to find realistic interpretations of observed
magnetoresistance oscillations.

In this work we study the rich structure of the mag-
netoresistance curves as a function of magnetic field for
quasi-free-standing (QFS) graphene monolayer on SiC [38]
for which both the spatial and depth frequency distribution of
the phonons in the same samples of QFS graphene have been
obtained using the micro-Raman spectroscopy (MRS)—the
method allows us to carefully examine the phonon subsys-
tem as well as the homogeneity of the test layer. It is worth

recalling that Raman scattering is done by exciting electrons
by incident radiation, and then relaxing electrons (in the case
of graphene, recombining electron-hole pairs) to excite the
crystal lattice [39]. In this way, the MRS also checks the
electron-phonon interaction in a single graphene layer which
allowed us to interpret the obtained resonance magnetoresis-
tance curves based on the e-p interaction taking into account
the actually observed phonon spectrum in researched sam-
ples. The tested samples were definitely macroscopic (1.5 ×
0.5 mm2) and the Hall measurement results did not depend on
their size which was verified for a wide spectrum of the carrier
density [40].

The paper is organized as follows. In Sec. II we briefly
describe the growth technology of the QFS graphene, in
Sec. III we present results of the MRS measurements of
researched samples, Sec. IV is dedicated to the quantum
Hall effect (QHE) and the Shubnikov–de Haas (SdH) oscil-
lations, and Sec. V to the MPR and the analyses of the linear
(Sec. V A) and two-phonon (Sec. V B) cases of the MPR in
graphene.

II. SAMPLES

Graphene was epitaxially grown through the chemical va-
por deposition (CVD) from hydrocarbons on the silicon face
of a semi-insulating on-axis 6H-SiC substrate [38,40] (see
also [41–43]). First an electrically inactive buffer layer was
synthesized and only later in situ turned into a QFS monolayer
through hydrogen atom intercalation [41] (see also [44–46]).
The process of hydrogen atom intercalation activates the
electrical properties of graphene. It reveals graphene’s p-
type conductivity and liberates its charge carriers [38,40].
The samples were electron-beam patterned to form equal-arm
cross-shaped van der Pauw structures terminated with fivefold
Cr/Au (20 nm/30 nm) ohmic contacts as the straight cross
1300 × 500 mm2.

After MRS measurements all samples were passivated with
a silicone encapsulate and mounted in custom-made pack-
ages. Figure 1 shows samples ready for magnetotransport
measurements. Thus, the magnetotransport was measured for
three series of samples in a wide temperature range from
0.25 to 200 K. Each series contained several samples and
related to one growth process. For each measured sample,
QHE and SdH oscillations in the range of magnetic fields
up to 14 T were observed, it should be emphasized that
the measurement devices were undoubtedly macroscopic and
their sizes were selected optimally so that the results of
the Hall effect measurements did not depend on the sample
size.

In this way, two types of experiments—optical (MRS) and
magnetoresistence (SdH)—allowed us to test several samples
of three series of QFS graphene. During the magnetotransport
measurements, a series of samples with high density of current
carriers and, at the same time, relatively high mobility was
selected. This made it possible to observe for this series the
MPR with low transition energy in relatively higher mag-
netic fields (from 2.5 to 6 T) and unequivocally interpret
them based on the known phonon energies (MRS) and pre-
cisely defined energies of electronic states in the magnetic
field (SdH).
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FIG. 1. Image of the measuring graphene sample obtained by scanning in an electron microscope. The red line marks the shape of the
electrically active area.

III. PHONON SUBSYSTEM

The phonon subsystem has been verified by the MRS
method mentioned above performed with the RENISHAW
in a Via spectrometer equipped with a 488 nm laser source
(0.06 W). The spot size was estimated at 3 μm. In this section
the MRS data are shown in Figs. 2 and 3 for the series 3084
samples for which the magnetotransport measurement data
will also be detailed in the next section. Figure 2(a) depicts
Raman spectra obtained at six points on the surface of the
sample. Two bands are clearly visible: G band at 1592 ±
5 cm−1 and 2D band at 2723 ± 7 cm−1, both are characteristic
of graphene [19–22,47–51]. Figure 2(b) presents Raman maps
of the above mentioned spectra. The band positions on the
scale of wave numbers are the same with an accuracy of
15 cm−1 (less than 1% uncertainty) when the laser spot being
moved by the 1 μm step cross through two sample areas with a
total distance of 11 μm. Similar measurements were made for
other areas of the tested sample, as well as for several other
samples, and their repeatability confirms the high quality of
the obtained graphene layers.

