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In ferromagnetic materials, the rich dynamics of magnetic domain walls (DWs) under a magnetic field or
current has been successfully described using the well-known q-ϕ analytical model. We demonstrate here that
this simple unidimensional model holds for multiple-sublattice materials such as ferrimagnetic alloys or synthetic
antiferromagnets (SAFs) by using effective parameters, and it is in excellent agreement with double-lattice
micromagnetic simulations. We obtain analytical laws for the DW velocity and internal precession angle
as a function of net magnetization for different driving forces (magnetic field, spin transfer, and spin-orbit
torques) and different propagation regimes in ferrimagnetic alloys and SAFs. The model predicts that several
distinctive dynamical features occur near or at the magnetic and the angular compensation points when the
net magnetization or the net angular momentum of the system vanishes, and we discuss the experimental
observations that have been reported for some of them. Using a higher degree-of-freedom analytical model
that accounts for inter-sublattice distortions, we give analytical expressions for these distortions that agree with
the micromagnetic simulations. This model shows that the DW velocity and precession rate are independent of
the strength of the intersublattice exchange coupling, and it justifies the use of the simpler effective parameters
model.
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I. INTRODUCTION

Antiferromagnetically coupled two-lattice magnetic sys-
tems, such as antiferromagnets, ferrimagnets, or synthetic
antiferromagnets (SAFs), offer a promising path toward much
faster, denser, more robust and efficient spintronic devices [1].
Their decreased net magnetization reduces the vulnerability
to external fields and to cross-talk from adjacent devices,
allowing for higher storage density and increased robustness.
Secondly, the reduced net angular momentum leads to drasti-
cally faster magnetic dynamics. Promising theoretical results
and experimental observations have been recently obtained in
such multilattice magnetic systems [2,3], multilayers archi-
tectures [4–6], or synthetic alloys [7–13]. In particular, it has
been shown that the antiferromagnetic coupling between sub-
lattices brings the characteristic frequency of magnetization
dynamics up to the THz range [14–18].

Antiferromagnets are hard to probe and manipulate ex-
perimentally as the two sublattices are of the same nature
and thus are perfectly balanced. An interesting alternative
are systems that mix two distinct sublattices, allowing for
a selectivity in both the reading and the manipulation of
the antiferromagnetic order. Two very promising and ver-
satile classes of such systems are studied: in one class the
sublattices are spatially merged and consist of two different
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chemical species [Fig. 1(a)], such as rare earth/transition
metal ferrimagnetic alloys (RE-TM), and in the other the two
sublattices are spatially separated [Fig. 1(b)], such as in syn-
thetic antiferromagnets (SAFs) where two magnetic films are
antiferromagnetically coupled through the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction [19–21]. In both systems,
it is possible to change the balance between the moments of
the sublattices by changing the composition or temperature
of the ferrimagnetic alloy [22] or the thickness of the layers
of the SAF [20]. Two particular configurations are of special
interest: the magnetic compensation point (MCP), where the
the net magnetization of the system vanishes, and the angular
compensation point (ACP), where the net angular momen-
tum vanishes. Depending on the material, these compensation
points are distinct if the two sublattices are chemically differ-
ent [23], or they coincide if they have the same nature.

These systems are already well known for their interesting
static properties [21,22]. More recently, the study of dynamics
in such systems has produced many interesting results [1].
However, the dynamics of magnetic textures in these systems
still lacks a clear, well-understood, and straightforward de-
scription. Experimental results are often subject to apparently
conflicting interpretations, particularly near the compensation
points, where the dynamics differs the most from the well-
studied ferromagnetic case.

In this article, the dynamics of double-sublattice films is
investigated analytically and numerically through the prism of
magnetic domain wall (DW) dynamics. In Sec. II, we discuss
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FIG. 1. Illustrations of the two considered systems and the used
models. (a) DW in a perpendicularly magnetized double-lattice
system where the two lattices are spatially merged, such as in a
ferrimagnetic alloy, and (b) in a system with spatially separated
sublattices, such as a SAF. (c) Analytical q-ϕ model, with a single
effective ferromagnetic DW with the effective parameters. (d) Nu-
merical, spatially discretized model.

different models for DW dynamics. In Sec. III, we give analyt-
ical laws and we evaluate their validity for the DW dynamics
under different driving forces: magnetic field, spin transfer
torque (STT), and interfacial spin orbit torque (SOT). Finally,
we consider the effects of finite coupling in Sec. IV. For the
reader’s convenience, all used symbols and their definitions
are listed in Table V. We have chosen to use the material
parameters of two examples of real systems: the RE-TM
ferrimagnetic alloy CoGd, and the SAF CoFeB/Ru/CoFeB
[Figs. 1(a) and 1(b)]. These two systems illustrate the cases
of spatially merged (CoGd) and segregated (SAF) antiferro-
magnetically coupled sublattices, as well as of systems with
distinct (CoGd) and coinciding (SAF) compensation points.

II. MODELING DW DYNAMICS IN MULTILATTICE
SYSTEMS

We use three models (two analytical and one numerical)
of DW dynamics in double-lattice systems. The first is the
well-studied ferromagnetic q-ϕ analytical model. We expand
it to double-lattice systems using effective parameters [24],
which defines an equivalent ferromagnetic material in the
limit of infinite coupling between the sublattices [Fig. 1(c)].
We will then compare it to the far less restricted numerical
micromagnetic double-lattice model [Fig. 1(d)]. In Sec. IV,
where we study the effects of finite coupling and deviations
from a perfect antialignment of the sublattices, we will use a
double q-ϕ analytical model [Fig. 6(d)].

A. Effective parameters

The dynamics of a magnetization distribution M(r, t ) =
MSm(r, t ) is described by the Landau-Lifshitz-Gilbert equa-
tion (LLG) [25,26]:

∂t m = −μ0γ m × H + αm × ∂t m + (γ /MS )τ. (1)

γ = MS/LS is the gyromagnetic ratio taken as positive in
ferromagnets, MS is the spontaneous magnetization, LS is the

angular momentum density, α is the Gilbert damping parame-
ter, and H ≡ −1

μ0MS
δmU is the effective field associated with

δmU , the variational derivative of the total energy density
U (m(r)) (defined in Appendix B). τ accounts for nonconser-
vative torques per unit volume applied on m, such as STT
or SOT. When dealing with effective parameters, it is helpful
to express the LLG equation in terms of angular momentum
density LS and of the product of the damping parameter α with
LS [27], Lα ≡ αLS , which yields

∂t m = 1

LS
(m × δmU + Lαm × ∂t m + τ), (2)

which can be rewritten in its explicit form:

∂t m = LS

L2
S + L2

α

(m × δmU + τ)

+ Lα

L2
S + L2

α

m × (m × δmU + τ). (3)

This form emphasizes the two components of the dynamics of
magnetization. When τ = 0, m precesses around δmU with a
rate |δmU |LS/(L2

S + L2
α ) and relaxes toward −δmU with a rate

|δmU |Lα/(L2
S + L2

α ). The energy variation due to dissipation
is [26,28]

dtU = −Lα|∂t m|2 = − Lα

L2
S + L2

α

|m × δmU |2, (4)

which is always negative (thanks to Lα > 0) or zero when and
only when m ‖ δmU , as is physically expected.

