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The magneto-optical (MO) effects are a powerful probe of magnetism and electronic structure of mag-
netic solids but also have valuable applications in high-density data-storage technology. Yttrium iron garnet
(Y3Fe5O12) (YIG) and bismuth iron garnet (Bi3Fe5O12) (BIG) are two widely used magnetic semiconductors
with significant magneto-optical effects. In this paper, we present a thorough theoretical investigation on
magnetism, electronic, optical, and MO properties of YIG and BIG, based on the density functional theory with
the generalized gradient approximation plus on-site Coulomb repulsion. We find that YIG exhibits significant
MO Kerr and Faraday effects in UV frequency range that are comparable to ferromagnetic iron. Moreover, BIG
shows gigantic MO effects in visible frequency region that are several times larger than YIG. This is because the
calculated MO conductivity (σxy) of BIG is nearly ten times larger than that of YIG. Interestingly, the calculated
band structures reveal that BIG is a single spin semiconductor. They also show that in YIG, Y sd orbitals
mix mainly with the high-lying conduction bands, leaving Fe d orbital dominated lower conduction bands
almost unaffected by the spin-orbit coupling (SOC) on the Y atom. In contrast, Bi p orbitals in BIG hybridize
significantly with Fe d orbitals in the lower conduction bands, leading to large SOC-induced band splitting in
the bands. Consequently, the MO transitions between the upper valence bands and lower conduction bands are
greatly enhanced when Y is replaced by heavier Bi. Our calculated Kerr and Faraday rotation angles of YIG
as well as Faraday rotation angles for BIG agree well with the available experimental values. Thus, we believe
that our predicted giant MO Kerr effect in BIG will stimulate further MOKE experiments on high-quality BIG
crystals. This work thus shows that the iron garnets not only offer a useful platform for exploring the interplay
of spin current, magnetism, and optics degrees of freedom, but also have promising applications in high-density
MO data-storage and low-power consumption spintronic nanodevices.
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I. INTRODUCTION

Yttrium iron garnet (Y3Fe5O12, YIG) is a ferrimagnetic
semiconductor with excellent magnetic properties such as
high Curie temperature Tc [1], low Gilbert damping α ∼ 6.7 ×
10−5 [2–4], and long spin wave propagating length [5]. Vari-
ous applications such as spin pumping require a nonmetallic
magnet. YIG is thus routinely used for spin pumping purposes
[4]. It is also widely used as a magnetic insulating substrate for
purposes such as introducing magnetic proximity effect while
avoiding electrical shortcut [6]. YIG has high Curie tempera-
ture, which is good for applications across a wide temperature
range. The low Gilbert damping of YIG also makes it a good
microwave material. YIG thus becomes a famous material in
the field of spintronics, where coupling between magnetism,
microwave, and spin current becomes possible.

Magneto-optical (MO) effects are important examples of
light-matter interactions in magnetic phases [7,8]. When a
linearly polarized light beam is shined onto a magnetic ma-
terial, the reflected and transmitted light becomes elliptically
polarized. The principal axis is rotated with respect to the
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polarization direction of incident light beam. The former
and latter effects are termed MO Kerr (MOKE) and MO
Faraday (MOFE) effects, respectively. MOKE allows us to
detect the magnetization locally with a high spatial and
temporal resolution in a noninvasive fashion. Furthermore,
magnetic materials with large MOKE would find valuable
MO storage and sensor applications [9,10]. Thus it has been
widely used to probe the electronic and magnetic proper-
ties of solids, surface, thin films, and two-dimensional (2D)
magnets [8]. On the other hand, MOFE can be used as a
time-reversal symmetry-breaking element in optics [11], and
its applications such as optical isolators are consequences
of time-reversal symmetry breaking [12]. Magnetic materials
with large Kerr or Faraday rotation angles have technological
applications.

YIG is also known to be MO active [13]. Various experi-
ments have been carried out to study the MOKE and MOFE
of iron garnets in the visible and near-UV regime [14,15].
Substituting yttrium with bismuth would result in bismuth
iron garnet (Bi3Fe5O12) (BIG). However, the large radius
of bismuth atoms seems to make pure bulk BIG unstable
[16]. Thus, pure BIG crystals have not been synthesized [16].
Nonetheless, pure BIG thin films have been grown on suitable
garnet substrates, although the lattice constant of the grown
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FIG. 1. (a) 1/8 of BIG conventional unit cell. Oxygen atoms are
shown as red balls; bismuth atoms are shown as purple balls; FeT

atoms are shown as yellow balls; FeO atoms are shown as blue balls.
(b) Brillouin zone of both YIG and BIG. The red lines denote the high
symmetry lines where the calculated energy bands will be plotted.