In the case of the depth frequency distribution, the MRS
spectra [see Figs. 3(a) and 3(b)] were recorded at different
focal lengths (focal point depth) of the laser beam under the
surface of the sample (depth profile). Besides bands G and
2D (visible at the same frequencies as in Figs. 2(a) and 2(b),
namely ωG = 1592 ± 5 cm−1 and 2ωD = 2723 ± 7 cm−1, re-
spectively), additionally the D line appears at ωD = 1357 ±
10 cm−1 for the focus depth of 1.5 μm—corresponding Ra-
man spectrum is shown in Fig. 3(b). The appearance of the
D line suggests the increasing influence of defects [20,47],

whereas the fixed position of the G and 2D lines [see Fig. 3(a)]
during the depth profiling is consistent with literature data
[47–51].

IV. ELECTRON SUBSYSTEM

As was mentioned above, after the MRS measurements the
samples were passivated with a silicone encapsulate to prevent
uncontrolled environmental influence [43,52]. The magne-
totransport measurements were performed in a cryomagnet
system equipped with a superconducting coil and generating
up to 14 T magnetic field (perpendicular to the graphene
layer) [53]. The system maintains the sample’s temperature
in a range between 0.4 and 300 K. Direct current of 1 to
10 μA was applied to measure the longitudinal (Rxx ) and Hall
(Rxy) resistances. The data were averaged over the changing
direction of the current with successive change of magnetic
field.

The sign of the integer quantum Hall effect (IQHE) voltage
observed clearly indicated hole transport which was caused by
the intercalation of hydrogen into the structure of the graphene
layers. In this section we present the magnetotransport data for
two series of samples relating to two separate technological
processes, respectively, named by us as 3084 and 3491. Typ-
ical curves of the IQHE and the Shubnikov–de Haas (SdH)
oscillations for samples of series 3084 are shown in Fig. 4,
sample 6H 3084. The Rxy(B) curve of the Hall resistance
clearly shows the plateau of IQHE with amazing stability in
the temperature interval from 0.38 to 4.2 K. The maxima of
the SdH oscillations are seen for each plateau, and in the
low magnetic fields (B < 4 T) there is a substitute for an
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FIG. 2. (a) Raman spectra of QFS-monolayer graphene of series
3084 for six different points on the sample surface (inset: the spec-
trum without the SiC background subtraction). (b) Map of Raman
spectra for the sample surface for two regions (I and II). The scan
length in region I is 5 μm and in region II 6 μm, respectively.
Distance between the measurement points is 1 μm.
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FIG. 3. (a) Dependence of the Raman spectrum from the focal
point depth for QFS-monolayer graphene sample of series 3084, and
(b) Raman spectrum of the QFS-monolayer graphene sample for the
1.5 μm focal point depth.

TABLE I. Parameters of the 2D hole gas in graphene (series 3084
and 3194).

Series of Hole density Hole mobility Fermi level
samples (cm−2) [cm2/(Vs)] (meV)

3084 7.6 × 1012 2918 332
3194 7.1 × 1012 2026 298

additional (to SdH oscillations) series of peaks at 2.5, 1.2, and
0.8 T which are observed in Fig. 4 against the background of
strong SdH oscillations.

In order to determine the fermion gas parameters for this
series 3084, the curves for the sample 6H 3084 were selected,
which are shown in Fig. 5(a). The charge carrier density and
mobility are calculated from the slope of the Hall voltage
at low magnetic fields and Rxx(0) values at zero magnetic
field. The values of hole density and mobility for both series
of samples are presented in Table I: 7.6 × 1012 cm−2 and
2918 cm2/(Vs) for 3084 series.

As it is shown in Fig. 5(a), the plateau of the IQHE and the
Shubnikov–de Haas (SdH) oscillations are clearly visible up
to high filling factors 62 for IQHE and 98 maxima for SdH.
The position of the Fermi level (FL) and Landau levels (LLs)
are shown in Fig. 5(b). The Landau levels energies En(B),
where B is the magnetic field, are calculated based on [54,55]

En(B) = sgn(n)
√

2eh̄v2
F |n|B, (1)

where vF = 1.0 × 106 m/s [50] is the Fermi velocity, n is the
LL number with sign “+” for electrons and “−” for holes in
graphene, and � is the reduced Planck constant.