The STT can be written as τSTT = −(LSu · ∇)m + m ×
(βLSu · ∇)m with LSu = PJh̄/(2e)eJ , and β is the nonadi-
abatic parameter [29], JeJ is the current density, and P is
the current spin polarization. The SOT is separable in field-
like (FL) and dampinglike (DL) terms: τSOT = τFL m × σ +
τDL m × (m × σ ), with σ the orientation of the spin accu-
mulation. When τDL is due to SHE, σ = ±eJ × z and τDL =
τSHE = JθSHE h̄/(2et ), with t the film thickness and θSHE the
SHE angle [1].

In a material with two magnetic sublattices (indexed “1”
and “2”), the direction of the magnetization of each sub-
lattice (m1 or m2) can be described by the LLG equation
with the respective parameters (with individual spontaneous
magnetizations M1 and M2, angular momentum densities L1

and L2, etc.). The total energy includes an exchange inter-
lattice coupling interaction U12 = −JAFm1 · m2 (with JAF <

0 for antiferromagnetic coupling) [4,5,30–32]. In SAFs, the
interlattice coupling is interfacial and provided by RKKY. Ad-
ditionally, the dipolar interactions may also contribute to the
interlattice coupling. If the applied torques are much smaller
than the interlattice coupling, the antialignment of magnetic
moments m1 and m2 should not be significantly disturbed.
If we consider the approximation m1 = −m2, the magnetic
order in the system can be described by an equivalent effective
ferromagnetic film with m = m1 = −m2, similar to what was
done in Refs. [24,31] and illustrated in Fig. 1(c). To find the
parameters of the equivalent material, we consider the sum of
the two individual LLG equations integrated along the thick-
ness of the film, (L1t1)LLG1(m) + (L2t2)LLG2(−m), which
allows removing the coupling energy term. Then, the effective
parameters can be deduced by comparing this sum to the
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effective LLG equation (also integrated along the thickness)
(LSt )LLG(m) term-by-term, yielding

MS = (M1t1 − M2t2)/t, LS = (L1t1 − L2t2)/t,

Lα = (Lα1t1 + Lα2t2)/t . (5)

From hereon, the parameters of the sublattices are indexed
1 or 2, while the effective parameters of the equivalent fer-
romagnet are not. As before, the effective γ is MS/LS and
the effective α is Lα/LS . If the two sublattices are in spa-
tially separated layers with thicknesses t1 and t2, such as in a
SAF or in a multilayer ferrimagnet, the effective thickness is
t = t1 + t2, while if the two lattices are spatially merged, such
as in a single-layer ferrimagnetic alloy or antiferromagnet,
t = t1 = t2 instead. The MCP is reached when M1t1 = M2t2
and the ACP when L1t1 = L2t2. If the two sublattices are
the same, γ1 = γ2 and the two compensation points coincide.
Conversely, if the two sublattices are different (i.e., γ1 �= γ2),
the two compensation points are distinct [23]. A similar ef-
fective parameter approach could be applied to the case of
ferromagnetic coupling or for more than two sublattices, with
analogous equations.

The effective δmU is determined using the derivation chain
rule: δmU = δm1U∂mm1 + δm2U∂mm2 = δm1U − δm2U . The
effective micromagnetic energy parameters (such as the ex-
change stiffness A, the uniaxial anisotropy K , or the DMI D,
as defined in Appendix B) can then be deduced:

A = (A1t1 + A2t2)/t, K = (K1t1 + K2t2)/t − Kdipolar,

D = (D1t1 + D2t2)/t . (6)

All subsequent system parameters, such as the DW width
parameter 
 = √

A/K , can be calculated for the effective
system by using the effective parameters. In the expression
of K , we included Kdipolar, the approximation of the dipolar-
field-induced shape anisotropy valid in films thinner than the
considered magnetic textures. The dipolar field is very dif-
ferent in antiferromagnetically coupled systems with spatially
merged and separated sublattices. With merged sublattices,
Kdipolar = μ0

2 M2
S (zero at MCP as the dipolar field vanishes),

and with spatially separated sublattices, Kdipolar = μ0

2 (M2
1 t1 +

M2
2 t2)/t (which is always finite).
Effective parameters can also be found for the current-

induced torques:

P = (P1t1 − P2t2)/t, u = h̄/2

LS

PJ

e
,

β = (β1P1t1 + β2P2t2)/(Pt ), τFL = (τFL1t1 − τFL2t2)/t,

τDL = (τDL1t1 + τDL2t2)/t, θSHE = θSHE,1 + θSHE,2,

τSHE = JθSHE h̄/(2et ). (7)

Note that torques that are even in m add up (e.g., τDL), while
torques that are odd subtract (e.g., τFL) [30]. The different
susceptibilities to spin current (STT or SOT) of the sublattices
are accounted for by the different polarization factors P1 and
P2 and different spin Hall angles θSHE,1 and θSHE,2.

While in a ferromagnet almost all these quantities were
constant and positive, the effective parameters, with the

exception of Lα , are signed and some may become zero or
diverge (±∞) at the compensation points (when MS → 0 or
LS → 0) or when P → 0. All effective fields diverge at MCP
(such as, e.g., HDMI = D/


μ0MS
; see Fig. 2), and the parameters

γ and α diverge and change sign at ACP. β diverges at P →
0. However, none of these divergences leads to nonphysical
behaviors (like, e.g., an infinite ∂t m) as all the terms of the
LLG written in the form of Eq. (3) [δmU , LS/(L2

S + L2
α ), τSOT,

LSu, LSβu, . . . ] remain noninfinite even at the compensation
points. Likewise, even if α diverges at ACP, Lα remains
finite and positive, which ensures that the dissipation rate
[Eq. (4)] is always negative. In Ref. [33], a new definition
of α was given to avoid divergence at ACP. However, this
is not necessary as the dissipation rate [Eq. (4)] is not given
by α, which does diverge, but by Lα = αMS/γ , which does
not [26,34].

Many effective parameters can be experimentally mea-
sured with usual techniques (e.g., MS and K with magne-
tometry, current-induced torques by second-harmonic Hall
voltage [35], etc.), while sublattice parameters have to be
selectively probed (e.g., x-ray dichroism in ferrimagnetic
alloys).

B. Collective coordinates model in the limit of strong coupling

A very useful model of DW dynamics in perpendicularly
magnetized ferromagnetic systems is the one-dimensional
(1D) q-ϕ equation [36–38] [Eq. (A1), detailed in Ap-
pendix A]. It describes the DW dynamics with two variables
(the “collective coordinates”): the DW position q and its in-
plane magnetization angle ϕ (see Fig. 1). Two steady-state
DW propagation regimes are predicted [36]: the translational
regime at low drive, with a constant velocity and constant DW
angle (v = q̇ = const and ϕ̇ = 0), and the precessional regime
at high drive, with an oscillating velocity and precessing DW
angle. The two regimes are separated by the Walker thresh-
old [36–39] (indicated by a subscript W ) that is determined
by DMI and by the in-plane DW anisotropy created by the
demagnetization effect (KBN). Note that for a DW driven
by SHE alone, the precessional regime does not occur [38].
The q-ϕ equation can be solved analytically, and it yields
simple analytical laws for the translational regime and for
the high-drive limit of the precessional regime (“asymptotic
precessional regime”). We will also integrate it numerically
for the full range of drive. The analytical expressions for the
velocity v, the internal angle ϕ, and the precession rate ϕ̇ of a
DW driven by field, SOT, or STT in both regimes are shown
for reference in Table IV. Note that this 1D model does not
account for 2D effects, such as tilting DWs or Bloch lines, that
can, in some cases, alter significantly the dynamics of wide
DWs.

