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Nonreciprocity of the wave-packet scattering delay in ballistic two-terminal devices
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In the linear regime, transport properties of ballistic two-terminal devices are generally considered to be
independent of the direction of the current. This two-terminal reciprocity applies to both the electron transmission
and reflection probabilities. However, it does not apply to the scattering delays of wave packets. Indeed, four
different time delays describe the transmission and reflection processes of wave packets arriving from the two
terminals, respectively. Unlike the probabilities, these delays are direction dependent if the channel exchange

symmetry of the scattering matrix is broken.
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I. INTRODUCTION

Ballistic two-terminal electron devices are known to have
reciprocal transport properties in the linear response regime:
the transmission of the electrons through these devices is in-
dependent of their travel direction. This seems to be obvious,
because the transmission and reflection probabilities have to
be independent of the direction of the current flow due to
the unitarity of the underlying scattering matrix. However,
characterizing a device only by the transmission and reflec-
tion probabilities neglects all temporal aspects of the electron
transport process. These aspects are captured by the phases of
the scattering coefficients, which do not have to be reciprocal.

The wave-packet scattering delay is given by the deriva-
tive of the complex phase of a scattering coefficient with
respect to energy and quantifies the duration of the reflection
or transmission process of a wave packet interacting with a
scatterer [1]. For a system with two scattering channels, four
of such time delays exist, corresponding to the four entries of
the scattering matrix. Three of these four delays can be chosen
independently by design of the scattering region, which allows
nonreciprocal delays to be implemented. Interestingly, it is the
device symmetry, which determines the (non-)reciprocity of
the scattering delays, as I present in this contribution.

The second well established way of characterizing the
lifetimes of scattering states is given by the Wigner-Smith
time delay matrix [2]. The nth diagonal element of the
Wigner-Smith time delay matrix corresponds to the sum of
the scattering delays for wave packets starting in channel n
weighted by the respective transmission (reflection) proba-
bilities. Here, I focus on the wave-packet scattering delay
approach, because it distinguishes between transmission and
reflection more straightforwardly than the delays and life-
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times extracted from the Wigner-Smith time delay matrix. The
revealed asymmetries of the wave-packet scattering delays are
obviously inherited by the Wigner-Smith time delays.

In optical setups, the wave-packet scattering delays can be
as large as nanoseconds. Thus, in the optical case the direct
measurement of these delays is technologically feasible and
was presented in multiple experiments [3,4]. The delays of
electrons traveling through mesoscopic structures are on the
order of picoseconds or femtoseconds, however. Measuring
the dynamics of electrons in semiconductor systems therefore
requires single or few electron devices and picosecond reso-
lution, which was achieved in a recent experiment [5].

In the following, I will consider two-channel systems, for
which the constraints imposed by the unitarity of the scatter-
ing matrix are particularly strict and enforce full reciprocity of
the scattering probabilities. Systems with a larger number of
channels feature more entries of the scattering matrix, which
relaxes these constraints. For the two-channel case it will be
shown that the transmission delays are nonreciprocal in cases
where the scattering matrix breaks time-reversal symmetry.
The reflection delays are nonreciprocal if the scattering matrix
is asymmetric with respect to a simultaneous time reversal and
exchange of scattering channels. The nonreciprocity of the
wave-packet scattering delays is demonstrated using two an-
alytically solvable examples: an asymmetric potential barrier
and an asymmetric Aharonov-Bohm (AB) interferometer. The
peculiarities of the wave-packet transport in such interferom-
eters was previously presented in [6]. The consequences for
both time-dependent and stationary wave functions are pre-
sented, and implications for quantum information technology
and nanoelectronics are discussed.