It is evident that the depicted positions of FL accurately de-
fine the plateau in the IQHE curve and are observed according
to a rule [54]:

Rxy = h/νe2, ν = 4(n + 1/2), (2)

where ν is the filling factor and e is the elementary charge.
The astonishingly high value of the IQHE filling factors

(up to ν = 62) observed in our QFS monolayer graphene
indicate high quality layers. The relatively low Hall mobility
could be attributed to high densities of holes: 7.6 × 1012 cm−2

(corresponding to approximately 1019 cm−3 in bulk materi-
als). Electron-electron interactions could decrease the Hall
mobility at low magnetic fields as it was shown by authors
[56,57].

Figure 6 depicts the magnetoresistance Rxx(B) curve
recorded for this layer in the range of low magnetic fields
0–6 T at temperature 0.4 K (without subtraction of the lin-
ear background but on an extended magnetoresistance scale).
Two kinds of oscillations are clearly visible: SdH oscillations
that extend to higher magnetic fields and magnetoresistance
maxima (at 1.3, 2.5, and 4.0 T as was mentioned above) at
lower magnetic fields. In Fig. 7 we present Rxx(B) curves (also
the original curves obtained without subtracting the linear
background) in the range of low magnetic fields (0–6 T) for
different temperatures from 0.35 to 4.2 K for this sample. It
can be seen that these periodic in inverse magnetic field scale
oscillations in the range of magnetic fields below 5 T are
observed in a limited temperature interval—they disappear,
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from 0.4 to 10 K in the magnetic field 0–14 T.

practically, in fields above 3.5 K in contrast to those presented
in [33] where the magnetoresistance oscillations are observed
in a very wide temperature interval, namely from 5 to 250 K.
A narrow temperature observation range of magnetoresistance
oscillations is characteristic of MPR [3–7] as it was underlined
in the Introduction.

For comparison, typical data for samples of series 3194 are
presented in Fig. 8 for which the IQHE and SdH oscillations
in the magnetotransport are observed also. These data allow
us to determine the fermion gas parameters for the sample of
series 3194: the carrier density 7.1 × 1012 cm−2, and the Hall
mobility 2026 cm2/(Vs) (see Table I). According to the much
lower mobility of the fermions, no additional oscillations in
the range of weak magnetic fields below 5 T (similar to those
observed for the 3084 series, see Figs. 6 and 7) are visible in
the curves in Fig. 8 for the samples from the 3194 series.

V. MAGNETOPHONON OSCILLATIONS

A. Linear e-p interaction

Theory: Theory of the electron-phonon (e-p) interaction in
graphene in the linear case was developed by Basko [58] and
Pound et al. [59,60] for the one-phonon Raman process as
well as Ando [61] for the MPR in the magnetoresistance. In
the last publication the electron states of the π bands near
a K point in magnetic field B, perpendicular to the sheet, in
the frame of the standard kp model, had been described and
Eq. (1) for the electron states was used. The long-wavelength
optical phonons have been considered on the basis of a va-
lence force-field model and expression for self-energy was
derived. Therefore, the interaction between optical phonons
and an electron at the K point has been included in the
form of the Hamiltonian used earlier [62] as well as the
expressions (see [12] also) for the MPR conductivities σ xx

K —
including interaction with zone-edge phonons (D phonons), as

well as σ xx
� —including interaction with zone-center mode (G

phonons), has been derived:

σ xx
K = σKγ 2

h̄ωDl2

∞∑
n=0

∞∑
m=0

Kn,mδK(En + Em − h̄ωD), (3)

σ xx
� = σ�γ 2

h̄ωGl2

∞∑
n=0

∞∑
m=0

Kn,mδ� (En + Em − h̄ωG), (4)

where γ = (
√

3/2)γ0a; γ0 is the transfer integral between π

orbitals of the nearest-neighbor carbon atoms, a is the lattice
constant, Kn,m = max(1, n) + max(1, m), NK = nBh̄ωD, nB =
(eβ h̄ωD − 1)−1, β = 1/kT ,

σK = λK
e2

h̄
NK (NK + 1)

h̄ωD

kT
, (5)

σ� = λ�

e2

h̄
N� (N� + 1)

h̄ωG

kT
, (6)

where λK and λ� are the dimensionless electron-phonon cou-
pling parameters defined as

λK = 36
√

3

π

h̄2

2Ma2

1

h̄ωD

(
βK

2

)2

, (7)

βK = −d ln γ0

d ln b
, (8)

M is the mass of a carbon atom, and b is the bond length.
The coupling parameter λ� is given by Eq. (7) if the ωD

frequency is replaced with ωG and the parameter βK with
β� (β� is practically the same as βK in the nearest-neighbor
tight-binding model [12]).

