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Large spectral gap and impurity-induced states in a two-dimensional Abrikosov vortex
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We study the subgap spectrum of a 2D Abrikosov vortex in an s-wave superconductor in the absence and
presence of a point impurity. By solving the Eilenberger equations without impurity for two models of the vortex
(including a self-consistent one), we find multiple subgap spectral branches. The number of these branches
may be arbitrarily large provided that the magnetic field screening length is large enough. The quasiclassical
spectrum of the vortex has a local gap with a width of the order of the bulk gap and a spatial extent of several
coherence lengths. The existence of such a gap is the prerequisite for the appearance of discrete impurity-induced
states. Within the Gor’kov equations formalism, we find that a single impurity induces up to four discrete
quasiparticle states in the vortex. The energies and wave functions of the impurity states are calculated for
different parameters. We claim that most of the predicted spectral features can be observed in scanning tunnel
spectroscopy experiments.

DOI: 10.1103/PhysRevB.103.024510

I. INTRODUCTION

The existence of stable Abrikosov vortices is a hallmark of
type-II superconductivity. Vortices define the thermodynamic
and transport properties of superconductors in the mixed state
[1–3]. To understand, e.g., the dissipation and behavior of the
heat capacity in the mixed state, it is essential to know the
quasiparticle spectrum in the vicinity of a vortex.

Theoretical studies of the spectrum of a vortex started
with a pioneering work by Caroli, de Gennes, and Matricon
(CdGM) [4]. By solving the Bogoliubov-de Gennes (BdG)
equations for a three-dimensional (3D) s-wave superconduc-
tor, they calculated the spectrum of a vortex at low energies
E : |E | � �∞, where �∞ is the bulk value of the super-
conducting order parameter. When adapting their result to
two-dimensional (2D) systems, e.g., layered or thin-film su-
perconductors, one finds that the vortex spectrum is discrete,
and the low-energy levels are given by ε = lzε0, where lz
is a modified angular momentum projection that takes half
integer values. The interlevel spacing ε0 can be estimated as
ε0 ∼ �2

∞/μ at not very low temperatures, where μ is the
chemical potential. This result is valid in the limit �∞ � μ,
and hence ε0 � �∞. Kramer and Pesch [5] found that at
very low temperatures the core shrinks to a size that is much
smaller than the coherence length ξ , which results in a sig-
nificant increase of the interlevel spacing ε0. Still, ε0 remains
much smaller than the bulk gap.

Modifications of the CdGM spectrum in two dimensions by
point impurities have been studied by Larkin, Ovchinnikov,
and Koulakov [2,6,7]. They found that the spectrum at low
energies comprises two series of equidistant levels, with level
spacing 2ε0 within each series. This picture holds for impu-
rity concentrations cimp up to ξ−2 and even somewhat larger.
Level statistics in the limit cimp � ξ−2 at |E | � �∞ have
been studied in Ref. [8].

Analytical solutions of the BdG equations in the presence
of a vortex at energies of the order of �∞ seem beyond reach
(unless some serious simplifying assumptions are made [9]),
however, for such energies the spectrum has been calculated
numerically in a number of papers [10–15]. A self-consistent
numerical study of the vortex spectrum in the presence of one
impurity within a discrete tight-binding model for parameters
�∞ ∼ μ can be found in Ref. [16]. A comprehensive study of
the effects of a single impurity on the spectrum of a vortex at
energies E ∼ �∞ has been missing to date.

A powerful method to study spatially inhomogeneous
superconducting systems is provided by the quasiclassical
approximation, which is represented mainly by the Eilen-
berger equations [1,17]. This approach allows us to reduce
a 2D or 3D problem to a set of linear ordinary differential
equations on classical straight trajectories, for the solution
of which an efficient numerical algorithm exists [18]. The
applicability condition for the Eilenberger equations is that
all spatial scales of the system should be much larger than
the Fermi wavelength. This includes the coherence length,
hence the condition �∞ � μ arises. The Eilenberger equa-
tions do not handle properly individual impurities, however,
they allow us to calculate measurable quantities (current, den-
sity of states) averaged over impurity positions. An important
drawback of the quasiclassical approximation is that it does
not resolve energy scales of the order of �2

∞/μ, which may
result in a continuous quasiparticle spectrum when it should
be discrete, like in the case of a 2D vortex. This happens
because the discrete orbital momentum lz in the quasiclassical
approximation becomes a continuous parameter. Then, the
spectrum of a vortex is represented by the so-called spectral
branches: continuous dependencies of energy vs lz. These
dependencies are easier to perceive in the form of energy
vs impact parameter d = k−1

F lz, where kF is the Fermi wave
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number. The impact parameter is simply the distance from
the vortex center to the classical trajectory (with a sign) on
which the Eilenberger equations are solved. The CdGM states
give rise to the anomalous branch, which has a zero energy
at d = 0. Such a branch exists in all single flux quantum
vortices, and it is the only branch that goes from negative to
positive energies as d changes from −∞ to +∞ [19]. Also,
other subgap branches may exist, which are less thoroughly
studied. Some considerations of the upper branches can be
found in a paper by Kopnin [20].

Within the Eilenberger equations formalism, the spectrum
of an Abrikosov vortex in an s-wave superconductor has been
studied in a number of papers [5,21–28]. For some model
order parameter profiles in a vortex, even analytical solutions
of the Eilenberger equations exist [18].

Scanning tunnel spectroscopy (STS) provides a tool to
measure directly the local spectrum on the surface of metals
[29]. The first measurement of the local density of states in
a vortex using STS has been reported by Hess et al. [30].
This experiment was followed by many other studies [29]. The
typical subgap structure (at energies smaller than �∞) of the
quasiparticle spectrum observed in s-wave superconductors is
as follows: In the center of the vortex there is a peak in the den-
sity of states at E = 0 [30] (the so-called zero bias anomaly),
which fans out when moving away from the vortex center, so
that two position-dependent peaks appear [31]. These spectral
features soon found a theoretical explanation in terms of the
contribution to the density of states from the CdGM states
or from the anomalous spectral branch [11–13,22,23]. It is
noteworthy that most STS data look as if the spectrum of the
vortex is continuous, like the spectrum derived from the qua-
siclassical theory. Difficulties with resolving discrete CdGM
states are partly connected with energy resolution limits of
STS due to finite temperatures. Features resembling CdGM
states have been found using STS only recently [32] in super-
conductors with a large ratio �∞/μ ∼ 1—see Ref. [33] and
references therein. Thus, studies of the spectra of Abrikosov
vortices even in conventional superconductors remain topical
to date. Moreover, in recent years increased interest in vortex
spectra has arisen in connection with observations of signa-
tures of Majorana states in vortices in several superconducting
compounds [34–40].

The effects of different degrees of disorder on the spectrum
of vortices in s-wave superconductors have been studied in
the experimental papers [41,42]. It has been found that with
increasing disorder the subgap spectral features are blurred
and eventually disappear. Such behavior can be explained in
terms of the disorder-averaged Eilenberger equations [28].
This formalism can be applied to a vortex only at relatively
large impurity concentrations—cimp � ξ−2. In the superclean
limit, when there are only a few impurities per vortex area
(∼ξ 2), the averaged effect of impurities on measurable quanti-
ties might be smaller than the mesoscopic fluctuations of these
quantities. In view of the availability of experimental tech-
niques allowing precise manipulation of adatoms on metallic
surfaces [43,44], a thorough theoretical examination of effects
of individual impurities on spectra of Abrikosov vortices is
relevant.

The present paper provides a study of the whole subgap
spectrum of a 2D Abrikosov vortex in an s-wave supercon-

ductor both in the presence and absence of a point impurity.
In a sense, we extend the analysis of Larkin, Ovchinnikov,
and Koulakov [2,6,7] from the energy range |E | � �∞ to the
range |E | < �∞. On the other hand, the mentioned authors
considered fine spectral features on a scale of the order of
�2

∞/μ, which is beyond the energy resolution limit of our
partly quasiclassical approach. Thus, the present paper and
Refs. [2,6,7] are, in fact, related to different aspects of the
same problem.

Let us outline the structure of the paper and our main
results. We start by giving the basic equations in Sec. II. Here,
two models of the vortex are introduced: a simplistic coreless
vortex and a more realistic vortex with a self-consistent or-
der parameter profile. The spectral properties obtained within
both models are qualitatively similar.

In Sec. III we study a vortex without impurity within the
Eilenberger equations formalism. First, some properties of
the anomalous spectral branch are derived, which have not
been previously reported. Next, upper spectral branches are
considered. We prove analytically that if London screening
can be neglected (the screening length is infinite), there is
an infinite number of upper branches. This statement holds
for any monotonic order parameter profile |�(r)| in a vortex,
where r is the distance from the vortex center. Physically,
this somewhat surprising phenomenon is connected with
the slow decay of the supervelocity vS with distance: vS ∝
r−1. This results in sufficiently slow variations of the local
Doppler shift of the gap edge on a straight quasiparticle tra-
jectory, so that an infinite amount of bound Andreev states
appears on such a trajectory (provided that the supercon-
ductor has no boundaries). The upper branches appear very
close to the gap edge—at energies in the range |�∞ − E |
< 0.03�∞.

In Sec. III B the local density of states is calculated. We
find that the quasiclassical spectrum of a vortex has a position-
dependent gap (more precisely, a double-gap symmetric with
respect to the Fermi energy) that is much larger that the CdGM
minigap ε0. In fact, in the center of the vortex this gap ap-
pears at energies right above the zero-bias anomaly and has a
width of approximately �∞. The gap has a quite large spatial
extent—it disappears only at a distance of the order of 10ξ

from the vortex center. Such a pronounced spectral feature
should be observable in conventional superconductors, given
the energy resolution achieved in recent STS experiments
[33,36].

Section IV is devoted to impurity-induced states. First, we
consider a quite general gapped 2D superconducting system
with a magnetic or nonmagnetic point impurity. We find that
the impurity induces up to four (two per spin projection)
discrete quasiparticle states, whose energies are confined to
the local gap at the position of the impurity. Next, for our
vortex system we calculate the energies and wave functions of
impurity states for different impurity positions and scattering
phases. We claim that the impurity-induced states should be
observable in STS spectra of vortices in s-wave supercon-
ductors. Finally, the modification of the local spectral gap
due to the impurity is discussed. Our main results are sum-
marized in the conclusion. Most of our calculations are given
in detail in the appendices.

024510-2



LARGE SPECTRAL GAP AND IMPURITY-INDUCED … PHYSICAL REVIEW B 103, 024510 (2021)

II. BASIC EQUATIONS

Our analysis is based on the Gor’kov equation for the
energy-dependent retarded Green functions ĜE (r, r′) and
F̂ †

E (r, r′):

{
H0(r) + U (r − ri ) + τ̂z[J(r − ri )σ̂ − E − iε+]

+
(

0 −�(r)

�∗(r) 0

)}(
ĜE (r, r′)

−F̂ †
E (r, r′)

)
=
(

δ(r − r′)

0

)
. (1)

Here,

H0(r) = − h̄2∇2

2m
− μ = − h̄2∇2

2m
− h̄2k2

F

2m
, (2)

m is the electron mass, τ̂z is a Pauli matrix in Nambu space,
U (r) is the electrical potential of the impurity positioned at
r = ri, and J(r) is its exchange field, σ̂ = {σx, σy, σz} are the
Pauli matrices, ε+ is an infinitely small positive quantity, �(r)
is the superconducting order parameter, and δ(r) is the Dirac
delta function. The Green functions ĜE (r, r′) and F̂ †

E (r, r′)
are 2 × 2 matrices in spin space. For explicit definitions of
these functions in terms of electron field operators the reader
may refer to Ref. [45].

In Eq. (1) we have not taken into account the magnetic field
of the vortex. It is known that in superconductors with the
magnetic field screening length much larger than the coher-
ence length the vector potential can be neglected compared to
the gradient of � in the vicinity of the vortex core (see Sec.
12.5 in Ref. [1]). This statement is valid if we use the simplest
gauge, such that the order parameter has the form

�(r) = |�(r)| x − iy√
x2 + y2

, (3)

where we placed the origin in the center of the vortex. Then
we can neglect the magnetic field at r � ξ in extreme type-II
superconductors or in a thin-film geometry.