films varies from 12.62–12.67 Å [16]. BIG thin films have
approximately seven times larger Faraday rotation angles than
that of YIG. The effect of doping bismuth into YIG on the
MOFE spectrum was also studied [17,18]. Though numer-
ous experimental studies have been done on these systems,
first-principles calculations are scarce. This is probably due to
the complexity of the structures of BIG and YIG. As shown
in Fig. 1(a), they have a total of 80 atoms in the primitive
cell. Although the electronic structures of YIG [19] and BIG
[20,21], magnetism, and spin-wave-related properties of YIG
[22] have been theoretically studied, no first-principles cal-
culation on the MOKE or MOFE spectra of YIG and BIG
have been reported. Therefore, here we carry out a systematic
first-principles density functional study on the optical and MO
properties of YIG and BIG. The rest of this paper is organized
as follows. A brief description of the crystal structures of YIG
and BIG as well as the theoretical methods used is given in
Sec. II. In Sec. III, the calculated magnetic moments, elec-
tronic structure, optical conductivities, MO Kerr, and Faraday
effects are presented. Finally, the conclusions drawn from this
work are given in Sec. IV.

II. CRYSTAL STRUCTURE AND COMPUTATIONAL
METHODS

YIG and BIG crystalize in the cubic structure with space
group Ia3d [23,24], as illustrated in Fig. 1(a). In each unit
cell, there are 48 oxygen atoms at the Wyckoff 96h positions,
eight octahedrally coordinated iron atoms (FeO) at the 16a
positions, and 12 tetrahedrally coordinated iron atoms (FeT )
at the 24d positions in the primitive cell. In other words, there
are two FeO ions and three FeT ions per formula unit (f.u.).

TABLE I. Structural parameters of Y3Fe5O12 and Bi3Fe5O12.
For YIG, experimental lattice constant a = 12.376 Å and oxygen
positions [23] are used. For BIG, experimental lattice constant a =
12.6469 Å [24] is used while the oxygen positions are determined
theoretically.

Y3Fe5O12 Wyckoff position x y z

FeO 16a 0.0000 0.0000 0.0000
FeT 24d 0.3750 0.0000 0.2500
Y 24c 0.1250 0.0000 0.2500
O 96h 0.9726a 0.0572a 0.1492a

Bi3Fe5O12 Wyckoff position x y z

FeO 16a 0.0000 0.0000 0.0000
FeT 24d 0.3750 0.0000 0.2500
Bi 24c 0.1250 0.0000 0.2500
O 96h 0.0540 0.0300 0.1485

aRef. [23].

For YIG, the experimental lattice constant a = 12.376 Å,
and the experimental Wyckoff parameters for oxygen atoms
are (x, y, z) = (0.9726, 0.0572, 0.1492) [23]. We use the ex-
perimental lattice constant and atomic positions for all YIG
calculations. On the other hand, as mentioned above, BIG
crystals have not been synthesized, although stable BIG thin
films could be grown on suitable garnet substrates [16]. Fur-
thermore, the atomic positions in BIG films have not been
determined experimentally [16]. Therefore, we use the exper-
imental lattice constant for BIG films a = 12.6469 Å [24] and
determine the atomic positions theoretically (see Table I), as
described in the next paragraph. We then use these theoreti-
cally determined atomic positions and the experimental lattice
constant a = 12.6469 Å for all BIG calculations. Nonethe-
less, we also perform the same calculations for BIG using
a = 12.60 Å and find that the band structures and optical
spectra obtained using these two different lattice constants are
nearly identical. Therefore, we believe that the band structure
and optical spectra for BIG presented in this paper will not be
significantly affected by reasonable variations in the structural
parameters of BIG.

Our first-principles calculations are based on the density
functional theory with the generalized gradient approximation
(GGA) of the Perdew-Burke-Ernzerhof formula [25] to the
electron exchange-correlation potential. Furthermore, we use
the GGA + U method to have a better description for on-site
interaction for Fe d electrons [26]. Here we set U = 4.0 eV,
which was found to be rather appropriate for iron oxides, in
particular, for describing charge-orbital ordering in magnetite
(Fe3O4) [27] and also for describing exchange interaction and
spin wave spectrum in YIG [22]. Indeed, as we will show
below, the optical and MO spectra calculated using this U
value agree rather well with the available experimental spec-
tra. All the calculations are carried out by using the accurate
projector-augmented wave [28] method, as implemented in
the Vienna ab initio Simulation Package (VASP) [29,30]. The
valence electronic configurations of Y, Bi, Fe, and O taken into
account are 4s24p65s24d1, 6s26p3, 3p63d74s1, and 2s22p4,
respectively A large energy cutoff of 450 eV for the plane-
wave basis is used. A 6 × 6 × 6 k-point mesh is used for both
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systems in the self-consistent charge density calculations. The
convergence criteria for energy is 1.0 × 10−6 eV. For struc-
ture relaxation, all atoms are relaxed until residual force is less
than 10 meV/Å while the lattice constant is fixed. The density
of states (DOS) calculation is performed with a denser k-point
mesh of 10 × 10 × 10.

