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Generalized hydrodynamics study of the one-dimensional Hubbard model:
Stationary clogging and proportionality of spin, charge, and energy currents
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In our previous work [Nozawa and Tsunetsugu, Phys. Rev. B 101, 035121 (2020)], we studied the quench
dynamics in the one-dimensional Hubbard model based on the generalized hydrodynamics theory for a partition-
ing protocol and showed the presence of a clogging phenomenon. Clogging is a phenomenon where vanishing
charge current coexists with nonzero energy current, and we found it for the initial conditions that the left half
of the system is prepared to be half filling at high temperatures with the right half being empty. Clogging occurs
at all the sites in the left half and lasts for a time proportional to its distance from the connection point. In
this paper, we use various different initial conditions and discuss two issues. The first issue is the possibility
of clogging in a stationary state. When the electron density in the right half is initially set nonzero, we found
that the left half-filled part expands for various sets of parameters in the initial condition. This means that the
clogging phenomenon occurs at all the sites in the long-time stationary state, and we also discuss its origin. In
addition, stationary clogging is accompanied by a back current, namely, particle density current flows towards the
high-density region. We also found that spin clogging occurs for some initial conditions, i.e., the vanishing spin
current coexists with nonzero energy current. The second issue is the proportionality of spin and charge currents.
We found two spatiotemporal regions where the current ratio is fixed to a nonzero constant. We numerically
studied how the current ratio depends on various initial conditions. We also studied the ratio of charge and

energy currents.
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I. INTRODUCTION

Understanding nonequilibrium phenomena in strongly cor-
related systems is an important and challenging issue, and
one-dimensional (1D) integrable models have attracted atten-
tion because their infinite number of conserved quantities play
an important role [1]. Recently, the generalized hydrodynam-
ics (GHD) theory was proposed by the authors of Refs. [2,3]
for studying nonequilibrium dynamics of integrable models,
and its experimental confirmation was demonstrated for a
1D Bose gas system [4]. An infinite number of conserved
quantities is also important in GHD, as time-evolution equa-
tions are formulated based on their continuity equations. The
GHD can describe the time evolution of spatially inhomoge-
neous systems, and partitioning is a frequently used protocol
[2,3,5-9] because the equations for the time evolution are sim-
ple in that case. Two semi-infinite parts in different thermal
equilibria are connected at the origin x = 0 and time ¢ = 0,
and the time evolution of the connected system is analyzed.
By using this protocol, many aspects of nonequilibrium phe-
nomena in integrable models have been studied, e.g., the time
dependence of currents [2,3,10-23], Drude weights [24-26],
entanglements [27-30], correlation functions of densities and
currents [31,32], diffusive dynamics, and diffusion constants
[33-39].

The 1D Hubbard model is a canonical lattice model of
strongly correlated electrons and is exactly solvable through
the nested Bethe ansatz [40—43]. Studying its nonequilibrium
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dynamics is very important to understand transport experi-
ments in many quasi-1D systems including inorganic [44] and
organic [45] compounds, quantum wires [46], and fermionic
cold atom systems [47]. Ilievski and De Nardis formulated its
GHD theory and also confirmed it by numerical calculations
[25]. In our previous work, we used their formulation with the
partitioning protocol and mainly studied charge and energy
currents [48]. We found the existence of a region that has
zero charge (spin) current while nonzero energy current flows
and named it charge (spin) clogged region [see Fig. 1(a)]. We
proved its existence for the cases that the left side of the initial
state is at infinite temperature B = 0. We also numerically
studied charge and energy currents in the cases of B > 0
where the initial right state has no electron. In these calcula-
tions, clogging occurs at sites in the left half for a finite period
of time that is proportional to the site position measured from
the origin. It is an interesting question whether one can realize
such a peculiar phenomenon as charge or spin clogging in the
stationary state, and if the answer is positive it is important to
find its conditions as a theoretical prediction for experimental
observations. A related important issue is the ratio of different
kinds of currents, e.g., charge (j,), spin (j,,), and energy (j,)
currents since it is an observable evidence of multiple types
of quasiparticles. Our previous paper [48] mainly analyzed
the ratio j,/j,, which is related to the Wiedemann-Franz law
in thermal equilibrium [49], but j,,/j, was calculated only
in the high-temperature limit. From the viewpoint of con-
densed matter physics, it is also important to see how the two

©2021 American Physical Society
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(Br; tir; Br)

Bu, kL # 0, By, # 0

FIG. 1. Schematic picture of partitioning protocol and nonequi-
librium phenomena studied in this paper. (a) Charge clogged region,
where j, = 0 and j, # 0. (b) Stationary charge clogging. The region
of n = 1 includes & = 0. (c) Proportionality of spin and charge cur-
rents when pp # 0 and By, # 0. The ratio j,,/j, is fixed to a constant
value in a region to the right of £ = V,.. Outside the light cones,
E VL or & > Vg, local states are unchanged from the initial left
or right thermal equilibrium states, respectively.

currents j, and j, are related in the strongly correlated elec-
tron systems when a magnetic field is applied.