By applying the effective parameters described before
to this model, it is possible to describe the DW dynamics
in a multisublattice film, including across the compensa-
tion points. The resulting expressions for the DW dynamical
parameters are shown in Table I and are expressed with nondi-
verging parameters, wherever possible. Although some terms
in Eq. (A1) diverge at the compensation points, no unphysical
behaviors are predicted by this model (e.g., infinite velocity),
and all measurable quantities are finite.
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FIG. 2. (a) Effective parameters of the CoGd ferrimagnetic alloy vs temperature and composition (solid and dashed lines, respectively),
based on a mean-field model: MS (and sublattice magnetization), LS , Lα , γ , α, β, and the effective fields |HBN|, |HDMI|, and |HDL| =
|τDL/(μ0MS )| (at J = 30 GA/m2). (b) Effective parameters for the SAF system vs layer thickness ratio. lS and mS are shown in the horizontal
bars on the bottom.

C. Numerical modeling of multilattice DW dynamics

There may be deviations from the perfect antialignment of
the two sublattices that is assumed in the model above. There
could also be other distortions from the assumed 1D DW
profile. To verify the validity of the analytical model, we have
considered a numerical micromagnetic model by solving the
LLG equations using the MUMAX3 software [40]. In Sec. IV
we will also address analytically the sublattice misalignment.

To simulate a ferrimagnetic film, we use a sliding simu-
lation mesh with two layers (128 × 16 × 2 of 2 × 2 × 3.8
nm3 cells), where the parameters of each layer correspond
to the different sublattices of the film. An exchange coupling
between mesh layers accounts for the antiferromagnetic inter-
sublattice coupling. We have not included the demagnetizing
field in the simulations of the CoGd, which is an accept-
able approximation in the case of homogeneous and low

TABLE I. q-ϕ model solutions (from Table IV) with effective parameters for v, ϕ, ϕ̇, and the Walker threshold of a DW driven by field,
STT, or SOT, in translational and asymptotic precessional regimes. The Walker thresholds have divergence points (discussed in the text), as do
β (at P = 0) and u (at LS = 0). However, LSu, βLSu, and βP do not diverge. All other shown parameters do not diverge. The top and bottom
expressions for ϕ and Walker thresholds refer to the case of dominant dipolar-induced Bloch-Néel anisotropy (KBN) or dominant DMI (D).
Here, Hx = Hy = τFL = 0.

Field-driven
Translational regime Walker threshold Asympt. precessional regime

v = 


Lα
μ0MSH ϕ =

{
1
2 arcsin (H/HW )
arcsin (H/HW )

|HW | =
{∣∣ Lα

LS

1
μ0MS

KBN

∣∣∣∣ Lα

LS

1

μ0MS

π

2 D
∣∣ v = 
Lα

L2
S+L2

α
μ0MSH ϕ̇ = LS

L2
S+L2

α
μ0MSH

STT-driven
Translational regime Walker threshold Asympt. precessional regime

v = β

Lα
LSu ϕ =

{
1
2 arcsin(J/JW )
arcsin(J/JW )

|JW | =
{∣∣ Lα

LSβP−LαP
e

h̄/2 KBN

∣∣∣∣ Lα

LSβP−LαP
e

h̄/2
π

2 D
∣∣ v = LS+Lαβ

L2
S+L2

α
LSu ϕ̇ = 1




LSβ−Lα

L2
S+L2

α
LSu

SOT-driven

v = 


Lα

π

2 τSHE cos ϕ ϕ = arctan (τSHE/ LαD
LS


)
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TABLE II. Parameters used in the micromagnetic simulations
and models, for the CoGd alloy (determined by the mean-field model
for CoGd [41]) and CoFeB/Ru/CoFeB SAF. Intervals (in brackets)
refer to the range of variable quantities. The RKKY coupling in the
SAF is interfacial (JAF ∼ 1/t), and so it is written as JRKKY ≡ JAFt .
P and θSHE were taken as 1 for convenience.

CoGd SAF

Co Gd “1” “2”

Ms (MA/m) [0.82, 0.88] [0.89, 0.70] 0.8 0.8
t (nm) 3.8 3.8 0.8 [0.6, 1.6]
Ls (10−6 kg/ms) [4.2, 4.5] [4.0, 5.1] 4.1 4.1
Landé g 2.22 2.0 2.22 2.22
α 0.013 0.02 0.01 0.01
JAF, JRKKY −264 MJ/m3 −2 mJ/m2

A (pJ/m) 16 0 16 16
K (kJ/m3) 300 0 450 450
D (mJ/m2) 0.1 0 0.8 0
P 1 0 1 1
β 0.6 0 0.1 0.1
θSHE 1 0 1 0

 (nm) [7.3, 7.7] 6
Lα (nJ s/m3) [67, 80] 41

magnetization systems with a significant DMI [38]. The SAF
was simulated in a similar way, but taking into account the
demagnetizing field, which is more important in this system,
as well as the spatial gap between the layers. Due to the con-
straints of the spatial discretization method, the simulations of
the SAF were done for fewer values of mS than those of the
CoGd.

III. DW DYNAMICS

We examine now the DW dynamics under different driving
forces (field, STT, or SOT) using the models described above,
in the two example systems: the ferrimagnetic alloy CoGd and
a SAF CoFeB/Ru/CoFeB. We compare the analytical laws
from the model (Table I, shown as lines in the plots) with
the results of the numerical simulations (shown as points). To
facilitate the comparison between these two systems and other
multisublattice systems, the plots will be expressed in terms
of the normalized magnetization and normalized angular mo-
mentum density,

mS ≡ (MSt )/(|M1t1| + |M2t2|),
lS ≡ (LSt )/(|L1t1| + |L2t2|). (8)

The SAF will also be compared to a single-layer system
composed of only its layer 1 (i.e., t2 = 0 and mS = lS = 1).

A. Material parameters

Table II shows the parameters used for these two systems.
The chosen parameters are close to experimentally reported
values when these were available [4,22,35]; some were chosen
for the convenience of presenting the DW dynamics (e.g.,
P = θSHE = 1 and constant K). For CoGd, the variations with
temperature and with alloy composition of the sublattice mag-
netizations, MCo and MGd, were calculated using mean field

theory, and the respective angular momenta were calculated
using the Landé g factors in the table (see Refs. [22,41] for
details). Figure 2(a) shows the variation of magnetization
and some effective parameters of the CoGd film versus al-
loy composition at a fixed temperature (300 K) (full lines
and bottom axis) or versus temperature at fixed composition
(%Co = 75%) (dotted curves and top axis). The variations
with temperature and with composition superpose well, which
means that the same set of parameters can be obtained equally
by changing the composition or the temperature, in the con-
sidered ranges. The two compensation points, MCP and ACP,
are clearly visible. Since the two sublattices are of a different
nature (γ1 �= γ2), the two compensation points are distinct. γ

changes sign twice (crossing zero at the MCP and diverging
at the ACP) and α once (diverging at ACP). In the CoGd film,
we consider current-induced torques only in the Co sublattice
(PGd = θSHE,Gd = 0), which is a common assumption in RE-
TM alloys where mostly the TM sublattice is active in the spin
transport [12].

