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Superconductivity from Luttinger surfaces:
Emergent Sachdev-Ye-Kitaev physics with infinite-body interactions
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The pairing of two electrons on a Fermi surface due to an infinitesimal attraction between them always results
in a superconducting instability at zero temperature (7 = 0). The equivalent question of pairing instability on
a Luttinger surface (LS)—190a contour of zeros of the propagator—instead leads to a quantum critical point
(QCP) that separates a non-Fermi liquid and superconductor. A surprising and little understood aspect of pair
fluctuations at this QCP is that their thermodynamics maps to that of the Sachdev-Ye-Kitaev (SYK) model in the
strong coupling limit. Here, we offer a simple justification for this mapping by demonstrating that (i) LS models

share the reparametrization symmetry of the ¢ — oo SYK model with g-body interactions close to the LS, and
(i) the enforcement of gauge invariance results in a % (t ~ T~") behavior of the fluctuation propagator near
the QCP, as is the feature of SYK conformal Green functions, but leaves the overall form of the free energy map

robust.

DOLI: 10.1103/PhysRevB.103.014501

I. INTRODUCTION

The theory of superconductivity by Bardeen, Cooper, and
Schrieffer (BCS) [1] relies on the existence of a Fermi sur-
face (FS): a contour of poles of the single particle Green
function where excitations are long-lived and the notion of
a quasiparticle is well defined. The superconducting phase
then follows from a net attractive interaction that pairs two
such quasiparticles rendering the FS unstable. The question
of whether such an instability can exist, or for that matter be
defined, on a Luttinger surface (LS) [2], or a contour of zeros
of the propagator due to a divergent self-energy [2-9], is less
straightforward. The obstacle to such a generalization stems
from a complete breakdown of the quasiparticle concept on a
LS; the quasiparticle scattering lifetime is vanishingly small in
this limit and the degrees of freedom that constitute a “Cooper
pair” are either ill-defined or unknown due to lack of exactly
solvable models. Yet, experiments suggest umpteen examples
of pairing in highly incoherent matter [10], including the
cuprates where LSs play a prominent role in their normal state
phenomenology [3-7,9,11-28].

In a recent attempt [29] to address the question above,
it was demonstrated phenomenologically that such a pairing
instability can indeed exist on a minimal model LS where
the self-energy has a simple pole. Unlike the case of a Fermi
liquid, the pair susceptibility in this scenario diverges even
at zero temperature resulting in a superconductor to non-
Fermi liquid (NFL) quantum phase transition above a critical
residue of the self-energy pole. In addition to a power-law
divergence of the spectral density, a surprising feature of the
NFL phase close to the quantum critical point (QCP) was
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uncovered;—the pair fluctuation free energy resembles that
of the Sachdev-Ye-Kitaev (SYK) [30-32] model in the limit
where the self-energy residue is much greater than the temper-
ature (strong coupling limit). The SYK model has garnered
recent interest (see Ref. [33], and references therein) due to
its connections to gravitational models describing black holes
[31]. Motivated by these observations, Phillips and coworkers
[34] revived an exactly solvable but startlingly simple micro-
scopic model by Hatsugai and Kohmoto (HK) [35] that hosts
finite frequency LSs in the Mott phase. Upon doping the Mott
insulator, they found that the elementary pair excitations are
formed by doublons and holons as opposed to Bogoliubov
quasiparticles. That such a mapping between the SYK model
and LS fluctuation thermodynamics should work so well,
yielding an exact but simple picture of pair excitations upon
doping, is unsettling and can be critiqued as coincidental;—
so far, there exists no symmetry based argument invoked
whatsoever to justify the mapping, nor is there a consistent
analysis that places interaction vertices and self-energies on an
equal footing in accordance with the Ward-Takahashi identity
[36,37].