In this paper, to clarify these points, we will use the par-
titioning protocol with a wider range of initial conditions and
study the profiles of spin, charge, and energy currents. We will
mainly discuss two issues. The first issue is the possibility of
expanding the charge clogged region [see Fig. 1(b)]. We found
that the left half-filled region expands, and charge clogging
occurs in the stationary state, when the initial right tempera-
ture is lower than the initial left one (8. < Bgr) or a magnetic

field is applied in the initial right part (Bg > 0). This will be
discussed in Sec. III. The second issue is the proportionality
of spin and charge currents [see Fig. 1(c)], which was studied
only in the high-temperature limit in our previous work [48].
We will study this issue in Sec. IV for the cases of finite
temperature and show that there emerge two regions where
the ratio of spin current to charge current is fixed to a constant
value.

This paper is organized as follows. In Sec. II, we introduce
the 1D Hubbard model and the GHD approach to it. In partic-
ular, we describe how to calculate the profiles of densities and
currents for the partitioning protocol. In Sec. III, we present
the main results on the expansion of a half-filled region.
We show initial conditions where stationary charge clogging
occurs and analyze the initial conditions dependence of the
existence of it. We also examine stationary spin clogging. In
Sec. IV, we present the main results on the proportionality of
spin and charge currents at finite temperatures. To study the
proportionality, we analyze the profiles of the ratio of spin
current to particle density current and their initial conditions
dependence. We also analyze the profiles of the ratio of energy
current to particle density current. Finally, the conclusions are
given in Sec. V.

II. MODEL AND METHOD

Let us briefly summarize in this section the GHD approach
to the 1D Hubbard model [25,48]. Throughout this paper, we
will use the notations defined in our previous work (Ref. [48]).
Refer to that paper for more details of the calculations.

The Hamiltonian of the 1D Hubbard model on L sites reads
as

L
H=— Z Z[(e;gém,a +H.e)+ (1 + s:B)ij 6]
j=1 o

L
+4u ) [(Ajr — 3) (g — 1) — 5], M
j=1

where éj , and ¢; ; are the electron creation and annihilation

operators, respectively, at site j with spin o € {1, |}. A, =
é;aéj,a and s, is defined as s4 =1 and 5| = —1. We set the
electron hopping amplitude to be unity, and use it as the unit of
energy throughout this paper. u and B are chemical potential
and magnetic field, respectively. The Coulomb repulsion is
parameterized by u > 0, and the constant —1/4 in this term
is included so as to make the energy of the vacuum state zero.

The partitioning protocol is shown in Fig. 1. Initially, the
system is divided into left and right parts, and they are inde-
pendently thermalized with different sets of parameters (8,
UL, Br) and (Br, ur, Br). At time ¢ = 0, the two part are
connected at the origin x = 0, and we study the time evolution
of the total system. The initial particle density n*®, magne-
tization m™®), and energy density e“® are controlled by the
corresponding set of the parameters. Hereafter we consider
the case of us < 0 and By > 0 for s =L, R, which means
n"® < 1 and m*® > 0.

The GHD theory describes a state by the distribution func-
tions of quasiparticles {p,(w;x, t)}, and the time evolution is
defined by their continuity equations. Here, the integer label a
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denotes the type of quasiparticles. The first type correspond-
ing to a = 0 is called real k. They are scattering states of
polarized electrons, and each state carries the electron charge
e(< 0) and spin projection 1/2. The variable w takes a real
value k and represents charge momentum (—m < k < 7).
The second type corresponding to a > 0 is called A-string.
They are either scattering states of spins (a = 1) or bound
states of spins (a > 1). Each state carries spin projection
—a. In this case, the variable w = A represents the real part
of complex spin rapidity (—oo < A < 00). The third type
corresponding to a < 0 is called k-A string. They are bound
states of charges, and each state carries charge 2|ale. The vari-
able w = A now represents the real part of complex charge
rapidity.