To tune the sublattices in the SAF, we considered a layer
“1” with a fixed thickness (t1 = 0.8 nm) and layer “2” with
variable thickness. Figure 2(b) shows the variation of the
effective parameters of the SAF versus the layer thickness
ratio t2/t1. In contrast with CoGd, the two sublattices are of
the same material (with γ1 = γ2) and so the two compensation
points coincide (at t2/t1 = 1). α diverges and changes sign at
the compensation point, but γ is always nonzero and finite.
For this system, the DMI and the SHE torque are assumed
to be present only in layer “1,” which corresponds to a SAF
structure with a single heavy metal adjacent layer. The STT is
applied in the two layers with the same magnitude (P1 = P2

and β1 = β2).

B. DW driven by field

Figures 3(a1) and 3(a2) and Figs. 3(b1) and 3(b2) show the
DW velocity v and precession rate ϕ̇ versus the perpendicular
field H in CoGd and in the SAF, for different values of lS .
The numerical integration of the q-ϕ equation [Eq. (A1),
lines] matches very well the numerical simulations (points).
Fast DW velocities are obtained (a few km/s), which vary in
magnitude and direction with mS , similar to what is reported
in experiments [7]. The translational (ϕ̇ = 0) and precessional
(ϕ̇ �= 0) regimes are clearly visible, but they do not occur for
every lS (e.g., for mS = 0 or lS = 0).

The dynamics of the DW versus lS is more clearly seen
in Figs. 3(c1) and 3(c2) and in Figs. 3(d1) and 3(d2) where
we show the mobility (v/μ0H) and the normalized precession
rate (ϕ̇/μ0H) versus lS for CoGd and for the SAF. Except for
close to ACP, the simulated DW (points) follows the analytical
law for the translational regime (green line) at low fields
and approaches at large fields the law of the asymptotically
precessional regime (red line). In general, the SAF shows
significantly higher mobility than CoGd, as the mobility is
inversely proportional to Lα (Table I), which is much lower
in the SAF (Fig. 2). For both CoGd and SAF, the mobility
is reversed and crosses zero at MCP. Physically, this can be
understood since the effect of a (moderate) external field is
reversed when the sublattice with the largest magnetization
changes (i.e., MS is reversed) and produces no effect if the
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FIG. 3. Field-driven DW dynamics in CoGd (a1)–(e1) and in the SAF (a2)–(e2). (a1),(a2) Velocity v and (b1),(b2) precession rate ϕ̇ vs
H for a few values of lS . Points correspond to simulations and lines to the q-ϕ model [Eq. (A1)]. (c1),(c2) Mobility v/μ0H and (d1),(d2)
normalized precession rate ϕ̇/μ0H vs lS . The points correspond to micromagnetic simulations (low fields in green and high fields in red; see
the color scale), and the lines correspond to the translational (green) and asymptotically precessional (red) regimes of the model (Table I).
The insets in (c1) and (c2) show the region close to lS = 0. The arrows indicate the point of maximum mobility at the highest field. (e1),(e2)
Walker field HW vs lS . Points are extracted from (d1) and (d2) and the lines correspond to the model for DMI dominated (blue) and dipolar-field
dominated (black) cases.

sublattices are compensated (MS = 0). In the q-ϕ model (Ta-
ble I), this is reflected in both regimes as v ∝ MSH . The
mobility of the precessional regime is comparable to that of
the translational regime in CoGd, while in the SAF it is much
smaller. The ratio of precessional to translational mobility
is given by (1 + L2

S/L2
α )−1 (Table I), which is indeed much

smaller in the SAF than in the CoGd [compare Figs. 2(a)
and 2(b)].

The q-ϕ model also predicts that the DW mobility in the
translational regime is not directly dependent on LS , and so
it is not affected by the ACP. In contrast, the mobility in the
precessional regime is maximum at ACP as v/H ∝ MS (L2

S +
L2

α )−1. In the SAF, as the ACP and MCP coincide, the preces-
sional regime mobility shows two maxima (of opposite sign)
on either side of the compensation point, and it is zero at that
point [see the inset of Fig. 3(c2)].

In CoGd, ϕ̇ crosses zero twice at MCP and ACP. In partic-
ular, at the ACP the DW propagates without any precession
(ϕ̇ = 0). The q-ϕ model predicts that indeed ϕ̇ ∝ LSMSH ,
crossing zero at MCP and ACP and reversing its direction
between these two points. This is closely related to the mag-
netic precession rate under field given by the LLG equation
[Eq. (3)], which is ∝ δmULS = μ0HMSLS . For the SAF, as
the two compensation points are superimposed, there is no
intermediate region of reversed precession, and ϕ̇ is zero at
compensation when both LS = 0 and MS = 0. At the point of
no precession, the velocities of the translational and preces-
sional regimes predicted by q-ϕ coincide [see Eq. (A1)].

In the simulations, the precession rate is zero in the vicinity
of the compensation point for all tested fields [see Figs. 3(d1)

and 3(d2) and the inset of Fig. 3(c1)]. We call this case preces-
sion locking. This phenomenon occurs generally around every
point of no precession, and can be understood by analyzing the
Walker field HW , shown in Figs. 3(e1) and 3(e2) for the CoGd
and SAF, respectively. The q-ϕ model solutions are shown
with DMI (blue line) and with KBN and no DMI (black line;
calculated as described in Appendix A). We note that the SAF
shows much higher HW than the single-layer film of the same
material (0.85 mT). The HW from the simulations follow the
DMI solution, as expected, and diverge at ACP and MCP. In
the vicinity of the HW divergence, the DW will propagate in
the translational regime even for the highest applied field—
leading to precession locking. The model predicts indeed
that for the case of dominant DMI, HW ∝ DL−1

S M−1
S . With-

out DMI, HW ∝ KBNL−1
S M−1

S . For homogeneous ferrimagnets
like CoGd, KBN ∝ M2

S , and so HW diverges at ACP but not at
MCP (and is quite small far from ACP). For separated systems
like the SAF, KBN remains finite at the compensation, and thus
HW diverges with or without DMI.

An interesting consequence of precession locking is that
the maximum mobility at a given applied field does not occur
exactly at ACP. If the DW dynamics versus temperature is
measured in CoGd at a constant high field, two points of
discontinuity will be observed close to ACP corresponding
to H = HW . At these points, the DW switches between prop-
agation regimes and its velocity and precession rate change
abruptly. This transition can be seen in Fig. 3(c1) where the
points at highest field (in red) follow the precessional curve
(in red) but switch to the translational curve (in green) near
ACP. As a result, the maximum of mobility at high field is
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FIG. 4. STT-driven DW dynamics in CoGd (a1)–(e1) and in the SAF (a2)–(e2). (a1),(a2) Velocity v and (b1),(b2) precession rate ϕ̇ vs J
for a few values of lS . Points correspond to numerical simulations and lines to the q-ϕ model [Eq. (A1)]. (c1),(c2) Mobility v/J and (d1),(d2)
normalized precession rate ϕ̇/J vs lS . The dots correspond to micromagnetic simulations (low currents in green and high currents in red; see
the color scale). Lines correspond to the translational (green) and asymptotically precessional (red) regimes of the model (Table I). The arrows
indicate the point of zero mobility and zero precession, discussed in the main text. (e1),(e2) Walker current JW vs lS . Dots are extracted from
(d1) and (d2) and the lines correspond to the q-ϕ model for DMI dominated (blue) and dipolar-field dominated (black) regimes.

not exactly at ACP [see the arrows in Fig. 3(c1)]. As the
mobilities of the two propagation regimes converge at ACP,
these discontinuities may go unnoticed experimentally, but
they may induce errors in the determination of the ACP from
the DW mobility peak [13]. The same phenomenon should
be observable in a SAF by measuring velocity versus layer
thickness (for example, by using a wedge layer).

