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Heat transport in insulator /ferromagnetic-insulator/insulator heterogeneous
nanostructures at low temperatures
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A kinetic approach to the heat transport by phonons and magnons through a ferromagnetic insulator (FI)
layer located between two massive insulators (/; and 1) is analytically considered. The effective transverse heat
conductivity of such a layered system with an arbitrary thickness of the FI layer is calculated, and the thickness
at which the size effect is manifested in the thermal conductivity is found.
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I. INTRODUCTION

Magnon propagation in magnetically ordered dielectric
crystals can transfer heat in the same way as lattice excitations
or phonons [1-4]. Heat transfer in multilayer heterostructures
containing a layer of a ferromagnetic dielectric is of interest
for both basic and applied research. The scientific aspect of
the problem of thermal conductivity of multilayer systems is
that Fourier’s law cannot be directly applied to the analysis
of heat transport in layered nanostructures, where the mean
free path of phonons is greater than the layer thickness, and
the boundary conditions at the interfaces have a significant
effect on heat transport. Thus, the microscopic approach is
required to describe the heat flux in 1, /F /I, nanostructures,
since this allows for the correct consideration of the influence
of the interlayer boundaries on the thermal conductivity of the
multilayer structure.

In multilayer systems, heat transfer plays an important
role in the spin Seebeck effect (SSE) and in the whole field
of spin caloritronics, which has been actively developed in
recent years. [5-7] Specifically, spin caloritronics considers
the problems of generation and control of spin currents by
means of heat fluxes. [8] In this area, the longitudinal SSE
(LSSE), which consists of generation of a spin current parallel
to the heat temperature gradient, is of great interest because
it can produce spin current densities that are two orders of
magnitude larger than those produced via electronic or reso-
nant excitation. [9,10] The LSSE experimental results allow
us to study the kinetics of interacting electrons, phonons,
and magnons in multilayer structures. Since the ferromagnetic
insulator (FI) plates (or films) deposited on the high heat-
conducting dielectric substrates are usually studied in LSSE
experiments, for a correct theoretical description, it is also
necessary to consider two related problems.
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The first problem is to calculate the temperature jump at
the F1I/I interface, i.e., the thermal resistance of the interface
Ry, (commonly called the “Kapitza resistance”). It has been
previously discussed in detail in Ref. [11].

The second problem, which was not solved microscopi-
cally until now is the calculation of the effective transverse
heat conductivity of I, /F1/I, layered system (with tempera-
tures 71 # T, for I} and L) at an arbitrary thickness of the FI
layer, where both magnons and phonons transfer the heat flow.

In Ref. [11] it was shown that, for the ferrodielectric-
insulator FI/I interface at low temperatures (T < 6p, where
Op is the Debye temperature of the FI layer), there exists a
size effect. The latter manifests itself in the dependence of
the Kapitza resistance Ry, for thin FI plates (films) on the
frequency of phonon-magnon collisions, whereas for thick
plates, the value of Ry, does not contain the magnetic char-
acteristics of a ferrodielectric. To explain the growth of the
magnetic contribution with decreasing thickness of the FI
layer, we note that the transfer of heat from the heated
magnons to the cooler / layer is realized with phonons. If the
thickness of the FI layer d is much larger than the average free
path of phonons with respect to their scattering on magnons
l,m, then the magnons and phonons in the FI layer are ther-
malized and Ry, is determined by the acoustic transparency
of the FI/I interface. In this case, there is no contribution of
magnons to Ry,.

However, if d <« 1,,, then most phonons emitted by
magnons in the film leave it without interacting with the
magnons, even after several reflections from the boundaries.
As a result, in contrast to the case d > [, the Kapitza re-
sistance Ry, depends more on the magnon-phonon interaction
than on the acoustic transparency of the F'1/I boundary.

In our approach, the transverse heat flow through the FI
layer, located between two massive insulators with tempera-
tures Ty and Tp is considered (7 > Tp). The analysis of the
transverse thermal conductivity of a layered heterostructure is
based on the Boltzmann kinetic equation for the phonon distri-
bution function N,, as well as on the assumption that magnons
in the FI layer are thermalized due to magnon-magnon
collisions and have a temperature 7,,. This assumption is
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justified because the magnon-magnon relaxation time is usu-
ally shorter than the magnon-phonon collision time. [12,13]
It is assumed that phonons interact with magnons, however,
the phonon temperature is not introduced when describing
the phonon-magnon interaction. Since heat is transferred by
phonons across the boundary of F1/1, an important part of the
analysis is ruled by the boundary conditions for the function
N,. These conditions account for the phonon reflection from
the FI boundaries and the exchange of phonons between the FI
layer and the massive / plates with temperatures of Ty and Tp.
The temperature 7y will be considered sufficiently low, and
therefore, collisions of phonons with lattice defects and with
each other as well as phonon-magnon Umklapp processes can
be ignored. Since we neglect phonon-phonon collisions, the
phonon temperature in the FI layer cannot be introduced. Note
that the relative simplicity of such a microscopic model allows
one to obtain results in an analytic form.