The distribution functions evolve in time follow-
ing the continuity equations [2,3,50] % pa(w;x, 1)+

;—x[ga(w;x,t)pa(w;x,t)] = 0. Here, {Ba} are the dressed
velocities [51], and the reader should refer to Refs. [25,48]
to know how to obtain them. Upon using the partitioning
protocol, it is known that the solution of the continuity
equations only depends on the ray & =ux/f, and it is
convenient to introduce the filling functions {9,(w;&)}
to represent the solution [2,3]. Once {,(w; &)} are obtained,
the distribution functions {p,(w;&)} are calculated by
solving the integral equations called the Takahashi equations
[52]. The solution of the filling functions are written
as

Oa(w, £) = O(V,(w, &) — £ (w)
+ O(& — Va(w, £))9R(w) )

with Heaviside’s step function ©(x). {#1® (w)} are the initial
left (right) filling functions and obtained by solving the inte-
gral equations for thermal equilibrium specified by the set of
parameters (BLr), ULR), BLr)), Which are called the thermo-
dynamic Bethe ansatz (TBA) equations [52]. We note that the
dressed velocities depend on the filling functions and there-
fore both of them have to be determined self-consistently. The
above solution shows that the value of 9,(w, &) is identical to
its initial value either in the left or right part.

Once the distribution functions {0, (w; &)} and the dressed

velocities {Ba(w, &)} are obtained, they suffice to calculate
densities and currents. The particle density n, magnetization
m, and energy density e and their currents j,, j,, j. are given
by [25]

m(&)] / 1
= d ra a ’ ’ 3
[ﬁ(&) Z w |:5a(w,§):|f’ (W)pa(w, &), (3)

where the label (r = n, m, e) distinguishes densities n, = n,
n, = m, and n, = e and corresponding currents. The weights
are defined as

Jna(w) =840+ lal —a, )
Fina(w) = 3(8a0 — lal — a), )
fe,u(w) = eu(w)~ (6)

Here, ¢, is the bare energy of the type-a quasiparticle
eo(k) = —2cosk — 2u,

ea<0(N) = 4Re/1 — (A + iau)? + 4au, @)

and e,-o(A) = 0. The symbol Re denotes the real part.

We define light cones £* for each string a for later use.
From Eq. (2), 5;& are defined as the minimum and maxi-
mum £-values on the intersection line of the two surfaces

21w, £) = va(w, &) and zo(w, £) = &. The filling function
U, (w, &) continuously varies inside the light cone §; < § <

;‘, while outside the light cone it is fixed to either ﬁ;‘(w) or
ﬁf(w). In addition, we also define

VLzmuinsa_zéo_, VREm:;:lXE;=$J,
o . ®)
VL1 = 161,%1 &, W1 = 1}11%1 &,
and the first two are determined by real k quasiparticles. The
definition means that all the filling functions are equal to the
initial equilibrium values in the left part at £ < Vi, while those
in the right part at £ > Vx. We note that V|, does not depend
on (Br, Ur, Br), and vice versa. In the regions Vi, < & <V
and Vg < & < W, only real-k quasiparticles have a filling
function different from the initial equilibrium values.
Throughout this paper we set the repulsion u = 2. Ap-
proximations used for the numerical calculations at finite
temperatures are the same as in our previous work [48], where
the cutoff concerning the number of integral equations a. is
used [53]. The values of the densities and currents shown in
figures are extrapolated ones obtained from the calculations
for a. = 36,42, and 48.

III. STATIONARY CLOGGING

When the initial left state is set half-filling (u;, = 0) at
infinite or high temperatures, there emerges a charge clogged
region near the left end of the intermediate transient region

nE) =1, ju(§) =0, (&) #0, (L <"E<E ). 9

In our previous work [48], the initial right state was an
electron vacuum, and then £-_ < O for all the parameters
examined. Therefore, the clogging phenomenon appears only
at sites in the left half, and also it continues only for a limited
time, which is proportional to the distance between the site
position and the origin.

We now examine if one can realize clogging in a stationary
state by tuning initial conditions. Stationary values of physical
quantities are those at £ = 0, and therefore the question is how
to tune parameters for achieving £~ > 0. We will show that
a key point is the density of real-k quasiparticles, n(§). In all
the cases in this section, we will control the initial conditions
in the right part, while the initial left state is prepared with
BL = 0.5 and fixed at half-filling up = 0 except for the data
in Fig. 8.

