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Topological reflected entropy in Chern-Simons theories
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We study the reflected entropy between two spatial regions in (2 + 1)-dimensional Chern-Simons theories.
Taking advantage of its replica trick formulation, the reflected entropy is computed using the edge theory
approach and the surgery method. Both approaches yield identical results. In all cases considered in this paper,
we find that the reflected entropy coincides with the mutual information, even though their Rényi versions differ
in general. We also compute the odd entropy with the edge theory method. The reflected entropy and the odd
entropy both possess a simple holographic dual interpretation in terms of entanglement wedge cross-section. We
show that in (2 + 1)-dimensional Chern-Simons theories, both quantities are related in a similar manner as in
two-dimensional holographic conformal field theories (CFTs), up to a classical Shannon piece.
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I. INTRODUCTION

Quantum information has established new perspectives to
investigate various areas of physics, such as quantum field the-
ory, condensed matter physics, and quantum gravity. Central
to these developments is the concept of quantum entangle-
ment, which has proven to be a formidable tool to characterize
quantum many-body systems. This is particularly true for
topological states of matter which cannot be identified via
conventional local order parameters or correlations functions.
The topological entanglement entropy [1,2] encodes informa-
tion about the topological order of ground states of gapped
systems. This quantity arises as a universal finite contribution
in the entanglement entropy of two-dimensional spatial sub-
regions for such states.

The entanglement entropy is, however, only a proper mea-
sure of entanglement for pure quantum states, and does not
give a meaningful picture of correlations for more general
states. Other information-theoretic quantities then have to be
considered for mixed states, and the literature abounds with
such measures of correlations [3–5]. Most of them, with a
notable exception being the logarithmic negativity [6–9], are
defined through optimization procedures, making them, at
best, computationally challenging in a quantum field theory
setting.

Recently, a quantum information quantity for mixed states,
dubbed reflected entropy, was introduced in Ref. [10] and
can be expressed simply as follows. A quantum state ρAB

on a bipartite Hilbert space HA ⊗ HB can be canonically
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purified1 as the pure state |√ρAB〉 in a doubled Hilbert space
(HA ⊗ HB) ⊗ (HA∗ ⊗ HB∗ ). The reflected entropy SR(A : B)
is then defined as the von Neumann (entanglement) en-
tropy associated to the reduced density matrix ρAA∗ = TrBB∗

(|√ρAB〉〈√ρAB|). Fortunately, a replica formulation of the
reflected entropy was put forward in Ref. [10], giving a prac-
tical handle for computations. This replica trick involves two
replica indices, m and n. The latter represents the usual Rényi
index while the former generalizes the purification |√ρAB〉 to
|ρm/2

AB 〉, with m ∈ 2Z+, such that2 TrA∗B∗ (|ρm/2
AB 〉〈ρm/2

AB |) = ρm
AB.

One then defines ρ
(m)
AA∗ by tracing out over HB ⊗ HB∗ in the

purified state |ρm/2
AB 〉, and generalizes the reflected entropy

with the replica index n in a similar manner as the Rényi
entropies,

S(n)
R (A : B) = lim

m→1

1

1 − n
ln

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n . (1)

The (von Neumann) reflected entropy is recovered by taking
the n → 1 limit

SR(A : B) = lim
n→1

S(n)
R (A : B). (2)

The reflected entropy satisfies interesting properties, some of
which we list below.

(1) For a pure state ρAB, the reflected entropy reduces to
twice the entanglement entropy,

SR(A : B) = 2S(A) = 2S(B) , ρAB pure. (3)

(2) For a factorized state, the reflected entropy vanishes,

SR(A : B) = 0 , ρAB = ρA ⊗ ρB. (4)

1The archetypal example of such construction is the thermofield
double state, which is the canonical purification of the thermal state.

2Note that |ρm/2
AB 〉 is not normalized here.
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(3) The reflected entropy is bounded from above and be-
low:

I (A : B) � SR(A : B) � 2 min{S(A), S(B)}. (5)

(4) For a tripartite pure state, the reflected entropy satisfies
a polygamy inequality:

SR(A : B) + SR(A : C) � SR(A : BC). (6)

In the holographic context, the reflected entropy was sug-
gested [10] as a quantity that computes the (minimal) area of
the entanglement wedge cross-section [11–13], which can be
thought of as a generalization of the Ryu-Takayanagi surface
[14,15]. Most of the literature available on the reflected en-
tropy thus concerns (holographic) CFTs in two dimensions,
see, e.g., Refs. [16–20]. For further developments, we refer the
reader to Refs. [21–25], while for candidates of multipartite
reflected entropy, see Refs. [26–28].

The main purpose of this paper is then to study the reflected
entropy in (2 + 1)-dimensional Chern-Simons field theories,
and determine what topological data it encodes. We focus on
mixed states that are simple to construct from a (pure) ground
state, but which are still expected to reflect the essential fea-
tures of generic mixed states. We start with a system in a pure
state ρ, divided into three nonoverlapping regions: regions A
and B, and the rest of the system, C. We then consider the
reduced density matrix on A ∪ B, ρAB = TrC ρ, which is in
general that of a mixed state. The entanglement structure of
such mixed states of topologically ordered systems have been
investigated through the lens of logarithmic negativity in, e.g.,
Refs. [29–32]. The mutual information between two subsys-
tems, being a measure of total correlations, is also a useful
probe of the topological nature of systems, and was studied
in Ref. [29] for tripartite ground states in 3d Chern-Simons
theories.

Additionally in this paper, we compute the odd entropy
[33] in (2 + 1)-dimensional Chern-Simons field theories as
well. Mainly introduced as an information-theoretic quan-
tity that captures the entanglement wedge cross-section in
two-dimensional holographic CFTs, the odd entropy has only
recently been studied for itself in Refs. [18,19,34,35] for
conformal and Lifshitz field theories. The reflected entropy
and the odd entropy are thus related to each others in 2d
holographic CFTs. We compare the two quantities in 3d
Chern-Simons theories.

Our paper is organized as follows. In Sec. II, we start
by briefly reviewing the edge theory approach in 3d Chern-
Simons theories. We then show how to construct a canonical
purification mapping the density operator ρm

AB to a purified
state |ρm/2

AB 〉 in a doubled Hilbert space (HA ⊗ HB) ⊗ (HA∗ ⊗
HB∗ ) within the edge theory framework. We subsequently
compute the (Rényi) reflected entropy for Chern-Simons the-
ories defined on spheres and tori. We study various bipartite
mixed states obtained from tripartitions of the sphere and the
torus by tracing over one of the regions. In all cases under
consideration, we find that the reflected entropy agrees with
the corresponding mutual information, though we note that
their Rényi versions do not coincide in general. We then
proceed in Sec. III to calculate the reflected entropy using
surgery techniques, and find perfect agreement with the results

obtained with the edge theory approach. Section IV presents
our results on the odd entropy and its “regulated” form. Our
main motivation for considering the latter comes from its
holographic dual as the entanglement wedge cross-section,
similar to the reflected entropy. We discuss our results in
Sec. V, and give an outlook on future research directions. Two
appendices complete this work: Appendix A contains details
about the mutual information, while Appendix B displays
figures related to the calculation of reflected entropy using the
surgery method.

II. REFLECTED ENTROPY VIA THE EDGE
THEORY APPROACH

Within the bulk-edge correspondence [36–42] in topo-
logical quantum fields theories (TQFTs), boundary states in
(1 + 1)-dimensional CFTs can be used to describe the re-
duced density matrices of (2 + 1)-dimensional topologically
ordered phases. This duality can be understood from the
equivalence of the modular Hamiltonian of the bulk theory
with the Hamiltonian of the chiral CFT living on the boundary
(e.g., the entangling surface). Consider a topological state on
the 2-sphere with an entangling cut along the equator. In the
“cut-and-glue” picture of Ref. [40], one treats the entangling
surface as a physical cut, which splits the sphere into two
hemispheres A (left) and B (right) that possess edge states
of opposite chirality propagating at their boundaries. Now,
turning on a small enough (RG-relevant) coupling between the
two gapless edge modes will gap out and heal the cut without
affecting the gapped bulk states. One can then show that the
entanglement properties between the subsystems A and B is
reduced to those between the left and right moving edge
modes. Tracing out the degrees of freedom in, e.g., subsystem
B, therefore amounts to tracing out the right moving modes.