We first calculate the optical conductivity tensor, which
determines the MOKE and MOFE. We let the magnetization
of our systems be along (001) (z) direction. In this case, our
systems have the fourfold rotational symmetry along the z axis
and thus the optical conductivity tensor can be written in the
following form [31]:

σ =

⎛
⎜⎝

σxx σxy 0

−σxy σxx 0

0 0 σzz

⎞
⎟⎠. (1)

The optical conductivity tensor can be formulated within the
linear response theory. Here the real part of the diagonal
elements and imaginary part of the off-diagonal elements are
given by [31–33]:

σ 1
aa(ω) = πe2

h̄ωm2

∑
i, j

∫
BZ

dk
(2π )3

∣∣pa
i j

∣∣2
δ(εk j − εki − h̄ω), (2)

σ 2
xy(ω) = πe2

h̄ωm2

∑
i, j

∫
BZ

dk
(2π )3

Im
[
px

i j py
ji

]
δ(εk j − εki − h̄ω),

(3)

where h̄ω is the photon energy, and εki( j) are the energy
eigenvalues of occupied (unoccupied) states. The transition
matrix elements pa

i j = 〈kj| p̂a|ki〉 where |ki( j)〉 are the ith
( jth) occupied (unoccupied) states at k point k, and p̂a is
the Cartesian component a of the momentum operator. The
imaginary part of the diagonal elements and the real part of
the off-diagonal elements are then obtained from σ 1

aa(ω) and
σ 2

xy(ω), respectively, via the Kramers-Kronig transformations
as follows:

σ 2
aa(ω) = −2ω

π
P

∫ ∞

0

σ 1
aa(ω′)

ω′2 − ω2
dω′, (4)

σ 1
xy(ω) = 2

π
P

∫ ∞

0

ω′σ 2
xy(ω′)

ω′2 − ω2
dω′, (5)

where P denotes the principal value of the integration. We
can see that Eq. (2) and Eq. (3) neglect transitions across
different k points since the momentum of the optical photon is
negligibly small compared with the electron crystal momen-
tum and thus only the direct interband transitions need to be
considered. In our calculations pa

i j are obtained in the PAW
formalism [34]. We use a 10 × 10 × 10 k-point mesh and the
Brillouin zone integration is carried out with the linear tetra-
hedron method (see Ref. [35] and references therein), which
leads to well-converged results. To ensure that the σ 2

aa(ω)
and σ 1

xy(ω) in the optical frequency range (e.g., h̄ω < 8 eV)
obtained via Eqs. (4) and (5) are converged, we include the
unoccupied states at least 21 eV above the Fermi energy,
i.e., a total of 1200 (1300) bands are used in the YIG (BIG)
calculations.

For a bulk magnetic material, the complex polar Kerr rota-
tion angle is given by [36,37],

θK + iεK = −σxy

σxx
√

1 + i(4π/ω)σxx
. (6)

Similarly, the complex Faraday rotation angle for a thin film
can be written as [38]

θF + iεF = ωd

2c
(n+ − n−), (7)

where n+ and n− represent the refractive indices for left- and
right-handed polarized lights, respectively, and are related to
the corresponding dielectric function (or optical conductivity
via expressions n2

± = ε± = 1 + 4π i
ω

σ± = 1 + 4π i
ω

(σxx ± iσxy).
Here the real parts of the optical conductivity σ± can be
written as

σ 1
±(ω) = πe2

h̄ωm2

∑
i, j

∫
BZ

dk
(2π )3

|
±
i j |2δ(εk j − εki − h̄ω), (8)

where 
±
i j = 〈kj| 1√

2
( p̂x ± i p̂y)|ki〉. Clearly, σxy = 1

2i (σ+ −
σ−), and this shows that σxy would be nonzero only if σ+ and
σ− are different. In other words, magnetic circular dichroism
is the fundamental cause of the nonzero σxy and hence the MO
effects.

III. RESULTS AND DISCUSSION

A. Magnetic moments

Here we first present calculated total and atom-
decomposed magnetic moments in Table I. As expected,
Y3Fe5O12 is a ferrimagnet in which Fe ions of the same
type couple ferromagnetically while Fe ions of different types
couple antiferromagnetically. Since there are two FeO ions and
three FeT ions in a unit cell, Y3Fe5O12 is ferrimagnetic with
a total magnetic moment per f.u. being ∼5.0 μB (see Table I).
The calculated spin magnetic moments of Fe ions of both
types are ∼4.0 μB, being consistent with the high spin state of
Fe+2 (d5↑t1↓

2g ) ions in either octahedral or tetrahedral crystal
field. We note that the orbital magnetic moments of Fe are
parallel to their spin magnetic moments. Nonetheless, the cal-
culated orbital magnetic moments of Fe are small, because of
strong crystal field quenching. Interestingly, there is a signif-
icant spin magnetic moment on each O ion, and this together
with the spin magnetic moment of one net Fe ion per f.u.
leads to the total spin magnetic moment per f.u. of ∼5.0 μB.
The calculated Fe magnetic moments for both symmetry sites
agree rather well with the measured ones of ∼4.0 μB [39].
The calculated total magnetization of ∼5.0 μB/f.u. is also in
excellent agreement with the experiment [39].