We will perform detailed calculations of the subgap spec-
trum of the vortex within two models. In the first model we
put |�(r)| = const, which we refer to as the coreless vortex.
This model may be relevant at near-zero temperatures, where
the order parameter modulus is known to experience a sharp
jump at r � ξ [5]. Consideration from Refs. [13,46] show
that |�(r)| in fact jumps to a value that is smaller than �∞,
and then with increasing r it approaches the asymptotic value
�∞ in a more smooth manner. In view of this, we admit that
our coreless model is somewhat crude, however, it captures
the main qualitative features of the spectrum of a realistic
vortex and allows us to obtain some exact analytical results.
Our second model of a vortex uses a function |�(r)| obtained
by solving the Ginzburg-Landau equation, and thus it is appli-
cable at temperatures close to the superconducting transition
temperature. We refer to this model as the vortex with core.
Many qualitative results obtained in this paper are valid for a
quite general order parameter profile, provided that |�(r)| is
a monotonically nondecreasing function, and it has a limit at

r → ∞:

lim
r→∞ |�(r)| = �∞. (4)

We will use the Green functions to calculate the local den-
sity of states. In particular, the spin-up/spin-down densities of
states, ν↑ and ν↓, are given by

νσ (E , r) = π−1Im[GEσσ (r, r)] = π−1Im[GERσσ (r, r)],
(5)

where σ =↑,↓, and we have defined the regular part of
the Green function ĜER(r, r′) by subtracting the logarithmic
peculiarity from it:

ĜER(r, r′) = ĜE (r, r′) − m

π h̄2 ln
2

kF |r − r′|eγ
. (6)

Here, γ = 0.577... is the Euler-Mascheroni constant. The
origin of the peculiarity can be understood as follows: For
sufficiently small values of |r − r′|, in the left-hand side of
Eq. (1) all terms can be neglected except for those containing
differentiation. Then, the equation for ĜE takes the form

− h̄2∇2

2m
ĜE (r, r′) = δ(r − r′). (7)

This Poisson equation is formally equivalent to the equation
for the electric potential of a point charge in 2D, which is
known to have a logarithmic peculiarity at r = r′. It should
be noted that the peculiarity appears in the real part of the
Green function, and subtracting it does not affect the density
of states, which is proportional to the imaginary part of GEσσ .

If we consider the system without impurity, the Green
functions have no spin structure and hence are scalars, which
we denote as G(0)

E (r, r′) and F (0)†
E (r, r′). It is shown in

Appendix A that the Green functions with coinciding coor-
dinates can be written in terms of the quasiclassical Green
functions gE (r, n) and f †

E (r, n) as follows:

G(0)
ER(r, r) = iπν0

∫
gE (r, n)

dn
2π

, (8)

F †(0)
E (r, r) = iπν0

∫
f †
E (r, n)

dn
2π

, (9)

where ν0 = m/(2π h̄2) is the normal density of state per spin
projection, n is a 2D unit vector, and integration is performed
over the directions of n. The functions gE (r, n) and f †

E (r, n)
[and fE (r, n)] can be determined from the Eilenberger equa-
tions [1,17]:

−ih̄vF n∇gE + �(r) f †
E − fE�∗(r) = 0, (10)

−ih̄vF n∇ fE − 2(E + iε+) fE + 2�(r)gE = 0, (11)

ih̄vF n∇ f †
E − 2(E + iε+) f †

E + 2�∗(r)gE = 0, (12)

where vF = h̄kF /m is the Fermi velocity.

III. SUBGAP SPECTRUM IN THE CLEAN CASE

A. Spectral branches

This section is devoted to the spectral properties of a
vortex without impurities. First, we will take a closer look
at subgap spectral branches—dependencies of the quasipar-
ticle energy E vs impact parameter d . By definition, the pair
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FIG. 1. The coordinate system.

(d, E ) belongs to a spectral branch, if for these parameters
the quasiclassical Green functions have a pole. We introduce
the impact parameter d as in Fig. 1, such that d > 0 for
classical trajectories directed towards the supervelocity vS and
d < 0 for trajectories directed along vS . Such a definition of
d provides that the anomalous spectral branch has a positive
energy for d > 0. We introduce a coordinate s on the classical
trajectories, such that s = 0 corresponds to the point that is
closest to the vortex center.

To calculate the energies at which the Green functions
have poles, a convenient parametrization of these functions
is desirable. Schopohl [18] found that a parametrization in
terms of two complex Riccati amplitudes exists. In our case,
the symmetry of the system allows for an even simpler
parametrization in terms of one real function ψd (E , s) (see
Appendix B):

gE (r, n) = i cot

(
ψd (s) + ψd (−s)

2
+ iε+

)
, (13)

fE (r, n) = i exp
(
i ψd (s)−ψd (−s)

2 + iθ (s)
)

sin
(

ψd (s)+ψd (−s)
2 + iε+) , (14)

f †
E (r, n) = i exp

(
i ψd (−s)−ψd (s)

2 − iθ (s)
)

sin
(

ψd (s)+ψd (−s)
2 + iε+) , (15)

where θ (s) is the order parameter phase on the classical tra-
jectory. The function ψd satisfies the differential equation

dψd

ds
= 2E + d

d2 + s2
− 2|�(

√
s2 + d2)| cos(ψd ) (16)

with the boundary condition

ψd (−∞) = − arccos(E ). (17)

For brevity here and further we omit E in the list of arguments
of ψd and use dimensionless energies and lengths: Energy is
measured in units of �∞, and lengths are measured in units of
h̄vF /�∞, which is of the order of ξ .

It can be seen from Eqs. (13)–(15) that the Green functions
have a pole when

sin

(
ψd (s) + ψd (−s)

2

)
= 0. (18)

It follows form Eq. (16) that

d

ds

[
ψd (s) + ψd (−s)

2

]
= 2|�(

√
s2 + d2)|

× sin

(
ψd (s) + ψd (−s)

2

)

× sin

(
ψd (s) − ψd (−s)

2

)
. (19)

Hence, if Eq. (18) is satisfied for some s, then it holds for all
s, and Eq. (18) is equivalent to

ψd (0) = πn, (20)

where n is an integer. For d > 0 we denote as E (n)(d ) the
energies for which Eq. (20) is satisfied—thus, E (n)(d ) yields
the nth spectral branch. Note that the right-hand side of
Eq. (16) is discontinuous at d = 0. To ensure continuity of
the functions E (n)(d ) at d = 0, the numbering of the branches
has to be shifted for d < 0, so that the nth branch should be
defined by

ψd (0) = π (n − 1) (21)

for negative d .
Next, we note that ψd (0) is a monotonically increas-

ing function of E (see Appendix B), which means that
E (n+1)(d ) > E (n)(d ). For E = 0 and very small positive d one
can see that ψd (s) ≈ −π/2 for −s � d . In the vicinity of
s = 0 one has

ψd (s) ≈ −π

2
+
∫ s

−∞

d

d2 + s′2 ds′ = arctan
( s

d

)
, (22)

so that ψd (0) ≈ 0 and hence E (0)(0) = 0. This means that the
zeroth branch should be identified as the anomalous branch.

We will derive two properties of this branch. First, for
d > 0 we have the estimate

E (0)(d ) � |�(d )| − 1

2d
. (23)

To prove this, let us assume the opposite. Then we find that
for E = E (0)(d ) the function ψd (s) cannot cross zero at any
s � 0, because at ψd = 0

dψd

ds
(s) = 2E (0)(d ) + d

d2 + s2
− 2|�(

√
s2 + d2)|

� 2E (0)(d ) + 1

d
− 2|�(d )| < 0. (24)

This means that ψd (0) < 0, so our assumption is wrong. The
condition (23) has a simple physical interpretation: The en-
ergy of an Andreev state in the vortex cannot be lower than
the local gap edge estimated by taking into account the local
lowering of the gap due to the Doppler shift. Another property
of the anomalous branch is that E (0)(d ) is a monotonically
increasing function of d , which is proven in Appendix C.

The analysis of higher spectral branches is more compli-
cated, however, in some quite general cases their qualitative
behavior can be even derived analytically. A general property
of the spectrum is that if the pair (E , d ) belongs to some
spectral branch, then the pair (−E ,−d ) also belongs to some
branch, which is a consequence of the particle-hole symme-
try of the quasiclassical approximation. In other words, we
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have E (−n)(−d ) = −E (n)(d ). Hence, to obtain a picture of the
whole spectrum it is sufficient to calculate its positive part,
E > 0.

Now, let us consider an order parameter profile with the
following asymptotic behavior at r → ∞:

|�(r)| = 1 − h/r2 + o(r−2) (25)

with h � 0. For such profiles a critical value of the impact
parameter exists, which equals

dcr = 1/4 − 2h, (26)

such that for d < dcr the number of spectral branches with
E > 0 is finite, and for d > dcr there is an infinite number
of branches—see Appendix D for a proof. If the difference
1 − |�(r)| decays slower than r−2 when r → ∞, this can
be interpreted as h → ∞ in Eq. (25). Hence, for any mono-
tonically nondecreasing function |�(r)| we have an infinite
number of spectral branches for impact parameters d > 1/4.

Concerning our two vortex models, for the coreless vor-
tex dcr = 1/4, and for the vortex obtained by solving the
Ginzburg-Landau equation dcr = 0. Analytical considerations
(see Appendix D) show that for a coreless vortex at d < 1/4
there are no branches with positive energies, except for the
anomalous branch, and numerical calculations for the vortex
with core revealed no branches with E > 0 for d < 0. The
absence of spectral branches with E > 0 for d < 0 should
not be surprising, because the Doppler shift of the gap edge
for trajectories with d < 0 is positive, and hence the effec-
tive local gap can be even larger than �∞, which hampers
the formation of subgap states. Thus, the whole picture of the
spectrum is strongly asymmetric with respect to the change of
sign of d , which contradicts the conclusion of Kopnin [20],
who found that the upper spectral branches are represented by
even functions of d . The latter conclusion is a consequence
of a mistake in calculations in Ref. [20], consisting of tak-
ing the Doppler shift of the quasiparticle energy with the
same sign for quasiparticles moving along and towards the
supervelocity.

Formally, the infinite number of spectral branches appears
due to the slow decay of the supervelocity (vs ∼ r−1) and
due to the slow asymptotic of the order parameter (�∞ −
|�(r)| ∼ r−2). In turn, these features are connected with the
fact that we neglected the screening of the magnetic field. If
it is taken into account, at distances from the vortex center
that are larger than the magnetic field screening length (being
either the London or the Pearl length) the supervelocity decays
faster than r−1, which also results in a faster decay of the
difference �∞ − |�(r)|. Then, we will have a finite number
of spectral branches, although their number can be arbitrarily
large provided that the magnetic field screening length is
sufficiently large.

Now we briefly describe the numerical procedure to cal-
culate the spectral branches. To determine E (n)(d ) for a given
positive d one needs to find such a value of E that Eqs. (16),
(17), and (20) are satisfied. We solve this problem by integrat-
ing Eq. (16) with the initial condition (20) towards negative s.
When reaching sufficiently large |s|, we can determine
ψd (−∞). The value ψd (−∞) is a monotonic function of E ,
because the right-hand side of Eq. (16) is monotonous in E .

FIG. 2. The anomalous spectral branch and two upper branches
(n = 1, 2) for a coreless vortex (a) and for a vortex with core (b). The
dashed lines correspond to asymptotic expressions (27) and (28).

This allows us to search the value of E which satisfied Eq. (17)
using a simple bisection method.

The calculated spectral branches with numbers n = 0, 1,
and 2 are shown in Fig. 2. For the coreless vortex we obtained
some asymptotic expressions for E (n)(d ), which we write
down here without derivation. For the anomalous branch in
the limit |d| � 1 we have

E (0)(d ) ≈ 2d (ln |d|−1 − γ ). (27)

For branches with n > 0 in the limit d − 1/4 � 1 we found

E (n)(d ) = 1 − 8

d2
exp

(
2√

4d − 1

[
2 arg 

(
1 + i

2

√
4d − 1

)

+ arccos

(
1 − 1

2d

)
− π (n + 1)

])
, (28)

where (z) is the gamma function. Graphs of Eqs. (27) and
(28) are shown in Fig. 2(a).

Finally, we note that the approach to the calculation of the
spectral branches using Eqs. (16), (17), and (20) is equivalent
to the method used in Ref. [9]. However, in this paper only the
anomalous branch has been studied and other order parameter
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profiles have been used (steplike and hyperbolic tangentlike),
so a quantitative comparison with our results is not possible.

B. Green functions and local density of states

In this section we will calculate the Green functions with
coinciding arguments and the local density of states. Let us
start with the Green functions. We take a point on the x axis:
r = (r, 0). We parametrize the vector n in Eqs. (8) and (9) by
an angle ϕ, so that n = (− cos ϕ, sin ϕ)—see Fig. 1. For our
fixed position r the parameters d and s are given by

d (ϕ) = r sin ϕ, s(ϕ) = −r cos ϕ. (29)

Using these relations and Eqs. (8), (9), (13), and (15), taking
into account that θ (s) = 0 on the positive x axis, we obtain

G(0)
ER(r, r) = −ν0

∫ π/2

−π/2
cot

(
ψd (s) + ψd (−s)

2
+ iε+

)
dϕ,

(30)

F †(0)
E (r, r) = −ν0

∫ π/2

−π/2

cos
(

ψd (s)−ψd (−s)
2

)
sin
(

ψd (s)+ψd (−s)
2 + iε+)dϕ. (31)

We assume here that d = d (ϕ) and s = s(ϕ).
Now we concentrate on the density of states per spin pro-

jection, which is given by

ν(E , r) = 1

π
Im
[
G(0)

ER(r, r)
]
. (32)

Using Eq. (30), for E > 0 we obtain

ν(E , r) = ν0

+∞∑
n=0

∫ π/2

0
δ

(
ψd (s) + ψd (−s)

2
− πn

)
dϕ. (33)

In this sum the contributions to the density of states from all
spectral branches are explicitly separated. After integration we
obtain

ν(E , r) = ν0

+∞∑
n=0

∣∣∣∣ ∂

∂ϕ

(
ψd (s) + ψd (−s)

2

)∣∣∣∣
E (n) (d )=E

∣∣∣∣
−1

.