This cut-and-glue procedure can be interpreted [40] as a
sudden quantum quench scenario which can be solved [43,44]
applying boundary CFT techniques [45,46]. The ground state
of a (1 + 1)-dimensional CFT describing the coupled edges
may then be obtained in terms of conformal boundary states.
These conformally invariant boundary states are generically
linear combinations of Ishibashi states |ha〉〉, and are non-
normalizable. A way to regularize their norm is to perform an
Euclidean time evolution by e−εH , where ε is interpreted as a
UV cutoff. We will thus work with the following regularized
boundary states [29]:

|B〉 =
∑

a

ψa|ha〉〉, |ha〉〉 := e−εH

√
na

|ha〉〉, (7)

where ψa is a complex number which depends on the choice
of ground state of the Chern-Simons field theory, and na is
a normalization factor such that 〈〈ha|hb〉〉 = δab. The Ishibashi
states |ha〉〉 are the solution to the conformal boundary con-
dition Ln|b〉 = L̄−n|b〉, where Ln is the generator of chiral
conformal transformations, and they can be expressed in terms
of the orthonormal bases |ha, N〉 and |ha, N〉, usually referred
to as left and right bases, respectively,

|ha〉〉 =
∑

N

|ha, N〉 ⊗ |ha, N〉. (8)
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Here a labels the primary sector with conformal weight ha

(corresponding to the type of quasiparticle in the TQFT), and
the sum N is over descendants. The Hamiltonian is taken to
be

H = 2π

�

(
L0 + L̄0 − c

12

)
, (9)

where � is the length of the circle on which the state |B〉
is defined, e.g., the entangling surface between two spatial
regions, and c is the central charge of the underlying CFT.
Using the fact that L0|ha, N〉 = (ha + N )|ha, N〉 and ha = h̄ā,
the normalization factor na is found to be

na = χha

(
e− 8πε

�

)
, (10)

where χha are the characters of the highest weight repre-
sentations of the primaries ha. The modular transformation
property of the character χ in CFT reads

χha

(
e− 8πε

�

) =
∑

b

Sab χhb

(
e− π�

2ε

)
, (11)

with Sab being the matrix elements of the modular S matrix.
In the thermodynamic limit �/ε → ∞, using (11), one finds
that only the identity field (labeled by “0”) survives,

lim
�/ε→∞

χha

(
e− 8πε

�

) � e
πc�
48ε Sa0. (12)

A. Left-right entanglement entropy

Before discussing how to compute the reflected entropy
using the edge theory approach, we reproduce here the cal-
culation of the left-right entanglement entropy [47] for the
regularized state (7), as done in Ref. [29]. This corresponds,
for example, to the geometry in Fig. 1(a).

The reduced density matrix associated to the left-moving
sector is

ρL = TrR(|B〉〈B|) =:
∑

a

|ψa|2ρL,a, (13)

where we defined

ρL,a = 1

na

∑
N

e− 8πε
�

(ha+N− c
24 )|ha, N〉〈ha, N |. (14)

The nth power of the reduced density matrix ρL reads

ρn
L =

∑
a

|ψa|2nρn
L,a, (15)

with

ρn
L,a = 1

nn
a

∑
N

e− 8πnε
�

(ha+N− c
24 )|ha, N〉〈ha, N |. (16)

Taking the trace of (15), we end up with

Trρn
L =

∑
a

|ψa|2nTrρn
L,a

=
∑

a

|ψa|2n χha

(
e− 8πnε

�

)
(
χha

(
e− 8πε

�

))n , (17)

FIG. 1. Different states prepared on the 2-sphere. In each of
them, a Wilson line connecting two conjugate quasiparticles threads
through all interfaces 	i separating the subsystems. (a) Bipartite sys-
tem with one interface 	 separating A from B. (b) Tripartite system
with A disconnected from B by C. (c) Tripartite system with adjacent
A and B.

where we have used (10). In the thermodynamic limit �/ε →
∞ one finds

Trρn
L � e

πc�
48ε

( 1
n −n)

∑
a

|ψa|2n(Sa0)1−n. (18)

The Rényi entropies thus read

S(n)(L) = 1

1 − n
ln

Trρn
L

(TrρL )n

=
(

1 + 1

n

)
πc

48

�

ε
+ 1

1 − n
ln

∑
a |ψa|2n(Sa0)1−n(∑

a |ψa|2
)n ,

(19)

and the von Neumann entropy S(L) = limn→1 S(n)(L) is

S(L) = πc

24

�

ε
+

∑
a |ψa|2 lnSa0∑

a |ψa|2 −
∑

a |ψa|2 ln |ψa|2∑
a |ψa|2

+ ln
∑

a

|ψa|2. (20)

Throughout this paper, we will work with normalized states
such that

∑
a |ψa|2 = 1, and the above expressions can be

simplified to

S(n)(L) =
(

1 + 1

n

)
πc

48

�

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)1−n,

S(L) = πc

24

�

ε
+

∑
a

|ψa|2 lnSa0 −
∑

a

|ψa|2 ln |ψa|2. (21)

The first term in Eq. (21) obeys the area law, while the third
piece takes the form of the Shannon entropy of the coefficients
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of the choice of state. The last two terms constitute the cele-
brated topological entanglement entropy [1,2], which is finite
and universal, and they depend on the topology of the system
as well as the choice of ground state. It may also be expressed
in terms of the quantum dimensions da = Sa0/S00, and the
total quantum dimension D = 1/S00 = (

∑
a d2

a )1/2.

B. Left-right reflected entropy (bipartite pure state)

To compute the reflected entropy between the chiral and
anti-chiral edge modes using the replica trick, we must ob-
tain the purification |ρm/2〉 of ρm in a doubled Hilbert space
(HL ⊗ HR) ⊗ (HL∗ ⊗ HR∗ ). Note that here ρ = |B〉〈B| is al-
ready pure, but the construction of this ‘purification’ is a
necessary exercise for later purpose. The first step is to com-
pute ρm/2, with m ∈ 2Z+, which is simply ρm/2 = ρ since ρ

is idempotent, i.e.,

ρm/2 =
∑
a,a′

ψaψ
∗
a′ |ha〉〉〈〈ha′ |

=
∑
a,a′

ψaψ
∗
a′√

nana′

∑
N

∑
N ′

e− 4πε
�

(ha+N− c
24 )− 4πε

�
(ha′ +N ′− c

24 )

× |ha, N〉|ha, N〉〈ha′ , N ′|〈ha′ , N ′|. (22)

A canonical doubling of the Hilbert space provides the
simplest purification |ρm/2〉 on HL ⊗ HR ⊗ HL∗ ⊗ HR∗ as fol-
lows:

|ρm/2〉 :=
∑
a,a′

ψaψa′√
nana′

∑
N

∑
N ′

e− 4πε
�

(ha+N− c
24 )− 4πε

�
(ha′ +N ′− c

24 )

× |ha, N〉|ha, N〉︸ ︷︷ ︸
∈HL⊗HR

⊗ |ha′ , N ′〉|ha′ , N ′〉︸ ︷︷ ︸
∈HL∗ ⊗HR∗

. (23)

It is then straightforward to compute the reduced density ma-
trix ρ

(m)
LL∗ , i.e.,

ρ
(m)
LL∗ = ρL ⊗ ρL∗ , (24)

hence

Tr
(
ρ

(m)
LL∗

)n = (
Trρn

L

)2
, (25)

where ρL is defined in Eq. (13) and Trρn
L is given by (18). The

Rényi reflected entropy is thus given by twice the left-right
Rényi entropy,

S(n)
R (L : R) = 2S(n)(L), (26)

as expected for pure states.

C. Sphere

We consider here a Chern-Simons theory which lives on
the 2-sphere. We are interested in the reflected entropy be-
tween the subsystems A and B, as for example depicted in
Fig. 1. We assume that there are two quasiparticles on the
sphere, i.e., one Wilson line threading through the interfaces
	i. In these cases, the boundary state can be expressed as

|B〉 =
∑

a

ψa

M⊗
i=1

∣∣hi
a

〉〉
, (27)

with i labeling the M interfaces 	i of length �i between the
different subsystems, and

∣∣hi
a

〉〉 = e−εHi√
ni

a

∣∣hi
a

〉〉
, (28)

Hi = 2π

�i

(
Li

0 + L̄i
0 − c

12

)
, (29)

ni
a = χha

(
e− 8πε

�i

)
. (30)

Note that the vacuum state (i.e., no Wilson line) corresponds
to setting ψa = δa0.

1. Two disjoint regions

Let us first focus on the situation represented in Fig. 1(b),
where A and B are separated by a third subsystem C. There are
two entangling cuts 	1 and 	2 separating A and C and C and
B, respectively. There is at most one Wilson line that threads
through both interfaces. The boundary state may be expressed
as

|B〉 =
∑

a

ψa

∣∣h1
a

〉〉 ⊗ ∣∣h2
a

〉〉
, (31)

from which one obtains the reduced density matrix ρAB by
tracing over the modes in C, that is

ρAB =
∑

a

|ψa|2ρA,a ⊗ ρB,a, (32)

where

ρA,a = 1

n1
a

∑
N1

e− 8πε
�1

(ha+N1− c
24 )|ha, N1〉〈ha, N1|,

ρB,a = 1

n2
a

∑
N2

e− 8πε
�2

(ha+N2− c
24 )|ha, N2〉〈ha, N2|. (33)

Next we compute ρ
m/2
AB for even positive m,

ρ
m/2
AB =

∑
a

|ψa|mρ
m/2
A,a ⊗ ρ

m/2
B,a , (34)

where

ρ
m/2
A,a = 1(

n1
a

)m/2

∑
N1

e− 4mπε
�1

(ha+N1− c
24 )|ha, N1〉〈ha, N1|,

ρ
m/2
B,a = 1(

n2
a

)m/2

∑
N2

e− 4mπε
�2

(ha+N2− c
24 )|ha, N2〉〈ha, N2|. (35)

Then, to construct the purification |ρm/2
AB 〉, we turn the bras

in ρ
m/2
A,a and ρ

m/2
B,a into kets in HA∗ and HB∗ , respectively. The

purified state thus reads∣∣ρm/2
AB

〉 =
∑

a

|ψa|m
∣∣ρm/2

A,a

〉 ⊗ ∣∣ρm/2
B,a

〉
, (36)

with ∣∣ρm/2
A,a

〉 = 1(
n1

a

)m/2

∑
N1

e− 4mπε
�1

(ha+N1− c
24 )

× |ha, N1〉︸ ︷︷ ︸
∈HA

⊗ |ha, N1〉︸ ︷︷ ︸
∈HA∗

,
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∣∣ρm/2
B,a

〉 = 1(
n2

a

)m/2

∑
N2

e− 4mπε
�2

(ha+N2− c
24 )