Bi3Fe5O12 is also predicted to be ferrimagnetic, although
the calculated magnetic moments of both FeO and FeT ions
are slightly smaller than the corresponding ones in Y3Fe5O12

(see Table I). The total magnetization and local magnetic
moments of the other ions in BIG are almost identical to that
in YIG. However, the experimental mtot for BIG is only 4.4 μB

[40], being significantly smaller than the calculated value. As
mentioned before, stable high-quality BIG crystals are hard to
grow. Consequently, this notable discrepancy in total magne-
tization between the calculation and the previous experiment
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FIG. 2. (a) Scalar-relativistic spin-polarized band structure and
(b) fully relativistic band structure of Y3Fe5O12.

[40] could be due to the poor quality of the samples used in
the experiment.

B. Electronic structure

Here we present the calculated scalar-relativistic band
structures of YIG and BIG in Fig. 2(a) and Fig. 3(a), re-
spectively. The calculated band structures show that YIG and
BIG are both direct band-gap semiconductors, where the con-
duction band minimum (CBM) and valence band maximum
(VBM) are both located at the � point. For BIG, both CBM
and VBM are purely spin-down bands. This means that BIG
is a single-spin semiconductor, which may find applications
for spintronic and spin photovoltaic devices. The origin of the
MO effects is the magnetic circular dichroism [see Eq. (8)],
as mentioned above, which cannot occur without the presence
of the spin-orbit coupling (SOC). Therefore, it is useful to
examine how the SOC influence the band structures. The fully
relativistic band structures for YIG and BIG are presented
in Fig. 2(b) and Fig. 3(b), respectively. First, we notice that

FIG. 3. (a) Scalar-relativistic spin-polarized band structure and
(b) fully relativistic band structure of Bi3Fe5O12.

with the inclusion of the SOC, YIG, and BIG are still direct
band-gap semiconductors, where the CBM and VBM are both
located at the � point. Second, Fig. 3(b) indicates that when
the SOC is considered, the BIG band structure changes sig-
nificantly, while the YIG band structure hardly changes [see
Fig. 2(b)]. For example, the band gap for BIG decreases from
2.0 to 1.8 eV after the SOC is included. Also, the gap, which
was at 3.4–3.7 eV above the Fermi energy [see Fig. 3(a)],
now becomes from 3.9–4.5 eV above the Fermi energy [see
Fig. 3(b)]. Interestingly, the substitution of yttrium by bismuth
not only enhances the SOC but also changes the electronic
band structure significantly, as can be seen by comparing Figs.
2 and 3.

We also calculate total as well as site-, orbital-, and spin-
projected densities of states (DOS) for YIG and BIG, as
displayed in Figs. 4 and 5, respectively. First, Figs. 4 and
5 show that in both YIG and BIG, the upper valence bands
ranging from −4.0 to 0.0 eV, are dominated by O p orbitals
with minor contributions from Fe d orbitals as well as Y d
orbitals in YIG and Bi sp orbitals in BIG. Second, the lower
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FIG. 4. Spin-polarized density of states (DOS) of Y3Fe5O12 from
the scalar-relativistic calculation.

conduction band manifold, ranging from 1.8 to ∼3.9 eV in
YIG (Fig. 4) and from 2.0–3.4 eV in BIG (Fig. 5), stems
predominately from Fe d orbitals with small contributions
from O p orbitals. Therefore, the semiconducting band gaps
in YIG and BIG are mainly of the charge transfer type. Fur-
thermore, on the FeT sites, the d-DOS in this conduction
band is almost fully spin-up [see Figs. 4(e) and 5(e)]. On the
FeO sites, on the other hand, the d-DOS in this conduction
band is almost purely spin-down [see Figs. 4(d) and 5(d)].
Here, the DOS peak marked a mostly consists of t2g orbital
while that marked b above peak a, is made up of mainly eg

orbital. The gap between peaks a and b is thus caused by the
crystal field splitting. The above analysis indicates that the d
orbitals at the FeT sites do not significantly overlap with that
at the FeO sites since spin-up and spin-down orbitals cannot
hybridize with each other. Moreover, the d orbitals of the FeT

(FeO) sites cannot overlap with that of their neighboring FeT

(FeO) sites due to large spatial distances between them. This
results in many Fe d-orbital-dominated flat bands in the lower
conduction band region, as can be seen in Figs. 2 and 3.

Figure 4 indicates that in YIG, the upper conduction bands
from 4.4–6.0 eV are mainly of Y d-orbital character with
some contribution from O p orbitals. In BIG, on the other
hand, the upper conduction bands from 3.6–6.0 eV are mainly
the Bi and O p-orbital hybridized bands (see Fig. 5). Notably,
there is sizable Bi sp DOS in the lower conduction band
region from 2.0–3.4 eV [see Fig. 5(c)], indicating that the
lower conduction bands in BIG are significantly mixed with
Bi sp orbitals, as noticed already by Oikawa et al. [20]. The

FIG. 5. Spin-polarized density of states (DOS) of Bi3Fe5O12

from the scalar-relativistic calculation.