The paper is organized as follows. In Sec. II, a microscopic
description of the heat transfer in a multilayer system is pre-
sented, and the transverse effective thermal conductivity of the
layered I, /F1/1, heterostructure is calculated. In Sec. III, the
transverse heat transfer is analyzed using the phenomenolog-
ical two-temperature model (2TM), i.e., in terms of magnon
and phonon temperatures. Comparison of the 2TM results
with the results of the microscopic approach allows us to find
out the conditions under which the use of the phenomeno-
logical 2TM is justified. In Sec. IV, the main conclusions
are formulated. Appendix A contains the calculation of the
phonon distribution function in the FI layer. The numerical
value of the criterion for thick and thin layers of yttrium iron
garnet (YIG) is found in Appendix B.

II. KINETIC APPROACH TO HEAT TRANSFER ACROSS
I, /FI/I, INTERFACES

In this section, we consider the transverse heat transfer in
heterostructures containing a layer of FI. Even through our
approach can be applied to different layered heterostructures,
here, we will consider only a relatively simple heterostructure
depicted in Fig. 1. Suppose that insulator /; has a temperature
Tg, the temperature of insulator /; is equal to 7y, and Ty > Tp.

The phonon contribution to the heat flow through the het-
erostructure is found under the assumption that magnons are
thermalized due to magnon-magnon collisions and have a
temperature 7,,. The condition for thermalizing the magnon
subsystem in FI is that the frequency of magnon-magnon
collision is higher than the frequency of magnon-phonon
collisions. By the way, even when the magnon temperature
of the Bose-Einstein distribution can no longer be estab-
lished on the basis of direct intermagnon collisions, 7,, can
still be introduced [14]. Namely, the value of T, is justified
in the limit d > [,, because of the effective intermagnon
collisions via the phonons. These circumstances allow us
to reduce the formulated problem to a solution of the sta-
tionary kinetic equation for the phonon distribution function
and then to determine VT, as a function of thermal flow Q
and the temperatures of the insulators from the heat-balance
equation.

In addition, the good transparencies «; ~ 1 and ay ~ 1
of the F1I/I interfaces will be of special interest, since they
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FIG. 1. Reflection and refraction of phonon modes at the bound-
aries of media in a I; /F1 /I, layered structure. The filling numbers of
phonon states with wave vector q are denoted by ng. The symbol >
represents phonons with a positive z component of the wave vector q,
whereas the symbol < denotes phonons with a negative z component
of q. Phonons transitioning from the dielectric layer to the FI layer
are shown by dashed lines. T is the temperature of the massive
substrate, which plays the role of the thermostat, 7,, is the magnon
temperature, and 7y is the temperature of the top dielectric plate
(TH > TB)

allow simple boundary conditions for the phonon distribution
function. The ballistic propagation of the phonon emitted by
the FI layer not only simplifies the expressions for heat dissi-
pation in the sample but also stipulates the necessary condition
for realization of the size effect, described thoughtfully in
Ref. [11].

In accordance with the considerations above, we assume
that the distribution of magnons is characterized by the tem-
perature 7,,. At the same time, the distribution function for
phonons N, (z), where q is the phonon wave vector, should be
determined from the kinetic equation.

s ONg(2)
Z 82

with appropriate boundary conditions. In Eq. (1), s, is the
projection of the phonon velocity on the z axis, and Ly,
is the phonon-magnon collision integral [14], which can be
expressed as

me{N’ i’l} = me[Tm(Z): q]{n[Tm(Z)] - Nq(Z)} (2)

Here, n[T,(z)] = [exp(ex/Tn) — 117" is the equilibrium
Bose-Einstein distribution with the z-dependent magnon tem-
perature 7, (kg = 1). In the long wave limit ka < 1, the
magnon dispersion law is & = fc(ak)?, where a is the

=me{N, I’l}, (1)
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lattice constant and 6¢ is the temperature, which coincides in
order of magnitude with the Curie temperature. In Eq. (2),
VpulTn(2), q] is the frequency of collisions between the
phonon of frequency w, = sq and the magnons. The depen-
dence of the frequency v, on the magnon temperature leads
to the fact that the mean free path of phonons depends on the
transverse coordinate z. This feature somewhat complicates
the analysis of the I;/FI/I, system as compared with the
I;/N/L, system, where the mean free path of phonons in a
normal metal N does not depend on the electron temperature
[15].