× |ha, N2〉︸ ︷︷ ︸
∈HB

⊗ |ha, N2〉︸ ︷︷ ︸
∈HB∗

. (37)

The reduced density matrix for AA∗ may then be written as

ρ
(m)
AA∗ =

∑
a

|ψa|2m χha

(
e− 8πmε

�2
)

(
χha

(
e− 8πε

�2
))m

∣∣ρm/2
A,a

〉〈
ρ

m/2
A,a

∣∣, (38)

from which follows

Tr
(
ρ

(m)
AA∗

)n =
∑

a

|ψa|2nm
∏

i=1,2

(
χha

(
e− 8πmε

�i

))n(
χha

(
e− 8πε

�i

))nm
,

� e
πc
48

�1+�2
ε

( n
m −nm)

∑
a

|ψa|2nm(Sa0)2n(1−m), (39)

where we took the thermodynamic limit �i/ε → ∞ in the
second line. Finally, we obtain the Rényi and von Neumann
reflected entropies

S(n)
R (A : B) = 1

1 − n
ln

∑
a

|ψa|2n, (40)

SR(A : B) = −
∑

a

|ψa|2 ln |ψa|2,

= I (A : B). (41)

The area-law terms disappear in both S(n)
R and SR, while their

universal parts result only from the fluctuations of the Wilson
line, given in SR by the Shannon entropy of the classical
probability distribution. Note that for density matrices which
are the mixtures of factorized states, as in Eq. (32), the cor-
responding (Rényi) reflected entropy is alway given as above.
Interestingly, we observe that the reflected entropy coincides
with the mutual information, see (A7) in Appendix A. Note
that formally S(n)

R 
= I (n) for n > 1, though for the Abelian
Chern-Simons theories the two quantities are equal.

2. Two adjacent regions

For the case of adjacent A and B, as shown in Fig. 1(c), the
ground state is again Eq. (31). The reduced density matrix for
the subsystem A ∪ B reads

ρAB =
∑

a

|ψa|2ρ	1
AB,a ⊗ ρ

	2
B,a, (42)

where

ρ
	1
AB,a = 1

n1
a

∑
N1

∑
N ′

1

e− 4πε
�1

(ha+N1− c
24 )e− 4πε

�1
(ha+N ′

1− c
24 )

× |ha, N1〉|ha, N1〉〈ha, N ′
1|〈ha, N ′

1|,

ρ
	2
B,a = 1

n2
a

∑
N2

e− 8πε
�2

(ha+N2− c
24 )|ha, N2〉〈ha, N2|. (43)

As we did in the previous case, to construct the canonical
purification |ρm/2

AB 〉 of ρm
AB, we first compute ρ

m/2
AB and then flip

the bras to kets for basis in HA∗ ⊗ HB∗ . We then find∣∣ρm/2
AB

〉 =
∑

a

|ψa|m
∣∣ρ	1

AB,a

〉 ⊗ ∣∣(ρ	2
B,a

)m/2〉
, (44)

where ∣∣ρ	1
AB,a

〉 = 1

n1
a

∑
N1

∑
N ′

1

e− 4πε
�1

(ha+N1− c
24 )e− 4πε

�1
(ha+N ′

1− c
24 )

× |ha, N1〉|ha, N1〉︸ ︷︷ ︸
∈HA⊗HB

⊗ |ha, N ′
1〉|ha, N ′

1〉︸ ︷︷ ︸
∈HA∗ ⊗HB∗

,

∣∣(ρ	2
B,a

)m/2〉 = 1(
n2

a

)m/2

∑
N2

e− 4mπε
�2

(ha+N2− c
24 )

× |ha, N2〉︸ ︷︷ ︸
∈HB

⊗ |ha, N2〉︸ ︷︷ ︸
∈HB∗

. (45)

The reduced density matrix for AA∗ can be easily calculated,

ρ
(m)
AA∗ =

∑
a

|ψa|2m χha

(
e− 8πmε

�2
)

(
χha

(
e− 8πε

�2
))m

ρ
	1
AA∗,a, (46)

where

ρ
	1
AA∗,a = 1(

n1
a

)2

∑
N

∑
N ′

e− 8πε
�1

(ha+N− c
24 )e− 8πε

�1
(ha+N ′− c

24 )

× |ha, N〉 ⊗ |ha, N ′〉〈ha, N | ⊗ 〈ha, N ′|, (47)

from which follows

Tr
(
ρ

(m)
AA∗

)n =
∑

a

|ψa|2nm

(
χha

(
e− 8πnε

�1
))2(

χha

(
e− 8πε

�1
))2n

(
χha

(
e− 8πmε

�2
))n(

χha

(
e− 8πε

�2
))nm

,

� e
πc�1
24ε

( 1
n −n)e

πc�2
48ε

( n
m −nm)

∑
a

|ψa|2nm(Sa0)2−n(1+m),

(48)

where we took the thermodynamic limit �i/ε → ∞ in the
second line. Finally, we obtain the Rényi and von Neumann
reflected entropies

S(n)
R (A : B)

=
(

1 + 1

n

)
πc

24

�1

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n), (49)

SR(A : B)

= πc

12

�1

ε
+ 2

∑
a

|ψa|2 ln Sa0 −
∑

a

|ψa|2 ln |ψa|2. (50)

We notice that the area-law terms do not cancel in this case.
Furthermore, we find that

S(n)
R (A : B) = I (n)(A : B). (51)

Not only the reflected entropy matches the mutual informa-
tion, but their Rényi generalizations do also.

D. Torus

We consider now a tripartite pure state of a Chern-Simons
theory which lives on the 2-torus. We are interested in the re-
flected entropy between the noncomplementary subsystems A
and B, as for example depicted in Fig. 2. The third subsystem
is denoted by C. A Wilson loop threads through the interfaces
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FIG. 2. Different tripartite states on the 2-torus. Two regions
A and B with complementary noncontractible [(a)–(c)] or con-
tractible (d) region C, and with a longitudinal Wilson loop tunneling
through noncontractible regions only. (a) Two disjoint noncon-
tractible regions, (b) Two adjacent noncontractible regions with a
one component interface, (c) Two disjoint regions with contractible
A and noncontractible B. (d) Two adjacent noncontractible regions
with a two component interface, with contractible C.

	i, and can in general fluctuate among different topological
sectors a with probability |ψa|2.

1. Two disjoint noncontractible regions

Let us first focus on the situation represented in Fig. 2(a),
where A and B are separated by a third subsystem C. There
are four entangling cuts 	1,...,4 separating A and B from C. A
Wilson loop pierces through all the interfaces. The boundary
state may be expressed as

|B〉 =
∑

a

ψa

4⊗
i=1

∣∣hi
a

〉〉
. (52)

The reduced density matrix for the subsystem A ∪ B is easily
found to be

ρAB =
∑

a

|ψa|2ρ	1
A,a ⊗ ρ

	2
A,a ⊗ ρ

	3
B,a ⊗ ρ

	4
B,a, (53)

where

ρ
	1
A,a = 1

n1
a

∑
N1

e− 8πε
�1

(ha+N1− c
24 )|ha, N1〉〈ha, N1|,

ρ
	2
A,a = 1

n2
a

∑
N2

e− 8πε
�2

(ha+N2− c
24 )|ha, N2〉〈ha, N2|,

ρ
	3
B,a = 1

n3
a

∑
N3

e− 8πε
�3

(ha+N3− c
24 )|ha, N3〉〈ha, N3|,

ρ
	4
B,a = 1

n4
a

∑
N4

e− 8πε
�4

(ha+N4− c
24 )|ha, N4〉〈ha, N4|. (54)

Since ρAB is a classically correlated mixed state, the reduced
density matrix for the subsystem AA∗ is an ensemble of pure

states [similarly as in Eq. (38)], and the Rényi and von Neu-
mann reflected entropies thus read

S(n)
R (A : B) = 1

1 − n
ln

∑
a

|ψa|2n, (55)

SR(A : B) = −
∑

a

|ψa|2 ln |ψa|2,

= I (A : B). (56)

As for the sphere, in the torus case the reflected entropy equals
the mutual information which was computed in Ref. [29] (see
also (A14) in Appendix A), and only retains the Shannon
entropy arising from the classical distribution {|ψa|2}.

2. Two adjacent noncontractible regions

For the geometry depicted in Fig. 2(b), A and B are adjacent
with a one-component interface between them. There are three
entangling cuts 	1, 	2, and 	3 separating A and C, B and
A, and C and B, respectively, with a Wilson loop threading
through them all. The boundary state may be expressed as

|B〉 =
∑

a

ψa

3⊗
i=1

∣∣hi
a

〉〉
. (57)

The reduced density matrix ρAB reads

ρAB =
∑

a

|ψa|2ρ	1
A,a ⊗ ρ

	2
AB,a ⊗ ρ

	3
B,a, (58)

where

ρ
	2
AB,a = 1

n2
a

∑
N2

∑
N ′

2

e− 4πε
�2

(ha+N2− c
24 )e− 4πε

�2
(ha+N ′

2− c
24 )

× |ha, N2〉|ha, N2〉〈ha, N ′
2|〈ha, N ′

2|,

ρ
	1
A,a = 1

n1
a

∑
N1

e− 8πε
�1

(ha+N1− c
24 )|ha, N1〉〈ha, N1|,

ρ
	3
B,a = 1

n3
a

∑
N3

e− 8πε
�3

(ha+N3− c
24 )|ha, N3〉〈ha, N3|. (59)

Following the procedures discussed in the previous sections,
one can construct the canonical purification |ρm/2

AB 〉 and com-
pute its associated reduced density matrix ρ

(m)
AA∗ . Then one

obtains, by taking the thermodynamic limit,

Tr
(
ρ

(m)
AA∗

)n =
∑

a

|ψa|2nm

(
χha

(
e− 8πnε

�2
))2(

χha

(
e− 8πε

�2
))2n

∏
i=1,3

(
χha

(
e− 8πmε

�i

))n(
χha

(
e− 8πε

�i

))nm

� e
πc�2
24ε

( 1
n −n)e

πc(�1+�3 )
48ε

( n
m −nm)

∑
a

|ψa|2nm(Sa0)2(1−nm).