The mobility peak near ACP was already experimentally
observed in a ferrimagnetic alloy (GdFeCo) by Kim et al. [7].
The authors observed that the DW mobility increased as the
system was heated to a temperature above MCP, up to ∼20
km s−1/T at ∼90 K above MCP, and then decreased quickly
after. The authors identified the maximum with ACP by as-
suming that the DW was in the precessional regime at the
peak, although these models predict that it was in the transla-
tional regime, and that the maximum is located slightly above
ACP.

C. DW driven by STT

Under STT, two nonconservative torques act on the DW, in-
ducing a more complex behavior than with field. We consider
that the current interacts only with the Co sublattice of CoGd,
whereas it interacts with both layers of the SAF (see Table II).
Figures 4(a1) and 4(a2) and Figs. 4(b1) and 4(b2) show the
DW velocity v and precession rate ϕ̇ versus J for CoGd and
the SAF with different values of lS . The agreement between
simulations (points) and the integrated q-ϕ model (lines) is
very good. As in ferromagnets and in the field-driven case,
two propagation regimes are visible: the translational regime

at low current (ϕ̇ = 0) and the precessional regime at high
current (ϕ̇ �= 0). Interestingly, in the precessional regime in
CoGd, the propagation and precession directions change with
lS and with J .

The variation with lS is more visible in Figs. 4(c1)
and 4(c2) and Figs. 4(d1) and 4(d2), which show the mobility
(v/J) and the normalized precession rate (ϕ̇/J) versus lS and
mS . For low current (green points), the simulated DW follows
the translational laws (green lines), and for higher current (red
points), the DW approaches the laws for the asymptotic pre-
cessional regime (red lines). In CoGd (for which MCP �=ACP),
there are no remarkable variations of these two quantities
near MCP, showing that the STT does not depend directly
on MS .

In both systems, the mobility of the translational regime
does not vary significantly with lS when compared with the
precessional regime. Indeed, according to the model, the DW
mobility in the translational regime is βLSu/Lα (Table I),
which is almost constant in the investigated range of param-
eters [as βLSu is almost constant, Eq. (7)]. Note that the
mobility does not depend on MS . Indeed, although the STT
velocity in ferromagnets could be thought to be ∝ u ∝ 1/MS

(Table IV), once it is explicitly written with nondiverging
effective parameters (Table I) no direct dependence on MS

exists.
In the precessional regime, the DW behavior is more com-

plex. In CoGd, there are two remarkable points [marked with
arrows in Figs. 4(d1) and 4(c1)]. Slightly before ACP, the
propagation direction reverses and the precession rate exhibits
a peak. Slightly after ACP, the precession rate changes its sign.
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FIG. 5. SHE-driven DW dynamics in CoGd (a1)–(d1) and in the SAF (a2)–(d2). (a1),(a2) Velocity v and (b1),(b2) in-plane magnetization
angle ϕ vs J for different values of lS . Points correspond to numerical simulations and lines to the q-ϕ model [Eq. (A1)]. (c1),(c2) Mobility
v/J and (d1),(d2) in-plane angle ϕ vs lS . The dots correspond to micromagnetic simulations (low currents in green and high currents in red;
see the color scale), lines correspond to the asymptotes of the q-ϕ model (Table I) at low (green) and high current (red). At high current, the
model predicts that the velocity is asymptotically limited and the mobility tends to zero, except at ACP.

In the SAF, no propagation reversal occurs, but the mobility is
maximum near ACP.

The q-ϕ model predicts that the reversal of v (v = 0) in
the precessional regime occurs at LSP = −βLαP. For CoGd,
β = β1 > 0, so the reversal occurs just before ACP. For the
SAF, in the studied range, this condition is never satisfied and
no reversal occurs [42].

The precession-free point (ϕ̇ = 0) is predicted at LSβP =
LαP. In CoGd, it does not occur at ACP but above, at LS =
Lα/β [equivalently, β = α, visible in Fig. 2(a)]. For the SAF
it occurs at compensation (where LS = P = 0), although for a
SAF with different materials this point would occur elsewhere
as P �= 0 at compensation.

As with field-driven DWs, in the simulations the precession
is locked (zero) in the vicinity of the no-precession point pre-
dicted by the q-ϕ model. This can be understood by examining
the Walker threshold current JW , shown in Figs. 4(c1) and
4(c2) for CoGd and the SAF. The JW extracted from the sim-
ulations (points) follows closely the prediction for the DMI
dominant case (blue line). The SAF shows a much higher JW

than a single layer of the same material (4 × 1011 A/m2). With
DMI, JW > 0 everywhere. Without DMI (black line), the JW

is proportional to KBN, which is zero at MCP for systems with
spatially merged sublattices (CoGd) but is always finite in
SAFs. For both cases, the q-ϕ model predicts that the Walker
threshold JW diverges when LSβP = LαP, which corresponds
to the previously discussed precession-free point. For a given
maximum J , in the vicinity of this point the Walker current
cannot be reached and the DW is precession-locked in the
translational regime.

Some of these aspects of the STT-driven DW dynamics
have recently been observed by Okuno et al. [43] in ferrimag-
netic GdFeCo. The authors measured the DW velocity driven
simultaneously by field and current for various temperatures.
By assuming a linearity between field and current, the authors
separated the mean velocity due to the field and the difference
of velocities due to the STT. They observed a peak of the
STT-induced velocity versus temperature that they attributed

to the ACP (with a limited validity, as discussed above) and a
reversal of the STT-induced velocity close to this temperature.

D. DW driven by SHE

We describe here the DW driven by SHE-induced SOT,
although the results also apply to any other sources of damp-
inglike torque of the same form. We do not consider other
current-induced torques like the τFL, which are typically much
smaller and lead to more complex dynamics (similar to the
STT-driven case). As discussed previously (Table II), the SOT
is present only in the Co sublattice of CoGd and in the layer
“1” of the SAF.

Figures 5(a1) and 5(a2) and Figs. 5(b1) and 5(b2) show the
DW velocity v and the DW in-plane angle ϕ versus current
density J for CoGd and SAF, with different values of lS .
The numerical integrations of the q-ϕ equation (lines) show
an excellent agreement with the micromagnetic simulations
(points). As in ferromagnets, the SOT-driven DW only shows
a translational regime (ϕ̇ = 0). ϕ, initially ≈0 at low current,
approaches ±π/2 with increasing current [as predicted by
the model: ϕ = arctan(τSHE


LS
DLα

)]. As v ∝ cos ϕ, the velocity
saturates at high current (v → π

2 D/LS). While the propaga-
tion direction is always the same, the saturation velocity and
ϕ strongly vary with lS . In particular, at ACP, the behavior
is remarkably different from the ferromagnetic case: the DW
propagates without magnetization tilt (ϕ remains 0) and no
saturation is visible.

Figures 5(c1) and 5(c2) and Figs. 5(d1) and 5(d2) show the
plots of mobility (v/J) and ϕ versus lS . The lines are the limits
at low (green) and high (red) current given by the model,
and the points correspond to the simulations (green for low
current, red for high current). For the CoGd, no remarkable
features appear near MCP, showing that the SHE drive, as
the STT, does not depend directly on MS . This contrasts with
the effective field created by the DL torque (HDL, shown in
Fig. 2), which diverges at MCP, showing that the effective
field is not a convenient parameter to characterize the effects
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of SOTs in these systems. At low current, ϕ remains ≈0 for all
values of mS and the mobility is large and almost constant (as
predicted, v/τSHE ≈ π

2 
/Lα). At higher current, both quanti-
ties vary strongly with mS . In particular, at ACP, ϕ = 0 and
changes sign while the mobility shows a peak independent
of J . The model indeed predicts that the velocity does not
saturate at ACP (the saturation velocity, π

2 D/LS , diverges),
which implies a mobility peak for all currents. For the SAF,
this means that the DW can be driven much faster than in
the single-layer case (i.e., t2 = 0, which presents a saturation
velocity of 306 m/s).