Adding the solution scheme from Ref. [16] for the ki-
netic equation, with details placed in the Appendix section
of Ref. [11], we denote the phonon reflection coefficients
at boundaries 1 and 2 as 8; and B, such that §; = 1 — «;,
i =1,2, where x(0) is the transparency coefficient. We con-
sider the case of ballistic propagation of the phonons emitted
by FI through the FI/I boundary, taking into account the
finite transparency of the 1 /I interface within the framework

of the acoustic-mismatch theory [17]. The notation Nq2 ()=
N(z, qx, gy, q. 2 0) allows us to write the boundary condi-
tions for Ng(z) in Eq. (1) for z = 0 and z = d as follows (see
Fig. 1):

N (0) = arny(Tp) + iy (0), 3)

NZ(d) = aany(Ty)) + BaNG (). @)

These boundary conditions suggest that phonons emitted from
the FI layer to the insulators /; and I, no longer return. This
assumption is justified when /; and I, are single-crystal di-
electrics with high thermal conductivity.

In the acoustic mismatch model [17-19], the probability of
passage o depends on the angle of incidence of the phonon 6
and acoustic impedances of adjacent media Z = ps and Z' =
o's":

a(0) = 4Z7 cos6 cos8' /(Zcost 4+ Z cosH).  (5)

The condition for the independence of the heat flux from
the z coordinate can serve as the equation for 7,,(z):

dT, d*q N -
0, = _kmd_z + ~£3>0 mhquz[]\’q (z) = Ng (@)]. (6)

Here, k,, is the magnon thermal conductivity, and the second
term on the right side is the share of the heat flux carried
by phonons. It can be seen that substituting Eq. (A9) and
Eq. (A10) into Eq. (6) gives the integro-differential equation
for 7,,(2).

Below, considerable attention is paid to the limit d > [,,,,
when the determinant D & 1, since it is in this limit that
the magnons make a significant contribution to the heat flow
through the I;/FI/I, heterostructure. Note that the calcula-
tion of the integral J; neglects terms that are of the order of
d*T,,/dz?)| .—o and the term proportional d7,,/dz falls out,
since (dT,,/dz)|,—o= 0. As aresult, we have J; ~ n,[T,,(0)],
and similarly the integral J, ~ n [T, (d)].

Expanding 7,,(z') with respect to the small temperature
gradient looks like 7,,(z") = T,,(z) + (dT,n/d2)|,(z — 2'). Sub-
stituting this expansion into Eq. (A9) gives the phonon

distribution function at d > [,,,:

Ny @) = e aing(Ty) + Bing[T,,(0)]1} + ng[T,(2)]

- dn, dT,, dz
1—e '@ ez mTer De @ ,
x[l—e ]+dTm e dr[ + (r+ e "]
@)
and similarly, from Eq. (A10), we get the expression
Ny (2) = e "D aony (Ty) + Bang[Tn(d)]}

. dng dT, dz

Tm 1— —r(d)+r(z) g T Tm A

ol TN e e, @ ar
=1+ [r(d) = r@)e”" @y, ®)

If 2> 1,, and (d —z) > lpy, then terms containing
exp(z/!l,m,) and exp[—(d — z)/l,n] can be ignored. As such,
in the region that is removed from the transition layers, the
heat flux can be written as

Z

“4ymdT, dz
)

Since at z > I, and at (d — z) > [, the magnons and
phonons are thermalized, then Eq. (9) can also be written as

dT,, 43 2 dn, dT,
Qz — _km[Tm(Z)]d_Z — 2/ q i1 N ny ~m

q.>0 (27{ )3

= —k,[T, il k,[T, L 10
Qz - m[ m(Z)]d_Z - p[ m(Z)]d_Zv ( )
with
d’q s dn,
ky(T) = 2/g,>o —(271)3 hawg v,,m(T)d_T' (11)

(Here and below, T, = T,, is accounted for.) Note that the
value of phonon thermal conductivity is determined by the
frequency of phonon-magnon collisions. In pure FIs, the fre-
quency of phonon-magnon collisions v,,(T) is given by the
following expression (see for example, Ref. [11]):

vpm(T') = D(T)Jp(T, x, yo), 12)

in which D(T) = (6c0p /87 10,)(T /6c)?, where 0p = his/a,
6, = Ms?, s is the average sound velocity, M is the magnetic
ion mass, and

o° 1 1
JD(T,X,yo)—/;O dy}’(x+y)|:ey_1 exﬂ‘—l:l’ (13)
Here, x = liw,/T, y = &/T, and yy = 63/4T6c. In the in-
tegral over the dimensionless magnon energy y, the lower
integration limit y, reflects the Cherenkov character of the
emission of phonons by magnons. Namely, only magnons
whose energy is higher than 67 /40c can emit phonons.