It is the purpose of this paper to show that LS models, such
as the one by HK, share the symmetries of the ¢ — oo limit of
the SYK model with a g-body interaction, and that the propa-
gator resulting from gauge-invariant pair fluctuations on a LS
is the SYK conformal Green function. Thus our work gives a
simple justification for the robustness of the mapping between
pair fluctuations on a LS and SYK models. More specifically,
we demonstrate that LS models where the self-energy has a
simple pole acquire an infinite-g reparametrization symmetry
in the low-energy scaling limit. The proof we provide follows
along the lines of its original formulation in context of the
SYK model by the authors of Refs. [31,32,38]. To contrast,
however, we work with a self-energy that is proportional to
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the single particle noninteracting Green function; a charac-
teristic of the HK or phenomenological models proposed in
Refs. [5,6] where the original FS is converted into a LS. This
is a key feature of our analysis that distinguishes it from the
random matrix model (or the ¢ = 2 SYK model). In the latter
scenario, the self-energy is proportional to a linear power of
the total Green function in the presence of random hopping
matrix elements; therefore, there exist no propagator zeros
rendering the model effectively noninteracting.

A further exact gauge-invariant evaluation of the pair
response from the model LS Green function is essen-
tial for the theory to maintain charge conservation. This
treatment follows from the Ward-Takahashi [36,37] iden-
tity and ensures that interaction vertices and self-energies
are placed on an equal footing. Recent progress has been
made in this direction for several phenomenological mod-
els describing the Cuprate pseudogap [39—43]. We find that
gauge-invariance results in a \/L? (t ~ T~ behavior of the

fluctuation propagator in the strong coupling limit, a feature
of the fundamental, particle-hole asymmetric, SYK fermion.
As a consequence, the fluctuation free-energy, computed ex-
actly from the gauge-invariant pair response, mimics leading
order SYK fluctuations in the strong coupling limit. Further-
more, we find that gauge invariance enforces the fluctuation
density of states obtained from the partition function in the
static, long-wavelength limit to exhibit a w~! behavior at low
energies indicating small energy spacing in the fluctuation
spectrum. In the weak coupling limit, vertex corrections only
have quantitative effects on the phase diagram. The conclu-
sions of our work point toward the existence of a mapping
between effective theories of fluctuations on model LSs such
as the HK model and models of gravity.

II. MODELS AND RESULTS

Models: Various phenomenological [3,5,6], microscopic
[4,5,7-9,20,21,23,35,44,45] and holographic [46,47] models
have been used as relevant starting points for describing LSs.
Some of these models have been used extensively to under-
stand and interpret [4-7,9,17-28] a variety of experimental
observations in the strongly interacting phase of the cuprates
[11-16]. The simplest among them are models where the
full interacting inverse Green function, G(p, i€,)”! = i€, —
&(p) — X(p, i€,), contains a self-energy of the form [3,5,6]

u?

2Pl = e )

ey

Here we have defined £(p) = e(p) — n as the band disper-
sion with chemical potential u, €, is the fermionic frequency
and u sets the energy scale of the residue of the pole. The
microscopic HK Hamiltonian offers an interpretation of the
parameter u as a four-body interaction term where only scat-
tering processes that conserve the total center of mass are
included. In Fourier transformed space, this Hamiltonian takes
a particularly simple form

Hyx = ZHk = Z [(Ex(ngy + nyy) + 2umgy niy ], (2)
K K

where ny, is the number operator for a state with momentum k
and spin o. Hence, the HK model is simply a Hubbard model
in momentum space where the interaction term commutes
with the kinetic energy and is exactly solvable. In the scenario
where the interaction 2u is larger than the bandwidth of the
noninteracting bands, there exists a Mott gap between an
upper and lower Hubbard-like bands (although the model is
too simple to capture any dynamical spectral weight transfer
effects that the Hubbard model does). A more recent analysis
[48] of Fermi arcs and pseudogap in the HK model lead to the
interpretation of u as the pseudo-gap order parameter in the
normal state. This is in line with expectation from previous
works [3,5,6]. The propagator of the model Hamiltonian in
Eq. (2) depends on the occupation numbers of the upper and
lower Hubbard bands, and a LS is not generally obtained at
all momenta for arbitrary chemical potential and occupation
numbers. However, when the occupancies of the upper and
lower bands are equal and the chemical potential lies between
the bands, a LS with self-energy written in Eq. (1) with a
(renormalized) dispersion £(p) — —&(p) is ensured at all
momenta (see Refs. [34,35,49] for the self-energy in the HK
model). This statement is exact and nonperturbative and holds
even when the parameter u is taken to infinity. Therefore, close
to their respective LSs, the distinction between the Green
function of Eq. (2) and that corresponding to model Eq. (1)
vanishes.