The total magnetoconductivity σxx is defined as the sum of
the above two contribution from (3) and (4):

σxx = σ xx
K + σ xx

� . (9)
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FIG. 5. (a) Experimental curves of the IQHE and SdH oscilla-
tions obtained: (a) for the QFS monolayer graphene sample 4H of
the series 3084 at temperature 4.2 K [inset shows Rxx (B) curve at
temperature 4.2 K from 3 to 6 T magnetic field]. (b) The Landau
levels energy En(B) curves for electrons (red color) and holes (blue
color) for the monolayer graphene calculated with parameter vF =
1.02 × 106 m/s. The IQHE interpretation with EF = − 0.332 eV
(green line) is shown. Inset shows linear relation for energy Ek to
wave vector k called Dirac cones with Fermi level for holes.
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tude in the range of weak magnetic fields up to 5 T for sample 6H
series 3084.

It is well known [1–7] that magnetoresistivity ρxx in the
case of strong magnetic field is proportional to magnetocon-
ductivity σxx. So, ρxx ∼ σxx, and the oscillatory part of the
magnetoresistance as a function of magnetic field for the
linear case can be written

�ρ lin
xx (B) =

∞∑
n=0

∞∑
m=0

{A(h̄ωD)Kn,mδK(En + Em − h̄ωD)

+ A(h̄ωG) Gn,mδG(En + Em − h̄ωG)}, (10)

where the functions A(h̄ωD) and A(h̄ωG) replace the expres-
sions before the sums in Eqs. (3) and (4), respectively.

Discussion: According to expression (10) and taking into
account the general rule for the MPR in the degenerate elec-
tron gas, the electron transitions crossing the Fermi level only
could occur in MPR, following [12], and these transitions
could be called as

(1) principal (−n → 0 and 0 → + n), where sign “−”
refers to the valence band and “+” to the conduction band;

(2) symmetric (−n → + n);
(3) asymmetric (−n → + m, − n → − m, and + n →

+ m).
As follows from (10) two kinds of phonons could partici-

pate in these transitions:
LO phonons in the � point of the BZ (the G peak in MRS

spectra) and the zone-edge optical phonons in the K point (the
D peak).

The energies of these phonons are h̄ωG = 197 meV and
h̄ωD = 168 meV, respectively, according to the Raman scatter-
ing data presented above. If we use these kind of phonons add
a two D phonons combination (which is actively manifesting
itself in the Raman spectra which means a high probability
of participating in MPR). For the three types of magne-
tophonon transitions (principal, symmetric, and asymmetric)
we obtain an uninterrupted palisade of transitions forming the
continuous spectrum of magnetoresistance within the mag-
netic field range of 0 and 7 T as it is shown in Fig. 9: the
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FIG. 8. Typical experimental curves of the Rxx (B) magnetoresistance obtained at temperatures from 0.4 to 10 K in the magnetic field region
from 0 to 6 T for the QFS monolayer graphene for the sample from series 3194.

first 80 Landau level (LL) curves calculated for electrons and
holes in the monolayer graphene are presented, the horizontal
line EF = − 0.332 eV shows the Fermi level position as in
Fig. 5(b). Vertical lines indicate the electron transition po-
sitions in the scale of magnetic field between the LLs (the
EF intersection should be taken place) with the transition
energies 168, 197, and 338 meV for the D, G, and 2D kinds of
phonons, respectively. The black solid curve in Fig. 9 repre-
sents simulation of the �ρ lin

xx (B) magnetoresistance according
to Eq. (10) where the δK and δ� functions are replaced by
the Gaussian functions with properly selected temperature and
collision bordering of the LLs for all the abovementioned
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FIG. 9. The electron transition positions calculated for sample of
series 3084 in the scale of magnetic field between the LLs (the EF

intersection takes place) with the transition energies 168, 197, and
338 meV for the D, G, and 2D kinds of phonons, respectively. The
black solid curve represents simulation of the Rxx (B) longitudinal
magnetoresistance based on Eq. (10).

electron transitions. It can be seen that a dense palisade of
electron transitions causes a continuous spectrum of mag-
netoresistance without the resonance peaks. This continuous
magnetoresistance spectrum cannot explain the three clearly
visible maxima in the region of magnetic fields from 0 to 6 T
in the experimental Rxx(B) curves presented in Figs. 6 and 7.