Let us first set the initial temperature in the right part
lower than the left part fr = 2, and control chemical potential
in the range of —5 < ur < —1. Magnetic field is set zero
in both parts B = Bg = 0. Figure 2 shows the profiles of
particle density n(£) and its current j,(§). One should recall
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(Bu, i, Br) = (0.5,0,0) (Br, pr, Br) = (2, ir,0)

(a) T (b)
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FIG. 2. Profiles of (a) particle density n(§) and (b) its current
Jn(&) for various values of pg. Vertical dashed and solid lines are
&~ and V,, which are the borders of charge clogged region.

that Vi, & —2.0 does not depend on pug. The figure shows a
clogging phenomenon for all ur’s and the particle density is
fixed to 1 in the clogging region. Its right end £-_ moves to
the right with increasing wg, and the clogging region includes
& =0 for the two largest values pp = —2 and —1. Thus,
charge clogging occurs in the stationary state in these cases.

Stationary clogging is accompanied by another interesting
phenomenon, and that is back current. Figure 2(b) shows a
region where j, < 0 for up = —2 and —1, namely particle
density current flows towards the high-density region. This is
related to a nonmonotonic behavior of n(§) in Fig. 2(a). One
can explain the presence of back current based on the continu-
ity equation of particle density £9:n(§) = 0¢ j,(§). Integrating
this over the region Vi < & < Vg with the boundary values
Jja("L) = ju(Vr) = 0, one obtains

A A
0= [ dsacine) = [ asane). o)
VL VL
If the clogged region extends beyond & = 0, then n(§) = 1 for
VS < 0, and the above integral is rewritten as

W& Wr
o;A @ww®=—ﬁ desn®), (1)

where §n(£) = n(£) — nR is density deviation. Since 8n(§ ~
0) > 0, this integral means that there exists a finite-width re-
gion where 8n(£) < 0. At the right end, sn(V®) = 0, and thus
n(¢) should be nonmonotonic. Let us also examine particle
current density. Just above -, > 0, 9¢n is negative, and this
leads to

£
jn(§)=/ dg'E dgn(E") <0, (12)

—00

atleastif 0 < & — &-_ < 1. Therefore, although the left part
initially has a higher density of electrons, the particle current
flows to the left in this region. This contrasts with the ordinary
current flow driven by particle diffusion and may be called
back current in this sense.

We next consider the case of controlling ur when the
initial temperature is identical in both parts By, = fr = 0.5.
As in the previous case, up, = 0 and By, = 0. Figures 3(a) and
3(b) show n(¢) and j,(£) at Bg = 0 for —5 < ur < —0.25.
Since £~ < O for all ur’s, stationary charge clogging does

(Br, pr; Br) = (0.5,0,0) Br = 0.5
Br=0

(a) (b)

11 0.2
0.1
0.8 &
0
0.6
—0.1

I L I I —0.1 [
-3 -2 -1 1 2 3
3

|
-3 -2-10 1 2 3

FIG. 3. Effect of magnetic field in the right initial state Bg on the
profiles of n(§) and j,(§). (a), (b) Bk = 0 and —5 < ugr < —0.25,
while (c), (d) Bk =4 and —5 < ug < —1.

not occur, and we try another type of control, i.e., applying
magnetic field. Figures 3(c) and 3(d) show n(¢) and j,(§) at
Bgr = 4 for —5 < ur < —1. The other initial conditions are
the same as those in Figs. 3(a) and 3(b). The result is that
stationary charge clogging occurs for ug > —3.

Figures 2 and 3 show that stationary charge clogging oc-
curs when the initial right state is prepared either at low
temperature or in a large magnetic field. We examined the
main effect of these initial conditions and found that one
common effect is the high density of real-k quasiparticle ex-
citations nf. This is because the real-k excitations have an
energy lower than charge bound states (k-A string) and have
spin 1/2, while k-A string carries spin 0. Therefore, real-k
excitations have a higher density at lower temperature, and
they are more susceptible to magnetic field.

To study this point systematically, we fix the left initial
state and vary pur to check stationary clogging for each
(Br, Br) of four choices. Figure 4 shows the calculated pro-
files of n(¢) and ny(&). The initial left state is the same one
as in Figs. 2 and 3: (BL, ur, BL) = (0.5, 0, 0). In this case,
nt =1 and ng ~ 0.875. The four sets of (Br, Br) are also
the same as those in Figs. 2 and 3 except for the set (2,4).
The results show that stationary charge clogging for all the
(Br, Br) sets except (0.5,0) when |ug| is small.