At low temperatures T < 63/46c, the phonon thermal
conductivity has the form

2
K(T) = 4c 6260, (4T6c exp 03 (14)
’ 37 i’s6p \ 03 4T6c )’

where C = fooo x*e*(e* — 1)73dx ~ 27.41. The rapid in-
crease in phonon thermal conductivity with decreasing

024440-3



SHKLOVSKIJ, BEZUGLYJ, AND MIRONENKO

PHYSICAL REVIEW B 103, 024440 (2021)

temperature is a consequence of the Cherenkov character of
the emission of phonons by magnons. We note that the for-
mula in Eq. (14) is valid if [, is less than d.

From the general equation for Q.(z), it is possible to
derive an equation for 7,,(0) and T7,,(d). Let z =0, then
(dT,/dz)|,—o= 0, and considering that d > I,

d’q
QZ = - / mhquzal {nq[Tm(O)] - nq(TB)}
q:>0

m? (o)
=——[1*0)-TH, 15
150 e [ @ = 73] (15)
where (a1) = [i7/* @(6)sin(260)d0.
In the case of small heat fluxes, when 7,,(0) — Tp < Tg,
7% (an) T3
, = ————[T,,(0) — Tp].
0: =35 s (10— Ts]
At z = d, considering that (d7,,/dz)|,_,= 0 and d > I,
7% ()
=—— 1 - TXa)]. 16
0: = — 5ol — Th@)] (16)

In the case of low heat fluxes, when Ty — T <K Tz and
T.(d) — Tp < Tp,

7% ()T

=% we
In the FI region removed from boundary layers, the FI tem-
perature gradient, with an accuracy up to terms proportional
to I, /d, is determined by the following equation:
dT, _ [Tn(d) — T,(0)]

dz d ’

At d > [,,, the effective thermal conductivity of the FI
layer ke = |Q,|d/(Ty — Tp) can be obtained from the follow-
ing systems of equations:

|Qz|th,1 + |Q1|Rth,2 - TH - Tm(d) + ];11(0) - TB, (17)

[Ty — Tu(d)].

1Q:| = (ki + kp)[Tn(d) — T,(0)]/d, (18)

where the magnon and phonon thermal conductivities are
taken at T = Tp, and the thermal resistance of the boundary
between the FI and the insulator is written as

_30R°s? 19)
Py
As such, at d > [,,, we have
d
kegr = (20)

Rii + R+ d/(kn + k)

Note that the 2TM discussed in Sec. III gives Eq. (36)
for the effective thermal conductivity, which coincides ex-
actly with the microscopic calculation result in Eq. (20)
atd > lpy.

We turn to the limiting case of thin FI layers d < [,
when the determinant of the system D = 1 — 8;8,. Since in
the linear approximation with respect to d/l,, we have to
set exp(—z/lpm) ~ 1 and exp[—(d — z)/l,,] = 1, then J; =
J = dnq(Tm)/l,,m, where T,, = T}, (d/2). Thus, the integrals
Ji and J, are of the order of d/I,, and can be neglected in

the zero approximation with respect to d/I,,. As a result,
in the zero approximation with respect to d/I,,, the phonon
distribution is given the following equalities:

Ny = {aing[Tp + Broang(Tu)1} /(1 — B1B2) (21)
Ny = {oang[Ty + prang(Tpl /(1 = BiB2).  (22)
Neglecting the magnon heat transfer (since in thin FI

layers, the phonons do not have time to transfer energy to
magnons), we have

7'[2 o100
- T — T
120h3s2<1 — ﬁ1ﬂ2>( i = Ti)

~_ T3 <
307352

Qz =
10

I =815

From here, we obtain the result

2T3
bid 33 d<
307752

>(TH — Tp). (23)

ket = N > (24)

1—BiB

where averaging over incidence angles is defined by (f) =

fon/ % 5in 20 f(8)d6. Note that, in the case of thin FI layers and
a; ~ 1, the thermal conductivity ke is of the order of c,sd;
that is, it coincides with the phonon thermal conductivity with
an average phonon mean free path of the order of the thickness

of the FI layer. [In our model, the phonon specific heat ¢, =
Qr2/15)(T3 /is3).]