II. SYMMETRIES OF THE SCATTERING MATRIX

To determine the symmetry properties of the wave-packet
scattering delays of a system, a three-dimensional scatter-
ing region and two one-dimensional semi-infinite channels
are assumed. The position of the scattering region is given
by 0 < x < R. The first channel extends in the negative x
direction (x < 0), and the second one extends in the pos-
itive x direction (x > R). Outside the scattering region the
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eigenfunctions @ (r, k) are given by plane waves:

(Aleikx + Ble—ikX)

8(»)d(z) forx <0,
D (r, k) = { (Are ™ + Bye'*) (1)
8(»)8(2) forx > R,
d(r, k) else,

with the delta distribution §, r = (x, y, z), complex amplitudes
Ai, Ay, By, By, and the wave vector k. ® denotes the wave
function inside the scattering region. The scattering matrix
S transforms the pair of incoming wave amplitudes into the
pair of outgoing wave amplitudes (B;, B,)T = S(A;, A>)” and

reads
s s [yqeion el
S:(“ 12>:<11‘ 12¢ > )
s21 S22 [p1e  Tye'®2
To satisfy probability conservation, S'S = 1 must hold.

This condition requires Ffl + Ff2 =1, I'p=1TI%;, and
['1} = 'y, =: I'. The scattering matrix then reads

mg«m)

L%z

[Ceion
S = ‘
/1 — [2¢/x

sp1 and sy (517 and sp,) differ only by a phase factor; the
transmission probability from channel 1 to channel 2 (|sy; %)
is identical to the transmission probability from channel 2 to
channel 1 (|s12]?). The reflection probabilities show an analo-
gous behavior. Thus, all four probabilities are invariant under
the exchange of scattering channels, even if the Hamiltonian
of the scattering region does not bear this symmetry.

The consequences of this strict reciprocity are remarkable:
AB conductance oscillations in two-terminal interferometers
are always symmetric with respect to zero magnetic field.
Even if the spatial symmetry is broken by the geometry or
by applied gate potentials, it is not possible to tune the phase
of the oscillation pattern continuously. However, adding fur-
ther scattering channels removes this so-called phase rigidity,
which makes arbitrary oscillation phases possible [7].

As seen above, the scattering probabilities are fully con-
strained by the unitarity condition. For the scattering phases
¢ij, however, unitarity implies only one condition, namely,

b1+ =y + P+ 7. 4

The three remaining degrees of freedom are controlled by two
system symmetries: the symmetry with respect to the channel
exchange operator P and to the time-reversal operator 7. Out-
side the scattering region, the effect of these two operators on
the system eigenfunctions as defined in (1) can be understood
without knowledge of the scattering region. If P is applied
to an eigenfunction, it exchanges A; with A, and B; with B;.
Applying T replaces k with —k and conjugates all complex
amplitudes A, Ay, By, and B,. The effect of the symmetry
operations on S is found by applying the operators to the
equation (By, B,)" = S(A, A,)T. Applying T, we obtain

A* %
( 1)=TS7“(Bl>. 5)
A B3

3

The time-reversed equation shows that 7 S 7 is the con-
jugated inverse matrix (S~')*. Owing to S™! = 87, applying
T to S is equivalent to transposing S. Applying P to
(By, Bz)T = S(A4, AQ)T, we obtain

B /A
< 2) :PSP’< 2). 6)
By A

The channel exchange transposes S and exchanges the diago-
nal elements. Thus, the combined operation P77 exchanges
only the diagonal elements of si; and s;;. The following
relations hold for the phases of the scattering coefficients:

S=PSP" & ¢ =¢pandpp =y, @)

S=TST" & ¢n=du, ®)

S=PTSTPT & ¢ =¢n. 9

If (7) holds, full reciprocity follows. If (7) is broken, but (8)
holds, (9) is broken as well. Consequently, the transmission
phases are reciprocal but the reflection phases are not. Vice
versa, if (7) and (8) are broken, but (9) holds, the reflection
phases are reciprocal but the transmission phases are not.