Several experimental reports have shown some of these
effects. The variation of the SOT-driven DW velocity with the
thickness ratio of a SAF was observed by Yang et al. [4].
The authors measured the DW dynamics in perpendicular-
magnetized SAFs with a single Pt adjacent layer, and various
layers thicknesses. Both the observed DW mobility and the
maximum velocity were greatest at compensation, when the
two constituting layers of the SAF were balanced.

Recently, several experimental reports have studied SOT-
driven DW dynamics in ferrimagnetic systems. Siddiqui
et al. [8] measured the SHE-driven DW velocity in
Pt/CoTb/SiN tracks with variable composition observing,
for the first time, a mobility peak (versus composition) that
could be associated with the ACP. However, the investigated
velocity range and the threshold current (required to depin
the DW) make it difficult to unambiguously attribute this
mobility peak to the ACP. Also, different compositions were
measured in different structures, which can present deviations
of parameters such as the anisotropy or the DW pinning field.

Caretta et al. [9] studied the SHE-driven DW in
Pt/CoGd/TaOx tracks with varying temperature. These ex-
perimental results are in very good agreement with the
presented model. At high current, a velocity peak versus tem-
perature was observed, which was attributed to the ACP. At
low current, however, the peak fades and the velocity did not
depend significantly on the temperature.

In our recent work, we studied the SHE-driven DWs in
CoFeGd/Pt with variable temperature [13]. A transverse bias
field was applied and, using an extension of the described q-ϕ
model to include bias fields, the ϕ could be determined. A
mobility peak (versus temperature) was observed, at which
ϕ vanished and changed sign, showing the precession-free
dynamics of the DW at ACP.

Similar conclusions on the velocity versus lS in ferri-
magnets were recently obtained from a theoretical point of
view using micromagnetic models and an extended 1D model
in [44].

IV. EFFECTS OF FINITE COUPLING

It is important to investigate how the results presented in
the previous sections are modified by a finite angle between
the sublattice magnetizations (m1 �= −m2). The strength
of the interlattice coupling in ferrimagnetic alloys varies
significantly for different alloy compositions or deposition
techniques [45–47], and whether the RE-TM is an alloy or
is spatially segregated in multilayers. In SAFs, the coupling
strength is much weaker than in RE-TM alloys, and it can be

FIG. 6. (a) Diagram of δq and δϕ. (b) Surface energy plot of σex

vs δq and δϕ.

modulated (even made ferromagnetic) by altering the spacer
layer [20].

A. Collective coordinates model for finite coupling

To study the effects of finite coupling, we developed a
collective coordinates model with two coupled sublattices.
We consider a DW in a double-lattice system as two rigid
ferromagnetic DWs, one for each sublattice, coupled to each
other [4,32] [Fig. 6(a)]. The choice of this ansatz for the
DW profile is motivated by the fact that it is exact in the
two limiting cases of infinite and null interlattice coupling.
We consider an ↑↓ DW in the sublattice 1, and a ↓↑ DW
in the sublattice 2, with coordinates (q1, ϕ1) and (q2, ϕ2),
respectively. The sublattice 1 is arbitrarily chosen as the main
one, and we define four more convenient coordinates q, δq, ϕ,
and δϕ [shown in Fig. 6(a)], such as

q1 = q, ϕ1 = ϕ, q2 = q + δq, ϕ2 = ϕ + π + δϕ.

This model allows for some interlattice tilt in the form of lag
between the positions of the DWs (δq) or an angle difference
between their central antiparallel magnetizations (δϕ). A sim-
ilar model was considered in Refs. [4,44], although without
the δq degree of freedom.

The time evolution of the four collective coordinates q,
ϕ, δq, and δϕ is described by using two coupled q-ϕ equa-
tions with different parameters for each sublattice, with an
additional energy term, σex, that accounts for the interlat-
tice coupling energy per unit of DW surface (Appendix A).
We estimate σex from the classical DW profile, σex =∫ +∞
−∞ U12(x)dx = ∫ +∞

−∞ −JAFm1(x) · m2(x)dx, which yields

σex = −2JAF

δq/


sinh δq



(
cosh

δq



− cos(δϕ)

)
+ const

≈ −JAF
(δϕ2 + (δq/
)2) + const, (9)

where the approximation is valid for small δq/
 and δϕ.
Figure 6(b) shows the inter-exchange coupling surface energy
versus δq and δϕ. For δq larger than 
, the dependence on
δϕ disappears, but for small δq and δϕ the energy is nearly
parabolic and given by the approximation above. This ex-
pression, by assuming a rigid DW profile, overestimates the
coupling energy and can be expected to slightly underestimate
δq and δϕ.

This collective coordinates model covers a very large num-
ber of cases that are not always analytically solvable. We
consider here the steady-state motion of the DW in trans-
lational or asymptotic precessional regimes. By assuming
the bounded state of the two DWs, ˙〈δϕ〉 ≈ 0 and ˙〈δq〉 ≈ 0.
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TABLE III. Collective coordinates model (q, ϕ, δq, δϕ) solutions for a DW driven by field, STT, or SOT in the studied CoGd (left column)
and SAF cases (right column). In the CoGd, D2 = 0, and current-induced torques only in the TM sublattice “1” (θSHE2 = P2 = β2 = 0). In the
SAF, the two layers have the same material parameters except D2 = 0, and with current-induced torques only in the sublattice “1” (θSHE2 =
P2 = β2 = 0). In both cases, DMI is considered dominant relative to the dipolar-induced anisotropy (KBN = 0). δq and δϕ are considered
constant in time. veff , ϕeff are the solutions of the q-ϕ model with effective parameters (Table I). The material parameters with no indices are
the effective parameters defined in Sec. II.

CoGd SAF

Field-driven, v = veff , ϕ = ϕeff v = veff , ϕ = ϕeff

Translational δq = −
μ0H Lα1M2+Lα2M1
Lα

/JAF δq = −
μ0HM1
2t1t2

t /JRKKY

δϕ = −vL2/(
JAF ) δϕ = −vL1t2/(
JRKKY)

Field-driven, v = veff , ϕ̇ = ϕ̇eff v = veff , ϕ̇ = ϕ̇eff

Asympt. δq = −
μ0H LS (L1M2−L2M1 )+Lα (Lα1M2+Lα2M1 )
L2

S+L2
α

/JAF δq = −
μ0HM1
L2

α

L2
S+L2

α

2t1t2
t /JRKKY

Precessional δϕ = −v
L1L2 (α1+α2 )

Lα
/(
JAF ) δϕ = −μ0HM1

LS Lα

L2
S+L2

α

2t1t2
t /JRKKY

STT-driven, v = veff , ϕ = ϕeff v = veff , ϕ = ϕeff

Translational δq = −vLα2/JAF δq = 0

δϕ = −vL2/(
JAF ) δϕ = (v − u1)Lα1t2/JRKKY

STT-driven, v = veff , ϕ̇ = ϕ̇eff v = veff , ϕ̇ = ϕ̇eff

Asympt. δq = −vL2
βL2α2

2−βLS+L1(βα1α2+α1+α2 )
βLα+LS

/JAF δq = LSu1(β1 − α1)
L2

1
L2

S+L2
α

2t1t2
t /JRKKY

Precessional δϕ = −vL2
LS−α2Lα+βL1(α1+α2 )