Bi p orbital is split into J = 1/2 and J = 3/2 manifold after
SOC is introduced. Since the SOC splitting of the Bi p orbitals
is very strong, this explains why the band width of the lower
conduction bands in BIG increases from ∼1.4 to 2.1 eV when
the SOC is included (see Fig. 3). In contrast, the band width of
the lower conduction bands in YIG remains unaffected by the
SOC (see Fig. 2). This also explains why the MO effects in
BIG are much stronger than in YIG, as reported in Sec. III.D.
below.

C. Optical conductivity

Here we present the optical and magneto-optical conduc-
tivities for YIG and BIG, which are ingredients for calculating
the Kerr and Faraday rotation angles [see Eq. (6) and Eq.
(7)]. In particular, the MO conductivity (i.e., the off-diagonal
element of the conductivity tensor σxy) is crucial, as shown by
Eq. (8). Calculated optical conductivity spectra of YIG and
BIG are plotted as a function of photon energy in Fig. 6 and
Fig. 7, respectively. For YIG, the real part of the diagonal
element of the conductivity tensor (σ 1

xx) starts to increase
rapidly from the absorption edge (∼2.3 eV) to ∼4.0 eV, and
then further increases with a smaller slope up to ∼5.6 eV [see
Fig. 6(a)]. It then decreases slightly until 6.6 eV and finally
increases again with a much steeper slope up to ∼8.0 eV.
Similarly, in BIG, σ 1

xx increases steeply from the absorption
edge (∼2.0 eV) to ∼4.0 eV, and then further increases with
a smaller slope up to ∼6.0 eV [see Fig. 7(a)]. It then de-
crease steadily from ∼6.0 eV to ∼8.0 eV. The behaviors of
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FIG. 6. Calculated optical conductivity of Y3Fe5O12. (a) Real
part and (b) imaginary part of the diagonal element; (c) imaginary
part and (d) real part of the off-diagonal element. All the spectra have
been convoluted with a Lorentzian of 0.3 eV to simulate the finite
quasiparticle lifetime effects. Red lines are the optical conductivity
derived from the experimental dielectric constant [14].

the imaginary part of the diagonal element (σ 2
xx) of YIG and

BIG are rather similar in the energy range up to 5.0 eV [see
Figs. 6(b) and 7(b)]. The σ 2

xx spectrum has a broad valley at
∼3.5 eV (∼3.0 eV) in the case of YIG (BIG). However, the
σ 2

xx spectra of YIG and BIG differ from each other for energy
>5.0 eV. There is a sign change in σ 2

xx occuring at ∼5.8 eV
for BIG, while there is no such a sign change in σ 2

xx of YIG up
to 8.0 eV.

The striking difference in the off-diagonal element of the
conductivity (σxy) (i.e., magneto-optical conductivity or mag-
netic circular dichroism) between YIG and BIG is that σxy

of BIG is almost ten times larger than that of YIG (see Figs.
6 and 7). Nonetheless, the line shapes of the off-diagonal
element of YIG and BIG are rather similar except that their
signs seem to be opposite and their peaks appear at quite
different energy positions. In particular, in the low-energy
range up to ∼4.4 eV, the line shape of the imaginary part of
the off-diagonal element (σ 2

xy) of BIG looks like an inverted
“W” [see Fig. 7(c)], while that of YIG in the energy region
up to ∼7.0 eV seems to have the W shape [see Fig. 6(c)], The
main difference is that the σ 2

xy of BIG decreases oscillatorily
from 4.4–8.0 eV. On the other hand, the line shape of the real
part of the off-diagonal element (σ 1

xy) of BIG looks like an
inverted “sine wave” between 2.0 and 4.7 eV [see Fig. 7(d)],
while that of YIG appears to be a sine wave between 2.6
and 6.4 eV [see Fig. 6(d)]. The largest magnitude of σ 2

xy

of YIG is ∼1.7 × 1013s−1 at ∼4.2 eV, while that of BIG is
∼1.9 × 1014s−1 at ∼3.1 eV. The largest magnitude of σ 1

xy

of YIG is ∼1.4 × 1013s−1 at ∼3.8 eV, while that of BIG is
∼1.9 × 1014s−1 at ∼2.6 eV.

FIG. 7. Calculated optical conductivity of Bi3Fe5O12. (a) Real
part and (b) imaginary part of the diagonal element; (c) imaginary
part and (d) real part of the off-diagonal element. All the spectra have
been convoluted with a Lorentzian of 0.3 eV to simulate the finite
quasiparticle lifetime effects. Red lines are the optical conductivity
derived from the experimental dielectric constant [18].