In the following, two analytically solvable example sys-
tems are presented, each of which fulfills one of the
symmetries (8) or (9), but breaks the other one. The results are
obtained by solving the one-dimensional Schrodinger equa-
tion for a free particle with mass m and charge ¢ in the
presence of an electromagnetic vector potential A and an
electrostatic potential V. In natural units 7 = ¢ = 2m = 1, the
Hamiltonian reads

H=(—id, — A)> +V. (10)

The potential barrier shown in Fig. 1 is time-reversal
symmetric but not invariant under channel exchange. It ful-
fills (8) but breaks (9). Figure 1(b) shows the resulting
scattering coefficients as a function of energy. As expected,
both transmission coefficients are identical and the reflection
coefficients differ by a phase factor. For energies much lower
than the barrier height, the transmission probability vanishes,
whereas for energies much higher than the barrier height,
transparency is approached. As dictated by unitarity, the trans-
mission and reflection probabilities are identical for forward
and reverse direction.

The asymmetric AB interferometer shown in Fig. 2 con-
sists of four one-dimensional waveguides connected by two
beam splitters. The eigenfunctions in the waveguides are
described by plane waves, and the two beam splitters are char-
acterized by the energy-independent three-channel scattering
matrix

(1)

Sps =

— | S|”
P S

| =g
ol P S

S-ok o

As depicted in Fig. 2, channel 1 of each beam splitter
is connected to one of the infinite waveguides leaving to
the left and right. Channels 2 and 3 of the beam splitters
are connected to the lower and upper interferometer arm,
respectively. The asymmetric AB interferometer is neither
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FIG. 1. (a) Asymmetric potential barrier embedded in an infinite
waveguide. Scattering channels 1 and 2 correspond to the waveguide
leaving to the left and right, respectively. The potential is character-
ized by its width w, the left side potential height V;, and the right
side potential height V,. (b) Polar representation of the scattering
coefficients calculated as a function of energy for w =5, V; = 0, and
V, = 5 in natural units i = g = 2m = 1.

time-reversal symmetric nor symmetric with respect to chan-
nel exchange. Both symmetry operations are equivalent to the
reversal of the enclosed magnetic flux. Thus, the combined
operation P7 leaves the system unchanged, and the inter-
ferometer fulfills (9) but breaks (8). As Fig. 2(b) confirms,
both reflection coefficients are identical, and the transmission
coefficients differ by a phase factor. The transmission and
reflection probabilities show numerous resonances due to the
energy dependence of the phase difference acquired between
the two arms

AP = Alk £2n D /Dy, (12)
with the magnetic flux quantum &y = h/e = 27 in the chosen
natural units. The plus and minus signs correspond to the
1 — 2 and 2 — 1 directions, respectively. If the phase dif-
ference A¢ is a multiple of 27 and with Sgg as defined above,
full transparency follows. Using ®y = 27, E = k* and the
system parameters Al = % and ® = 7, Eq. (12) shows that
transparency is achieved for E = 4. In all other cases, the be-
havior cannot be easily understood by tracing individual paths
and their accumulated phase differences A¢ because many
partial reflections at the beam splitters and a large number of
round trips in the interferometer may occur along the paths.

III. NONRECIPROCITY OF THE WAVE-PACKET
SCATTERING DELAY

After the previous section demonstrated the effects of the
system symmetries on the scattering coefficients and their

s v ! TAI™ pg

LB B -m
L
(a)
o™ -
s 1 — 512, 821
%
- — S11, S22
>
E= 4
a
(3}
Qo
o
[
T T T
m
—_— 512
< — 521
(] -
2 0 511, S22
<
o -
g
1 10
energy F

(b)

FIG. 2. (a) Asymmetric AB interferometer composed of four
waveguides (black lines) and two beam splitters (gray boxes). The
small numbers 1-3 denote the respective channel indices of the beam
splitter scattering matrix Sps. The composed system has two channels
(bold numbers), which correspond to the waveguides leaving to the
left and right, respectively. The interferometer is characterized by
the enclosed magnetic flux ® and the arm lengths / and / 4 Al.
(b) Polar representation of the scattering coefficients calculated as
a function of energy for [ =5, Al = 7, and ®7 in natural units
h =q =2m = 1. Transparency is achieved for E = 4 (gray line).
The phase jump of 7 in the reflection phase is in accordance with
the corresponding zero in the reflection probability.