III. THERMAL CONDUCTIVITY OF THE I, /FI/I,
HETEROSTRUCTURE IN THE
TWO-TEMPERATURE APPROXIMATION

In the microscopic approach used above, the calculation of
the phonon contribution to the transverse thermal conductivity
of the I, /FI/I, system required solving a kinetic equation.
To simplify the thermal conductivity calculations, it is desir-
able to use a simpler phenomenological approach. As will be
shown below, the two-temperature approximation, in which
the phonons and magnons are considered to have temperatures
T, and T,,, respectively, could be suitable for this task [20,21].

At first, we will not take into account the Kapitza resistance
at the I/F I boundary. The simplest formulation is that of the
problem with a given heat flux Q,, which receives contribution
from the phonons and magnons. The heat flux associated with
phonons is determined by the equality Q, = —k,VT,, where
the temperature of the phonons obeys the following stationary
heat equation:

. d*T,
P dz2

= D(T,)K (T, Tp), (25)

where D(T,,) is presented in Eq. (12) and

* wdu
K(T,, T,) = o l[JD(Tm,x =u, o)
0 _

— 1 (T, x = upt, o)1,
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with

o0
Ip(T, X, 30) = Y (1 — e P)e?
p=1

1 2 2y, 2
x [x<y—°+ —2)+<y—° + 24 —3)}
p ) \p P )

Here, u = T,/T,,. One sees that, when u = 1, i.e., the phonon
and magnon temperatures are equal, K = 0, as expected. In
the limiting case of large yy, which corresponds to the limit of
low temperatures, K becomes exponentially small: K ~ e™.
Because the contribution to Jp(7,,, x, yo) from the term with
p = 2 is proportional to =2, we can confine our considera-
tion by p = 1 in the limit yy > 1, obtaining [11]

K(Tu, Tp) = o TOL + 1[¢(5, 1L+ 1) — (5]}
+ oD@ + 1*[c (4, 1+ w)] — [£(@)]).

Here, g1 = e (yo + 1), 92 = (5 +2y0 +2), T'(n) is
the I' function of n, and ¢(n, 1+ p) is the generalized
Riemann ¢ function [see their definitions in Eq. (A31) in
Ref. [11]].

A similar equation for magnon temperature

d’T,
e —D(T,)K (T, Tp). (26)

—k,,

In the linear approximation, when Ty — Tz < Tp, the tem-
peratures of the magnons and phonons differ little from the
substrate temperature Tp. If the magnon-phonon 7,, and
phonon-magnon t,, energy relaxation time are introduced
according to ¢,/ Tpm = Cim/Tmp, then the equations for 7, and
T, look like

d’t, cp
) T, —T,) =0, 27
R @7)
dsz

+ = (T, ~T,) =0, (28)

Az tymkn

To use the symmetry of the problem, in this section, we
will assume that the FI layer is located in the region —d /2 <
z < d /2. In this case, the boundary conditions look like

T,(=d/2) =Tp + 1Qz|Rin,1,  Tp(d/2) = Ty — |Q:|Run2,

(29)
dT,/dzl—q» = dT,/dzlan = 0. (30)
The last expression reflects the fact that magnons do not

transfer heat across the boundaries of the FI layer. Note that,
because of symmetry, 7,,(0) = 7,,(0). The heat flow equation

dTp k d T

Q.= —k

— " 31
P dz dz D

can be integrated from zero to some coordinate z. Since the
heat flux in the FI layer is constant, we have the equality

1

It follows from Eq. (28) that

d*T, Cp {

1
Tm T kam —krT,(0 = 07
dz2 Tpmkm + [ T p( )+ QZZ]}

kP
(33)

where k7 = k,, + kj. The solution of the equation for 7;, that
satisfies the boundary condition in Eq. (30) looks like

Q:A sinh(z/2) O

kr coshd/2n ko OV

Tm(Z) = Tm(O) +

where A = [t nknky/cp(ky + kp)]l/z. Substituting 7,,(z) in
Eq. (32), we get

o kk QA sithG/A) Q.
L@ =50 = oy ke Y

Considering Eq. (29) for the effective thermal conductivity
of the FI layer, ket = |Q,|d/(Ty — Tp), we have

ky, 2M d kr
keit = k 14+ — —tanh — + — (R, R . (36
off T/|: + K, d anh o + d( th,1 + th,2):| (36)

Unlike Ref. [21], the expression in Eq. (36) takes into account
the contribution of the thermal resistance of the boundaries to
ker. This contribution can be significant at low temperatures
(T ~ 1 K), and it must be taken into account when analyzing
experimental data.