In order to compare with the available experimental data,
we also plot the experimental optical conductivity spectra
[14,18] in Figs. 6 and 7. The theoretical spectra of the diagonal
element of the optical conductivity tensor for both YIG and
BIG match well with that of the experimental ones in the
measured energy range [see Figs. 6(a) and 6(b) as well as
Figs. 7(a) and 7(b)]. Interestingly, we note that the relativistic
GGA+U calculations give rise to the band gaps of YIG and
BIG that are smaller than the experimental ones (see Table
II), and yet the calculated and measured optical spectra agree
rather well with each other. This apparently contradiction
can be resolved as follows. In YIG, for example, the lowest
conduction bands at E = 1.8 ∼ 2.4 eV above the VBM are
highly dispersive (see Fig. 2) and thus have very low DOS (see
Fig. 4). This results in very low optical transition. Therefore,
the main absorption edge that appears in the optical spectrum
(σ 1

xx) is ∼2.2 eV, which is close to the experimental absorp-
tion edge of 2.4 eV, instead of 1.8 eV as determined by the
calculated band structure (see Table II). In contrast, no such
highly dispersive bands appear at the CBM in BIG, Thus the
calculated band gap agrees better with the measured band gap
[18] (Table II).

Figures 7(c) and 7(d) show that the calculated σ 1
xy and σ 2

xy
of BIG agree almost perfectly with the experimental data [18].
The peak positions, peak heights, and overall trend of the the-
oretical spectra are nearly identical to that of the experimental
ones [18]. On the other hand, the calculated σ 1

xy and σ 2
xy for

YIG do not agree so well with the experimental data [14]
[Figs. 6(c) and 6(d)]. For example, there is a sharp peak at
∼4.8 eV in the experimental σ 1

xy spectrum, which seems to
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TABLE II. Total spin magnetic moment (mt
s), atomic spin magnetic moments (mFe

s , mO
s , mY (Bi)

s ), atomic Fe orbital magnetic moments (mFe
o )

and band gap (Eg) of ferrimagnetic Y3Fe5O12 and Bi3Fe5O12 from the full-relativistic electronic structure calculations. For comparison, the
available measured optical Eg and total magnetization mt

exp are also listed.

mt (mt
exp) mFe(16a)

s (mFe(16a)
o ) mFe(24d )

s (mFe(24d )
o ) mO

s mY (Bi)
s Eg (E exp

g )
structure (μB/f.u.) (μB/atom) (μB/atom) (μB/atom) (μB/atom) (eV)

Y3Fe5O12 4.999 (5.0a) −4.177 (−0.016) 4.075 (0.018) 0.067 0.005 1.81 (2.4b)
Bi3Fe5O12 4.996 (4.4c) −4.161 (−0.018) 4.068 (0.019) 0.066 0.005 1.82 (2.1d)

aRef. [39].
bRef. [14].
cRef. [40].
dRef. [18].

be shifted to a higher energy at 5.6 eV with much reduced
magnitude in the theoretical σ 1

xy spectrum [see Fig. 6(c)]. Also,
for σ 2

xy spectrum, there is a sharp peak at ∼4.5 eV in the
experimental σ 2

xy spectrum, which appears at ∼4.8 eV with
considerably reduced height [see Fig. 6(d)]. Nonetheless, the
overall trend of the theoretical σxy spectra of YIG is in rather
good agreement with that of the measured ones [14].

Equations (2), (3), and (8) indicate that the absorptive parts
of the optical conductivity elements (σ 1

xx, σ
1
zz, σ

2
xy, and σ 1

±)
are directly related to the dipole allowed interband transi-
tions. Thus, we analyze the origin of the main features in the
magneto-optical conductivity (σ 2

xy) spectrum by determining
the symmetries of the involved band states and the dipole
selection rules (see the Appendix for details). The absorptive
optical spectra are usually dominated by the interband tran-
sitions at the high symmetry points where the energy bands
are generally flat (see, e.g., Figs. 2 and 3), thus resulting in
large joint density of states. As an example, here we consider
the interband optical transitions at the � point where the
band extrema often occur. Based on the determined band state
symmetries and dipole selection rules (see Table III in the
Appendix) as well as calculated transition matrix elements
[Im(px

i j py
ji )], we assign the main features in σ 2

xy [labeled in
Figs. 6(c) and 7(c)] to the main interband transitions at the
� point as shown in Figs. 8 and 9. The details of these as-
signments, related interband transitions, and transition matrix
elements for YIG and BIG are presented in Tables IV and V in
the Appendix, respectively. Since there are too many possible
transitions to list, we present only those transitions whose
transition matrix elements |Im(px

i j py
ji )| > 0.010 a.u. in YIG

(Table IV) and |Im(px
i j py

ji )| > 0.012 a.u. in BIG (Table V).
Figure 8 shows that nearly all the main optical transitions

in YIG are from the upper valence bands to the upper con-
duction bands, and only one main transition (N3) to the lower
conduction bands. Consequently, these transitions contribute

TABLE III. Dipole selection rules for the C4h point group at the
� point in the Brillouin zone of YIG and BIG.

polarization �+
6 �+

5 �+
8 �+

7 �−
6 �−

5 �−
8 �−

7

z �−
6 �−

5 �−
8 �−

7 �+
6 �+

5 �+
8 �+

7

x + iy �−
5 �−

8 �−
7 �−

6 �+
5 �+

8 �+
7 �+

6

x − iy �−
7 �−

6 �−
5 �−

8 �+
7 �+

6 �+
5 �+

8

FIG. 8. Relativistic band structures of Y3Fe5O12. Horizontal
dashed lines denote the top of valance band. The principal interband
transitions at the � point and the corresponding peaks in the σxy in
Fig. 6(c) are indicated by red and blue arrows.