(60)

The Rényi and von Neumann reflected entropies are expressed
as

S(n)
R (A : B) =

(
1+1

n

)
πc

24

�2

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n),

(61)
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SR(A : B) = πc

12

�2

ε
+ 2

∑
a

|ψa|2 lnSa0 −
∑

a

|ψa|2 ln |ψa|2.
(62)

The (Rényi) mutual information for the adjacent configu-
ration has been computed in Ref. [29] [see also (A14) in
Appendix A]. We find that

S(n)
R (A : B) = I (n)(A : B), (63)

as on the 2-sphere.

3. Noncontractible multicomponent interfaces

We can now consider the more general case where A and B
are each composed of an arbitrary number of noncontractible
components with an arbitrary number of shared interfaces
between them. It is convenient to think in terms of these inter-
faces. There are M interfaces 	i in total, of three types: MAB

between A and B, MA between A and C, and MB between B and
C, where C is the complementary noncontractible subsystem
to A ∪ B. Again, a Wilson loop threads through all interfaces.
The boundary state may then be expressed as

|B〉 =
∑

a

ψa

M⊗
i=1

∣∣hi
a

〉〉
, (64)

from which one obtains the reduced density matrix ρAB

ρAB =
∑

a

|ψa|2
⊗

	i={	AB}
ρ

	i
AB,a

⊗
	 j={	A}

ρ
	 j

A,a

⊗
	k={	B}

ρ
	k
B,a,

(65)

where we defined

ρ
	i
AB,a = 1

ni
a

∑
Ni

∑
N ′

i

e− 4πε
�i

(ha+Ni− c
24 )e− 4πε

�i
(ha+N ′

i − c
24 )

× |ha, Ni〉|ha, Ni〉〈ha, N ′
i |〈ha, N ′

i |,

ρ
	 j

A/B,a = 1

n j
a

∑
Nj

e
− 8πε

� j
(ha+Nj− c

24 )|ha, Nj〉〈ha, Nj |. (66)

Note that the Ishibashi basis vectors appearing in the expres-
sion of ρ

	i
A/B,a may be either right or left, depending on the

convention, which has no influence on the result. From the
previous cases, the trace of the nth power of the reduced den-
sity matrix ρ

(m)
AA∗ for the purification in HA ⊗ HB ⊗ HA∗ ⊗ HB∗

is straightforward to compute,

Tr
(
ρ

(m)
AA∗

)n =
∑

a

|ψa|2nm
∏

i={	AB}

(
χha

(
e− 8πnε

�i

))2(
χha

(
e− 8πε

�i

))2n

×
∏

j={	A∪	B}

(
χha

(
e
− 8πmε

� j
))n

(
χha

(
e
− 8πε

� j
))nm

,

� e
πc�AB

24ε
( 1

n −n)e
πc(�A+�B )

48ε
( n

m −nm)

×
∑

a

|ψa|2nm(Sa0)MAB (2(1−n)−n(1−m))+Mn(1−m),

(67)

where �AB and �A(B) represent the total length of the inter-
faces shared between A and B, and between A(B) and C,

respectively. Finally, we obtain the Rényi and von Neumann
reflected entropies as

S(n)
R (A : B)

=
(

1 + 1

n

)
πc

24

�AB

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2MAB (1−n),

(68)

SR(A : B)

= πc

12

�AB

ε
+ 2MAB

∑
a

|ψa|2 lnSa0 −
∑

a

|ψa|2 ln |ψa|2.

(69)

We thus find that the (Renyi) reflected entropy depends in
general on both the choice of ground state and the elements
Sa0 of the modular S matrix. For MAB = 0 and MAB = 1, we
recover the results of the previous sections, that is for A and
B disjoints (�AB = 0) and when A shares only one interface
with B, respectively. We note that for A and B disjoint with
an arbitrary number of components, the (Rényi) reflected en-
tropy only depends on the choice of ground state through the
Shannon entropy term.

Let us now compare our results with the (Rényi) mutual
information between A and B, which is found to be [see (A14)
in Appendix A]

I (n)(A : B) =
(

1 + 1

n

)
πc

24

�AB

ε

+ 1

1 − n
ln

∑
a |ψa|2n(Sa0)(MAB+MA )(1−n)∑
a |ψa|2n(Sa0)(MA+MB )(1−n)

+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)(MAB+MB )(1−n), (70)

I (A : B)

= πc

12

�AB

ε
+ 2MAB

∑
a

|ψa|2 lnSa0 −
∑

a

|ψa|2 ln |ψa|2,

= SR(A : B). (71)

We observe that the reflected entropy agrees with the mutual
information. This is not the case in general for their Rényi
n > 1 versions. Only for MA = MB = MAB the Rényi reflected
entropy equals the Rényi mutual information.

4. Two disjoint regions with contractible A and noncontractible B

So far, we have only considered noncontractible regions
on the 2-torus. Let us now compute the reflected entropy of
two disjoint regions with A contractible and B noncontractible,
with a noncontractible complementary region C. The geom-
etry can be seen in Fig. 2(c). A Wilson loop threads only
through the interfaces between B and C, i.e. through 	2 and
	3. The boundary state may thus be expressed as

|B〉 = ∣∣h1
I

〉〉 ⊗ ∑
a

ψa

∣∣h2
a

〉〉 ⊗ ∣∣h3
a

〉〉
, (72)

where I is the identity topological sector. The reduced density
matrix ρAB then reads

ρAB = ρ
	1
A,I ⊗

∑
a

|ψa|2ρ	2
B,a ⊗ ρ

	3
B,a, (73)

035149-7



BERTHIERE, CHEN, LIU, AND CHEN PHYSICAL REVIEW B 103, 035149 (2021)

where

ρ
	1
A,I = 1

n1
I

∑
N1

e− 8πε
�1

(hI +N1− c
24 )|hI , N1〉〈hI , N1|,

ρ
	i
B,a = 1

ni
a

∑
Ni

e− 8πε
�i

(ha+Ni− c
24 )|ha, Ni〉〈ha, Ni|. (74)

The purification |ρm/2
AB 〉 ∈ HA ⊗ HB ⊗ HA∗ ⊗ HB∗ and its as-

sociated reduced density matrix for the subsystem AA∗ are
obtained through the same procedure as before. One gets

Tr
(
ρ

(m)
AA∗

)n

=
(
χhI

(
e− 8πmε

�1
))n(

χhI

(
e− 8πε

�1
))nm

[∑
a

|ψa|2m
∏

i=2,3

χha

(
e− 8πmε

�i

)
(
χha

(
e− 8πε

�i

))m

]n

� e
πc(�1+�2+�3 )

48ε
( n

m −nm)Sn(1−m)
00

(∑
a

|ψa|2m(Sa0)2(1−m)

)n

.

(75)

The (Rényi) reflected entropy thus identically vanishes,
S(n)

R (A : B) = 0. This should have been expected since ρAB is a
factorized state. One can easily show that the Rényi mutual in-
formation for the configuration in Fig. 2(c) also vanishes [see
(A18) in Appendix A], hence S(n)

R (A : B) = 0 = I (n)(A : B).

5. Two adjacent noncontractible regions with contractible C

Our last case of interest is that of two adjacent noncon-
tractible regions A and B with a contractible region C, as
shown in Fig. 2(d). A Wilson loop threads only through the
interfaces between A and B, i.e., 	3 and 	4. Similar to the
previous case, the boundary state may be expressed as

|B〉 = ∣∣h1
I

〉〉 ⊗ ∣∣h2
I

〉〉 ⊗ ∑
a

ψa

∣∣h3
a

〉〉 ⊗ ∣∣h4
a

〉〉
, (76)

where I is the identity topological sector. It is straightforward
to check that

ρAB = ρ
	1
A,I ⊗ ρ

	2
B,I ⊗

∑
a,a′

ψaψ
∗
a′
∣∣h3

a

〉〉〈〈
h3

a′
∣∣ ⊗ ∣∣h4

a

〉〉〈〈
h4

a′
∣∣,

(77)

where

ρ
	1
A,I = 1

n1
I

∑
N1

e− 8πε
�1

(hI +N1− c
24 )|hI , N1〉〈hI , N1|,

ρ
	2
B,I = 1

n2
I

∑
N2

e− 8πε
�2

(hI +N2− c
24 )|hI , N2〉〈hI , N2|. (78)

The by-now familiar procedure to construct the purification
|ρm/2

AB 〉 and the reduced density matrix ρ
(m)
AA∗ yields

Tr
(
ρ

(m)
AA∗

)n =
2∏

i=1

(
χhI

(
e− 8πmε

�i

))n(
χhI

(
e− 8πε

�i

))nm

⎛
⎝∑

a

|ψa|2n
4∏

j=3

χha

(
e
− 8πnε

� j
)

(
χha

(
e
− 8πε

� j
))n

⎞
⎠2

� e
πc(�1+�2 )

48ε
( n

m −nm)e
πc(�3+�4 )

24ε
( 1

n −n)

× S2n(1−m)
00

(∑
a

|ψa|2n(Sa0)2(1−n)

)2

. (79)

The Rényi and von Neumann reflected entropies then read

S(n)
R (A : B)

=
(

1 + 1

n

)
πc

24

�3 + �4

ε
+ 2

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n),

(80)

SR(A : B)

= πc

12

�3 + �4

ε
+ 4

∑
a

|ψa|2 ln Sa0 − 2
∑

a

|ψa|2 ln |ψa|2.