Participation of the TA phonons in the linear case: The
inclusion of TA phonons (as well as LA phonons) in the
resonant e-p interaction in the linear case as in Ref. [33]
seems to be an artificial procedure with questionable physical
justifications.

First, in previous MPR studies performed over 55 years in
both volume crystals and two-dimensional systems, this effect
was never seen on the TA phonons in the linear case [1–16].

Second, even if we suppose that the electrons in graphene
will be selected in the linear dispersion of the TA phonons,
only those that correspond to the electron momentum at the
Fermi level (kF = qF , so called “Phonon-induced resistance
oscillations in 2D systems …” [63]), in other words, only
electrons with energy at the Fermi level participate in the e-p
interaction for depicting resonances on the Rxx(B) curves—
the main hypothesis in the work [33,63]—the problem of the
momentum conservation in the e-p interaction in the work
[33] is reprimanded but not resolved satisfactorily as it is
developed in [60] for acoustic phonons.

Third, in the previous results of the MPR researches in
the degenerate two-dimensional semiconductor systems (see,
for example, the works [5–7,10]) and according to the as-
sumptions of Mori and Ando for the MPR in graphene
[12], all transitions of electrons from the occupied states
below the Fermi level take place, not just from the Fermi
level itself, as it is assumed by authors [33], which means
that the dispersion of the TA phonons will blur the reso-
nance and it will not be visible but will create a continuous
background.
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Some similar doubts regarding the participation of acoustic
phonons in the MPR in the Raman magnetoscattering are
presented in the theoretical works [58–60,61]. As a conse-
quence, the measurement result was dependent on the sample
size and the fact that the oscillations are observed in a very
wide temperature range (0.5–250 K) may indicate the possi-
bility of a scattering mechanism other than in MPR. Such a
wide temperature interval is characteristic for the phenomena
caused by the breakdown of electronic orbits, e.g., due to a
too narrow conduction channel: conductivity oscillations in a
magnetic field are known as a magnetotransport analog of the
Asbel-Kaner resonance [64].

B. High-order e-p interaction

In order to interpret the observed maxima in Figs. 6 and
7, we have to look for low energy electronic transitions. Such
transitions could be realized by a higher-order process of the
electron-phonon coupling considered by authors of several
works dedicated to the multiphonon scattering in the Raman
and magneto-Raman effect in graphite [65] and graphene
[18,58,66,67].

Theory: Theory of multiphonon transitions for Raman scat-
tering in graphene is presented by Basko [58]. The results of
this theory are used for the multiple-phonon magneto-Raman
scattering measurements [66] (although from the title of the
article can be concluded that this is the MPR of magnetoresis-
tance). Nevertheless, we can use the scheme of two-phonon
transitions proposed by Basko [58] and Basko et al. [18] for
graphene in the K and K′ points of the BZ.

For example, an electron in the K point of BZ occupy-
ing one of the LL(n) below the FL absorbs the G phonon
belonging to the � point (as noted in the Introduction, long-
wave LO phonons, i.e., phonons in the center of BZ form
a macroscopic polarizing field with which electrons interact
effectively), after that it emits the D phonon of lower energy
and maximal momentum (belong to the K point) and transfers
to the opposite K′ point of BZ to keep up the momentum,
where it occupies a LL(m) above the FL (see Fig. 10). The
energy conservation equation for the initial and final states of
the process is given by

Em − En = h̄ωph(G) − h̄ωph(D) (11)

The difference between the G-phonon energy
h̄ωph(G)–197 meV and D-phonon energy h̄ωph(D)–168 meV,
according our measurements, is

h̄�ω(G − D) = 29 meV. (12)

It is obvious that the electron transitions (with such a small
energy in our case of the graphene with the hole conductivity)
are only possible inside the valence band near FL: asymmetric
transitions −n → − m. For this the oscillating part of magne-
toresistance responsible for these transitions can be written

�ρnonlin
xx =

0∑
n=−∞

0∑
m=−∞

{A′[h̄�ω(G − D)]Kn,m

× δK�[En + Em − h̄�ω(G − D)]}, (13)