Let us first examine how stationary charge clogging corre-
lates with the total electron density nR and real-k quasiparticle
density n(]} in the initial right state. Figure 5 shows ng and
n® and also shows whether stationary charge clogging occurs.
The cases that stationary charge clogging occurs are shown by
a circle symbol. The parameters (Bgr, Bgr) for the right initial
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FIG. 4. Real-k quasiparticle density ny(£) and total electron den-
sity n(&) for four different parameter sets of the right initial state [(a),
(b), (c), and (d)]. Panel (d) also shows V;, (solid line) and £ (dashed
lines).

state are identical to those used in Fig. 4, but a larger number
of ug values are used. This plot shows that the most important
factor for realizing stationary charge clogging is a high den-
sity of ng. As shown by the results for (Br, Br) = (0.5, 0),
the total density nR is large but stationary clogging does not
occur. Therefore, n® is not a primary factor to determine the
appearance of stationary charge clogging.

1 ‘ Y : Y -
Fod
L S |
X
0.8 + X |
ro
I
0.6 I X (Br, Br) = E(())?)% |
i
2.4
| L | )
0.6 0.8 1
nR

FIG. 5. The real-k quasiparticle density n} plotted versus the
total density #® in the initial right state. g is varied in the range
—8 < ur < —0.25 for each set of (Bgr, Br). Circles show that sta-
tionary charge clogging occurs, while crosses show no clogging.

(5L7 ML, BL) = (057 0, 0)

2 T U T T T <>
(Br, Br) =(0.5,0)+ (1.5,0) v
i (0.5,4)% (1.5,4)0 g
(1,0) & (2,0) O
1L (1,4) v (2.4) |
9 T stationary &
B charge clogging X
w0 .4
o
i O |
Y
oAvo :
-1+ _ A no stationary -
Q@ charge clogging
| Il | Il | I
-04 0.2 0 0.2
ng{ — nIO“

FIG. 6. Right border of charge clogged region £ plotted versus
the density difference of real-k quasiparticles between the two initial
states ny — nf. The part of £~ > 0 is the region of stationary charge
clogging.

‘We confirm this expectation that stationary charge clogging
is determined the density of real-k quasiparticles. Figure 6
shows the right border of charge clogged region £, plotted
versus nOR - n{)‘. The data are calculated for the same sets of
initial conditions as in Fig. 5 and supplemented by the results
at intermediate temperatures (8r, Br) = (1, 0), (1,4), (1.5,0),
and (1.5,4). The part of £Z,, > 0 corresponds to the cases of
stationary charge clogging, and this agrees precisely with the
region of nf — nfy > 0. The results show a universal curve for
the different sets of data, and this means that the right border
£, is determined by the one factor n§ —nf > 0 alone, at
least when the initial left state is fixed. Therefore, although
this analysis is based on numerical calculations with eight
parameter sets, it is likely that this is a general criterion for
realizing stationary charge clogging, represented explicitly as

(n" —n®)(ng —nf) <0, and (1—n")1—n®)=0,
(13)

where the later condition is equivalent to up = 0 or ugr = 0.
Namely, the majority-minority relation should be reversed
between the total electron density and the density of real-k
quasiparticles.

We also examine the possibility of stationary spin clogging.
This occurs when B, = 0 and is characterized as

mE) =0, ju(6) =0, j(§)£0, (K <"E<8y), (14)

while m # 0, j, #0 at § <& < Vr. Figure 7 shows the
profiles of magnetization m(§) and spin current j,(§) for
—10 < ur < —5. The two sets of initial conditions are those
used in Figs. 3 and 4, and SR is different between the two.
The right boundary of spin clogged region is §__ not §__, and
it is shown by dashed lines. For both sets of initial conditions,
stationary spin clogging occurs for ur < —8. In contrast to
charge clogging, stationary spin clogging occurs when |ug]|
is large, i.e., n® is small. Similar to stationary charge clog-
ging, we numerically confirmed that stationary spin clogging
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FIG. 7. Profiles of (a), (c) magnetization density m(£) and (b),
(d) spin current j,,(&) for various values of chemical potential in the
right initial state ug. Vertical solid and dashed lines represent V;, and
&, which are the borders of spin clogged region. In (c) and (d), s
for urg = —5 and ur = —6 overlap.

occurs, if the following criterion is satisfied:
(m" —m*)(my —m§) <0, and m'm® =0. (15)