(34)
We used this expression to calculate numerically the local
density of states: first, the value of ϕ for which the relation
ψd (s) + ψd (−s) = 2πn holds was calculated, and then the
derivative of (ψd (s) + ψd (−s))/2 with respect to ϕ was de-
termined. We limited ourselves to the range of energies E <

0.9 < mind E (1)(d ), so that only the anomalous branch (n =
0) contributed to the density of states. The resulting profiles
of ν(E , r) are shown in Fig. 3. It can be seen that ν(E , r) > 0
for E < E (0)(r), but for E > E (0)(r) the density of states
completely vanishes. Thus, the quasiclassical spectrum has
a position-dependent gap. In the vicinity of E = E (0)(r) the
density of states is proportional to [E (0)(r) − E ]−1/2. Such
behavior has been found in the low-energy limit in Ref. [47].
Remarkably, the described above spectral features have not
been mentioned in preceding papers where the density of
states has been calculated using the Eilenberger equations
[23–25,27]. This is most likely due to typical quasiclassical
calculations of ν(E , r) relying on solving the Eilenberger
Eqs. (10)–(12) with a small but finite ε+. This results in
the smoothing of the peaks in the density of states and in

FIG. 3. Density of states in a coreless vortex (a) and in a vortex
with a core (b).

ν(E , r) being positive everywhere. Another drawback of this
approximation is that the contributions to the density of states
from spectral branches with n > 0 cannot be resolved, unless
ε+ is taken extremely small. Indeed, the profiles of ν(E , r)
obtained in Refs. [23–25] have only one peak around E = 1.
On the other hand, our approach based on Eq. (34) assumes an
infinitesimal ε+ and thus allows us to resolve the contributions
to ν(E , r) from any spectral branch, if desired.

Now we depict the whole spectral gap—the region in the r-
E plane, where ν(E , r) = 0. This can be done using Eq. (34):
It can be seen that the density of states vanishes if for all
d ∈ (0, r) and for all n = 0, 1, 2... the inequality E �= E (n)(d )
holds. The spectral gaps for a coreless vortex and a vortex with
core are shown in Fig. 4. The boundaries of the gap are deter-
mined by the branches with numbers n = 0 and n = 1 only. In
fact, the lower boundary is given by E = E (0)(r) for all r. The
energy corresponding to the upper boundary, which we denote
as Emax(r), behaves differently in the three parts depicted in
different colors in Fig. 4. For a coreless vortex, region (A)
corresponds to r < 1/4, region (B)—to 1/4 < r < d (1)

min, and
region (C)—to d (1)

min < r < rc, where d (1)
min is the value of the

impact parameter at which the spectral branch E (1)(d ) has a
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FIG. 4. The gap in the local density of states of a coreless vortex
and of a vortex with core (inset). The meaning of different colors is
explained in Sec. III B.

minimum, and rc is the distance from the vortex core at which
the spectral gap closes. The latter quantity is determined by
the equation

E (0)(rc) = E (1)
min, (35)

where E (1)
min = E (1)(d (1)

min ) is the minimum energy of the branch
with n = 1. The upper boundary of the spectral gap is
given by

Emax(r) =

⎧⎪⎨
⎪⎩

1 in (A),

E (1)(r) in (B),

E (1)
min in (C).

(36)

The qualitative difference of the spectral gap of the vor-
tex with core from one of the coreless vortex consists in
the absence of region (A), so that region (B) extends from
r = 0 to r = d (1)

min. Numerical constants that characterize the
spectral gap for the two models of a vortex are given in
Table I.

Concerning experimental implications of the obtained
results, we think that observations of traces of the up-
per spectral branches using STS should be problematic
because of the close proximity of their energies to the
bulk gap �∞. Spectral features due to the upper branches
may be hard to distinguish from superconducting pair-
ing anisotropy effects, which are present in any real
superconductor. We suppose that angle-resolved measure-
ments of the density of states are required to find the
upper branches. Pairing anisotropy, as well as Fermi sur-
face anisotropy, which is present in all materials, also
lead to a smearing of the inverse-square root singular-

TABLE I. Spectral parameters of a vortex within two models.

d (1)
min E (1)

min rc

Coreless 3.9 0.9777 17.9
With core 2.6 0.974 15.4

ity in the local density of states ν(E , r) close to the
local gap. However, the gap itself is not that much af-
fected by this anisotropy as long as the superconducting
order parameter is nodeless. As such, the local vanish-
ing of the density of states near the center of vortices
should be detectable in STS experiments on conventional
superconductors.

IV. IMPURITY STATES IN A 2D VORTEX

A. General considerations

In this section we will analyze Eq. (1) in the presence of
the impurity potentials V (r) and J(r) in the case of a fairly
general superconducting system to obtain an equation for the
energies of discrete impurity-induced states. Our considera-
tions will be based on the theory developed in Ref. [45] for a
3D system.

We assume that we are dealing with a point impurity, so
that V (r) and J(r) are localized on a scale that is much smaller
than k−1

F . In this case one may choose a spin quantization axis,
such that the electron spin is not rotated upon scattering if it is
directed along this axis. In addition, in the spin-up and spin-
down channels the point impurity acts as an s-wave scatterer,
so that it is completely characterized by two scattering phases
α↑ and α↓ for spin-up and spin-down electrons, respectively.
These phases depend on energy, however in the narrow energy
interval of interest, E ∼ �∞, they can be considered almost
constant.

For our choice of the spin quantization axis one can see
that the components of the Green functions with spin indices
↑↓ and ↓↑ vanish, and the equations for the components with
indices ↑↑ and ↓↓ decouple. Acting as in Ref. [45], one
can express the solutions of Eq. (1) in terms of the Green
functions G(0)

E (r, r′) and F †(0)
E (r, r′) without impurity—see

Appendix E. Then, to determine the energies of discrete impu-
rity states, we need to find the impurity-induced poles of the
Green functions. According to Appendix E, such poles appear
only at energies for which the local density of states without
impurity ν(E , ri ) vanishes. This is quite natural: The appear-
ance of discrete states localized by the impurity at energies
lying inside the local continuous spectrum, corresponding to
ν(E , ri ) �= 0, is very unlikely. Inside the local spectral gap at
position ri, the energies of impurity states with spin up are the
solutions of the equation

D↑(E ) = 0, (37)

where

D↑(E ) = ∣∣F †(0)
E (ri, ri )

∣∣2 +
[m cot α↑

2h̄2 − G(0)
ER(ri, ri )

]

×
[m cot α↓

2h̄2 + G(0)
ER(ri, ri )

]
. (38)

Note that G(0)
ER(ri, ri ) is real here. To obtain an equation

for spin-down impurity states, one should swap ↑ and ↓ in
Eqs. (37) and (38).

Now we will analyze Eqs. (37) and (38). Let the function
G(0)

ER(ri, ri ) be real in some energy interval E ∈ (Emin, Emax).
The function D↑(E ) can be written in the form

D↑(E ) = −D↑+(E )D↑−(E ), (39)
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where

D↑±(E ) = G(0)
ER(ri, ri ) − m

4h̄2 (cot α↑ − cot α↓)

±
√(

m

4h̄2

)2

(cot α↑ + cot α↓)2 + ∣∣F †(0)
E (ri, ri )

∣∣2.
(40)

By direct differentiation and using the relation∣∣∣∣∂F †(0)
E (r, r)

∂E

∣∣∣∣ <
∂G(0)

ER(r, r)

∂E
, (41)

derived in Appendix A, we can prove that the functions
D↑±(E ) increase with increasing energy, hence on the interval
E ∈ (Emin, Emax) they vanish no more than once. Thus, on
this interval Eq. (37) has no more than two roots. Taking into
account that D↑+(E ) � D↑−(E ), we can have the following
four qualitatively different situations [we do not consider the
cases when D↑±(E ) vanish at the boundaries of the interval
(Emin, Emax)]:

(i) limE→Emin D↑+(E ) > 0 and limE→Emax D↑−(E ) < 0.
Equation (37) has no roots.

(ii) limE→Emin D↑−(E ) > 0 or limE→Emax D↑+(E ) < 0.
Equation (37) has no roots.

(iii) limE→Emin D↑+(E ) < 0 and limE→Emax D↑−(E ) > 0.
Equation (37) has two roots.

(iv) In all other cases, there is one root.
We want to mention that Eqs. (37) and (38) can be used

to express the energies of Yu-Shiba-Rusinov states [48–50]
induced by a magnetic impurity in a uniform superconductor
in terms of the scattering phases α↑ and α↓, as has been done
by Rusinov [50].

B. Impurity states in a vortex

In this section we will apply the developed above approach
to find the impurity states in our system with a vortex. To
determine the number of spin-up impurity states for each com-
bination of parameters ri, α↑, and α↓, according to Sec. IV A,
one needs to analyze the behavior of the functions G(0)

ER(ri, ri )
and F †(0)

E (ri, ri ) in the vicinity of the energies corresponding
to the boundaries of the local spectral gap at position ri.
Such an analysis is given in Appendix C. We found that for
ri < d (1)

min there may be from zero to two impurity states per
electron spin projection. For ri ∈ (d (1)

min, rc) there are one or
two impurity states per spin projection. We want to stress that
even nonmagnetic impurities induce bound states (this does
not contradict Anderson’s theorem [51], because the order
parameter is inhomogeneous in space). For ri > rc no bound
impurity states appear, however, there may be quasibound
states of the Yu-Shiba-Rusinov type.

Technically, the calculation of the energies of impurity
states consists of two steps. First, the signs of D↑+(E ) and
D↑−(E ) at energies lying close to the boundaries of the local
spectral gap are determined, which can be done using the
relations derived in Appendix C. This is required to find out
whether the monotonic functions D↑+(E ) and D↑−(E ) have
a root or not. Second, the roots are calculated using a simple
bisection procedure.

The calculated dependencies of the energies of spin-up
impurity states vs ri for a coreless vortex and for a vor-
tex with core are shown in Figs. 5 and 6, respectively. An
interesting feature can be seen in Fig. 6(f): Two graphs of
energy vs ri have a point of intersection. At this point D↑+(E )
and D↑−(E ) vanish simultaneously, which becomes possible
when α↑ + α↓ = 0, according to Eq. (40).

Now let us discuss the contribution of impurity states to
the local density of states. Each spin-up impurity state with
energy E↑i corresponds to a normalized solution of the BdG
equations (u↑i(r), v↑i(r)) (generally, the wave functions have
also two spin-down components, however, in our case they
vanish due to the special choice of the spin quantization axis).
The contribution of one such state to the spin-up density of
states is

δν↑i(E , r) = |u↑i(r)|2δ(E − E↑i ). (42)

Each solution of the BdG equations with spin up corresponds
to a solution of these equations with spin down with a wave
function (u↓i(r), v↓i(r)) and with energy E↓i = −E↑i. The
components of the wave function can be taken in the form
u↓i(r) = −v∗

↑i(r), v↓i(r) = u∗
↑i(r). The functions |u↑i(r)|2 and

|v↑i(r)|2 oscillate in space on a scale of the order of the Fermi
wavelength. It is shown in Appendix F that after averaging
over these oscillations in the quasiclassical approximation one
obtains

〈|u↑i(r)|2〉 = 〈|v↑i(r)|2〉, (43)

where 〈...〉 means spatial averaging. Hence, to determine the
spatially averaged wave functions of all impurity states it
is sufficient to calculate only the functions 〈|u↑i(r)|2〉 and
〈|u↓i(r)|2〉, corresponding to positive energies. The method for
calculating 〈|u↑i(r)|2〉 is described in Appendix F. Character-
istic profiles of these functions for a coreless vortex are shown
in Fig. 7.

The continuous part of the vortex spectrum is also affected
by the impurity. As demonstrated in Appendix E, the impurity
influences the continuous spectrum in the range of energies,
lying outside the local spectral gap at position ri without
impurity, (E (0)(ri ), Emax(ri )). This means that for all positions
r the local gap is reduced to this energy range. Certainly,
the local gap at r > ri remains unchanged. Technically, if
the impurity is located sufficiently far from the vortex center,
so that ri > rc, the spectral gap should completely disappear.
However, the larger the distance ri, the smaller the contribu-
tion of the impurity to the density of states in the vicinity of
the vortex center.

To end this section, we briefly consider the influence of
anisotropy effects on our results. As we have mentioned in
Sec. III B, in real s-wave superconductors the order parameter
and Fermi surface are always somewhat anisotropic. This
anisotropy generally does not eliminate the local gap, the ex-
istence of which is the main prerequisite for the appearance of
discrete impurity states. Given this, we expect that anisotropy
effects will not strongly affect these states.