EF

K

LLm

EF

K

LLn

Γ

ω
G

ωD

ωG − ωD

FIG. 10. Scheme of the electron transition with high-order e-p
interaction between two Landau levels (of the Landau number n and
m : LLn and LLm, respectively) in p-type monolayer graphene, series
3084. Electron occupying the LLn in the K point absorbs phonon
from the � point with energy h̄ω(G) and occupies the virtual level
passing the EF without change of the momentum; after that it emits
the D phonon belonging to the K point with energy h̄ω(D) and relaxes
down to the LLm in the K′ point with momentum law conservation.
Energy difference between LLn and LLm is equal to h̄ω(G) − h̄ω(D)
which means the energy conservation.

with the dimensionless electron-phonon coupling parameters

λK� =
[

36
√

3

π

h̄2

2Ma2

1

h̄�ω(G − D)

(
βK�

2

)2]2

, (14)

where NK� = nB h̄�ω(G−D), βK� = βK = β� as it was de-
fined above in Sec. V A.

Experiment and discussion: Possible electron transitions
between the LLs in nonlinear processes according to (13)
with the phonon frequency difference (12) in graphene are
shown in Fig. 11. A corresponding simulation curve of the
�ρnonlin

xx (B) oscillating part of the magnetoresistance, which
takes into account the temperature and collision broadening
of the LLs, as it was done for the linear case above, is shown
in Fig. 11 also. As can be seen in Fig. 11, the theoretical
curve perfectly reflects the experimental curve in general:
three characteristic double peaks at about 1.5, 2.5, and 4 T.
The next peak should be at 7 T but it is masked by the
Shubnikov–de Haas oscillations. Theoretical double peaks are
slightly shifted towards stronger magnetic fields compared to
experimental ones but this shift is within the half-width of the
peaks observed.

In this way, the assumption was that the MPR takes place
with a simultaneous absorption and emission of two phonons
belonging to two equivalent points of the BZ of graphene.
These processes occur on a continuous background of the
electron transitions, described above in Sec. V A, between the
LLs with emission (absorption) of one phonon (see Fig. 10).
It may seem that the probability of a process with the G-
phonon absorption at such a low temperature (0.4 K) is low but
one should take into account that in the graphene lattice the
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FIG. 11. The high-order electron transitions positions in the
magnetic fields calculated for QFS graphene, series 3084. The LL
energy curves and the EF = − 0.332 eV are as in Fig. 5(b). Vertical
lines indicate positions in the magnetic field scale of the high-order
electron transitions between LLs with the transition energy 29 meV
which is the energy difference between the G and D kinds of phonons
(phonon energies: 197 and 168 meV, respectively). The black solid
curve represents the simulation of the longitudinal magnetoresistance
Rxx (B) as a sum of the Gaussians for these transitions taking into
account the temperature and collision broadening of the LLs.

process of phonon emission takes place constantly as a result
of the electron relaxation from higher to lower LLs [68,69].
This means the graphene lattice is constantly excited which
makes the phonon absorption process possible even at low
temperatures.

The value of h̄�ω(G−D) in (14) is small (29 meV which,
however, is twice as much as in the case of TA phonons) which
causes a quick lowering with the temperature increase in the
MPR on the phonon frequency difference amplitude, which
is observed in Fig. 7. Resonance is possible to observe in a
narrow temperature range, from 0.4 to 3.0 K, because it is

limited, as was mentioned above, by the number of phonons
on the low temperature side and the temperature broadening
of Landau levels on the higher temperature side. The last one
is especially important at small magnetic fields as well as a
sufficiently high mobility of the current carriers.

Therefore, graphene is characterized at low temperatures
(0.3–4.2 K) and at low magnetic fields (up to 5 T) by spe-
cific MPR with a simultaneous absorption and emission of
two kinds of phonons—emission of G and absorption of D
phonons.

VI. CONCLUSION

Various types of MPR take place in the graphene in the case
of a linear e-p interaction at low temperatures (0.4–4.2 K),
constantly causing excitation of the crystal lattice and pre-
venting the observation of the corresponding separated peaks
caused by the one-phonon MPR on the Rxx(B) curves in the
magnetic field B < 5 T because an uninterrupted background
is created. The Shubnikov–de Haas oscillations can be ob-
served against this background in the discussed range of the
magnetic field (but more so in the higher fields) at temper-
atures below 2 K. However, MPRs with G-phonon emission
and simultaneous D-phonon absorption occur in the magnetic
fields below 5 T as has been shown in this work. These high-
order MPR oscillations were researched on graphene samples
with a comparably high hole density and mobility, the size of
which corresponded to the criteria of magnetotransport mea-
surements and are consistent with the theory of multiphonon
resonance developed in Refs. [18,58].
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