For all the initial conditions used, we never found the coexis-
tence of charge and spin cloggings in the stationary state.
Finally, we note that back current is not limited to the
case when stationary charge clogging occurs. Figure 8 shows
an example in the case of (8L, ur, Br) = (0.5, —0.25, 0) and
(Br, Ur, Br) = (2, =5, 4). In this case, n* ~ 0.984 > nR ~

(BL, b, Br) = (0.5,-0.25,0) (Br,pr,Br) = (2,-5,4)

(a) (b)
1 T
In
7 o
tn J
:C: no E

ol |00t o ]

f:x—> <—VR$1 r \l/

I I I —0.08 I I I I

737‘27‘10123 7372;10123

FIG. 8. Profiles of (a) particle density n(§) and (b) its current
Jn(§) when back current flows without charge clogging.

0.974 ~ n§ > nf ~ 0.875. Both initial states are prepared
with nonzero chemical potential, and stationary charge clog-
ging does not occur. However, Fig. 8(b) shows that back
current (j, < 0) flows. As in the cases of stationary charge
clogging, n(¢) is not monotonic while 7 (£) is monotonic. In
the region Vi, < & < &, n(§) increases slightly with & and
approaches toward half filling. The current j,(£) is nonzero
but its amplitude is small. In this sense, this is a “pseudo-
clogged” region. For & > £__, n(§) decreases quickly and
this is accompanied by a large enhancement of j,. This de-
crease stops at § = Vg 1 = £, and then n(§) increases again.

It is notable that back current extends over the entire tran-
sient region Vi < & < Vg. Therefore, the stationary particle
density n(0) is larger than the initial particle densities in both
left and right parts n(0) > max{nR, n"} as shown in Fig. 8(a).
One should note that the back current is attributed to real-k
quasiparticle current j,o < 0, and all the contributions of
bound state excitations show a normal behavior, i.e., flows
towards lower-density side j, , > 0 fora < 0.

IV. PROPORTIONALITY OF CURRENTS

In this section, we investigate the relations, particularly
proportionality, among spin, charge, and energy currents. As
will be shown later, there exist several &-regions showing
different behaviors of current ratios. To realize nonzero spin
current as well as charge current, we use initial conditions that
nonzero magnetic field and chemical potential are applied to
the left initial state: i = BLur # 0and B = BBy # 0. In our
previous work [48], we studied the ratio of spin and charge
currents in the high-temperature limit 8;, = 0 and showed that
the following simple relation holds in a region connected to
the left thermal equilibrium

jn(§)  tanhB
Jja(€) — 2tanh|p|’

where Vi ; is defined in Eq. (8).

Let us first investigate how nonzero 8. changes this propor-
tionality. Figure 9 shows the spatial profiles of the current ratio
Jm(€)/jn(&) and the corresponding density ratio m(€)/n(§)
for various values of B whereas (ji, B) is fixed to one of
four pairs. Note that pu, and By, are also varied simultaneously
to fix (&, B). The initial right state is set so that n® = 0.
All the data in Figs. 9(a)-9(d) show a plateau behavior of
Jm(&)/ ju(€). Namely, the region of constant current ratio per-
sists for all By > 0’s used and its width agrees quite well
with VI, < & < VL calculated for each f.. For & > VL4, the
current ratio decreases with &, but shows a second plateau for
larger &, which will be discussed later in detail. Varying S at
least in the high-temperature region does not destroy a plateau
in the current ratio but has two main effects. The first effect
is about the constant ratio of j,/j,. Lowering temperature
with keeping (i, B) fixed decreases its value from the high-
temperature limit (16), which is shown by the black solid line
in each panel of the figure. The second effect is about the
width of the first plateau, and lowering temperature shrinks its
width. Comparison of the data for the different sets of (jt, B)
shows that larger |up| or smaller |By| expands the plateau
width when B is fixed.

BL—>0, VL <& <W1), (16
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(a) (Bupr, BuBL) = (=1,1)  (b) (Bupw, fuBr) = (~1,2)

FIG. 9. Profiles of the current ratio j,,(§)/j,(&) (solid lines) and
the corresponding density ratio m(&)/n(&) (dashed lines). In each
panel [(a), (b), (c), and (d)], the temperature in the initial left state
is varied in the range 0.5 < B < 2, while the pair (BLuL, BLBL) is
fixed. The initial right state is an electron vacuum n® = 0. Vertical
dashed-dotted line shows V| ;, while horizontal black solid line rep-
resents the high-temperature limit (16).