V. CONCLUSION

To sum up, we have analyzed the subgap spectrum of a 2D
Abrikosov vortex in an s-wave superconductor in the absence
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FIG. 5. Energies of spin-up impurity states vs ri for a coreless vortex for impurities with different scattering phases (shown in the graphs).
(a),(b)—nonmagnetic impurity, (c)–(f)—magnetic impurity. The thin black lines show Emin(ri ) and Emax(ri ).

and presence of a point impurity. We worked in the limit
�∞ � μ, so that the quasiclassical approximation could be
used. We considered two models of a vortex: a vortex with
constant modulus of the order parameter and a vortex with an
order parameter profile determined from the Ginzburg-Landau
equations. The results obtained within both models are quali-
tatively the same.

First, we calculated the spectral branches—Andreev state
energy vs impact parameter dependencies—for a clean vortex,
assuming an infinite magnetic field screening length. In addi-
tion to the well-known anomalous branch, we found an infinite
number of upper branches. The existence of these branches
becomes possible because of the Doppler effect connected
with spontaneous currents in the vortex. These currents lower

FIG. 6. Energies of spin-up impurity states vs ri for a vortex with core for impurities with different scattering phases. Notations are the
same as in Fig. 5.
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FIG. 7. Wave functions of spin-up impurity states in a coreless vortex (the impurity is in the center of the graphs). The radius of the area
shown is 2h̄vF /�∞. The pink point marks the center of the vortex. Graphs in the pairs (a) and (b), (c) and (d), (e) and (f) correspond to two
impurity states with the same parameters of the impurity (shown at the bottom of the graphs). Graphs (f) and (e) correspond to parameters that
are very close to a crossing of two curves of the impurity state energy vs ri dependencies, like in Fig. 6(f).

the effective gap edge, creating a potential well that is large
enough to accommodate an infinite number of Andreev states.
If screening of the magnetic field is taken into account, the
number of spectral branches becomes finite, but it can be arbi-
trary large provided that the screening length is large enough.

Second, we calculated the local density of states of a clean
vortex. We found a large position-dependent gap in the spec-
trum with a width of the order of �∞ and spatial extent of the
order of ten coherence lengths. The existence of such a gap is
a necessary condition for the appearance of discrete impurity
states.

Finally, we studied the influence of an impurity on the
vortex spectrum. We proved that a point impurity induces
up to four discrete quasiparticle states and reduces the width
of spectral gap mentioned above. The energies and wave
functions of the impurity states were calculated for different
positions and scattering phases of the defect. We claim that
the local gap of a clean vortex as well as the impurity-induced
effects can be detected in STS experiments on conventional
superconductors.
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APPENDIX A: QUASICLASSICAL APPROXIMATION FOR
GREEN FUNCTIONS IN 2D

In this Appendix, within the quasiclassical approximation
we will derive some useful expressions for the Green func-
tion in a clean two-dimensional superconductor. We start by
considering the solution of the Gor’kov equation in vacuum at
E = 0:

G0R(r, r′) = mi

2h̄2 H(1)
0 (kF |r − r′|), (A1)

where H(1)
0 is the Hankel function of the first kind. For small

arguments, z � 1, it has the following asymptotic behavior:

H(1)
0 (z) ≈ 1 + 2i

π

(
ln

z

2
+ γ

)
. (A2)

Thus, there is a logarithmic peculiarity at r = r′.
In a superconductor, for |r − r′| � ξ in the left-hand side

of Eq. (1) one can neglect all terms except for the one contain-
ing H0. Then, the local solution of the Gor’kov equation has
the form

G(0)
E (r, r′) = mi

2h̄2 H(1)
0 (kF |r − r′|) +

∫
g′

E (r′, n)eikF (r−r′ )n dn
2π

. (A3)

Assuming that the spatial scale for g′
E (r′, n) is of the order of ξ [which is proven by its relation to the quasiclassical function

gE (r′, n), see below], we may substitute in Eq. (A3) g′
E (r′, n) ≈ g′

E ((r′ + r)/2, n). Now we obtain the quasiclassical Green
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function gE (R, n) from Eq. (A3) according to the definition [1]

gE (R, n) =
∫

d3r
∫

d3r′
∫ ξm

−ξm

dξp

π i
GE (r, r′)ein(r′−r)(kF +ξp/(h̄vF ))δ

(
R − r + r′

2

)
, (A4)

where ξm is an energy such that |E | � ξm � μ. When calcu-
lating gE (R, n) we use the relation

mi

2h̄2 H(1)
0 (kF r) =

∫
eikr

h̄2k2

2m − h̄2k2
F

2m − iε+
d2k

(2π )2
. (A5)

After some integration we obtain

gE (r, n) = 1 − 2ih̄2

m
g′(r, n). (A6)

Expressing g′ through gE in Eq. (A3), we have

GE (r, r′) ≈ − m

2h̄2 Y0(kF |r − r′|)

+ mi

2h̄2

∫
gE

(
r + r′

2
, n′
)

eikF (r−r′ )n dn
2π

, (A7)

where Y0(z) is the Neumann function. When deriving
Eq. (A7) we have used that H(1)

0 (z) = J0(z) + iY0(z), and∫
eikF nr dn

2π
= J0(kF r), (A8)

where J0(z) is the Bessel function. Similarly to Eq. (A7) one
can derive

F †
E (r, r′) ≈ mi

2h̄2

∫
f †
E

(
r + r′

2
, n′
)

eikF (r−r′ )n dn
2π

. (A9)

Equations (8) and (9) follow from Eqs. (A7) and (A9).
Now we will derive an important property of the Green

functions with coinciding arguments that is used in Sec. IV.
We start with the known expansions

G(0)
E (r, r′) =

∑
n

u(0)
n (r)u(0)∗

n (r′)

E (0)
n − E − iε+ , (A10)

F †(0)
E (r, r′) =

∑
n

v(0)
n (r)u(0)∗

n (r′)

E (0)
n − E − iε+ , (A11)

where (u(0)
n (r), v(0)

n (r)) are the quasiparticle wave functions of
the system without impurities, and E (0)

n are the corresponding
energies of the quasiparticles. Let us differentiate Eqs. (A10)
and (A11) by energy at E �= E (0)

n and then substitute r = r′:

∂G(0)
ER(r, r)

∂E
=
∑
n>0

[ ∣∣u(0)
n (r)

∣∣2(
E (0)

n − E
)2 +

∣∣v(0)
n (r)

∣∣2(
E (0)

n + E
)2

]
, (A12)

∂F †(0)
E (r, r)

∂E
=
∑
n>0

v(0)
n (r)u(0)∗

n (r)

×
[

1(
E (0)

n − E
)2 − 1(

E (0)
n + E

)2

]
, (A13)

where summation is over positive energies, and we used
the fact that states with negative energies −E (0)

n have wave
functions (v(0)∗

n (r),−u(0)∗
n (r)). Within the quasiclassical ap-

proximation the relation

G(0)
ER(r, r) = −G(0)

−ER(r, r) (A14)

holds, which follows from Eq. (8) and the property
g−E (r, n) = −gE (r,−n), which is valid for such energies that
the term iε+ can be discarded in the Eilenberger equations. It
follows from the above that

∂G(0)
ER(r, r)

∂E
≈ 1

2

[
∂G(0)

ER(r, r)

∂E
− ∂G(0)

−ER(r, r)

∂E

]

=
∑
n>0

∣∣u(0)
n (r)

∣∣2 + ∣∣v(0)
n (r)

∣∣2
2

×
[

1(
E (0)

n − E
)2 + 1(

E (0)
n + E

)2

]
. (A15)

Since

∣∣v(0)
n (r)u(0)∗

n (r)
∣∣ �

∣∣u(0)
n (r)

∣∣2 + ∣∣v(0)
n (r)

∣∣2
2

and

1(
E (0)

n − E
)2 + 1(

E (0)
n + E

)2 >

∣∣∣∣∣ 1(
E (0)

n − E
)2 − 1(

E (0)
n + E

)2

∣∣∣∣∣,
one can see that Eqs. (A13) and (A15) yield Eq. (41).

Now consider the Green functions with noncoincident
arguments in the limiting case kF |r − r′| � 1. Following
Gor’kov and Kopnin [52], we write the Green functions in
the form

GE (r, r′) = m

h̄2

√
i

2πkF |r − r′| [g̃E+(r′, n, |r − r′|)eikF |r−r′ | + g̃E−(r′, n, |r − r′|)e−ikF |r−r′ |], (A16)

F †
E (r, r′) = m

h̄2

√
i

2πkF |r − r′| [ f̃ †
E+(r′, n, |r − r′|)eikF |r−r′ | + f̃ †

E−(r′, n, |r − r′|)e−ikF |r−r′ |], (A17)

where n = (r − r′)/|r − r′|. Like in the 3D case [45,52], the Andreev equations for g̃E±(r′, n, s) and f̃ †
E±(r′, n, s) can be derived:

∓ih̄vF
∂ g̃E±
∂s

− Eg̃E± + �(r′ + sn) f̃ †
E± = 0, (A18)
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±ih̄vF
∂ f̃ †

E±
∂s

− E f̃ †
E± + �∗(r′ + sn)g̃E± = 0. (A19)

Let us derive the boundary conditions for these functions. For this we transform Eq. (A7) in the limit kF |r − r′| � 1 (but
|r − r′| � ξ ). In this limit the integral in Eq. (A7) can be calculated using the stationary phase approximation. Using also the
asymptotic expression for the Neumann function, we obtain

GE (r, r′) ≈ mi

2h̄2

√
1

2πkF |r − r′| {[1 + gE (r′, n)]eikF |r−r′ |−iπ/4 + [−1 + gE (r′,−n)]e−ikF |r−r′ |+iπ/4}. (A20)

Comparing this with Eq. (A16), we see that

g̃E+(r′, n, 0) = 1

2
[1 + gE (r′, n)], (A21)

g̃E−(r′, n, 0) = i

2
[−1 + gE (r′,−n)]. (A22)

Similarly one obtains

f̃ †
E+(r′, n, 0) = 1

2
f †
E (r′, n), (A23)

f̃E−(r′, n, 0) = i

2
f †
E (r′,−n). (A24)

Let us define the following two functions:

g̃E (r′, n, s) =
{

g̃E+(r′, n, s) when s > 0,

−ig̃E−(r′,−n,−s) when s < 0,
(A25)

f̃ †
E (r′, n, s) =

{
f̃ †
E+(r′, n, s) when s > 0,

−i f̃ †
E−(r′,−n,−s) when s < 0.

(A26)

Equations (A18) and (A19) together with the boundary con-
ditions (A21)–(A24) yield

−ih̄vF
∂ g̃E

∂s
− Eg̃E + �(r′ + sn) f̃ †

E = −ih̄vF δ(s), (A27)

ih̄vF
∂ f̃ †

E

∂s
− E f̃ †

E + �∗(r′ + sn)g̃E = 0. (A28)

Finally, Eqs. (A16) and (A17) can be written in the form

GE (r, r′) = mi

h̄2

√
1

2πkF |r − r′| [g̃E (r′, n, |r − r′|)eikF |r−r′ |−iπ/4 + g̃E (r′,−n,−|r − r′|)e−ikF |r−r′ |+iπ/4], (A29)

F †
E (r, r′) = mi

h̄2

√
1

2πkF |r − r′| [ f̃ †
E (r′, n, |r − r′|)eikF |r−r′ |−iπ/4 + f̃ †

E (r′,−n,−|r − r′|)e−ikF |r−r′ |+iπ/4]. (A30)

APPENDIX B: PARAMETRIZATION OF
QUASICLASSICAL GREEN FUNCTIONS

IN TERMS OF ψd (s)

In this Appendix we will derive Eqs. (13)–(17). We start
with the Riccati parametrization of the Green functions:

gE = 1 − ab

1 + ab
, fE = −2ia

1 + ab
, f †

E = −2ib

1 + ab
, (B1)

where the Riccati amplitudes a(s) and b(s) satisfy the follow-
ing equations on a classical trajectory (see Fig. 1):

da

ds
+ [−2i(E + iε+) + �∗a]a − � = 0, (B2)

db

ds
− [−2i(E + iε+) + �b]b + �∗ = 0. (B3)

Here we use the dimensionless units introduced in Sec. III A.
The boundary conditions for a and b read

a(−∞) = ieiθ (−∞)−i arccos(E+iε+ ), (B4)

b(+∞) = ie−iθ (+∞)−i arccos(E+iε+ ). (B5)

If one substitutes

a(s) = ieiψd (s)+iθ (s) (B6)

into Eqs. (B2) and (B4) and takes into account that on a
classical trajectory with impact parameter d

dθ

ds
= − d

d2 + s2
, (B7)

one obtains Eqs. (16) and (17) with E + iε+ instead of E . The
same equations are obtained if one substitutes

b(s) = ieiψd (−s)−iθ (s) (B8)

into Eqs. (B3) and (B5). The imaginary contribution iε+ can
be easily taken into account, if one notes that at real energies
the right-hand sides of Eqs. (16) and (17) are monotonically
increasing functions of E , and hence ∂ψd (s)/∂E > 0. This
means that to obtain ψd at a complex energy E + iε+ one
should simply add (∂ψd (s)/∂E )iε+ to ψd determined at a real
energy E , which is equivalent to adding iε+, because ε+ is
infinitely small, and ∂ψd (s)/∂E > 0. Using this fact, we can
obtain Eqs. (13)–(15) from Eqs. (B1), (B6), and (B8).
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APPENDIX C: BEHAVIOR OF THE GREEN FUNCTIONS
IN THE CLEAN CASE IN THE VICINITY OF THEIR

SINGULARITIES

This Appendix is mainly devoted to the properties of the
functions G(0)

ER(r, r), F †(0)
E (r, r), and D↑±(E ) in the vicinity of

their singularities. Considerations of the functions D↑±(E ) are
necessary to determine the number of bound impurity states at
a given position of the impurity, according to Sec. IV A.