(81)

The mutual information corresponding to the configura-
tion in Fig. 2(d) can be found in Ref. [29] [see (A21) in
Appendix A]. We have that S(n)

R (A : B) = I (n)(A : B). No-
tice that setting C empty does not change the reflected
entropy/mutual information which actually corresponds to
twice the bipartite entanglement entropy.

III. REFLECTED ENTROPY VIA SURGERY

In this section, we compute the topological reflected en-
tropy from a bulk perspective using the surgery method
[30,36,48,49]. We adopt the approach of Ref. [49] which uses
a formal description of TQFT, and therefore only computes
(universal) finite corrections to the area-law terms. The eval-
uation of partition functions on various three-manifolds can
be achieved systematically by surgery operations [36]. These
partition functions are related to certain elements of the mod-
ular matrix S . For example, the Chern-Simons partition func-
tion on S3 with a Wilson loop in representation Ra is given by

Z (S3, Ra) = Sa0, (82)

while on S2 × S1, i.e., two solid tori D2 × S1 glued along
their boundaries with Wilson loops in representation Ra and
Rb respectively, the partition function reads

Z (S2 × S1, Ra, Rb) = δab. (83)

We will also rely on the basic result that applies to a
three-manifold M which is the connected sum of two
three-manifolds M1 and M2 joined along an S2 [36]:

Z (M) × Z (S3) = Z (M1) × Z (M2). (84)

The relation (84) extends straightforwardly to M1 and M2

joined along n S2’s, i.e.,

Z (M) = Z (M1) × Z (M2)

Z (S3)n
. (85)

It is noted that in our discussions, a spatial manifold is two-
dimensional and can be viewed as the boundary of the three-
dimensional space-time manifold where the state is defined.

To compute the reflected entropy between two subsystems
A and B, we use the replica trick and proceed as follows.
First, we choose our bulk ground state |ψ〉 and compute
the (reduced) density matrix ρAB. Next, we glue m/2 copies
of ρAB together and construct the purification |ρm/2

AB 〉 by a
canonical duplication of the Hilbert space. We then compute
ρ

(m)
AA∗ = TrBB∗ (|ρm/2

AB 〉〈ρm/2
AB |) and glue n copies of ρ

(m)
AA∗ as to

obtain Tr(ρ (m)
AA∗ )

n
.
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FIG. 3. Surgery: pure bipartite state on the 2-sphere. The density matrix ρAB is two 3-balls. The gluing of m/2 density matrices results in
two 3-balls and m/2 − 1 S3’s. The canonical purification |ρm/2

AB 〉 is obtained by interpreting the second 3-ball in ρ
m/2
AB as living on HA∗ ⊗ HB∗ .

Finally, from |ρ (m)
AB 〉, one gets the reduced density matrix ρ

(m)
AA∗ by tracing out BB∗.

A. Sphere

We begin with the simplest case in which the spatial man-
ifold is a 2-sphere S2. In all configurations we study, there
are two conjugate quasiparticles on the sphere, one in each
regions A and B, connected by a Wilson line in a definite rep-
resentation Ra that thread through all interfaces. One should
thus set |ψa′ |2 = δaa′ in the formulas obtained using the edge
theory approach.

1. Pure state

For pedagogical purpose, let us first consider the topologi-
cal reflected entropy of a bipartite pure state, which we know
should be twice the topological entanglement entropy. The
wave function |ψ〉 under consideration is a 3-ball depicted
in Fig. 3. The density matrix ρAB = |ψ〉〈ψ | is two 3-balls
with conjugate punctures (there is no partial trace to be taken
here). To define |ρm/2

AB 〉 who lives in the doubled Hilbert space
(HA ⊗ HB) ⊗ (HA∗ ⊗ HB∗ ), we need to compute ρ

m/2
AB , where

m ∈ 2Z+. This is achieved by gluing the region A′ (B′) in
the i-th copy of ρAB to the region A (B) in the (i + 1)-th
copy, for i = 1, . . . , m/2 − 1. We are left with two 3-balls
from the first and m/2-th copies of the density matrix, and
m/2 − 1 three-spheres S3 from sewing the copies together.
Then ρ

m/2
AB on HA ⊗ HB is interpreted as the pure state |ρm/2

AB 〉
on HA ⊗ HB ⊗ HA∗ ⊗ HB∗ as suggested in Fig. 3, i.e., we
consider that the second 3-ball in ρ

m/2
AB lives on HA∗ ⊗ HB∗ .

Next, we construct the reduced density matrix ρ
(m)
AA∗ by tracing

over the regions B and B∗, which is shown in Fig. 3. Finally,
we can compute Tr(ρ (m)

AA∗ )
n
. We take n copies of ρ

(m)
AA∗ and glue

the region A (A∗) in the jth copy to the region A (B) in the
( j + 1)-th (mod n) copy. The resulting manifold is composed
of nm + 2(1 − n) independent S3’s. We thus have

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)2(1−n)+nm

Z (S3, Ra)nm

= Z (S3, Ra)2(1−n) = S2(1−n)
a0 , (86)

from which we obtain the (Rényi) topological reflected en-
tropy

S(n)
R,topo(A : B) = 2 lnSa0 = 2S(n)

topo(A), (87)

in agreement with (21) and (26).

2. Two disjoint regions

We now consider the more interesting case of a tripartite
spatial manifold S2 with A and B separated by C, as shown3

in Fig. 4. First, the wave function manifold is deformed into
a topologically equivalent one, that is two 3-balls connected
by a tube, as depicted in Fig. 4. The reduced density matrix
ρAB can then be obtained by tracing over C, see again Fig. 4.
Next, we glue m/2 reduced density matrices ρAB and define
the purification |ρm/2

AB 〉 analogous to the previous case, that is
by interpreting the region A′ (B′) in the m/2-th copy of ρAB as
A∗ (B∗). After that we get ρ

(m)
AA∗ by tracing over B and B∗. Fi-

nally, taking n copies of ρ
(m)
AA∗ and gluing the regions A and A∗

of each copies cyclically, we obtain Tr(ρ (m)
AA∗ )

n
. The resulting

manifold is 2n S3’s connected by nm tubes, as illustrated for
m = 4 and n = 2 in Fig. 4. By cutting each tubes and using
(84), we find

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)n(2−m)

Z (S3, Ra)n(2−m)
= 1. (88)

The topological reflected entropy thus vanishes for two dis-
joint regions, as expected from (41) since ψa′ = δaa′ here.

3. Two adjacent regions

Finally, we discuss the situation of two adjacent regions
A and B on the 2-sphere, depicted in Fig. 5. As we did for
the disjoint configuration, we start by deforming the three-
manifold into two 3-balls connected by a tube. The reduced
density matrix is equivalent to three 3-balls connected by two

3All the figures of the surgery operations subsequently referred to
are gathered in Appendix B.
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tubes, and the procedure yielding the purification |ρm/2
AB 〉 and

the corresponding reduced density matrix ρ
(m)
AA∗ is the same as

for the previous cases. Then, gluing together n copies of ρ
(m)
AA∗ ,

we obtain Tr(ρ (m)
AA∗ )

n
. As illustrated in Fig. 5 for m = 4 and

n = 2, the resulting manifold is 2 + n(m − 1) S3’s connected
by nm tubes. After surgically removing the tubes, we obtain

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)2−n

Z (S3, Ra)n

= Z (S3, Ra)2(1−n) = S2(1−n)
a0 , (89)

and we recover (50), remembering that the surgery was car-
ried out for a ground state with a Wilson line in a definite
topological sector a such that ψa′ = δaa′ in Eq. (50).

B. Torus

We now focus on a manifold with nonvanishing genus,
namely the 2-torus with a Wilson loop in representation Ra

present along its center. A solid torus can be thought of as
D2 × S1, and two copies glued together is an S2 × S1.

1. Pure state

As a warm-up, we first consider a bipartite slicing of the
torus into noncontractible A and B regions, as illustrated in
Fig. 6. For this pure state configuration, the topological re-
flected entropy should be twice the topological entanglement
entropy. In a similar manner as done for the sphere, to com-
pute the reflected entropy on the torus, one may deform the
manifold into topological equivalent ones which are easier to
handle during the surgery procedures. It is convenient to think
of the solid torus as two 3-balls connected by two tubes, as
shown in Fig. 6. To obtain the purified state in the doubled
Hilbert space and compute the moments of the associated
reduced density matrix Tr(ρ (m)

AA∗ )
n
, we follow the procedure

described in the previous section, see also Fig. 6. We find that
Tr(ρ (m)

AA∗ )
n

is composed of n(m − 2) S2 × S1’s and two pairs of
S3’s joined along 2n tubes. Note that Trρm

AB is m independent
S2 × S1’s. We thus have

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)4(1−n)Z (S2 × S1, Ra, R̄a)n(m−2)

Z (S2 × S1, Ra, R̄a)nm

= S4(1−n)
a0 , (90)

where we have used the fact that Z (S2 × S1, Ra, R̄a) = 1. It
is then straightforward to show that for a general ground
state where the Wilson loop is in a superposition of different
representations Ra (i.e., no longer in a definite topological
sector a), the above generalizes to

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n =
(∑

a |ψa|2n(Sa0)2(1−n)
)2(∑

a |ψa|2
)2n , (91)

such that the topological (Rényi) reflected entropy is twice
the topological (Rényi) entanglement entropy computed in
Ref. [49], S(n)

R,topo(A : B) = 2S(n)
topo(A), as expected for a pure

state.