FIG. 9. Relativistic band structures of Bi3Fe5O12. Horizontal
dashed lines denote the top of valance band. The principal interband
transitions at the � point and the corresponding peaks in the σxy in
Fig. 7(c) are indicated by red and blue arrows.
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TABLE IV. Main optical transitions between the states at the � point of the Brillouin zone of YIG. Symbols in the first column denote
the assigned peaks in the magneto-optical conductivity (σ 2

xy) spectrum (Figs. 6 and 8). i and j denote the initial and final states, respectively.
Im(px

i j p
y
ji ) denotes the calculated transition matrix element (in atomic units) [see Eq. (3)], and σ 2

xy,i j denotes the corresponding estimated peak
height (in units of 1013 Hz) [see Eq. (10)]. Ei and Ej represent the initial and final state energies (in eV), respectively. �Ei j = Ej − Ei is the
transition energy.

Peak state i state j Im(px
i j p

y
ji ) σ 2

xy,i j �Ei j E j Ei

N8 545 (�+
5 ) 802 (�−

6 ) −0.0103 −0.680 6.928 4.358 −2.569
N3 556 (�−

6 ) 761 (�+
7 ) −0.0115 −0.968 5.438 3.010 −2.428

N6 609 (�−
8 ) 803 (�+

5 ) −0.0102 −0.752 6.207 4.442 −1.765
P4 632 (�−

6 ) 803 (�+
5 ) 0.0273 2.15 5.825 4.442 −1.384

N5 635 (�−
8 ) 803 (�+

5 ) −0.0251 −1.97 5.818 4.442 −1.376
P3 649 (�−

6 ) 803 (�+
5 ) 0.0146 1.20 5.567 4.442 −1.125

N4 651 (�−
8 ) 803 (�+

5 ) −0.0195 −1.61 5.564 4.442 −1.123
N7 668 (�+

5 ) 844 (�−
6 ) −0.0136 −0.926 6.744 5.994 −0.750

P5 670 (�+
7 ) 844 (�−

6 ) 0.0119 0.811 6.739 5.994 −0.745
N2 690 (�−

5 ) 801 (�+
6 ) −0.0116 −1.17 4.537 4.280 −0.257

P2 692 (�−
7 ) 801 (�+

6 ) 0.0107 1.08 4.535 4.280 −0.254
N1 698 (�−

5 ) 801 (�+
6 ) −0.0431 −4.60 4.292 4.280 −0.012

P1 700 (�−
7 ) 801 (�+

6 ) 0.0452 4.84 4.280 4.280 0.000

to the main features in σ 2
xy at photon energy >4.0 eV [see

Fig. 6(c)]. In contrast, in BIG, a large number of the main
transitions (e.g., N1-5, N7, P1-4, P5-8) are from the upper va-
lence bands to lower conduction bands (see Fig. 9). This gives
rise to the main features in σ 2

xy for photon energy <4.0 eV
[see Fig. 7(c)], whose magnitudes are generally one order of
magnitude larger than that of σ 2

xy in YIG, as mentioned above.
The largely enhanced MO activity in BIG stems from the
significant hybridization of Bi p orbitals with Fe d orbitals
in the lower conduction bands, as mentioned above. Since
heavy Bi has a strong spin-orbit coupling, this hybridization

greatly increases the dichroic interband transitions from the
upper valence bands to the lower conduction bands in BIG.
As mentioned above, Y sd orbitals contribute significantly
only to the upper conduction bands in YIG, and this results
in the pronounced magneto-optical transitions only from the
upper valence bands to the upper conduction bands (Fig. 8).
Furthermore, Y is lighter than Bi and thus has a weaker SOC
than Bi.

The discussion in the preceding paragraph clearly indicates
that the significant hybridization of heavy Bi p orbitals with Fe
d orbitals in the lower conduction bands just above the band

TABLE V. Main optical transitions between the states at the � point of the Brillouin zone of BIG. Symbols in the first column denote
the assigned peaks in the magneto-optical conductivity (σ 2

xy) spectrum (Figs. 7 and 9). i and j denote the initial and final states, respectively.
Im(px

i j p
y
ji ) denotes the calculated transition matrix element (in atomic units) [see Eq. (3)], and σ 2

xy,i j denotes the corresponding estimated peak
height (in units of 1014 Hz) [see Eq. (10)]. Ei and Ej represent the initial and final state energies (in eV), respectively. �Ei j = Ej − Ei is the
transition energy.