nonreciprocal phases, in this section the resulting nonrecip-
rocal delays are presented. The wave-packet scattering delay
is defined as the derivative of the scattering phase with respect
to energy [1],

oE (13)

Tij =
To understand this definition, it is instructive to study the
undisturbed motion of a Gaussian wave packet first. Accord-
ing to the Hamiltonian (10), the temporal evolution of such a
wave packet in an infinite one-dimensional waveguide reads

(k — ko)?
202

Yk, t)=A exp(— — ik[xo + kt]), (14)

where k = ++/E is the momentum. The wave packet is cen-
tered around ko with width o in momentum space; in position
space it is centered at xy + k. A is the normalization constant.
After transmission or reflection, as described by one of the
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FIG. 3. (a) Wave-packet scattering delays of the asymmetric po-
tential barrier introduced in Fig. 1. Reflection delays are generally
different in forward and reverse directions. (b) Respective plot for the
asymmetric AB interferometer introduced in Fig. 2. For this system,
the transmission delays are nonreciprocal.

coefficients s;; = I';;e"%, the wave function is given by

k — ko)?
sij(W (k1) = T;;(k)A exp(—%

—ik[x0+k<t— qﬁl}’(—?)]) (15)
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The term proportional to k2 in ¢, ; plays the role of a time
delay in the motion of the wave packet’s center. Owing to the
quadratic dispersion E = k?, this term corresponds to the first
order of the derivative of ¢;; with respect to energy. Figure 3
shows the four resulting delays as a function of energy for
the two systems introduced in the previous section. For wave
packets, only the scattering phases in a certain energy window
are relevant. If the packet is narrow in momentum space, this
window is small and the scattering phases are linear in energy
to a good approximation. 7;; is then energy independent in
the relevant range. For wider wave packets, the energy depen-
dence of the delay deforms the wave packet in addition to the
broadening following from the standard E = k> dispersion.

Both the asymmetric potential barrier and the asymmetric
AB interferometer are characterized by nonreciprocal wave-
packet scattering delays (Fig. 3). Figure 4(a) shows how the
nonreciprocal reflection delays 7| # 72, of the asymmetric
potential barrier (Fig. 1) affect the scattering dynamics of
wave packets. A wave packet traveling towards the system
from channel 2 is reflected quickly and the time spent in
the scattering region is short (3 < ¢ < 5). The mirrored wave
packet approaching from channel 1 spends a longer time
inside the scattering region (3 < ¢ < 8) before ejection. The
transmitted wave function is identical for both cases.

Figure 4(b) shows the respective situation with the asym-
metric AB interferometer (Fig. 2), where 71 # t,. The wave
packet is transmitted quickly if it approaches from channel 2.
The time spent in the scattering region is short (2.5 <t < 7).
In the case where it approaches from channel 1, the wave
packet experiences reflections at the beam splitters and spends
a longer time (2.5 < ¢ < 10) in the interferometer, a behavior
which was previously pointed out in [6]. Almost no reflection
occurs because the transmission probability is exactly 1 at
ko = %2 and close to unity in the vicinity of k.

Besides the time evolution of wave packets, the delays
are also manifested in the eigenfunctions of the scattering
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FIG. 4. (a) Time-resolved scattering of a wave packet by the asymmetric potential barrier introduced in Fig. 1. In the left (right) plot, the
wave packet is injected from channel 1 (2). The wave packet’s central momentum is ky = 2, and the momentum spread is o = 0.4. The
packet position at # = 0 is x5 = —15 in channel 1 and x§ = —x§ + w = —x§ 4+ [ = 20 in channel 2. (b) Respective plot for the asymmetric
AB interferometer introduced in Fig. 2. In the range 0 < x < [, only the probability density of the wave function in the lower interferometer