Reparametrization symmetry: We now take a closer look at
the self-energy Eq. (1) appearing in the total Green function
G(p, i€,). This equation can be rewritten as

2(p, i€y) = —u>Go(p, —iey,), A3)

where Gy(p, i€,) is the noninteracting Green function. As
in the zero dimensional SYK model [31,32], we will be in-
terested in the low-energy scaling limit i, — 0 where one
anticipates reparametrization invariance for finite interactions.
Equivalently, this corresponds to a Green function contribu-
tion on the LS (¢ (p) = 0) where the self-energy diverges and
its spatial structure is washed out as Bu — oco. Therefore, the
following equations hold in this limit:
i€y

G(p, i€y) ~ —X(p, i€,) "' >~ —— = Glie,),  (4)
u

u?

2, i€y) = —— = u*Golie,) = T(ie,). )
i€,
Here we have defined the local quantities G(i€, ), Gy (i€, ), and
Y(ie,). Transforming into the imaginary time coordinate and
invoking time translational invariance we have the total Green
function from Eq. (4)
8t —1))
—-— ©)
u
where §'(t) is the temporal derivative of the Dirac delta func-
tion. We can also evaluate the imaginary time self-energy as
well as the convolution integral of G(t — t/)Z(t” — t”) in the
same limit. Using Egs. (3), (4), (5), this gives us
’ 2 / Lt2 /
E(t—r):uGo(r—t)zisgn(r—t), (7)

Gr—-1)=

/dr'G(r -3 —1") = -8(rt —1"). 8
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Equations (7) and (8) are written in proximity to the LS and
have some notable features. First, as in SYK type models, they
are invariant under a reparametrization symmetry transforma-
tion T — f(r)and

Gt — 1) = [f' (") (OIG(f(r) — f(z"), 9)
X(r—1) = Z(f(r) — f(x). (10)

The above scaling behavior of G(t — t’) and X(t — t’) in
the Eqgs. (9) and (10) under reparametrization is same as the
A~! = g — oo limit of the g-body SYK model [32] provided
the roles of G(t — ") and X(r — t’) are swapped (the other
choice of A~! = ¢ =1 is unphysical). This exchange is an
important feature that completes the map to the conformal
limit of infinite-body SYK model. More specifically, it high-
lights the duality between self-energies in gapped models (of
the form appearing in Eq. (1)) close to a LS and propagators
in conformal field theory. That is, a theory characterized by
a propagator defined by the self-energy of a gapped LS is
conformal in the sense of the derivation leading to Eq (10).

It is notable that in the special limit of g — oo, the
SYK model also has a reparametrization invariant propagator;
however, the propagator in Eq. (9) only transforms covari-
antly. Similarly, the self-energy in Eq. (10) maintains the full
symmetry of the reparametrization group. This is unlike the
SYK model where the self-energy transforms only covari-
antly under reparametrizations for all g > 2. In both cases,
however, the transformation properties of the propagator and
self-energies act to leave Eqs. (7) and (8) reparametrization
invariant. This is the key reason why the generic form of
fluctuations of the two aforementioned duals cannot be distin-
guished from one another (as will be shown below). Second,
the forms of the Eqgs. (7) and (8), while seemingly similar to
the random matrix model (or the ¢ = 2 SYK model), are not
the same; in the current model with a LS, the self-energy in
Eq. (7) is proportional to the linear power of the noninteract-
ing Green function as opposed to the random matrix model
where the full Green function appears. This is an important
distinction as the solution of the random matrix model does
not contain zeros of the Green function and is, therefore, effec-
tively noninteracting in the presence of long-range disorder.
Finally, it can be verified that arguments leading to Eqs. (7),
(8), (9), and (10) also hold for the diagonal elements of a
BCS Green function with the interaction parameter « replaced
by the superconducting order parameter. In this sense, they
belong to the same reparametrization symmetry class near
the LS. However, our focus in the following section is on
fluctuations in the nonsuperconducting state; hence, we will
not have off-diagonal long-range order through anomalous
contributions to the pair susceptibility. At this point, we em-
phasize that while the parameter u begs such an interpretation,
it does not play the role of a superconducting gap in our work.
It is rather the interaction (“Mott”) gap that exists even above
the instability temperature.