2. Two disjoint noncontractible regions

For two noncontractible disjoint regions on the torus, the
manifold is equivalent to four 3-balls connected by four tubes
as depicted in Fig. 7. Tracing over C, we obtain the reduced
density matrix ρAB as four 3-balls joined by five tubes. Then
we compute ρ

m/2
AB and canonically duplicate the Hilbert space

to obtain the purified state |ρm/2
AB 〉 and the associated reduced

density matrix ρ
(m)
AA∗ . The calculation of Tr(ρ (m)

AA∗ )
n

results in
a manifold of 4n S3’s connected by 4nm tubes, which after
surgically removing the tubes yields

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)4n(1−m)

Z (S3, Ra)4n(1−m)
= 1. (92)

The manifold corresponding to Tr(ρ (m)
AA∗ )

n
for m = 4 and n =

2 is depicted in Fig. 7. For a general state in a nondefinite
topological sector, the above generalizes to

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n =
∑

a |ψa|2nm(Sa0)4n(1−m)(∑
a |ψa|2m(Sa0)4(1−m)

)n , (93)

and we recover the reflected entropy (55).

3. Two adjacent noncontractible regions

Next, we consider two noncontractible adjacent regions on
the torus, which is topologically equivalent to three 3-balls
connected by three tubes, see Fig. 8. The reduced density
matrix ρAB is four 3-balls joined by five tubes. We may then
proceed as previously to compute Tr(ρ (m)

AA∗ )
n
, finding that the

resulting manifold is 2 + nm S3’s joined by 3nm tubes. We
thus obtain

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)2(1−nm)

Z (S3, Ra)2n(1−m)
= S2(1−n)

a0 . (94)

The manifold corresponding to Tr(ρ (m)
AA∗ )

n
is quite intricate, as

illustrated in Fig. 8 for m = 4 and n = 2. For a general ground
state, one has

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n =
∑

a |ψa|2nm(Sa0)2(1−nm)( ∑
a |ψa|2m(Sa0)2(1−m)

)n , (95)

which gives the Rényi reflected entropy (61).

4. Two disjoint regions with contractible A and noncontractible B

When one of the two disjoint regions is contractible, say
A as shown in Fig. 9, the solid torus is deformed into three
3-balls connected by three tubes with a Wilson loop that
threads only through regions B and C. Following the same
procedure as before, the calculation of Tr(ρ (m)

AA∗ )
n

by surgery
yields 3n S3’s joined along 3nm tubes. Note however that the
Wilson lines do not thread through every three-spheres and
tubes. Indeed, as illustrated in Fig. 9 for m = 4 and n = 2,
there are n S3’s connected by nm tubes that do not contain any
Wilson lines, while n pairs of S3’s joined along 2m tubes (for
each pair) contain some. A three-sphere with no Wilson line
threading through it contributes a Z (S3) ≡ Z (S3, R0) after the
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surgery. Removing the tubes and applying (84) we thus obtain

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)2n(1−m)Z (S3)n(1−m)

Z (S3, Ra)2n(1−m)Z (S3)n(1−m)
= 1. (96)

For a general ground state, the result becomes

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n =
(∑

a |ψa|2m(Sa0)2(1−m)
)n

(S00)n(1−m)(∑
a |ψa|2m(Sa0)2(1−m)(S00)1−m

)n . (97)

Hence S(n)
R (A : B) = 0 in agreement the with edge theory cal-

culation.

5. Two adjacent noncontractible regions with contractible C

Finally, we consider two noncontractible adjacent regions
A and B on the 2-torus with a contractible region C. The mani-
fold is first deformed into four 3-balls connected by four tubes,
as one can see in Fig. 10, where the Wilson loop only pierces
through the interfaces between A and B. Then following the
familiar canonical purification procedure, the surgery yields
Tr(ρ (m)

AA∗ )
n

as a manifold of 2n(m − 1) + 4 S3’s joined along
4nm tubes. The different three-spheres and tubes are arranged
in a complex way, as one may appreciate for m = 4 and
n = 2 in Fig. 10. There are Wilson loops threading through
2n(m − 2) S3’s connected to 2n(m − 2) tubes (represented as
red tubes in Fig. 10) as well as through two pairs of S3’s joined
along 2n tubes each. The remaining 2n S3’s and 2nm tubes do
not contain any Wilson loops. We thus obtain

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n = Z (S3, Ra)4(1−n)Z (S3)2n(1−m)

Z (S3)2n(1−m)

= (Sa0)4(1−n). (98)

For a general state, the above generalizes to

Tr
(
ρ

(m)
AA∗

)n(
Trρm

AB

)n =
(∑

a

|ψa|2nm(Sa0)2(1−n)

)2

, (99)

which gives the same Rényi reflected entropy (80) as with the
edge theory approach.

IV. ODD ENTROPY

The odd entropy of a bipartite state ρAB, introduced in
Ref. [33], involves an analytic continuation of the odd se-
quence at no → 1 of the moments of the partial transpose
density matrix,

So(A : B) = lim
no→1

1

1 − no
ln Tr

(
ρ

TB
AB

)no
, (100)

where ·TB indicates the partial transposition in HB. The quan-
tity suggested in Ref. [33] as a dual of the entanglement wedge
cross-section is actually a “regulated” form of the odd entropy,
denoted hereafter Eo, which is the difference between odd
entropy and entanglement entropy,

Eo(A : B) ≡ So(A : B) − S(A ∪ B). (101)

As mentioned in the introduction, another correlation measure
that possesses a simple holographic dual interpretation as
(twice) the entanglement wedge cross-section is the reflected

entropy [10]. It is thus interesting to see whether reflected
entropy and odd entropy are related to each other in Chern-
Simons theories,

SR(A : B)
?= 2Eo(A : B). (102)

For pure states, we can already observe that the relation above
holds since the odd entropy reduces to the entanglement en-
tropy, hence Eo(A : B) = So(A : B) = S(A) = (1/2)SR(A : B).

A. Sphere

1. Two disjoint regions

For two disjoint regions on the 2-sphere [see Fig. 1(b)], the
reduced density matrix is given in Eq. (32) and is invariant
under partial transposition, Tr(ρTB

AB)
n = Trρn

AB, which imme-
diately leads to

So(A : B) = S(A ∪ B), (103)

where S(A ∪ B) can be found in Eq. (A5) by taking the n → 1
limit. This yields

Eo(A : B) = 0. (104)

Note that the invariance under partial transposition of the
reduced density matrix implies (103) in general. The reflected
entropy has been computed in Eq. (41). Although Eo is trivial,
in anticipation of the adjacent case we may write

SR(A : B) = 2Eo(A : B) −
∑

a

|ψa|2 ln |ψa|2, (105)

with SR(A : B) = 2Eo(A : B) = 0 for a Wilson line in a defi-
nite topological sector.

2. Two adjacent regions

The reduced density matrix, see (42), corresponding to
this configuration is not invariant under partial transposition,
therefore Tr(ρTB

AB)
n

depends on whether n is even or odd. For
n = no odd, one finds that

Tr
(
ρ

TB
AB

)no =
∑

a

|ψa|2no
χha

(
e− 8πnoε

�1
)

(
χha

(
e− 8πε

�1
))no

χha

(
e− 8πnoε

�2
)

(
χha

(
e− 8πε

�2
))no

� e
πc
48

�1+�2
ε

( 1
no

−no)
∑

a

|ψa|2no (Sa0)2(1−no). (106)

The odd entropy then easily follows:

So(A : B) = πc

24

�1 + �2

ε
+ 2

∑
a

|ψa|2 lnSa0

−
∑

a

|ψa|2 ln |ψa|2. (107)

The reflected entropy can be found in Eq. (62), and the entan-
glement entropy S(A ∪ B) is of the form (21); we thus find the
following relation:

SR(A : B) = 2Eo(A : B) −
∑

a

|ψa|2 ln |ψa|2, (108)

where

Eo(A : B) = πc

24

�1

ε
+

∑
a

|ψa|2 lnSa0. (109)
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Proportional to the length of the interface shared between A
and B, the first term in Eq. (109) satisfies the area law. The sec-
ond term constitutes the topological part of the regulated odd
entropy. For an Abelian Chern-Simons theory (da = 1 such
that Sa0 = 1/D for each topological sector a), the topological
term does not depend on the choice of ground state, while
for a nonAbelian Chern-Simons theory (da > 1 such that
Sa0 
= 1/D for at least one topological sector), the topological
part does depend on the choice of ground state. The regulated
odd entropy thus allows us a to distinguish an Abelian theory
from a nonAbelian one. Another quantity that can characterize
the abelianity of a Chern-Simons theory is the logarithmic
negativity [29,30] which, interestingly, also involves a partial
transposition in its definition. In characterizing topological
phases of matter, the partial transposition thus emerges as a
crucial tool4 (see also [50] for another interesting example).