For a start, let us calculate the Green functions of a coreless
vortex at E = 1 and r < 1/4. It turns out that these functions
are finite at the gap edge. According to Schopohl [18], the
Riccati amplitude a(s) (see Appendix B) at E = 1 on a clas-
sical trajectory parallel to the x axis with impact parameter
d < 1/4 equals a−

d (s), given by Eq. (D2). From Eq. (B6) we
then obtain

ψd (s) = − ln a−
d (s) − i ln

( −s + id√
s2 + d2

)
− π

2
. (C1)

To determine the Green functions at a point r = (r, 0) we
substitute this into Eqs. (30) and (31):

G(0)
�∞R(r, r) = ν0

∫ 2π

0

r√
1 − 4r cos ϕ

dϕ, (C2)

F †(0)
�∞ (r, r) = ν0

2

∫ 2π

0

2r − cos ϕ√
1 − 4r cos ϕ

dϕ. (C3)

These relations are useful for calculations of D↑±(�∞) for
ri < 1/4.

For E < 1 the Green functions may have singularities
when for some angle ϕ (see Fig. 1) and some integer
n E (n)(d (ϕ)) = E . Then, the integrands in Eqs. (30) and (31)
become infinite, because then Eq. (18) is satisfied, where one
assumes d = d (ϕ) and s = s(ϕ) [see Eq. (29)]. Let us con-
sider the function ψd (s) at parameters d > 0 and E > 0 that
are close to some number d0 and the corresponding energy
E (n)(d0), respectively, so that Eq. (18) is not exactly satisfied:

d = d0 + d1, E = E (n)(d0) + E1, (C4)

where d1 and E1 are small perturbations. The function ψd (s)
then can be written in the form ψd (s) = ψd0 (s) + ψ̃ (s), where
ψd0 (s) corresponds to the energy E (n)(d0), so that ψd0 (s) +
ψd0 (−s) = 2πn, and ψ̃ (s) is small. By linearizing Eqs. (16)
and (17) we obtain the following equations for ψ̃ (s):

dψ̃

ds
= 2E1 + s2 − d2

0(
d2

0 + s2
)2 d1 + 2

∣∣�(√s2 + d2
0

)∣∣ sin (ψd0 (s))ψ̃ − 2
∂
∣∣�(√s2 + d2

0

)∣∣
∂d0

cos (ψd0 (s))d1, (C5)

ψ̃ (−∞) = E1√
1 − E (n)(d0)2

. (C6)

The solution of these equations is

ψ̃ (s) =
∫ s

−∞

⎡
⎣2E1 + s′2 − d2

0(
d2

0 + s′2)2 d1 − 2
∂
∣∣�(√s′2 + d2

0

)∣∣
∂d0

cos
(
ψd0 (s′)

)
d1

⎤
⎦ exp

(
2
∫ s

s′

∣∣�(√s̃2 + d2
0

)∣∣ sin ψd0 (s̃)ds̃

)
ds′. (C7)

The Green function gE [Eq. (13)] at the energy E and impact parameter d is then

gE ≈ 2i

ψ̃ (s) + ψ̃ (−s) + iε+ , (C8)

and the integrand in Eq. (31) is

cos
(

ψd (s)−ψd (−s)
2

)
sin
(

ψd (s)+ψd (−s)
2 + iε+) ≈ (−1)n 2 cos

(ψd0 (s)−ψd0 (−s)
2

)
ψ̃ (s) + ψ̃ (−s) + iε+ . (C9)

Equation (C7) yields

ψ̃ (s) + ψ̃ (−s)

2
=
∫ 0

−∞

[
2E1 + s′2 − d2

0(
d2

0 + s′2)2 d1 − 2
∂|�|
∂d0

d1 cos ψd0 (s′)

]
exp

(
2
∫ s

s′

∣∣�(√s̃2 + d2
0

)∣∣ sin ψd0 (s̃)ds̃

)
ds′. (C10)

Note that here the right-hand side vanishes, and hence gE becomes infinite when E1/d1 = dE (n)(d )/dd , where

dE (n)

dd
(d0) = − 1

2N (E (n)(d0), d0, 0)

∫ 0

−∞

[
s′2 − d2

0(
d2

0 + s′2)2 − 2
∂|�|
∂d0

cos ψd0 (s′)

]
exp

(
2
∫ 0

s′
|�| sin ψd0 (s̃)ds̃

)
ds′, (C11)

N (E , d, s) =
∫ 0

−∞
exp

(
2
∫ s

s′
|�(

√
s̃2 + d2)| sin ψd (s̃)ds̃

)
ds′. (C12)

At this point we will make a small digression to prove that the energy of the anomalous spectral branch monotonically increases
as a function of the impact parameter. In Eq. (C11) we integrate the first term by parts:

dE (n)

dd
(d0) = N−1(E (n)(d0), d0, 0)

∫ 0

−∞

[
s′

d2
0 + s′2 |�| sin ψd0 (s′) + ∂|�|

∂d0
cos ψd0 (s′)

]
exp

(
2
∫ 0

s′
|�| sin ψd0 (s̃)ds̃

)
ds′. (C13)
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For the anomalous branch one can prove that

−π/2 < ψd0 (s) � 0 for s < 0. (C14)

Indeed, −π/2 < ψd0 (s) because of the boundary condition (17) and because dψd/ds > 0 at ψd = −π/2, according to Eq. (16).
Now, let us assume that at s = s1 < 0 the function ψd0 (s) crosses zero for the first time, so that ψd0 (s1) = 0, and

dψd0

ds
(s1) = 2E + d

d2 + s2
1

− 2
∣∣�(√s2

1 + d2
)∣∣ � 0. (C15)

Then

ψd0 (0) = ψd0 (s1) +
∫ 0

s1

dψd0

ds
ds �

∫ 0

s1

[
2E + d

d2 + s2
− 2|�(

√
s2 + d2)|

]
ds >

∫ 0

s1

dψd0

ds
(s1)ds � 0,

so that ψd0 (0) > 0, which contradicts the condition ψd0 (0) =
0 for the anomalous branch. This proves Eq. (C14). This equa-
tion, in turn, means that the integrand in Eq. (C13) is positive,
and hence the whole right-hand side is positive, which was to
be shown. For d0 = +0, using Eq. (22), one may obtain from
Eq. (C13) the known result [4] for the slope of the anomalous
branch at d = 0:

dE (0)

dd
(0) =

∫∞
0

|�(s)|
s exp

(−2
∫ s

0 |�(s′)|ds′)ds∫∞
0 exp

(−2
∫ s

0 |�(s′)|ds′)ds
. (C16)

In the following we will need only Eq. (C10) with d1 = 0
(d = d0):

ψ̃ (s) + ψ̃ (−s)

2
= 2[E − E (n)(d )]N (E (n)(d ), d, s), (C17)

which is valid for any d and for E ≈ E (n)(d ). We will use
Eq. (C17) first to estimate ν(E , r) at E ≈ E (0)(r). Using
Eqs. (C8) and (C17), we can write the real part of gE in the
form

Re[gE (d, s)] = π

2N (E , d, s)

∑
n

δ(E − E (n)(d )). (C18)

Here, all spectral branches have been taken into account, and
for convenience we use d and s as the arguments of gE instead
of r and n (due to the rotational symmetry of the system, the
value of gE is defined by two coordinates). Using Eqs. (8) and
(32), we can write the density of states in the form

ν(E , r) = ν0

∫ π

−π

Re[gE (d (r, ϕ), s(r, ϕ))]
dϕ

2π

= ν0

∫ π/2

−π/2
Re[gE (d (r, ϕ), s(r, ϕ))]

dϕ

π
. (C19)

Here, we used that gE (d, s) = gE (d,−s)—see Eq. (13).
Let us take E ≈ E (0)(r) < mind E (1)(d ), so that in the sum

in Eq. (C18) only the term with n = 0 is relevant. One can see
then that for E > E (0)(r) the density of states vanishes. For
E < E (0)(r) the integrand in Eq. (C19) does not vanish only
for ϕ ≈ π/2, so that we can put s(ϕ) = 0 and ψd ≈ ψr :

ν(E , r) = ν0

2N (E (0)(r), r, 0)

∫ π/2

0
δ(E − E (0)(r sin ϕ))dϕ.

(C20)
In the vicinity of ϕ = π/2

E (0)(r sin ϕ) ≈ E (0)(r) − r

2

dE (0)

dd
(r)

(
π

2
− ϕ

)2

. (C21)

Now we can integrate over ϕ in Eq. (C20):

ν(E , r) = ν0N−1(E (0)(r), r, 0)

2
√

E (0)(r) − E

(
2r

dE (0)

dd
(r)

)−1/2

. (C22)

One can see that the density of states has an inverse square
root singularity.

Now we will calculate the Green functions for E →
E (0)(r) + 0. Then, the imaginary term iε+ in Eqs. (C8) and
(C9) can be discarded, and the main contribution to the
integral in Eq. (30) comes from ϕ ≈ π/2. We may use
Eqs. (C8) and (C17) and put s(ϕ) = 0. After integrating
[E − E (0)(d (ϕ))]−1 over ϕ with the help of Eq. (C21) we
obtain

G(0)
ER(r, r) ≈ − πν0

2N (E (0)(r), r, 0)

×
[

2r
dE (0)

dd
(r)(E − E (0)(r))

]−1/2

. (C23)

Hence, G(0)
ER(r, r) → −∞ when E → E (0)(r) + 0. After do-

ing similar transformations in Eq. (31), using Eq. (C9)
we find that F †(0)

E (r, r) ≈ G(0)
ER(r, r). Taking the difference

of Eqs. (30) and (31) one can also prove that the differ-
ence F †(0)

E (r, r) − G(0)
ER(r, r) is finite at E = E (0)(r) + 0. This

means that for all ri < rc we have

lim
E→E (0) (ri )

D↑−(E ) = −∞, (C24)

lim
E→E (0) (ri )

D↑+(E ) = lim
E→E (0) (ri )

[
G(0)

ER(ri, ri ) − F †(0)
E (ri, ri )

]
− m

4h̄2 (cot α↑ − cot α↓). (C25)

Similar calculations can be done for the range of parame-
ters r < d (1)

min and E → E (1)(r) − 0. We find then G(0)
ER(r, r) ≈

−F †(0)
E (r, r) ∝ [E (1)(r) − E ]−1/2. For a coreless vortex this

means that if ri is in the range 1/4 < ri < d (1)
min (region B in

Fig. 4), then D↑+(Emax(ri )) = +∞, and

lim
E→Emax(ri )

D↑−(E ) = lim
E→Emax(ri )

[
G(0)

ER(ri, ri ) + F †(0)
E (ri, ri )

]
− m

4h̄2 (cot α↑ − cot α↓). (C26)

It follows from the considerations above that the case (ii) from
Sec. IV A is impossible for 1/4 < ri < d (1)

min for a coreless
vortex (or for ri < d (1)

min for a vortex with core).
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Finally, consider the range of parameters d (1)
min < r < rc

and E ≈ E (1)
min. Here, the main contribution to the integrals

in Eqs. (30) and (31) comes from ϕ ≈ ϕ0 = arcsin(d (1)
min/r).

For such ϕ Eq. (C17) yields

ψ̃ (s) + ψ̃ (−s)

2
≈ 2

[
E − E (1)

min − 1

2

(
d − d (1)

min

)2 d2E (1)

dd2

(
d (1)

min

)]
N
(
E (1)

min, d (1)
min, s(ϕ0)

)
. (C27)

Now we can calculate G(0)
ER(r, r) using Eq. (30). We take into account that s(ϕ0) = −

√
r2 − d (1)2

min and d (ϕ) − d (1)
min ≈√

r2 − d (1)2
min (ϕ − ϕ0). Then, we obtain the following integral over ϕ:

∫ +∞

−∞

dϕ

E − E (1)
min − 1

2
d2E (1)

dd2

(
d (1)

min

)(
r2 − d (1)2

min

)
(ϕ − ϕ0)2

= −π

√
2(

E (1)
min − E

)
d2E (1)

dd2

(
d (1)

min

)(
r2 − d (1)2

min

) , (C28)

and the Green function takes the form

G(0)
ER(r, r) ≈

πν0N−1
(
E (1)

min, d (1)
min,

√
r2 − d (1)2

min

)
√

2
(
E (1)

min − E
)

d2E (1)

dd2

(
d (1)

min

)(
r2 − d (1)2

min

) . (C29)

Thus, G(0)
ER(r, r) → +∞ when E → E (1)

min − 0. Similarly, from Eq. (31) we may obtain

F †(0)
E (r, r) ≈ − cos

⎛
⎝ψd (1)

min

(√
r2 − d (1)2

min

)− ψd (1)
min

(−
√

r2 − d (1)2
min

)
2

⎞
⎠G(0)

ER(r, r). (C30)

The absolute value of the cosine in the right-hand side here is
unity with zero probability, which means that almost certainly

lim
E→E (1)

min−0

[
G(0)

ER(r, r) − ∣∣F †(0)
E (r, r)

∣∣] = +∞. (C31)

As a result, for d (1)
min < ri < rc both D↑+(E ) and D↑−(E ) tend

to +∞ when E tends to Emax(ri). Hence, the cases (i) and
(ii) from Sec. IV A are not possible for such positions of the
impurity, and there is at least one impurity-induced state.