It is important that the plateau value of the current ratio
Jm/ Jn differs from the corresponding density ratio m(£)/n(§),
which changes with £ in this region, and also from the ratio
in the left equilibrium state m™/n’. This is consistent with
the fact that these ratios differ from Eq. (16) in the high-
temperature limit [48,52]

m(¢§)  tanhB 2n(g)~!
n) 2tanh|;1||: QA 4 1}’ L <& <Wa),
a7
m* sinh B
(18)

uC  2(e- " f coshB)’

The current and density ratios, j,/j, and m/n, become closer
with further increasing £ > Vp ;.

We next examine how the right initial state changes the
proportionality among j,, j.., and energy current j.. Figure 10
shows the results for the two values of temperature, Sg = 0.5
and 2. For each value, chemical potential is varied in the range
—o00 < ugr < —3, and the upper two panels show the propor-
tionality between j,, and j,, while the lower two are for j, and
Jjn- The other parameters of the initial condition are set to the
same values used in Fig. 9(b): (8L, ur, BL) = (1, —1, 2) and
Br =0.

Let us discuss the results in Fig. 10. Figures 10(a) and
10(e) show that the ratio j,/j, in the first plateau region
WL < & < Vo hardly depends on the initial right conditions
Jm/Jn = 0.62. This is also reflected by a universal slope of
the lines starting from the origin in Figs. 10(b) and 10(f). In

(6L7,LLL,BL) = (15 _172) Br =0

Br = 0.5
08 | (a)
0.6 i
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204 | ]
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>
0.2 b
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92
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= //
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3 Jn
Br =2
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FIG. 10. Effects of varying the initial right conditions on the pro-
files of the ratios (a), (e) j../j. and (c), (g) j./j.. Characteristics are
also shown for (b), (f) j,-j. and (d), (h) j,-j.. In panels (a) and (e),
vertical solid lines represent £, and vertical dashed lines represent

&

all of these cases, V.| = &7, and this means that the right
boundary of the current ratio plateau is characterized by the
left light cone of the charge bound state with a = —1. Thus,
quasiparticles with charge 2e break the constant current ratio.

Another interesting finding is that the current ratio j,/j,
shows a second plateau around & ~ —1 in Figs. 10(a) and
10(e). The j,,-j, curves in Figs. 10(b) and 10(f) show this
second plateau as an almost straight inclined line in the most
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Jelin C;I;lzlgle quasi plateau
: s Ist 2nd spin
Jm/in plateau plateau clog
[ o >
Vi Vii€h, & & VR

FIG. 11. Summary of the behavior of the current ratios
Jm(&)/ju (&) and j.(§)/j.(§), for the initial conditions with p # O,
By # 0, and Br = 0. Shaded parts are transient regions where the
current ratio shows a large change.

distant part from the origin. The current ratio in the second
plateau is smaller than the value in the first plateau. In con-
trast to the first plateau, this value depends on the initial
condition ug in the right part, and this is particularly evi-
dent at Sr = 0.5. The ratio increases as g approaches zero,
and this control corresponds to varying ng towards np. We
found that the left border of the second plateau is determined
by the light cone Efl. Its value is calculated for each ur
and shown by a solid line in the figure (—6 < ur < —3 for
visibility). The right border is the light cone & and shown
by a dashed line. It is interesting that the second plateau
expands as ur goes down (nr decreases). This is related
to the size of spin clogged region, which will be explained
below.

With further increasing &, the second plateau terminates
and the current ratio j,,/j, shows a continuous drop down to
0. This part is represented in the j,-j, curves as a vertical
edge of each triangular loop.

The rightmost part connected to the right initial state is a
spin clogged region, where j,,/j, = 0. This is dual to charge
clogged region, which appears when the two parts with £ = 0
and # 0 are connected. In this case, the two parts with B = 0
and # 0 are connected and a spin clogged region appears. The
spin clogged region corresponds to a base of each j,-j, loop.
Its width is determined by VR — & and expands as ugr goes
up (i.e., higher density of ng).

Thus, summarizing the behavior of the current ratio j,,/ j,,
the whole transient space Vi, < & < Vg is divided into five
regions as shown in Fig. 11: two plateaus and one spin clogged
regions separated by two transient regions. This is different
when considering the ratio of energy and charge currents
Je/ jn-

Figure 10 also shows the proportionality between energy
and particle density currents. Figures 10(c) and 10(g) show
that the ratio j,/j, changes with £ and its value also varies
with the initial right conditions in the &-region of the first
plateau of j,/j,. However, as & approaches V., the ratio j./j,
approaches a universal value ~ — 5.2. This value is indepen-
dent of the initial right conditions. We calculated the ratio for
other initial conditions and found that it depends on the initial
left conditions. This result means that near the left thermal
equilibrium state each carrier in particle density current also
carries the identical energy irrespective of the initial right
conditions.