B. Torus

1. Noncontractible multicomponent interfaces

For a general configuration on the 2-torus, with noncon-
tractible multicomponent A, B and C, the reduced density
matrix is given in Eq. (65). The odd moments of the partial
transpose of ρAB are easily found to be

Tr
(
ρ

TB
AB

)no =
∑

a

|ψa|2no

M∏
i=1

χha

(
e− 8πnoε

�i

)
(
χha

(
e− 8πε

�i

))no

� e
πc
48

�A+�B+�AB
ε

( 1
no

−no)
∑

a

|ψa|2no (Sa0)M(1−no),

(110)

where we recall that M = MA + MB + MAB is the total num-
ber of interfaces, and �AB and �A(B) represent the total length
of the interfaces shared between A and B, and between A(B)
and C, respectively. The odd entropy can then be expressed as

So(A : B) = πc

24

�A + �B + �AB

ε
+ M

∑
a

|ψa|2 lnSa0

−
∑

a

|ψa|2 ln |ψa|2. (111)

Using (69) and (A13), we again obtain the relation

SR(A : B) = 2Eo(A : B) −
∑

a

|ψa|2 ln |ψa|2, (112)

where

Eo(A : B) = πc

24

�AB

ε
+ MAB

∑
a

|ψa|2 lnSa0. (113)

Again, we observe that the topological term in Eq. (113)
depends on the choice of ground state for nonAbelian theories,
but does not for Abelian ones.

2. Two disjoint regions with contractible A and noncontractible B

For the geometry shown in Fig. 2(c), the reduced density
matrix corresponding to A ∪ B [see (73)] is invariant under

4We thank Jonah Kudler-Flam for discussions on this point.

partial transposition, hence the odd entropy coincides with
the entanglement entropy for A ∪ B given in Eq. (A15). This
yields

SR(A : B) = 2Eo(A : B) = 0. (114)

3. Two adjacent noncontractible regions with contractible C

Given the reduced density matrix ρAB in Eq. (77), it is a
straightforward matter to compute

Tr
(
ρ

TB
AB

)no

=
∏

i=1,2

χhI

(
e− 8πnoε

�i

)
(
χhI

(
e− 8πε

�i

))no

∑
a

|ψa|2no
∏
j=3,4

χha

(
e
− 8πnoε

� j
)

g
(
χha

(
e
− 8πε

� j
))no

� e
πc(�1+�2+�3+�4 )

48ε
( 1

no
−no)S2(1−no)

00

∑
a

|ψa|2no (Sa0)2(1−no).

(115)

The odd entropy can then be expressed as

So(A : B) = πc

24

∑4
i=1 �i

ε
+ 2 ln S00 + 2

∑
a

|ψa|2 lnSa0

−
∑

a

|ψa|2 ln |ψa|2. (116)

With the entanglement entropy for A ∪ B obtained by taking
the n → 1 limit in Eq. (A20), we get

SR(A : B) = 2Eo(A : B). (117)

We note that in this case, the regulated odd entropy depends
on the choice of ground state for both Abelian and nonAbelian
theories.

V. DISCUSSION

We studied the reflected entropy in (2 + 1)-dimensional
Chern-Simons theories for a class of mixed states obtained
by tracing out the degrees of freedom of some subsystem of
a tripartite ground state. We mainly focused on spherical and
toroidal spatial manifolds. Relying on its replica formulation
[10], we employed two different approaches to compute the
reflected entropy. The first one, the edge theory approach [29],
makes use of the bulk-edge correspondence in TQFT, while
with the second method the reflected entropy is computed
directly using surgery techniques [36,48,49]. Both approaches
yield identical results for all cases studied in this work, namely
the reflected entropy coincides with the mutual information,

SR(A : B) = I (A : B), (118)

regardless of whether the subsystems A and B are adjacent
or disjoint. We have noted, though, that their Rényi versions
do not agree in general. Such a relation can be observed
in two-dimensional holographic CFTs when the contribu-
tion is universal, as, e.g., for adjacent intervals [10,51]. It
was also reported in Refs. [19,20] for global quenches in
two-dimensional rational and holographic CFTs. Equality
between reflected entropy and mutual information implies
certain structure properties of the tripartite pure states. In a
recent work [52], the authors considered the quantity SR − I as
a measure of tripartite entanglement (see also Refs. [21] in the
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holographic context). Tripartite pure states that satisfy SR = I
for ρAB have been dubbed sum of triangle states in Refs. [52].
SR 
= I signals irreducible tripartite entanglement. The equal-
ity puts constraints on the nature of tripartite entanglement in
the states for which it holds, such that, for example, no W -like
entanglement. However, it does not imply a complete lack of
tripartite entanglement in general, as GHZ states do satisfy
SR = I .

From (118), we observe that both the lower bound (5) and
the polygamy inequality (6) for the reflected entropy are satu-
rated. Also, the monotonicity of mutual information together
with the relation (118) trivially implies the monotonicity of
reflected entropy, SR(A, B ∪ C) � SR(A : B), for the type of
mixed states under consideration. It would be interesting to
see if the monotonicity of the reflected entropy holds for
generic mixed states, especially since a Rényi version (n > 1)
of this inequality was proven in generality in Ref. [10].

We also studied the recently introduced odd entropy [33],
motivated by the fact that its proposed holographic dual in-
terpretation is similar to that of the reflected entropy. The
relevant quantity is a “regulated” odd entropy, given by the
difference between the odd entropy and the entanglement en-
tropy, which we denote Eo(A : B). We found that the reflected
entropy and twice the regulated odd entropy match, up to a
classical Shannon term,

SR(A : B) = 2Eo(A : B) + αH ({ψa}), (119)

where H ({ψa}) = −∑
a |ψa|2 ln |ψa|2 is the Shannon entropy

of the classical probability distribution {|ψa|2}. The constant α

is zero if A and/or B and/or C is completely contractible such
that there is no Wilson line threading the interface between at
least two of the three regions, otherwise it is equal to one.
Thus, the reflected entropy and the regulated odd entropy
possibly differ only by a Shannon term, coming from a Wil-
son line fluctuating among different topological sectors and
tunneling through the interfaces, whose presence indicates in
our setup that the three subsystems are all noncontractible.
The relation (119) also suggests that the reflected entropy
(or, equivalently, the mutual information) is more sensible to
classical correlations than (twice) the regulated odd entropy,
as their difference, if nonzero, is classical. Additionally, we

found that the regulated odd entropy for two adjacent (non-
contractible) regions on the sphere (torus) can be used to
distinguish Abelian Chern-Simons theories from nonAbelian
ones, in a very similar manner as the logarithmic negativity
(see Refs. [29,30]).

There are several future avenues worth exploring. First,
it is not yet clear what the reflected entropy and (regulated)
odd entropy exactly measure in general—see discussions
and recent developments on this issue in Refs. [10,17–
19,21,35,52]—which needs to be further investigated. An in-
teresting direction would be to study the reflected entropy and
the regulated odd entropy for more general mixed states in
3d Chern-Simons theories. Though we believe that the mixed
states considered in the present work reflect the essential
features arising for generic ones, it is an intriguing question
whether the reflected entropy and the mutual information in
3d Chern-Simons theories coincide in general, and whether
the regulated odd entropy is generically related to the reflected
entropy as in Eq. (119). One could also revisit our analysis
of the reflected entropy and the regulated odd entropy in the
context of gapped interfaces in both Abelian and nonAbelian
Chern-Simons theories, see, e.g., Refs. [53,54]. Finally, it
is worth investigating the reflected entropy in other theo-
ries, such as, for example, Lifshitz theories. Lifshitz theories
are critical nonrelativistic quantum field theories exhibiting
anisotropic scaling between space and time [55], and which
are known to display similar entanglement properties as topo-
logical theories [34,56,57]. It would thus be interesting to
compute the reflected entropy in such theories to compare to
the results in this paper.
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APPENDIX A: MUTUAL INFORMATION

For the sake of being self-contained, we compute here the (Rényi) mutual information for the different cases considered in
this paper, most of which can be found in Ref. [29]. The Rényi mutual information I (n)(A : B) between two subsystems A and B
is defined as

I (n)(A : B) = S(n)(A) + S(n)(B) − S(n)(A ∪ B), (A1)

where S(n)(A) is the Rényi entropy for the subsystem A,

S(n)(A) = 1

1 − n
ln

Trρn
A

(TrρA)n
, (A2)

and similarly for B and A ∪ B. The mutual information is obtained in terms of entanglement entropies by taking the n → 1 limit

I (A : B) = lim
n→1

I (n)(A : B), (A3)

and is a measure of total correlations between A and B.
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1. Sphere

a. Two disjoint regions

This case corresponds to the configuration in Fig. 1(b). Clearly, S(n)(A) and S(n)(B) have the same form, which is given in
Eq. (19) by

S(n)(A(B)) =
(

1 + 1

n

)
πc

48

�1(2)

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)1−n. (A4)

Thus we only have to compute S(n)(A ∪ B). Actually, we do not need to do much since we have already calculated Trρm
AB ≡

Trρ (m)
AA∗ in Eq. (39), hence

S(n)(A ∪ B) =
(

1 + 1

n

)
πc

48

�1 + �2

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n). (A5)

We obtain the (Rényi) mutual information as

I (n)(A : B) = 1

1 − n
ln

(∑
a |ψa|2n(Sa0)1−n

)2∑
a |ψa|2n(Sa0)2(1−n)

, (A6)

I (A : B) = −
∑

a

|ψa|2 ln |ψa|2. (A7)

b. Two adjacent regions

This case corresponds to the configuration in Fig. 1(c). The Rényi mutual information can be inferred from the previous case.
Indeed, S(n)(A) and S(n)(A ∪ B) have the same form as (19), while S(n)(B) is given by (A5). We immediately get

I (n)(A : B) =
(

1 + 1

n

)
πc

24

�1

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n), (A8)

I (A : B) = πc

12

�1

ε
+ 2

∑
a

|ψa|2 ln Sa0 −
∑

a

|ψa|2 ln |ψa|2. (A9)

2. Torus

a. Noncontractible multicomponent interfaces

Instead of reproducing the results of Ref. [29] for the mutual information corresponding to the configurations in Figs. 2(a) and
2(b), we compute the (Rényi) mutual information for the more general case where A and B are each composed of an arbitrary
number of components with an arbitrary number of shared interfaces between them. We recall that there are M interfaces 	i in
total, of three types: MAB between A and B, MA between A and C, and MB between B and C, where C is the complementary
subsystem to A ∪ B. A Wilson loop threads through all interfaces.