APPENDIX D: QUALITATIVE ANALYSIS OF THE SUBGAP
SPECTRAL BRANCHES

In this Appendix the qualitative structure of the upper
spectral branches is derived. We start with the case of a core-
less vortex. For |�| = 1 and E = 1 the analytical solution of
Eq. (B2) is known. Consider a classical trajectory, such that
θ (−∞) = 0. In our coordinate frame this trajectory is directed
towards the x axis. The order parameter on this trajectory
equals

�(s) = − s + id√
s2 + d2

. (D1)

For such order parameter profile two particular solutions to
Eq. (B2) for E = 1 and d �= 1/4 are [18]

a±
d = ±√

1 − 4d − 2i
√

s2 + d2

2s − i(2d − 1)
. (D2)

Based on these two solutions we can construct the general
solution of the Riccati equation:

ln

(
ad − a+

d

ad − a−
d

)
=
∫

e−iθ (s)[a−
d (s) − a+

d (s)]ds,

or

ad − a+
d

ad − a−
d

= CG(s), (D3)

where C is an arbitrary constant, and

G(s) = (1 − 2d )
√

s2 + d2 − s
√

1 − 4d

2
√

s2 + d2 − i
√

1 − 4d
|d|−1

×
(

s + √
s2 + d2

|d|
)√

1−4d

. (D4)

In the following we will use the functions ād and ăd , which
satisfy Eq. (B2) with E = 1 and the initial conditions

ād (0) = 1, (D5)

ăd (0) = −1. (D6)

These functions are given by

ād (s) = a+
d (s) − G(s)a−

d (s)

1 − G(s)
, (D7)

ăd (s) = a+
d (s) + G(s)a−

d (s)

1 + G(s)
. (D8)

Let us define the functions ψ̄d (E , s) and ψ̆d (E , s) as the solu-
tions of Eq. (16) with the initial conditions

ψ̄d (E , 0) = 0, ψ̆d (E , 0) = π. (D9)

For d > 0 and E = 1 they can be expressed in terms of ād and
ăd using Eq. (B6):

ψ̄c
d (1, s) = −i ln ād (s) + arctan

s

d
, (D10)

ψ̆c
d (1, s) = −i ln ăd (s) + arctan

s

d
. (D11)
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The upper index “c” here means that these functions cor-
respond to the coreless vortex. Consider d in the range
0 < d < 1/4. One can see that

lim
s→−∞ ăd (s) = i, (D12)

and hence

lim
s→−∞ ψ̆c

d (1, s) = 2πk,

where k is an integer that we will determine now. First, note
that k � 0, since for E = 1 the right-hand side of Eq. (16)
is non-negative, so that ψ̆c

d (1, 0) > ψ̆c
d (1,−∞). Let us

introduce one more function,

ψ−
d (s) = −i ln a−

d (s) + arctan
s

d

= arctan
2
√

s2 + d2

√
1 − 4d

+ arctan
1 − 2d

−2s
+ arctan

s

d
.

(D13)

It satisfies Eq. (16) with the initial condition

ψ−
d (0) = π

2
+ arctan

2d√
1 − 4d

. (D14)

It follows from Eq. (D13) that ψ−
d (−∞) = 0. Since

ψ̆c
d (1, 0) > ψ−

d (0), for all s < 0 we have ψ̆c
d (1, s) � ψ−

d (s),
and thus ψ̆c

d (1,−∞) = 0. Due to the monotonicity of the
right-hand side of Eq. (16) in energy, for E < 1 we find that
ψ̆c

d (E , s) > ψ̆c
d (1, s) for s < 0 and hence ψ̆c

d (E ,−∞) � 0
for E < 1. This means that a function ψd (s) that satisfies
Eqs. (16), (17), and (20) with n = 1 does not exist for E < 1,
and hence there is no spectral branch with n = 1. Certainly,
branches with n > 1 are absent as well.

Now consider d > 1/4. One can check then that a−
d =

1/a+∗
d and |a+

d | = |G|. Then

ād (s) = a+
d

1 − G/|G|2
1 − G

. (D15)

For −s � d

G(s) ≈ 1 − 2d + i
√

4d − 1

2d
e−i

√
4d−1 ln ( −2s

d ). (D16)

When arg(G) = 0 we have ād ≈ −a+
d ≈ −i. On the other

hand, when arg(G) = π one obtains ād ≈ a+
d ≈ i. Since with

decreasing s the function G(s) goes around the origin in the
complex plane an infinite number of times [see Eq. (D16)], the
function ād (s) has no limit when s → −∞. Then the function
ψ̄c

d (1, s) has no finite limit when s → −∞. Moreover, it is
monotonous in s, so that

lim
s→−∞ ψ̄c

d (1, s) = −∞ (d > 1/4). (D17)

Now we note that the function ψ̄c
d (E , s) is uniformly continu-

ous in E on any finite interval of the variable s. It follows from
this that ψ̄c

d (E , s) reaches arbitrarily large negative values at
s < 0, if the energy is sufficiently close to 1. Then we may
obtain ψ̄c

d (E ,−∞) = −2πk ± arccos E with arbitrary large
k, for energies close to 1. Since for every solution ψd (s) of
Eq. (16) ψd (s) + 2πk is also a solution, for d > 1/4 we can
find a solution of Eqs. (16), (17), and (20) with arbitrary

large n. This means that the energy interval E ∈ (1 − δE , 1)
(δE > 0) for d > 1/4 contains an infinite amount of spectral
branches E (n)(d ).

Finally, let us consider d < 0. We can see that dψd/ds < 0
for ψd ∈ (− arccos(E ), 0). As a consequence, we inevitably
have ψd (0) < 0 for E < 1, if ψd (s) satisfies the boundary
condition (17). Hence, the spectral branch with n = 1 is ab-
sent, as well as all other higher branches.

Now we will generalize the above consideration for a vor-
tex with core. Let us assume that the order parameter at r →
∞ has the asymptotic behavior given by Eq. (25). We will
analyze the behavior of the function ψ̄d (1, s) when s → −∞.
We introduce the variable s̃ via

s̃ =
∫ s

0
|�(

√
s′2 + d2)|ds′. (D18)

By dividing Eq. (16) by |�(
√

s2 + d2)|, we obtain

∂ψ̄d (1, s)

∂ s̃
= 2 − 2 cos ψ̄d + f (s̃), (D19)

where

f (s̃) = 2 + d
d2+s2

|�(
√

s2 + d2)| − 2. (D20)

In the limit s → −∞
f (s̃) = d + 2h

s̃2
+ o(s̃−2). (D21)

Let us take d + 2h > 1/4. We choose a number d ′, such
that 1/4 < d ′ < d + 2h. Then, a number s0 exists, such that
for s < s0

d ′

d ′2 + s̃(s)2
< f (s̃(s)). (D22)

We can compare the function ψ̄d (1, s) with the function
ψ̄c

d ′ (1, s̃) [defined above by Eq. (D10)], which satisfies the
equation

∂ψ̄c
d ′ (1, s̃)

∂ s̃
= 2 − 2 cos ψ̄c

d ′ + d ′

d ′2 + s̃2
. (D23)

Note that the functions ψ̄c
d ′ (1, s̃) + 2πn with any integer

n satisfy this equation. For some value of n the inequal-
ity ψ̄d (1, s0) < ψ̄c

d ′ (1, s̃(s0)) + 2πn holds, where s̃(s0) is
defined by Eq. (D18). By comparing the right-hand sides of
Eqs. (D19) and (D23), taking into account Eq. (D22) we
find that ψ̄d (1, s) < ψ̄c

d ′ (1, s̃(s)) + 2πn for s < s0. Due to
Eq. (D17) we have

lim
s→−∞ ψ̄d (1, s) = −∞ (d + 2h > 1/4). (D24)

This means that for d + 2h > 1/4 there is an infinite amount
of spectral branches with positive energies.

In the case d + 2h < 1/4 we take the number d ′ in the
interval d + 2h < d ′ < 1/4. Then, by comparing the func-
tions ψ̄c

d ′ (1, s̃) + 2πn with a sufficiently large negative n and
ψ̄d (1, s) we find that

lim
s→−∞ ψ̄d (1, s) > lim

s→−∞ ψ̄c
d ′ (1, s̃(s)) + 2πn > −∞. (D25)

This means that the number of spectral branches with positive
energies is finite.
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FIG. 8. The order parameter profile obtained from the Ginzburg-
Landau equation [Eq. (D26)].

The coefficient h in Eq. (25) at temperatures T close to the
critical temperature Tc can be determined from the Ginzburg-
Landau equation:

−q∇2� − � + |�|2� = 0. (D26)

We wrote it in the dimensionless form, where the energy is
measured in units [1]

�∞ =
√

8π2

7ζ (3)
Tc(Tc − T ). (D27)

The coefficient q in Eq. (D26) in 3D equals q3D = 1/6 [1]. For
superconductors with a cylindrical Fermi surface (2D case)
one can show that the coefficient q equals q2D = 3q3D/2 =
1/4 [53]. A simple explanation of this is that q is proportional
to 〈n2

x〉FS, where nx is the x projection of a unit normal vector
to the Fermi surface, and 〈...〉FS means averaging over the
Fermi surface. For a spherical Fermi surface 〈n2

x〉FS 3D = 1/3,
while for a cylindrical Fermi surface 〈n2

x〉FS 2D = 1/2, so that
q3D/q2D = 2/3.

After substituting the order parameter given by Eq. (3)
into Eq. (D26) one obtains an equation for |�(r)|. The order
parameter profile obtained from this equation is shown in
Fig. 8. The asymptotic expansion of |�(r)| at r → ∞ is

|�(r)| = 1 − q

2r2
+ o(r−2). (D28)

If one compares this with Eq. (25), one can see that in the
2D case h = 1/8, and hence an infinite number of spectral
branches appear at d > 0.

APPENDIX E: GREEN FUNCTIONS IN THE PRESENCE
OF A POINT IMPURITY IN 2D

In this Appendix we will derive and analyze the Green
function of a 2D superconducting system with a point impu-
rity. Let us first consider a 2D vacuum with a point impurity
located at the origin. For a plane wave with a wave function
eikx incident on the impurity the whole wave function with the

scattered wave is

ψ = eikx + CH(1)
0 (kr), (E1)

where C is some scattering amplitude. Let us take a superpo-
sition of such wave functions with plane waves propagating in
all directions with equal amplitudes:

ψS =
∫

|n|=1

[
eiknr + CH(1)

0 (kr)
]dn

2π

=
(

C + 1

2

)
H(1)

0 (kr) + 1

2
H(1)∗

0 (kr). (E2)

Since the probability current through a circle surrounding
the origin should vanish, the amplitudes of spherical waves
propagating to the origin and from the origin should have
equal absolute values, so that∣∣∣∣C + 1

2

∣∣∣∣ = 1

2
. (E3)

Hence

C = i sin αeiα, (E4)

where α ∈ [−π/2, π/2] is the scattering phase. Equation (E4)
is a corollary of the so-called optical theorem.

In the case when the incident wave ψext (r) is an arbitrary
superposition of plane waves, the scattering amplitude de-
pends only on its value at the point where the impurity is
located:

ψ (r) = ψext (r) + ψext (0)ieiα sin αH(1)
0 (kr). (E5)

The last relation can be written in the form

ψ (r) = ψR(r) + 2

π
ln

(
2

kreγ

)
ψR(0) tan α, (E6)

where

ψR(r) = ψext (r) + ψext (0)ieiα sin α

×
[

H(1)
0 (kr) + 2i

π
ln

(
2

kreγ

)]
. (E7)

Note that ψR(r) is regular at r = 0.
Relations similar to Eqs. (E5) and (E6) are valid also for

Green functions that satisfy Eq. (1), because in the vicinity
of the impurity (for |r − ri| � ξ ) one may neglect the or-
der parameter, so that the Gor’kov equation reduces to two
Schrödinger equations. Then we can look for solutions of
Eq. (1) with spin indices ↑↑ in the form [45]

GE↑↑(r, r′) = G(0)
E (r, r′) + G(0)

E (r, ri )A1↑ + F †(0)∗
−E (r, ri )A2↑,

(E8)

F †
E↑↑(r, r′) = F †(0)

E (r, r′) + F †(0)
E (r, ri )A1↑ − G(0)∗

−E (r, ri )A2↑.