Note that, at d > [, the expression in Eq. (36), obtained
on the basis of the 2TM, coincides exactly with the result of
the microscopic calculation in Eq. (20). At the same time, at
small thicknesses of the FI layer, d < [,,,,, the 2TM gives only
a qualitatively correct result.

The physical meaning of the length A becomes clear if we
consider the limiting case k,, >> k, when A = (t,,k,/c,)"/?. It
is well known that, for gas, the thermal conductivity k ~ clv,
where c is the specific heat of the gas, [ is the average mean
free path of particles, and  is their average thermal velocity.
For phonon gas, v = s, and if we neglect the scattering by im-
purities, the average phonon mean free path [ = [,,,,. As such,
for a phonon gas, we have k, ~ ;52 Ty, and A ~ STy = L.
Thus, A is the length of the phonon-magnon collisions, that is,
the length at which phonons transfer their energy to magnons.

According to Egs. (20) and (36), for thick FI layers (d >
Im), the size effect in the thermal conductivity of layered
nanostructures begins to manifest itself at FI layer thicknesses
der ~ kr (Rin1 + Renp). If d > d.,, the thermal conductivity
of the thick FI layer is approximately equal to the total thermal
conductivity of the magnons and phonons, and if d < d,
the magnons and phonons scattering in the FI layer (i.e., the
quality of the FI layer) play a small role, and the traverse
thermal conductivity of the layered nanostructures is deter-
mined by the acoustic mismatch of the adjacent materials
kett = d/(Rin,1 + Rm2). In the case of thin FI layers with
d < Iy, the thermal conductivity ke is given by Eq. (24). We
would like to emphasize that, since the values of /,,, and d,
increase with decreasing thermostat temperature, the role of
the size effect in the transverse thermal conductivity of layered
structures increases with decreasing temperature.
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IV. CONCLUSIONS

In this paper, the transverse heat transfer in a layered
I, /F1/1, heterostructure at low temperatures is analyzed when
the magnons in the FI layer are thermalized. The analysis
is based on the Boltzmann kinetic equation for the phonon
distribution function with boundary conditions that account
for the reflection and refraction of acoustic waves as they pass
through the interlayer interfaces (Sec. II). Effective thermal
conductivity perpendicular to the layers is also calculated in
the two-temperature approximation, i.e., in terms of magnon
and phonon temperatures (Sec. III). Comparison of the results
obtained in Secs. II and III shows that a relatively simple
two-temperature approximation correctly describes the kinet-
ics of heat transfer in a multilayer system only in the case of
thick FI layers, wherein the thickness of the layer is signifi-
cantly greater than the phonon-magnon free path. For thinner
FI layers, the two-temperature approximation gives only a
qualitatively correct result for the effective transverse thermal
conductivity of the layered structure. (Note that the numerical
value of the criterion for thick and thin PI layers is given in
Appendix B for an example of a layer of YIG.)

The dependence of the transverse thermal conductivity
of the layered I;/FI/I, structures on the thickness of the
FI layer increases significantly with decreasing tempera-
ture; therefore, it is necessary to take into account the
size effect when analyzing experimental results for low
temperatures.
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APPENDIX A: PHONON DISTRIBUTION FUNCTION

The equation for Ny (2)

S T e
= 7 Nglim(2)],
dz lpm(Z) E lpm(Z) !

(AD)

has the solution
d7

[r&)—r(2)] /
e ng[Tn(2)],
Lpm(2') @)

Ny (2) = N7 (0)e @ + /0
(A2)

where the phonon mean free path /,,,(z) = [s;|/v,m(z) and

(@) f e (A3)
r(z) = .
0 lpm(z/)
The solution to the equation for N (z) looks like
< — N< [r(z)—r(d)]
Ny (z) = Ng (d)e"™
d /
dz ,
" f O [T, (A4
2 Lpm(@) !

The constant Nq> (0) and Nq<, (d) are determined by the bound-
ary conditions. Substituting Eqs. (A2) and (A4) into the

boundary conditions gives

1
Ny (0) = B[alnq(TB) + Brone™" Dny(Ty)

+B1J1 + Bipre”" V], (AS)
1
Ng (d) = Slaony(Ti) + protre™ Vg (Tp)
+ B> + BiBre” " V11, (A6)
where the determinant D = 1 — 8 fre™ 2@,
d ’
d ,
5= / * Oy [Tu(@)], and (A7)
0 lpm(z )
h= / LA 0O (A
0 lpm(Z,) 1

Note that, if d > [,,,, then the integral J; gets its main con-
tribution from the region z’ < I,,,, < d, and the integral J, get
its main contribution from (d —z') S 1y, < d. If d <K Iy,
then phonons have almost no interaction with magnons, and
the heat transport through the thin FI layer is of a purely
phonon nature. At d < l,,, the integrals J; and J, are small,
since they are of the order of d/I,,,.