βLα+LS
/(
JAF ) δϕ = Lα1u1(α1 − β1)

L2
1

L2
S+L2

α

2t1t2
t /(
JRKKY)

SOT-driven v = veff , ϕ = ϕeff v = veff , ϕ = ϕeff

δq = −vLα2/JAF δq = ±vLα1t2/JRKKY

δϕ = −vL2/(
JAF ) δϕ = ±vL1t2/(
JRKKY)

This allows us to obtain analytically expressions for v, ϕ,
δϕ, and δq for all driving forces (field, STT, or SOT) in
the two considered example systems, the CoGd film and
the SAF, shown in Table III. In these solutions, we apply
the previously discussed assumptions for CoGd (t1 = t2 = t ,
P2 = β2 = θSHE2 = 0, D2 = 0), and for the SAF (t = t1 + t2,
θSHE2 = 0, D2 = 0, same values in layers “1” and “2” for the
other parameters), and we have neglected the dipolar-induced
planar anisotropy KBN.

Interestingly, we found that this model gives the same
steady-state results (v, ϕ, and ϕ̇) as the simpler q-ϕ model with
effective parameters for all driving forces (see Table III). This
shows that the q-ϕ model, that was obtained in the strong-
coupling approximation of perfect antiparallel alignment, is
valid even for finite coupling. Furthermore, it shows that the
DW dynamics are independent of JAF.

B. Micromagnetic simulations

To verify this finding, we have repeated the micromagnetic
simulations of a field-driven DW in CoGd with different val-
ues of the coupling constant JAF, from 100× to 0.01× the
previously used value (in Table II). For values of JAF smaller
than 0.01 × JAF, the DWs decoupled. Figures 7(a) and 7(b)
show the velocity v and precession rate ϕ̇ versus H obtained
with the various values of JAF for %Co = 80% (mS = 0.07).
The color of the points indicates the value of JAF. For the
largest couplings (100× to 0.1×), v and ϕ̇ coincide and are
independent of JAF, as predicted by the model. Significant
deviations occur only for the lowest couplings at the highest

fields, where the DW structure is highly distorted. Similar
results were obtained for the other driving forces (not shown).

The model predicts that the internal distortions, δq and
δϕ, are proportional to the ratio of the driving force and the
interexchange coupling (e.g., H/JAF for the field-driven DW),
and so tend to zero for low driving forces or large coupling.
Figures 7(c) and 7(d) show δq/
 and δϕ versus H/JAF for
different JAF (for %Co = 80%). Although δq is sometimes
neglected (e.g., [44]), the magnitudes of δϕ and δq/
 are
comparable, and therefore produce comparable contributions
to the system energy [Eq. (9)].

These distortions do not affect the DW velocity nor its pre-
cession, except at very low JAF. The velocity with 100 × JAF

and with 0.1× is the same, even if δq and δϕ change by four
orders of magnitude. Nevertheless, these distortions may be
significant in the transient response [48]. The linear relation of
δq and δϕ with H/JAF predicted by the collective coordinates
model can be clearly seen. As expected, the proportionality
factors ( δq



/

μ0H
JAF

and δϕ

π
/

μ0H
JAF

) are different for the translational
and precessional regimes. The proportionality factors also
vary with lS [shown in Figs. 8(a1) and 8(b1)] as predicted by
the model (Table III). The same observation holds also for the
SAF [shown in Figs. 8(a2) and 8(b2)].

In previous studies (e.g., [4,49]), the DW velocity was
described as a function of the “exchange coupling torque”
proportional to JAF cos(δϕ). However, the presented results
show that the exchange coupling torque is not a convenient
parameter, as the DW velocity does not directly depend on
δϕ nor on the coupling torque. The coupling torque, being
symmetric on the two sublattices, applies no net force on the
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FIG. 7. Effect of intersublattice angle on the velocity and precession rate of a field-driven DW in CoGd (%Co = 80%, mS = 0.07, lS =
0.018). (a),(b) Comparison between the (a) velocity and (b) precession rate vs the applied field obtained with different values of coupling
(ranging from J/JAF = 100 to 0.01). Many points are juxtaposed. (c) δq/
 and (d) δϕ vs the ratio H/JAF for the same simulations as in (a).
The lines correspond to the linear relations predicted by the model (Table III) for the translational (green) and asymptotic precessional (red)
regimes.

DW, and may only influence the DW dynamics by distorting
its structure.

These results validate the use of the q-ϕ model with effec-
tive parameters to interpret DW dynamics, even at moderate
coupling strength, and the use of the collective coordinates

model to estimate the distortions of the DW pair (δq and δϕ).
Gomonay et al. [30] showed that the antiferromagnets can be
described by a single effective equation describing the Néel
vector field, with the antialignment distortion as a subordinate
expression. Here, as well, the dynamics of q and ϕ do not

FIG. 8. Variation of interlattice distortions, δq and δϕ, with mS of a field-driven DW in CoGd (a1),(b1) and in the SAF (a2),(b2). (a1),(a2)
δq/(H/JAF ) and (b1),(b2) δϕ/(H/JAF ) vs lS . The lines are the analytical laws given by the collective coordinates model for the translational
(green) and precessional (red) regimes (Table III). The color code of the points is the same as in Fig. 3.
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depend on δq and δϕ. The current result, although stricter in
application domain (1D DW dynamics instead of the general
LLG), suggests that such a description may be true in the
wider class of ferrimagnetic systems.

V. CONCLUSION

Using analytical and numerical methods, we have studied
the dynamics of magnetic DWs in systems with two antiferro-
magnetically coupled sublattices, in particular in ferrimagnets
and SAFs, under different driving forces: magnetic field, STT,
and interfacial SOT. By comparing it to micromagnetic sim-
ulations, we have shown that the q-ϕ model using effective
parameters provides a unified, analytical description of DW
dynamics in multilattice systems. Moreover, we have shown
that this description is valid even far from the strong-coupling
limit, where the sublattices are not perfectly antiparallel. The
same approach, using effective parameters, could be applied
to other systems (e.g., multilayered systems) or other mag-
netic textures (e.g., vortices or skyrmions).