(E9)

These functions satisfy the Gor’kov equation for all r and r′
that are outside the range of the impurity potentials V (r − ri )
and J(r − ri ). Using Eq. (6) we obtain equations for A1↑ and
A2↑ based on the fact that near the impurity the regular parts
of the Green’s functions and their logarithmic singularities
should be related to each other in accordance with Eq. (E6):
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mA1↑
π h̄2 = [

G(0)
E (ri, r′) + G(0)

ER(ri, ri )A1↑ + F †(0)∗
−E (ri, ri )A2↑

] 2

π
tan α↑, (E10)

−mA2↑
π h̄2 = [

F †(0)
E (ri, r′) + F †(0)

E (ri, ri )A1↑ − G(0)∗
−ER(ri, ri )A2↑

] 2

π
tan α↓. (E11)

We have taken into account here that in the case of a magnetic impurity electrons and holes feel different scattering potentials,
and as a result there are two scattering phases—α↑ and α↓. The solution of the linear Eqs. (E10) and (E11) is straightforward,
and after substituting these solutions into Eq. (E8) we obtain

GE↑↑(r, r′) = G(0)
E (r, r′) + G(1)

E↑↑(r, r′), (E12)

where

G(1)
E↑↑(r, r′) = D↑(E + iε+)−1

(
G(0)

E (r, ri )

{
G(0)

E (ri, r′)
[

m

2h̄2 cot α↓ − G(0)∗
−ER(ri, ri )

]
− F †(0)∗

−E (ri, ri )F
†(0)

E (ri, r′)
}

−F †(0)∗
−E (r, ri )

{
F †(0)

E (ri, r′)
[

m

2h̄2 cot α↑ − G(0)
ER(ri, ri )

]
+ F †(0)

E (ri, ri )G
(0)
E (ri, r′)

})
, (E13)

D↑(E ) =
[m cot α↑

2h̄2 − G(0)
ER(ri, ri )

][m cot α↓
2h̄2 − G(0)∗

−ER(ri, ri )
]

+ F †(0)
E (ri, ri )F

†(0)∗
−E (ri, ri ). (E14)

The Green functions G(0)
ER(r, r), G(0)

E (r, r′), and F †(0)
E (r, r′)

can be calculated using Eqs. (8), (9), (A29), and (A30).
To obtain GE↓↓(r, r′), one should simply swap ↑ and ↓ in
Eqs. (E12)–(E14).

Of particular interest are impurity-induced poles of the
Green function, which correspond to discrete impurity states.
It can be seen from Eq. (E13) that the energies of such states
with spin up satisfy the equation D↑(E ) = 0. The function
D↑(E ) is generally complex, unless the density of states with-
out impurity ν(E , ri ) vanishes. Then, D↑(E ) becomes real.
Indeed, if ν(E , r′) = 0 for r′ lying in some area, then the
imaginary term iε+ in Eqs. (A10) and (A11) can be discarded,
and we obtain

G(0)
E (r′, r) = G(0)∗

E (r, r′), (E15)

F †(0)
E (r, r′) = F †(0)

−E (r′, r). (E16)

Using Eq. (A14), which is valid within the quasiclassical
approximation, and Eqs. (E14) and (E16), taking into account
that G(0)

ER(ri, ri ) is real when ν(E , ri ) = 0, we may obtain
Eq. (38), from which it is obvious that D↑(E ) is real. Thus,
discrete impurity levels should be sought inside the local
spectral gap at position ri.

Considering energies, for which simultaneously ν(E , ri ) =
0 and D↑(E ) �= 0, we may find that the impurity-induced
correction to the Green function with coinciding coordinates,
G(1)

E↑↑(r, r), is real, which can be proven using Eqs. (E15)
and (E16). For our system with a vortex this means that in
the energy range E ∈ (E (0)(ri), Emax(ri)) the impurity only
induces several discrete states [corresponding to D↑(E ) = 0]
and does not affect the continuous spectrum. On the other
hand, for E /∈ (E (0)(ri ), Emax(ri )) the function D↑(E ) is com-
plex, and so is G(1)

E↑↑(r, r), which means a modification of the
continuous spectrum in this energy range. In particular, this
results in the local spectral gap for all positions r lying inside
the interval (E (0)(ri ), Emax(ri )).

APPENDIX F: WAVE FUNCTIONS OF IMPURITY STATES

In this Appendix we will determine the wave functions of
the impurity states and derive a formula suitable for numer-
ical calculations of these wave functions. To complete our
task, we will calculate the Green functions GE↑↑(r, r′) and
F †

E↑↑(r, r′) near their poles, corresponding to impurity states.
Let E = E↑i be the energy of a pole of the Green functions, so
that D↑(E↑i ) = 0. Then, using Eqs. (E15) and (E16), for the
function GE↑↑(r, r′) [Eqs. (E12)–(E14)] at E ≈ E↑i we obtain

GE↑↑(r, r′) ≈ u↑i(r)u∗
↑i(r

′)

E↑i − E − iε+ , (F1)

where

u↑i(r) = A↑iG
(0)
E↑i

(r, ri ) − B↑iF
†(0)∗
−E↑i

(r, ri ), (F2)

A↑i =
√

−
[
G(0)

E↑iR
(ri, ri ) + m

2h̄2 cot α↓
][dD↑

dE
(Ei↑)

]−1

,

(F3)

B↑i = −F †(0)
E↑i

(ri, ri )sgn

(
dD↑
dE

(Ei↑)

)

×
{
−
[
G(0)

E↑iR
(ri, ri ) + m

2h̄2 cot α↓
]dD↑

dE
(Ei↑)

}−1/2

.

(F4)

Since an expansion of the form (A10) is also valid for
GE↑↑(r, r′), we conclude that u↑i(r) is the electron component
of the wave function of an impurity state. The hole component
can be obtained from an expansion of the form (F1) for the
function F †

E↑↑(r, r′):

v↑i(r) = A↑iF
†(0)

E↑i
(r, ri ) + B↑iG

(0)∗
−E↑i

(r, ri ). (F5)

The functions G(0)
E (r, ri ) and F †(0)

E (r, ri ) can be calculated us-
ing Eqs. (A29) and (A30). Taking into account the symmetry
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relations

g̃−E (r′,−n,−s) = −g̃E (r′, n, s), (F6)

f̃ †
−E (r′,−n,−s) = f̃ †

E (r′, n, s), (F7)

which follow from Eqs. (A27) and (A28), we obtain

u↑i(r) = mi

h̄2

√
1

2πkF |r − ri|
{[

A↑ig̃E↑i (ri, n, |r − ri|) + B↑i f̃ †∗
E↑i

(ri, n, |r − ri|)
]
eikF |r−ri|−i π

4

+[A↑ig̃E↑i (ri,−n,−|r − ri|) + B↑i f̃ †∗
E↑i

(ri,−n,−|r − ri|)
]
e−ikF |r−ri|+i π

4
}
, (F8)

v↑i(r) = mi

h̄2

√
1

2πkF |r − ri|
{[

A↑i f̃ †
E↑i

(ri, n, |r − ri|) + B↑ig̃
∗
E↑i

(ri, n, |r − ri|)
]
eikF |r−ri|−i π

4

+[A↑i f̃ †
E↑i

(ri,−n,−|r − ri|) + B↑ig̃
∗
E↑i

(ri,−n,−|r − ri|)
]
e−ikF |r−ri|+i π

4
}
, (F9)

where n = (r − ri )/|(r − ri )|. One can see that the functions u↑i(r) and v↑i(r) oscillate in space with a period of the order of
k−1

F . After averaging their squared absolute values over an oscillation period we have

〈|u↑i(r)|2〉 = m2

2π h̄4kF |r − ri|
[∣∣A↑ig̃E↑i (ri, n, |r − ri|) + B↑i f̃ †∗

E↑i
(ri, n, |r − ri|)

∣∣2
+ ∣∣A↑ig̃E↑i (ri,−n,−|r − ri|) + B↑i f̃ †∗

E↑i
(ri,−n,−|r − ri|)

∣∣2], (F10)

〈|v↑i(r)|2〉 = m2

2π h̄4kF |r − ri|
[∣∣A↑i f̃ †

E↑i
(ri, n, |r − ri|) + B↑ig̃

∗
E↑i

(ri, n, |r − ri|)
∣∣2

+∣∣A↑i f̃ †
E↑i

(ri,−n,−|r − ri|) + B↑ig̃
∗
E↑i

(ri,−n,−|r − ri|)
∣∣2]. (F11)

It follows from Eqs. (A27) and (A28) that

∂

∂s
[|g̃E (r′, n, s)|2 − | f̃ †

E (r′, n, s)|2] = 0 (F12)

for s �= 0. Due to the vanishing of g̃ and f̃ † at s → ±∞, we
have

|g̃E (r′, n, s)| = | f̃ †
E (r′, n, s)|. (F13)

Equations (F10) and (F11) together with Eq. (F13) yield
Eq. (43).

The remainder of this Appendix is purely technical and is
devoted to numerical calculations of 〈|u↑i(r)|2〉. For a start,
let us write the main relations in dimensionless form. Like in
Sec. III, we use �∞ as energy units and h̄vF /�∞ as units of
length. The functions GE and F †

E will be written in units of
πν0, and 〈|u↑i(r)|2〉—in units of �2

∞/(π h̄2v2
F ). In the equa-

tions for g̃E (ri, n, s) and f̃ †
E (ri, n, s) let us shift the origin, so

that s = 0 corresponds to the point on the trajectory that is
closes to the vortex center (like in Sec. III). Then we have the
following set of equations:

〈|u↑i(r)|2〉 = 1

|r − ri|
[∣∣A↑ig̃E↑i (ri, n, si(n) + |r − ri|) + B↑i f̃ †∗

E↑i
(ri, n, si(n) + |r − ri|)

∣∣2
+∣∣A↑ig̃E↑i (ri,−n, si(−n) − |r − ri|) + B↑i f̃ †∗

E↑i
(ri,−n, si(−n) − |r − ri|)

∣∣2], (F14)

−i
∂ g̃E

∂s
− Eg̃E + �(ri + (s − si )n) f̃ †

E = −iδ(s − si ),

(F15)

i
∂ f̃ †

E

∂s
− E f̃ †

E + �∗(r′ + (s − si)n)g̃E = 0, (F16)

where si(n) is the coordinate of the impurity on the trajectory,
and the coefficients A↑i and B↑i are in the dimensionless form.

It follows from Eqs. (F15) and (F16) that for s �= si the
ratio ig̃E/ f̃ †

E satisfies Eq. (B2), and the ratio i f̃ †
E/g̃E satisfies

Eq. (B3). Moreover, from Eqs. (A21) and (A23) we obtain

i
f̃ †
E (ri, n, si )

g̃E (ri, n, si + 0)
= i

f †
E (ri, n)

gE (ri, n) + 1
= b(si ). (F17)

Similarly, one finds that

i
g̃E (ri, n, si − 0)

f̃ †
E (ri, n, si )

= a(si). (F18)
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Then, by virtue of the uniqueness theorem for the solution of
the Cauchy problem for ordinary differential equations,

i
g̃E (ri, n, s)

f̃ †
E (ri, n, s)

= a(s) for s < si, (F19)

i
f̃ †
E (ri, n, s)

g̃E (ri, n, s)
= b(s) for s > si. (F20)

It turns out that to calculate the density of states, it is enough
to calculate only the function g̃E . Indeed, from Eqs. (F15) and
(F16) with Eq. (F13) we obtain

∂

∂s

(
g̃E

f̃ †∗
E

)
= δ(s)

f̃ †∗
E

. (F21)

Hence,

f̃ †∗
E (ri, n, s)

g̃E (ri, n, s)
= f̃ †∗

E (ri, n, si )

g̃E (ri, n, si + 0)
= f †∗

E (ri, n)

1 + gE (ri, n)
(F22)

for s > si, and

f̃ †∗
E (ri, n, s)

g̃E (ri, n, s)
= f̃ †∗

E (ri, n, si )

g̃E (ri, n, si − 0)
= f †∗

E (ri, n)

−1 + gE (ri, n)
(F23)

for s < si. By substituting f̃ †∗
E (ri, n, s) from Eqs. (F22) and

(F23) into Eq. (F14) we have

〈|u↑i(r)|2〉 = 1

|r − ri|

⎡
⎣
∣∣∣∣∣A↑i + B↑i

f †∗
E↑i

(ri, n)

1 + gE↑i (ri, n)

∣∣∣∣∣
2∣∣g̃E↑i (ri, n, si(n) + |r − ri|)

∣∣2

+
∣∣∣∣∣A↑i + B↑i

f †∗
E↑i

(ri,−n)

−1 + gE↑i (ri,−n)

∣∣∣∣∣
2∣∣g̃E↑i (ri,−n, si(−n) − |r − ri|)

∣∣2
⎤
⎦. (F24)

Let us focus on calculating the function g̃E . We put the
impurity in a position with coordinates ri = (ri, 0). Then, the
coordinate of the impurity on a trajectory with direction vector
n and the impact parameter of this trajectory are (see Fig. 1)

si(ϕ) ≡ si(n) = −ri cos ϕ, d (ϕ) ≡ d (n) = ri sin ϕ.

(F25)
For brevity, we will perform further calculations for a coreless
vortex: |�(r)| = const. All the following considerations are
easily generalized to the case of a vortex with core.