From Egs. (7), (8) and (9), (10), and the remarks that fol-
low, we rightly anticipate—further supported by the original
derivation for the SYK model [32] and later for LS models
with a simple pole in the self-energy [29]—that the leading
order free energy contribution from pair-fluctuations in the

KA

FIG. 1. Fluctuation propagator in the Cooper channel (zig-zag
lines) defined through the Bethe-Salpeter equations. The black solid
disk and the shaded triangle denote the bare interaction vertex and
vertex corrections arising from electron correlations, respectively.
The thick black lines denote total electron Green function.

NFL phase close to the QCP takes the form —8F = Bu* —
y In(Bu*), where u* is the QCP, § is inverse temperature, and
y is a constant that determines the fluctuation density of states.
This is demonstrated below.

Ward-Takahashi identity and exact vertex: We now set
out to evaluate the fluctuation free energy and density of
states from the gauge-invariant fluctuation propagator and pair
susceptibility by approaching the QCP from the NFL side.
The Bethe-Salpeter equation for the fluctuation propagator is
shown in Fig. 1 in terms of the fully interacting pair bub-
ble. An immediate difficulty in evaluating the gauge-invariant
pair bubble is that one requires a knowledge of the exact
fluctuation vertex in models of LSs. This is a priori not
straightforward if one chooses to obtain the vertex directly
from the Hamiltonian, especially in LS ansatz models such as
those espoused in Refs. [5,6] where the underlying electronic
degrees of freedom are unspecified. However, and regardless
of whether the initial Hamiltonian is known, one can resort
to the Ward-Takahashi identity [36,37] to obtain the full ver-
tex provided the exact self-energy is known. This is because
once the self-energy is fixed, charge conservation restricts the
form of the vertex function. In fact this approach has been
recently advocated in several works describing phenomeno-
logical models of the cuprate pseudogap [39—43].

Since the self-energy is known exactly in our case, we
can proceed with the Ward-Takahashi identity. This identity
relates the pair-vertex to the interacting Green function. For a
Matsubara frequency ig, and momentum transfer q, it takes
the form

—ig.To(p+q,p)+q-T(p+4q,p)
=G '(p)-G ' (p+9), (1)

where the vertex function I'), = (I'g, I') for the charge and
current and we introduce the notation g = (ig,, q). Using
the definition G(p)~! = ip, — £(p) — Z(p), we arrive at an
expression for the exact vertex

2
I )
(ipn +igy + §p+q)(lpn + &)
= (1 £ *Go(—p — 9)Go(—p)), (12)

Fup+q,p)= m(

where y, = (1,p + %) is the noninteracting vertex and the +
holds for the charge and current vertices, respectively. As we
are interested in fluctuations in the non-superconducting state,
we have ignored collective mode contributions to the vertex
that are proportional to the superconducting order parameter
[39,42]. We now use the charge vertex in Eq. (12) to obtain the
gauge-invariant pair susceptibility (shown diagrammatically
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FIG. 2. Feynman diagrams defining the vertex corrections
through the Ward identity. The thick solid (dashed) lines are the
interacting (noninteracting) Green’s functions. The shaded triangle
denotes vertex corrections arising from electron correlations. The
dotted lines denote a generic external momentum transfer into and
away from the pair bubble.

in Fig. 2)
o .
. ig,) = 55— Z/d PGP+ q)
X G(—p)To(~p. p+ ) (13)
— To(q. igy) + Tr (. ig). (14)

Here we have decomposed the total susceptibility into the
bare and interaction corrected vertex terms as appearing on
the right-hand side in Fig. 2. Note that we have defined the
pair susceptibility above as well as in Ref. [29] in a “sym-
metric” scheme (see, for example, Ref. [50] and references
therein) where both the Green functions are interacting. This
scheme leads to the 7 = 0 ground state wave function de-
scribed in Ref. [34]. It is also interesting to seek solutions in
the “asymmetric” [50] scheme (one interacting and the other
noninteracting Green function), which will generally yield
a different ground state, but we will not address this case
here. We now proceed to evaluate the momentum integral by
making a similar decomposition

I(q) = / dpG(p+ ¢)G(—p)To(—p, p+¢q)  (15)

= Io(q) + I (@) (16)

with the definitions Iy(q) = fddp G(p+ q)G(—p) and
Ir(q) = u* [d'p G(p+ q)Go(—p — ¢)G(—p)Go(p). Below
we solve for the total pair susceptibility in the strong coupling
limit where the interaction u > T. The effects of vertex cor-
rections on the weak coupling result (u < T') in Ref. [29] is
only quantitative and henceforth we ignore this case.