In tunable systems, where the ratio of the sublattice mo-
ments can be changed, the models predict that the DW
dynamics can differ significantly from the ferromagnetic case
in the vicinity of the compensation points (ACP and MCP).
Depending on the driving force, the DW may show features
with great interest for applications, such as enhanced mobility
or suppression of precession. As we have discussed, some of
these features can be seen in recently reported results on DW
dynamics in systems like ferrimagnets or synthetic antiferro-
magnets, while other predicted features are yet to be observed.
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APPENDIX A: THE q-ϕ MODEL

The q-ϕ model is deduced from the LLG equation by
assuming a Bloch DW profile, where the magnetization in
spherical coordinates, ((x), φ(x)), follows,

φ(x) = ϕ, (x) = 2 arctan ( exp(x − q)/
),

where ϕ is the in-plane angle of the magnetization of the DW
(independent of x), q is the position of the DW center, and

 is the Bloch DW width parameter [see Fig. 1(c)]. The DW
dynamics under driving forces (field H or electrical current
J) can be described via the time evolution of the two coupled
collective coordinates (q and ϕ):

α
q̇



+ ϕ̇ = γ0Hz − ∂qσex

2LS
+ π

2

τDL

LS
cos ϕ + β

u



,

q̇



− αϕ̇ = γ0HBN

sin(2ϕ)

2
+ π

2
γ0(HDMI + Hx ) sin ϕ

−
(
γ0Hy + τFL

LS

)
cos ϕ + ∂ϕσex

2
LS
+ u



. (A1)

The term σex accounts for the other energy terms of
the system (such as the interlattice exchange coupling in
Sec. IV), HDMI = D/


μ0MS
accounts for the DMI, and HBN =

2KBN
μ0MS

accounts for the in-plane (Bloch/Néel) dipolar-induced
anisotropy. For thin films with spatially merged sublattices,
KBN ≈ ln 2

2π
t



μ0M2
S [50]. For systems with spatially sepa-

rated sublattices, the same approximation would yield KBN ≈
ln 2
2π

μ0(t2
1 M2

1 + t2
2 M2

2 )/(t
), but the dipolar interactions be-
tween the DWs in the two layers will decrease it by orders of
magnitude [5] and so KBN may be neglected in the presence of
DMI. In agreement with this description, two steady-state DW
propagation regimes can exist [36]: the translational regime
at low drive, with a constant velocity and fixed DW angle
(ϕ̇ = 0), and the precessional regime at high drive, with os-
cillating velocity and oscillating DW angle. The two regimes
are separated by the Walker threshold [36–39], which is the

TABLE IV. q-ϕ model solutions [Eq. (A1)] for v, ϕ, ϕ̇, and the Walker threshold of a DW in a ferromagnet with perpendicular anisotropy
driven by field, STT, or SOT in translational and asymptotic precessional regimes [36–38]. The top and bottom expressions for ϕ and Walker
thresholds refer to the case of dominant dipolar-induced Bloch-Néel anisotropy (KBN) or dominant DMI (D). Here, Hx = Hy = HFL = 0.
HBN = 2KBN

μ0MS
, HDMI = D/


μ0MS
.

Field-driven
Translational regime Walker threshold Asympt. Precessional regime

v = 


α
γ0H ϕ =

{
1
2 arcsin (H/HW )
arcsin (H/HW )

|HW | =
{

1
2 |αHBN|
π

2 |αHDMI| v = 
α

1+α2 γ0H ϕ̇ = 1
1+α2 γ0H

STT-driven
Translational regime Walker threshold Asympt. Precessional regime

v = β

α
u ϕ =

{
1
2 arcsin (u/uW )
arcsin (u/uW )

|uW | =
{ 1

2

∣∣ α
γ0HBN
β−α

∣∣
π

2

∣∣ α
γ0HDMI
β−α

∣∣ v = 1+αβ

1+α2 u ϕ̇ = β−α

1+α2
u



SOT-driven

v = 


α

π

2
τSHE

LS
cos ϕ ϕ = arctan

(
τSHE

αMSμ0HDMI

)
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TABLE V. List of symbols used in the text. Parameters with indices 1 and 2 refer to the sublattice parameters.

Symbol Units Usage Description

m, M –, A/m Eqs. (1),(2) Normalized magnetization and magnetization, M = MSm
MS , M1, M2 A/m Eq. (5) Spontaneous magnetization
LS , L1, L2 Kg/(ms) Eqs. (2),(5) Angular momentum density
mS Eq. (8) Normalized magnetization
lS Eq. (8) Normalized angular momentum
γ , γ0 s−1/T, s−1/(A/m) Eq. (1) Gyromagnetic ratio. γ0 = μ0γ = μ0MS/LS

g Landé g-factor, γ = gμB/h̄, where μB is the Bohr magneton
α Eqs. (1),(5) Gilbert damping parameter, α = Lα/LS

Lα , Lα1, Lα2 sJ/m3 Eqs. (2),(5) Product αLS

t , t1, t2 m Film (sublattice) thickness
H A/m Effective field, H ≡ −1

μ0MS
δmU

δmU J/m3 Eq. (2) Variational derivative of U (m(r))
U , U1, U2 J/m3 Appendix B Total energy (density), U = UZeeman + UK + Uex + UDMI + Udemag (due to

Zeeman, anisotropy, exchange, Dzyaloshinskii-Moriya, and dipolar effects)
σex J/m2 Appendix A Interlattice coupling energy per DW surface
K , K1, K2, Kdipolar J/m3 Appendix B Effective, internal and dipolar-induced uniaxial anisotropy.
KBN J/m3 Appendix A Dipolar-induced in-plane (Bloch/Néel) DW anisotropy
A, A1, A2 J/m Appendix B Exchange stiffness
D, D1, D2 J/m2 Appendix B DMI parameter
JAF J/m3 Appendix B Coupling between sublattices (volumic energy density)
JRKKY J/m2 Appendix B Coupling between the two layers of the SAF (areal energy density),

JAF = JRKKY/t
τ, τSTT, τSOT, τFL, τDL Nm/m3 Eq. (2) Nonconservative torques, which include the STT, SOT, field-like SOT, and

damping-like SOT
τSHE Nm/m3 SHE-induced SOT, τSHE = JθSHE h̄/(2et )
u m/s STT parameter, LSu = PJh̄/(2e)eJ

β, β1, β2 Eq. (7) STT nonadiabatic parameter
P, P1, P2 Eq. (7) Current spin polarization (STT)
θSHE, θSHE1, θSHE2 Eq. (7) SHE angle
v m/s DW velocity
q m Appendix A DW position (q-ϕ model)
ϕ (rad) Appendix A In-plane angle of DW magnetization (q-ϕ model)

 m Appendix A Bloch DW width parameter
δq m Section IV DW position difference
δϕ (rad) Section IV DW in-plane angle difference
HW A/m Walker threshold (field-driven)
JW A/m2 Walker threshold (STT-driven)

maximum driving force that still satisfies the condition ϕ̇ = 0.
In the limit of high drive, the DW approaches the asymptotic
precessional regime, where ϕ̇ � 0, and it is possible to con-
sider that 〈sin ϕ〉 ≈ 〈cos ϕ〉 ≈ 0. Note that for a DW driven by
SHE alone, the precessional regime does not exist [38]. The
velocity v = q̇, the internal angle ϕ, and the precession rate ϕ̇

for a DW driven by field, SOT, or STT in the translational and
the asymptotic precessional regimes, deduced from Eq. (A1),
are shown in Table IV. This model can also be applied to DWs
in in-plane magnetized systems, with the due adaptations of
the effective fields.

APPENDIX B: MICROMAGNETIC ENERGY TERMS

The usual energy volumic density terms due to Zeeman
energy, uniaxial anisotropy, exchange stiffness, DMI, and de-

magnetizing field (Hdemag) are

UZeeman = −μ0MSm · H0, UK = −K (m · z)2,

Uex = A|∇m|2, UDMI = D[mz∇ · m − (m · ∇)mz],

Udemag = − 1
2μ0MSm · Hdemag.

In double lattice systems, the intersublattice exchange cou-
pling can be expressed as U12 = −JAFm1 · m2. In the SAF, the
RKKY coupling is an interface effect. As we only consider the
limit of thin films in this article (i.e., ∂zm ≈ 0), the same form
of U12 can be used, with JRKKY/t replacing JAF, JRKKY being
an areal energy density.

Note again that for the reader’s convenience, all used sym-
bols and their definitions are listed in Table V.
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