Using Eqs. (B6) and (F19), for s < si we may rewrite
Eq. (F15) in the form

−i
∂ g̃E

∂s
− Eg̃E + e−iψd (s)g̃E = 0. (F26)

For |g̃E |2 we obtain

∂|g̃E |2
∂s

+ 2 sin (ψd (s))|g̃E |2 = 0. (F27)

The solution of this equation has the form

|g̃E (s)|2 = |g̃E (si − 0)|2 exp

(
−2
∫ s

si

sin ψd (s′)ds′
)

= exp
(−2

∫ s
si

sin ψd (s′)ds′)
4 sin2

(
ψd (si )+ψd (−si )

2

) for s < si. (F28)

For s > si using Eqs. (B8) and (F20) we rewrite Eq. (F15) in
the form

−i
∂ g̃E

∂s
− Eg̃E + eiψd (−s)g̃E = 0. (F29)

From this we find

|g̃E (s)|2 = exp
(
2
∫ s

si
sin ψd (−s′)ds′)

4 sin2
(

ψd (si )+ψd (−si )
2

) for s > si. (F30)

Now, in Eq. (F24) we can express all Green functions in terms
of ψd (s):

〈|u↑i(r)|2〉 = 1

|r − ri|

[
|A↑i − B↑ieiψd (si )|2

4 sin2
(

ψd (si )+ψd (−si )
2

) exp

(
2
∫ si+|r−ri|

si

sin ψd (−s′)ds′
)

+ |A↑i − B↑ie−iψ−d (si )|2
4 sin2

(
ψ−d (si )+ψ−d (−si )

2

) exp

(
−2
∫ −si−|r−ri|

−si

sin ψ−d (s′)ds′
)]

. (F31)

We imply here d = d (n), si = si(n), and we took into account that d (−n) = −d (n), si(−n) = −si(n). Finally, substituting here
explicit expressions for A↑i and B↑i [Eqs. (F3) and (F4)], taking into account that F †(0)

E (ri, ri ) is real in our case, we obtain

〈|u↑i(r)|2〉 = 1

4|r − ri| dD↑
dE (E↑i )

[
cot α↑ − cot α↓ − 2G(0)

E↑iR
(ri, ri ) + 2F †(0)

E↑i
(ri, ri ) cos ψd (si)

sin2
(

ψd (si )+ψd (−si )
2

) exp

(
2
∫ −si

−si−|r−ri|
sin ψd (s′)ds′

)

+
cot α↑ − cot α↓ − 2G(0)

E↑iR
(ri, ri ) + 2F †(0)

E↑i
(ri, ri ) cos ψ−d (si )

sin2
(

ψ−d (si )+ψ−d (−si )
2

) exp

(
2
∫ −si

−si−|r−ri|
sin ψ−d (s′)ds′

)]
. (F32)

This equation has been used for numerical calculations of the wave function of the impurity state.
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[28] P. Miranović, M. Ichioka, and K. Machida, Effects of nonmag-
netic scatterers on the local density of states around a vortex in
s-wave superconductors, Phys. Rev. B 70, 104510 (2004).

[29] Ø. Fischer, M. Kugler, I. Maggio-Aprile, C. Berthod,
and C. Renner, Scanning tunneling spectroscopy of high-
temperature superconductors, Rev. Mod. Phys. 79, 353
(2007).

[30] H. F. Hess, R. B. Robinson, R. C. Dynes, J. M. Valles, and
J. V. Waszczak, Scanning-Tunneling-Microscope Observation
of the Abrikosov Flux Lattice and the Density of States Near
and Inside a Fluxoid, Phys. Rev. Lett. 62, 214 (1989).

[31] H. F. Hess, R. B. Robinson, and J. V. Waszczak, Vortex-Core
Structure Observed with a Scanning Tunneling Microscope,
Phys. Rev. Lett. 64, 2711 (1990).

[32] M. Chen, X. Chen, H. Yang, Z. Du, X. Zhu, E. Wang, and
H.-H. Wen, Discrete energy levels of Caroli-de Gennes-
Matricon states in quantum limit in FeTe0.55Se0.45, Nat.
Commun. 9, 970 (2018).

[33] C. Chen, Q. Liu, W.-C. Bao, Y. Yan, Q.-H. Wang, T. Zhang,
and D. Feng, Observation of Discrete Conventional Caroli–de
Gennes–Matricon States in the Vortex Core of Single-Layer
FeSe/SrTiO3, Phys. Rev. Lett. 124, 097001 (2020).

[34] D. Wang, L. Kong, P. Fan, H. Chen, S. Zhu, W. Liu, L. Cao, Y.
Sun, S. Du, J. Schneeloch, R. Zhong, G. Gu, L. Fu, H. Ding, and
H.-J. Gao, Evidence for Majorana bound states in an iron-based
superconductor, Science 362, 333 (2018).

[35] Q. Liu, C. Chen, T. Zhang, R. Peng, Y.-J. Yan, C.-H.-P. Wen,
X. Lou, Y.-L. Huang, J.-P. Tian, X.-L. Dong, G.-W. Wang,
W.-C. Bao, Q.-H. Wang, Z.-P. Yin, Z.-X. Zhao, and D.-L. Feng,
Robust and Clean Majorana Zero Mode in the Vortex Core
of High-Temperature Superconductor (Li0.84Fe0.16) OHFeSe,
Phys. Rev. X 8, 041056 (2018).

[36] T. Machida, Y. Sun, S. Pyon, S. Takeda, Y. Kohsaka, T.
Hanaguri, T. Sasagawa, and T. Tamegai, Zero-energy vortex
bound state in the superconducting topological surface state of
Fe(Se,Te), Nat. Mater. 18, 811 (2019).

[37] Y. Yuan, J. Pan, X. Wang, Y. Fang, C. Song, L. Wang, K. He,
X. Ma, H. Zhang, F. Huang, W. Li, and Q.-K. Xue, Evidence of
anisotropic Majorana bound states in 2M-WS2, Nat. Phys. 15,
1046 (2019).

[38] L. Kong, S. Zhu, M. Papaj, H. Chen, L. Cao, H. Isobe, Y. Xing,
W. Liu, D. Wang, P. Fan, Y. Sun, S. Du, J. Schneeloch, R.
Zhong, G. Gu, L. Fu, H.-J. Gao, and H. Ding, Half-integer level

024510-21

https://doi.org/10.1103/PhysRevB.57.5457
https://doi.org/10.1016/S0022-3697(01)00118-4
https://doi.org/10.1016/0031-9163(64)90375-0
https://doi.org/10.1007/BF01668869
https://doi.org/10.1103/PhysRevB.59.12021
https://doi.org/10.1103/PhysRevB.60.14597
https://doi.org/10.1134/1.567825
https://doi.org/10.1103/PhysRev.187.556
https://doi.org/10.1103/PhysRevB.71.134513
https://doi.org/10.1103/PhysRevLett.62.3089
https://doi.org/10.1103/PhysRevB.41.822
https://doi.org/10.1103/PhysRevB.43.7609
https://doi.org/10.1103/PhysRevLett.80.2921
https://doi.org/10.1143/PTP.103.867
https://doi.org/10.1103/PhysRevB.62.5936
https://doi.org/10.1007/BF01379803
http://arxiv.org/abs/arXiv:cond-mat/9804064
http://www.jetpletters.ac.ru/ps/1177/article_17769.shtml
https://doi.org/10.1103/PhysRevB.57.11775
https://doi.org/10.1103/PhysRevB.40.6601
https://doi.org/10.1103/PhysRevB.41.4819
https://doi.org/10.1103/PhysRevB.42.9950
https://doi.org/10.1103/PhysRevB.52.490
https://doi.org/10.1103/PhysRevB.54.10094
https://doi.org/10.1103/PhysRevB.56.9052
https://doi.org/10.1103/PhysRevB.60.10447
https://doi.org/10.1103/PhysRevB.70.104510
https://doi.org/10.1103/RevModPhys.79.353
https://doi.org/10.1103/PhysRevLett.62.214
https://doi.org/10.1103/PhysRevLett.64.2711
https://doi.org/10.1038/s41467-018-03404-8
https://doi.org/10.1103/PhysRevLett.124.097001
https://doi.org/10.1126/science.aao1797
https://doi.org/10.1103/PhysRevX.8.041056
https://doi.org/10.1038/s41563-019-0397-1
https://doi.org/10.1038/s41567-019-0576-7


A. A. BESPALOV AND V. D. PLASTOVETS PHYSICAL REVIEW B 103, 024510 (2021)

shift of vortex bound states in an iron-based superconductor,
Nat. Phys. 15, 1181 (2019).

[39] S. Zhu, L. Kong, L. Cao, H. Chen, M. Papaj, S. Du, Y.
Xing, W. Liu, D. Wang, C. Shen, F. Yang, J. Schneeloch,
R. Zhong, G. Gu, L. Fu, Y.-Y. Zhang, H. Ding, and H.-J.
Gao, Nearly quantized conductance plateau of vortex zero
mode in an iron-based superconductor, Science 367, 189
(2020).

[40] W. Liu, L. Cao, S. Zhu, L. Kong, G. Wang, M. Papaj, P. Zhang,
Y.-B. Liu, H. Chen, G. Li, F. Yang, T. Kondo, S. Du, G.-H. Cao,
S. Shin, L. Fu, Z. Yin, H.-J. Gao, and H. Ding, A new Majorana
platform in an Fe-As bilayer superconductor, Nat. Commun. 11,
5688 (2020).

[41] C. Renner, A. D. Kent, P. Niedermann, O. Fischer, and F.
Lévy, Scanning Tunneling Spectroscopy of a Vortex Core
from the Clean to the Dirty Limit, Phys. Rev. Lett. 67, 1650
(1991).

[42] Y. X. Ning, C. L. Song, Y. L. Wang, X. Chen, J. F. Jia, Q.
K. Xue, and X. C. Ma, Vortex properties of two-dimensional
superconducting Pb films, J. Phys.: Condens. Matter 22, 065701
(2010).

[43] D. M. Eigler and E. K. Schweizer, Positioning single atoms
with a scanning tunneling microscope, Nature (London) 344,
524 (1990).

[44] H. Kim, A. Palacio-Morales, T. Posske, L. Rózsa, K. Palotás,
L. Szunyogh, M. Thorwart, and R. Wiesendanger, Toward
tailoring Majorana bound states in artificially constructed mag-

netic atom chains on elemental superconductors, Sci. Adv. 4,
eaar5251 (2018).

[45] A. A. Bespalov, Quasibound states in short SNS junctions with
point defects, Phys. Rev. B 97, 134504 (2018).

[46] G. E. Volovik, Vortex core anomaly from the gapless fermions
in the core, JETP Lett. 58, 455 (1993) [Pis’ma Zh. Eksp. Teor.
Fiz. 58, 444 (1993)].

[47] D. Waxman, The low-energy, local density of states of an iso-
lated vortex in an extreme type ii superconductor, Ann. Phys.
(NY) 223, 129 (1993).

[48] L. Yu, Bound state in superconductors with paramagnetic im-
purities, Acta Phys. Sin. 21, 75 (1965).

[49] H. Shiba, Classical spins in superconductors, Prog. Theor. Phys.
40, 435 (1968).

[50] A. I. Rusinov, On the theory of gapless superconductivity in
alloys containing paramagnetic impurities, Sov. Phys. JETP 29,
1101 (1969) [Zh. Eksp. Teor. Fiz. 56, 2047 (1969)].

[51] P. Anderson, Theory of dirty superconductors, J. Phys. Chem.
Solids 11, 26 (1959).

[52] L. P. Gor’kov and N. B. Kopnin, Some features of viscous flow
of vortices in superconducting alloys near the critical tempera-
ture, Sov. Phys. JETP 37, 183 (1973) [Zh. Eksp. Teor. Fiz 64,
356 (1973)].

[53] L. P. Gorkov and T. K. Melik-Barkhudarov, Microscopic deriva-
tion of the Ginzburg-Landau equations for an anisotropic
superconductor, Sov. Phys. JETP 18, 1031 (1964) [Zh. Eksp.
Teor. Fiz. 45, 1493 (1964)].

024510-22

https://doi.org/10.1038/s41567-019-0630-5
https://doi.org/10.1126/science.aax0274
https://doi.org/10.1038/s41467-020-19487-1
https://doi.org/10.1103/PhysRevLett.67.1650
https://doi.org/10.1088/0953-8984/22/6/065701
https://doi.org/10.1038/344524a0
https://doi.org/10.1126/sciadv.aar5251
https://doi.org/10.1103/PhysRevB.97.134504
http://www.jetpletters.ac.ru/ps/1189/article_17952.shtml
https://doi.org/10.1006/aphy.1993.1028
http://wulixb.iphy.ac.cn/en/article/id/851
https://doi.org/10.1143/PTP.40.435
http://www.jetp.ac.ru/cgi-bin/e/index/e/29/6/p1101?a=list
https://doi.org/10.1016/0022-3697(59)90036-8
http://www.jetp.ac.ru/cgi-bin/e/index/e/37/1/p183?a=list
http://www.jetp.ac.ru/cgi-bin/e/index/e/18/4/p1031?a=list