Strongly coupled (Bu > 1) fluctuations: In order to study
the pairing instability, we are primarily interested in deriving
the static, long-wavelength limit of the fluctuation propaga-
tor. Hence, we take the limiting conditions ig, — 0 and r =
%M‘ <« u, where m and p are the mass and Fermi momentum
from the noninteracting electronic dispersion, respectively. In
this regime, the expression for I1(q, ig,) to second order in r
takes the form [29] (odd powers in r vanish due to the angular
integral)

Mo(q. ig, — 0) ~ I13”(0, 0) + 11§ (q. 0).
n®(,0) = %(251 — 128y,
1§ (q. 0) = —’Z—j(zss — u’Ss), (17)
where S, = %Zen(eﬁ +u?)™"/? with v an odd integer. It

should be noted that, for each order in r that is nonvanishing,
there is a term proportional to the residue u. Performing

the small momentum expansion and using the same proce-
dure described in Ref. [29], one can similarly obtain the
pair susceptibility from the vertex correction term given by
Mr(q, ig, — 0) =~ MY (0, 0) + 11{?(q, 0) where

2
Y (0,0) = ==,
mu’r?

n?(q,0) = —
r (q.0) D

Ss. (18)

In this case, however, only terms proportional to u® survive
and have the opposite sign compared to those appearing in
the bare susceptibility in Eq. (17). Substituting the vertex
correction terms back into the full expression for the pair
susceptibility I1(q, ig,) = I1y(q, ig,) + 1 (q, ig,), the terms
proportional to u? from the bare susceptibility and vertex
corrections cancel. The remaining Matsubara summations S,
can be performed exactly, and we obtain the strong coupling
(Bu > 1), static, long-wavelength limit of the inverse fluctua-
tion propagator, denoted L~'(q, ig, — 0), from Fig. 1 as (see
Ref. [29] for further details)

V2mePu
W]

]\701‘2 —Bu
o (1 — /27 Bue™""). (19)

1 . _ -1 A
L (q,ig,—~> 0)=—g +Ny|In— —
u

Here g is the bare superconducting interaction, Ny is the den-
sity of states of the noninteracting FS, and A is the Matsubara
cutoff for the summation when v = 1. We can now derive
the QCP separating the superconducting and NFL phases by
setting fu — oo and seeking a critical u for which the fluctua-
tion propagator diverges. This gives us u* = ueo, = Ae™ /M8,
and the contour of instability for low but nonzero temperatures
is shown in the phase diagram in Fig. 3. A notable feature
of the strongly coupled superconductor obtained here and
in Ref. [29] is that it results from a gapped LS for a finite
interaction g. That is, and unlike the BCS case, pairing in the
current model is made possible by an attractive interaction g
that is above a critical value set by the formula u = Ae~'/Nos,
Hence, doping does not play a crucial role in this problem.
This must be contrasted with quantum critical BCS super-
conductors obtained from pairing gapless conformal fermions
[51,52] or mediated by quantum critical bosons [53]. Fluc-
tuation properties close to the QCP can be further extracted
by setting u = u. in the fluctuation propagator in Eq. (19),
which yields

_.Bur:x:
v/ Bueso ‘

It is worthwhile to examine the consequences of Eq. (20)
obtained by respecting the Ward identity. First, while gauge
invariance leaves the QCP unaffected in comparison with
the nongauge invariant approximation [29], it modifies the
exponent of the Bu.., factor in front of the exponential in
Eq. (20) from % to —%. Therefore, the structure of the fluc-
tuation propagator near zero temperature in Eq. (20) takes a
form similar to the particle-hole asymmetric conformal prop-
agator discussed in Ref. [54] with the substitution 7 -1 5t

L_l(q g O’ iQn = 0)|u—>um i NO

(20)
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Tco\ FL
T

FIG. 3. A schematic of the u-T phase diagram. The gray (blue)
contours are the strong coupling fu = k > 1 (weak coupling fu K
1) phase boundary and the red line denotes a Fermi liquid. The
normal state at strong coupling is a non-Fermi liquid. T, is defined
as T.(u = 0) and u.« as u.(f — o0) (green dot).