For & > Vi i, the ratio j./j, shows a large & dependence
for a while, but Figure 10(c) shows that £-dependence is
strongly suppressed in the region of the second plateau of
Jm/Jn and also at other & < Vi. This quasiplateau behavior
becomes more evident as ur decreases, and the j.-j, curve
shows a retracing straight line in the Fig. 10(d). The corre-
sponding results for the case of lower temperature in the initial
right state Sr = 2 are plotted in Figs. 10(g) and 10(h). In this
case, the ratio j./j, shows a large & dependence in the whole
& space, particularly for ug = —3 and —4, but the amplitude
of both currents is quite small in those cases as shown in
Fig. 10(h). Decreasing ugr below —4, the &-dependence in
the region & > —1.5 is suppressed as in the case of fr = 0.5,
and the j.-j, curve shows a quite straight path in Fig. 10(h).
With decreasing ug, the ratio j./j, converges —4 in the
quasiplateau region. This value corresponds to the energy of a
carrier with the fastest velocity maxy B{}(k) = 55(7‘[/2) =2.
As shown in Eq. (7), that is eg(w/2) = —2u = —4, since
u = 2 in the present work.

Thus, summarizing the behavior of the ratio j./j,, the
whole transient space Vi, < & < Vg is now divided into three
regions as shown in Fig. 11. In the first plateau and the first
transient regions of j,,/ j,, the ratio j.(£)/j,(§) shows a small
and large dependence on &, respectively. In the remaining
region, the ratio j,(£)/j,(&) shows a quasiplateau behavior
that becomes evident as g decreases.

V. CONCLUSION

In this paper, we mainly studied two issues of the nonequi-
librium quench dynamics in the 1D Hubbard model based on
the generalized hydrodynamics theory with the partitioning
protocol.

The first issue is the possibility of charge and spin clogging
in a stationary state, i.e., the phenomenon where charge or spin
current is zero whereas nonvanishing energy current flows at
the ray £ = x/t = 0. We examined various cases of initial
conditions under the constraint that the initial particle density
is n = 1 and nR < 1 for the two parts.

When stationary charge clogging occurs, the half-filled
region expands to the right side. In Sec. III, we numerically
solved the GHD equations for various initial conditions and
found several cases of stationary charge and spin clogging.
We studied the dependence on the initial conditions and found
that an important factor is the particle density of scattering
states ng. We found by numerical calculations that the condi-
tion ng < nf is crucial for stationary charge clogging [more
precise one in Eq. (13)]. Similar to stationary charge clog-
ging, when stationary spin clogging occurs, m; — m§ > 0 is
satisfied in the cases of m" = 0 and m® > 0. When stationary
charge clogging occurs, n(§) should be nonmonotonic, and
we found that there exists a back current, which flows towards
the higher-density region (n = 1). In the right part, as time
goes, the particle density decreases first and then increases to
be half filling, while the sign of its current does not change
jn < 0.

The second issue is the proportionality among currents of
spin j,,, charge j,, and energy j.. The current ratio j,/j, in
the high-temperature limit 8;, = 0 was studied in our previous
work [48]. We numerically studied this issue at finite temper-
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atures in Sec. IV and calculated the profiles of spin, particle
density (equivalent to charge), and energy currents for various
sets of initial conditions and analyzed the results. We found
that the constant proportionality of j, and j, in the region
WL < & < Vo persists even at finite temperatures (the first
plateau). The value of this constant ratio depends on the initial
left temperature fi, but its dependence on the initial right
conditions is negligible. Another finding is a second plateau
of j,/jn in the region of %‘fl < & < & . In contrast to the first
plateau, the constant ratio in the second plateau depends on
the initial right conditions.

We also analyzed the ratio of energy and charge current
Je/Jjn With controlling the initial right conditions. We found

that as & approaches the left end of the transient region
WL the ratio, j./j, approaches a constant value independent
of the initial right conditions. In a wide £-region including
the second plateau of j,/j,, the ratio j./j, also shows a
quasiplateau behavior particularly when g is not so small.
When |ug| is large, the ratio j./j, in the quasiplateau ap-
proaches the universal value —2u.
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