The reduced density matrices for the subsystems A, B, and A ∪ B are given by

ρA(B) =
∑

a

|ψa|2
⊗

	i={	AB}
ρ

	i
AB,a

⊗
	 j={	A(B)}

ρ
	 j

A(B),a,

ρAB =
∑

a

|ψa|2
⊗

	i={	A}
ρ

	i
A,a

⊗
	 j={	B}

ρ
	 j

B,a, (A10)

where we defined

ρ
	i
A(B),a = 1

ni
a

∑
Ni

e− 8πε
�i

(ha+Ni− c
24 )|ha, Ni〉〈ha, Ni|,

ρ
	 j

AB,a = 1

n j
a

∑
Nj

∑
N ′

j

e
− 4πε

� j
(ha+Nj− c

24 )
e
− 4πε

� j
(ha+N ′

j− c
24 )|ha, Nj〉|ha, Nj〉〈ha, N ′

j |〈ha, N ′
j |. (A11)

035149-14



TOPOLOGICAL REFLECTED ENTROPY IN CHERN-SIMONS … PHYSICAL REVIEW B 103, 035149 (2021)

One can then obtain

Trρn
A(B) =

∑
a

|ψa|2n
∏

i={	A(B)∪	AB}

χha

(
e− 8πnε

�i

)
(
χha

(
e− 8πε

�i

))n
� e

πc(�A(B)+�AB )

48ε
( 1+−

n −n)
∑

a

|ψa|2n(Sa0)(MA(B)+MAB )(1−n),

Trρn
AB =

∑
a

|ψa|2n
∏

j={	A∪	B}

χha

(
e
− 8πnε

� j
)

(
χha

(
e
− 8πε

� j
))n

� e
πc(�A+�B )

48ε
( 1

n −n)
∑

a

|ψa|2n(Sa0)(MA+MB )(1−n), (A12)

Where �AB and �A(B) represent the total length of the interfaces shared between A and B, and between A(B) and C, respectively.
The corresponding Rényi entropies read

S(n)(A(B)) =
(

1 + 1

n

)
πc

48

�A(B) + �AB

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)(MA(B)+MAB )(1−n),

S(n)(A ∪ B) =
(

1 + 1

n

)
πc

48

�A + �B

ε
+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)(MA+MB )(1−n), (A13)

based on which the (Rényi) mutual information between A and B follows:

I (n)(A : B) =
(

1 + 1

n

)
πc

24

�AB

ε
+ 1

1 − n
ln

∑
a |ψa|2n(Sa0)(MAB+MA )(1−n)∑
a |ψa|2n(Sa0)(MA+MB )(1−n)

+ 1

1 − n
ln

∑
a

|ψa|2n(Sa0)(MAB+MB )(1−n),

I (A : B) = πc

12

�AB

ε
+ 2MAB

∑
a

|ψa|2 ln Sa0 −
∑

a

|ψa|2 ln |ψa|2. (A14)

The configurations corresponding to Figs. 2(a) and 2(b) are recovered for MAB = �AB = 0, MA = MB = 2, and MAB = MA =
MB = 1, respectively.

b. Two disjoint regions with contractible A and noncontractible B

For the geometry shown in Fig. 2(c), we can directly get S(n)(B) from (A13) by setting MB = 2, �B = �2 + �3 and �AB = 0 =
MAB. Furthermore, we already obtained Trρm

AB ≡ Trρ (m)
AA∗ in Eq. (75), yielding

S(n)(A ∪ B) =
(

1 + 1

n

)
πc

48

�1 + �2 + �3

ε
+ ln S00 + 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n). (A15)

Thus we only need to compute S(n)(A). The boundary state at the interface 	1 simply is |B〉 = |h1
I 〉〉, and the corresponding

reduced density matrix for A reads

ρA = 1

n1
I

∑
N

e− 8πε
�1

(hI +N− c
24 )|hI , N〉〈hI , N |, (A16)

which gives the following Rényi entropies:

S(n)(A) =
(

1 + 1

n

)
πc

48

�1

ε
+ ln S00. (A17)

It is then straightforward to check that the (Rényi) mutual information identically vanishes,

I (n)(A : B) = 0. (A18)

c. Two adjacent noncontractible regions with contractible C

This case, corresponding to the configuration in Fig. 2(d), has been treated in detail in Ref. [29]. Let us report their results for
the Rényi entropies,

S(n)(A(B)) =
(

1 + 1

n

)
πc

48

�1(2) + �3 + �4

ε
+ ln S00 + 1

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n), (A19)

S(n)(A ∪ B) =
(

1 + 1

n

)
πc

48

�1 + �2

ε
+ 2 ln S00, (A20)
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and for the (Rényi) mutual information,

I (n)(A : B) =
(

1 + 1

n

)
πc

24

�3 + �4

ε
+ 2

1 − n
ln

∑
a

|ψa|2n(Sa0)2(1−n),

I (A : B) = πc

12

�3 + �4

ε
+ 4

∑
a

|ψa|2 lnSa0 − 2
∑

a

|ψa|2 ln |ψa|2. (A21)

APPENDIX B: SURGERY MANIFOLDS

We gather here the figures related to the calculation of reflected entropy using the surgery method discussed in Sec. III.

FIG. 4. Surgery: two disjoint regions on the 2-sphere. The wave function |ψ〉 is deformed into two 3-balls joined by a tube. The reduced
density matrix ρAB is obtained by tracing out the region C. After surgery, the manifold corresponding to Tr(ρ (m)

AA∗ )n is displayed for m = 4 and
n = 2. It is composed of S3’s connected by tubes along S2’s.

FIG. 5. Surgery: two adjacent regions on the 2-sphere. The wave function |ψ〉 is deformed into two 3-balls joined by a tube. The reduced
density matrix ρAB is obtained as three 3-balls joined along two tubes. The manifold corresponding to Tr(ρ (m)

AA∗ )n is displayed for m = 4 and
n = 2, and it is composed of S3’s connected by tubes along S2’s.
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FIG. 6. Surgery: pure bipartite state on the 2-torus. The wave function |ψ〉 is deformed into two 3-balls connected by two tubes. The gluing
of m/2 density matrices results in two pairs of 3-balls joined by two tubes and m/2 − 1 S2 × S1’s. The canonical purification |ρm/2

AB 〉 is obtained
by interpreting the second pair of 3-balls in ρ

m/2
AB as living on HA∗ ⊗ HB∗ . Finally, from |ρ (m)

AB 〉 one gets the reduced density matrix ρ
(m)
AA∗ by

tracing out the regions B and B∗.

FIG. 7. Surgery: two disjoint noncontractible regions on the 2-torus. The wave function |ψ〉 is deformed into four 3-balls joined by three
tubes, with a Wilson loop threading through all the regions. The reduced density matrix ρAB is obtained as for 3-balls joined by six tubes. The
manifold corresponding to Tr(ρ (m)

AA∗ )n is displayed for m = 4 and n = 2, and it is composed of S3’s connected by tubes along S2’s. We do not
show the Wilson lines since their paths would render the figure illegible.
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FIG. 8. Surgery: two adjacent noncontractible regions on the 2-torus. The wave function |ψ〉 is deformed into three 3-balls joined by three
tubes, with a Wilson loop threading through all the regions. The reduced density matrix ρAB is obtained as four 3-balls connected by four tubes.
The manifold corresponding to Tr(ρ (m)

AA∗ )n is displayed for m = 4 and n = 2, and it is composed of S3’s connected by tubes along S2’s.

FIG. 9. Surgery: two disjoint regions on the 2-torus with contractible A and noncontractible B. The wave function |ψ〉 is deformed into
three 3-balls joined by three tubes, with a Wilson loop threading through the regions B and C only. The reduced density matrix ρAB is obtained
as three 3-balls joined by four tubes. The manifold corresponding to Tr(ρ (m)

AA∗ )n is displayed for m = 4 and n = 2, and it is composed of S3’s
connected by tubes along S2’s.
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FIG. 10. Surgery: two adjacent noncontractible regions with contractible C. The wave function |ψ〉 is deformed into four 3-balls joined by
four tubes, with a Wilson loop threading through the regions A and B only. The reduced density matrix ρAB is obtained as six 3-balls connected
by eight tubes. The manifold corresponding to Tr(ρ (m)

AA∗ )n is displayed for m = 4 and n = 2, and it is composed of S3’s connected by tubes
along S2’s.
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