By substituting Nq> (0) and Nq<, (d) into Egs. (A2) and (A4),
we get the following for the phonon distribution functions:

exp[—r(z)]
D

Ny (2) = [a1ny(Tp) + P11

+ Braze" Dny(Ty) + Bipre™" D]
*od7 ,

+ f B OO T, (A9)
0 lpm(z/) !

—r(d) +
NE() = exp[ r(D) r(2)]
+ Baatie™" Dy (Ty) + B1Bre™" V1]

d ’

dz ,

+/ e—r(z )+r(z)n [Tm(Z/)].
. Lm(@) !

[aany(Ty) + B2Jo

(A10)

APPENDIX B: PHONON MEAN FREE PATH

For a given phonon energy, the frequency of phonon-
magnon collisions is determined by Eqgs. (12) and (13). The
phonon energy-averaged frequency of phonon-magnon colli-
sions was calculated in Ref. [22] and has the following form:

_ T\ [® xte [® (y +x)ye’
Vpm = Vo| — dx dy e ,
Oc 0 e —1Jy (e — D(eXy — 1)
(B1)
where
15 6c¢
Vo = —_—
"~ 3275 Mas

To compare theory with experiment, one should also take
into account the scattering of phonons at the boundaries of FI
layer. Since phonon-magnon collisions and phonon scattering
at the sample boundaries are statistically independent, the
average phonon mean free path [, can be written as [, =
(1/lm + 1/1)™", where I; is boundary scattering phonon
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1 10 100
T(K)

FIG. 2. The temperature dependence of the phonon mean free
path [,(T) = [1/1,,(T) + 171,17 Experimental data are taken from
Ref. [3].

mean free path, and /,, = s/V,,. The temperature depen-
dence of the average phonon free path is shown in Fig. 2.
Agreement between theory and experiment [3] was achieved
by selecting two adjustable parameters, namely the value of
l4 and the numerical coefficient in the expression for /,,.
At T 2 1K, the dependence I,,,(T) weakly depends on yj,
which means that the Cherenkov effect upon emission of
phonons by magnons manifests itself at lower temperatures.
From a comparison of theory with experiment, it follows that,
at temperatures 7 < 1 K, phonons are mainly scattered at the
interface between FI and I layers, and at temperatures 7 >
10 K, phonon scattering by magnons dominates, while phonon
scattering at the sample boundaries and Umklapp processes
play a secondary role.

As seen from Fig. 2, for YIG at T ~ 10K, the phonon-
magnon mean free path [,, ~ 103 cm, from which the
criterion of thick and thin YIG layers (at 7 ~ 10K) imme-
diately follows.

[1] H. Sato, On the thermal conductivity of ferromagnetics, Prog.
Theor. Phys. 13, 119 (1955).

[2] A. I. Akhiezer and L. A. Shishkin, On the theory of the ther-
mal conductivity and absorption of sound in ferromagnetic
dielectrics, Zh. Eksp. Teor. Fiz. 34, 12671 (1958) [ Sov. Phys.
JETP 7, 875 (1958)].

[3] S. R. Boona and J. P. Heremans, Magnon thermal mean
free path in yttrium iron garnet, Phys. Rev. B 90, 064421
(2014).

[4] S. M. Rezende and J. C. Lopez Ortiz, Thermal properties of
magnons in yttrium iron garnet at elevated magnetic fields,
Phys. Rev. B 91, 104416 (2015).

[5] G. E. W. Bauer, E. Saitoh, and B. J. van Wees, Spin caloritron-
ics, Nat. Mater. 11, 391 (2012).

[6] M. Schreier, A. Kamra, M. Weiler, J. Xiao, G. E. W. Bauer,
R. Gross, and S. T. B. Goennenwein, Magnon, phonon, and
electron temperature profiles and the spin Seebeck effect in
magnetic insulator/normal metal hybrid structures, Phys. Rev.
B 88, 094410 (2013).

[7] S. R. Boona, R. C. Myers, and J. P. Heremans, Spin caloritron-
ics, Energy Environ. Sci. 7, 885 (2014).