The LT dependence is a signature of NFL transport and has

been used to describe [38,54] Planckian behavior [55,56] and
universal scattering rates [57] observed in a variety of strongly
correlated materials. Second, following the methods described
in Refs. [58,59], one can evaluate the fluctuation free energy
from Eq. (20) to obtain —BF = Buceo — ¥ In(Bucn) Withy =
—%. Thus, despite a change in sign of the coefficient y when
compared to the nongauge invariant analysis, the form of the
free energy remains the same with the inclusion of vertex
corrections, as was anticipated in Ref. [29], and takes the
form of leading order [O(N 03] SYK fluctuation terms [32]. A
further Laplace transform yields a fluctuation density of states
proportional to i at low energy. In the nongauge invariant
calculation, one instead obtains a weaker density of states
divergence \/La Finally, vertex corrections render a negative
fluctuation correction to the logarithmically divergent term in
Eq. (19). Therefore, the curvature of the strong coupling phase
diagram is reversed at finite temperatures away from the QCP
(see Fig. 3).

III. DISCUSSION

Despite the fluctuation free energy acquiring the same
form as the corresponding leading order O(N°) fluctuation
contribution of the SYK model, the constant y determining
the fluctuation density of states is different in the two cases.
This should not come as a surprise since the leading order
fluctuation terms for the SYK model are melon diagrams as
opposed to pair bubbles that traditionally appear in the theory
of fluctuation superconductivity. As emphasized earlier, the
self-energy in LS models is proportional to a linear power of

the noninteracting Green function [see Eq. (3)]. This is an
important property of LSs that is crucial for the symmetry
mapping to the ¢ — oo SYK model to work. If the self-energy
was, instead, proportional to the total Green function (or the ¢
= 2 SYK), the model would effectively become the noninter-
acting random matrix model with no LSs. It is interesting that
the form of the gauge-invariant fluctuation propagator near the
QCP in Eq. (20) has a %ﬁ dependence with the time scale t

set by T-!. Reference [54] used such a form of the confor-
mal propagator and showed that resonant processes produce
Planckian scattering rates [55,56] with universal coefficients
[57] independent of interactions. This work, therefore, moti-
vates an evaluation of fluctuation transport quantities such as
paraconductivity in the NFL phase close to the QCP using
the Larkin-Varlamov formalism [58,60]. Finally, in the HK
model, the robustness of LSs depends crucially on the ratio
of interaction parameter u (or the Mott gap) and bandwidth
W of the noninteracting bands [34]. If W > 2u, the LS exists
only in certain parts of the Brillouin zone. The same holds
true if 2u > W and the system is doped so that the chemical
potential is located in one of the Hubbard bands. In either
of these cases, one still has extensively many maps to the
g — oo SYK model; one for each momentum point where
the LS exists. However, the QCP is avoided and the form of
the free-energy mapping between the models is lost.

To conclude, we have shown there exists a low-energy
reparametrization symmetry in models that host LSs where
the self-energy has a simple pole. The transformation prop-
erties of the Green function and self-energy can be mapped
to the ¢ — oo limit of the SYK model. The correspond-
ing mapping of the fluctuation action is robust to inclusion
of interaction vertices through the Ward identity, and the
subsequent 1u — behavior of the fluctuation propagator in-

dicates NFL tra{hsport. A LS model of particular interest is
the microscopic model by HK [35]. In addition to the ab-
sence of random interactions, a key simplification of the HK
Hamiltonian in Eq. (2) is that the interaction terms commute
with the kinetic energy making it exactly solvable [34,35,49].
Despite this simplicity, the model is sufficient to capture
important physical phenomena such as LSs, Mott gap, and
doublon-holon “Cooper” pairing. Moreover, the model is not
restricted to zero dimensions and can be extended to any
higher dimensions. Thus the HK model does exactly what
is expected of any minimal model; strips down the full in-
teracting problem to its basic ingredients for describing the
most interesting physics. Therefore the problem of pairing
instabilities in model LSs, such as those realized in simple
microscopic models like HK, lays a firm groundwork toward
understanding more sophisticated models exhibiting confor-
mal field theory—gravity duality [61] and is worth further
exploration.
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