arm is shown. The wave-packet parameters are equal to those used in (a).
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problem. This relation is readily understood by taking a closer
look at the eigenfunction of the asymmetric AB interferometer
[Fig. 2(a)] at E = 4, where the device is transparent. The
eigenfunction with a plane wave entering only from channel
2 (“fast” direction) consists of left-moving plane waves only.
The respective eigenfunction with plane waves entering only
from channel 1 (“slow” direction) consists of right-moving
and left-moving plane waves in the interferometer arms. The
presence of both plane wave directions in the interferometer
arms is necessary for the additional round trip that the wave
packet takes in the interferometer in the “slow” direction. To
be able to travel back and forth, the eigenstates making up the
wave packet must contain plane waves of both propagation di-
rections. In the “fast” direction, the wave packet traverses the
interferometer smoothly without internal reflections. There-
fore the respective eigenstates consist only of plane waves
moving in one direction. Naturally, these additional plane
waves contribute to the probability amplitude within the scat-
tering region.

This reasoning generalizes to any energy and any system:
The probability density of an eigenstate in the scattering re-
gion divided by the probability current in a given channel
yields a characteristic dwell time [8]. We therefore expect the
probability amplitude n, defined as

R e’} [e'e]
n(E):/ dx/ dy/ dz|®(x, v, 7)1,  (16)
0 —0 —00

to be associated with the wave-packet scattering delays if &
are normalized such that the incoming wave has an amplitude
of 1. Figure 5 shows n(E) for both example systems and
confirms the expected similarity with the scattering delays.
The direction with the longer time delay 7;; also has a higher
n. A peculiarity of this relation is that 7;; is defined in Eq. (13)
as a derivative with respect to E, thus by all states around a
fixed E. However, n is a property of the unique state belonging
to E.

IV. DISCUSSION AND CONCLUSIONS

In the case of two scattering channels the unitarity of the
scattering matrix implies reciprocity for the transmission and
reflection probabilities. This reciprocity cannot be broken by
means of an asymmetry of the system. The wave-packet scat-
tering delays, however, are less constrained by the unitarity
condition. Symmetries that are required for the probabilities
are not obligatory for the scattering delays. In particular,
reflection and transmission delays are nonreciprocal in two-
terminal devices in two situations:

(1) If the scattering matrix breaks time-reversal symmetry,
nonreciprocity of the transmission delays follows.

(2) If the scattering matrix is asymmetric with respect to
a simultaneous reversal of time and exchange of scattering
channels, the reflection delays are nonreciprocal.

These two cases are exemplified by the asymmetric
potential barrier and the asymmetric AB interferometer, re-
spectively.

The importance of delays for nonlinear and AC transport
and the resulting breakdown of the two-terminal symmetries
is well known [9—-15]. However, there are fields in which the
nonreciprocity presented here has not been considered so far:
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FIG. 5. (a) Nonreciprocal probability amplitude n of eigenfunc-
tions of the asymmetric potential barrier introduced in Fig. 1. &,
refers to eigenfunctions with an incoming plane wave from channel
1 but no incoming wave from channel 2; &, refers to eigenfunctions
with incoming plane waves only from channel 2, not from channel
1. A comparison with Fig. 3 confirms that longer wave-packet scat-
tering delays lead to higher amplitudes of the wave function inside
the scattering region. (b) Respective plot for the asymmetric AB
interferometer introduced in Fig. 2.

Coherently moving electrons can be used to carry and manipu-
late quantum information [16]; the direction-dependent delay
of wave packets opens up new possibilities for the routing and
processing of such flying qubits.

An intriguing question arises if a system with nonrecipro-
cal wave-packet scattering delays is subject to decoherence.
The longer the wave packet dwells in the scattering re-
gion, the stronger it is affected by decoherence, which again
affects the transmission probability [6,17]. Decoherence is
usually caused by inelastic or phase-breaking scattering at
defects in solid state devices. A theoretical study of buck-
led silicene AB rings showed that intervalley scattering at
a properly placed defect is able to convert oscillations of
the wave-packet scattering delay into transmission probabil-
ity oscillations [18]. The possibility to realize nonreciprocal
wave-packet scattering delays and to affect the conductivity
with these delays conflicts with the Onsager-Casimir conduc-
tance reciprocity [19]. Resolving this conflict is an exciting
direction for future work.
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