[8] G. E. W. Bauer, Spin caloritronics, in Spin Current, edited by
S. Maekawa, S. O. Valenzuela, E. Saitoh, T. Kimura (Oxford
University Press, Oxford, 2012).

[9] M. Weiler, M. Althammer, M. Schreier, J. Lotze, M.
Pernpeintner, S. Meyer, H. Huebl, R. Gross, A. Kamra, J.
Xiao, Y.-T. Chen, H. J. Jiao, G. E. W. Bauer, and S. T. B.
Goennenwein, Experimental Test of the Spin Mixing Inter-
face Conductivity Concept, Phys. Rev. Lett. 111, 176601
(2013).

[10] T. B. Noack, H. Y. Musiienko-Shmarova, T. Langner, F.
Heussner, V. Lauer, B. Heinz, D. A. Bozhko, V. 1. Vasyuchka,
A. Pomyalov, V. S. Lvov, B. Hillebrands, and A. A. Serga, Spin
Seebeck effect and ballistic transport of quasi-acoustic magnons
in room-temperature yttrium iron garnet films, J. Phys. D: Appl.
Phys. 51, 234003 (2018).

[11] V. A. Shklovskij, V. V. Kruglyak, R. V. Vovk, and O. V.
Dobrovolskiy, Role of magnons and the size effect in heat
transport through an insulating ferromagnet/insulator interface,
Phys. Rev. B 98, 224403 (2018).

[12] C. Kittel, E. Abrahams, Relaxation processes in ferrornag-
netism, Rev. Mod. Phys. 25, 233 (1953).

[13] M. I. Kaganov, V. M. Tsukernik, Phenomenological theory of
kinetic processes in ferromagnetic dielectrics. II. Interaction of
spin waves with phonons, Zh. Eksp. Teor. Fiz. 36, 224 (1959)
[Sov. Phys. JETP 9, 151 (1959)].

[14] A. 1. Akhiezer, V. G. Bar’yakhtar, and S. V. Peletminskii, Spin
Waves (North Holland, Amsterdam, 1968).

[15] A. I. Bezuglyj, V. A. Shklovskij, R. V. Vovk, and 1. V.
Mironenko, Microscopic analysis of heat transfer in 1, /N/I,
heterogeneous nanostructures at low temperatures, Low Temp.
Phys. 45, 537 (2019).

[16] V. A. Shklovskij, Thermal resistance of metal-insulator bound-
ary and nonlinear electric resistivity of metal films at low
temperatures, Zh. Eksp. Teor. Fiz. 78, 1281 (1980) [Sov. Phys.
JETP 51, 646 (1980)].

[17] A. W. Little, The transport of heat between dissimilar solids at
low temperatures, Can. J. Phys. 37, 334 (1959).

[18] S. B. Kaplan, Acoustic matching of superconducting films to
substrates, J. Low Temp. Phys. 37, 343 (1979).

[19] E. T. Swartz, R. O. Pohl, Thermal boundary resistance, Rev.
Mod. Phys. 61, 605 (1989).

[20] V. A. Shklovskij, V. V. Mezinova, O. V. Dobrovolskiy, Non-
linear relaxation between magnons and phonons in insulating
ferromagnets, Phys. Rev. B 98, 104405 (2018).

[21] D.J. Sanders and D. Walton, Effect of magnon-phonon thermal
relaxation on heat transport by magnons, Phys. Rev. B 15, 1489
1977).

[22] A. I. Bezuglyj, V. A. Shklovskij, V. V. Kruglyak, and R. V.
Vovk, Temperature dependence of the magnon-phonon energy
relaxation time in a ferromagnetic insulator, Phys. Rev. B 100,
214409 (2019).

024440-7


https://doi.org/10.1143/PTP.13.119
https://doi.org/10.1103/PhysRevB.90.064421
https://doi.org/10.1103/PhysRevB.91.104416
https://doi.org/10.1038/nmat3301
https://doi.org/10.1103/PhysRevB.88.094410
https://doi.org/10.1039/c3ee43299h
https://doi.org/10.1103/PhysRevLett.111.176601
https://doi.org/10.1088/1361-6463/aac0f1
https://doi.org/10.1103/PhysRevB.98.224403
https://doi.org/10.1103/RevModPhys.25.233
https://doi.org/10.1063/1.5097364
https://doi.org/10.1139/p59-037
https://doi.org/10.1007/BF00119193
https://doi.org/10.1103/RevModPhys.61.605
https://doi.org/10.1103/PhysRevB.98.104405
https://doi.org/10.1103/PhysRevB.15.1489
https://doi.org/10.1103/PhysRevB.100.214409