Peak state i state j Im
(
px

i j p
y
ji

)
σ 2

xy,i j �Ei j E j Ei

P8 578 (�+
7 ) 783 (�−

6 ) 0.0130 0.107 5.234 2.304 −2.930
N7 578 (�+

7 ) 789 (�−
8 ) −0.0123 −0.099 5.331 2.401 −2.930

P7 579 (�+
5 ) 782 (�−

8 ) 0.0139 0.114 5.228 2.298 −2.930
P9 661 (�−

5 ) 856 (�+
8 ) 0.0136 0.109 5.333 3.452 −1.882

N4 684 (�−
8 ) 846 (�+

5 ) −0.0127 −0.116 4.685 3.242 −1.443
N5 709 (�+

7 ) 869 (�−
8 ) −0.0139 −0.124 4.839 3.825 −1.014

N9 710 (�+
5 ) 873 (�−

6 ) −0.0149 −0.117 5.453 4.467 −0.986
P5 712 (�+

7 ) 842 (�−
6 ) 0.0121 0.125 4.153 3.175 −0.979

N3 715 (�+
8 ) 854 (�−

5 ) −0.0135 −0.135 4.271 3.336 −0.935
N8 723 (�+

8 ) 876 (�−
5 ) −0.0142 −0.114 5.374 4.571 −0.803

P6 727 (�+
7 ) 873 (�−

6 ) 0.0145 0.120 5.206 4.467 −0.738
N2 741 (�−

5 ) 872 (�+
6 ) −0.0122 −0.123 4.254 3.917 −0.337

N6 743 (�−
6 ) 878 (�+

7 ) −0.0127 −0.103 5.305 4.991 −0.314
P3 743 (�−

6 ) 749 (�+
5 ) 0.0184 0.374 2.113 1.799 −0.314

P2 744 (�−
7 ) 755 (�+

6 ) 0.0160 0.337 2.037 1.973 −0.063
P1 745 (�−

8 ) 753 (�+
7 ) 0.0142 0.308 1.980 1.917 −0.062

P4 747 (�−
8 ) 871 (�+

7 ) 0.0138 0.152 3.891 3.891 0.000
N1 715 (�+

8 ) 760 (�−
5 ) −0.0125 −0.177 3.032 2.097 −0.935
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FIG. 10. Calculated complex Kerr rotation angles (blue curves).
(a) Kerr rotation (θK ) and (b) Kerr ellipticity (εK ) spectra of
Y3Fe5O12; (c) Kerr rotation (θK ) and (d) Kerr ellipticity (εK ) spectra
of Bi3Fe5O12. Red circles in (a) and (b) denote the experimental
values from Ref. [15].

gap is the main reason for the large MO effect in BIG [41].
The magnetism in BIG is mainly caused by the iron d orbitals.
which have a rather weak SOC. However, through the hy-
bridization between Bi p orbitals and Fe d orbitals, the strong
SOC effect is also transferred to the lower conduction bands.
Large exchange splitting and strong spin-orbit coupling in the
valence and conduction bands below and above the band gap
are crucial for strong magnetic circular dichroism and hence
large MO effects. Therefore, in search of materials with strong
MO effects, one should look for magnetic systems that contain
heavy elements such as Bi and Pt [42].

D. Magneto-optical Kerr and Faraday effects

Finally, let us study the polar Kerr and Faraday effects
in YIG and BIG. The complex Kerr and Faraday rotation
angles for YIG and BIG are plotted as a function of photon
energy in Figs. 8 and 9, respectively. First, we notice that
the Kerr rotation angles of BIG [Fig. 10(c)] are many times
larger than that of YIG [Fig. 10(a)]. For example, the positive
Kerr rotation maximum (0.12◦) of YIG occurs at ∼4.8 eV,
while that (1.21◦) for BIG appears at ∼2.4 eV. The negative
Kerr rotation maximum of −0.10 ◦ in YIG occurs at ∼3.6 eV,
while that (−0.80◦) for BIG appears at ∼3.5 eV. This may
be expected because Kerr rotation angle is proportional to
the MO conductivity (σ 1

xy) [Eq. (6)], which in BIG is nearly
ten times larger than in YIG, as mentioned in Sec. III C.
Similarly, the Kerr ellipticity maximum (0.07◦) of YIG oc-
curs at ∼5.7 eV, whereas that (1.16◦) of BIG is located at
∼2.9 eV. The negative Kerr ellipticity maximum (−0.16◦) of
YIG occurs at ∼4.1 eV [Fig. 10(b)] while that (−0.54◦) of
BIG [Fig. 10(d)] appears at ∼1.9 eV.

FIG. 11. Calculated complex Faraday rotation angles (blue
curves). (a) Faraday rotation (θF ) and (b) Faraday ellipticity (εF )
spectra of Y3Fe5O12; (c) Kerr rotation (θF ) and (d) Kerr ellipticity
(εF ) spectra of Bi3Fe5O12. Red dashed line in (a) denotes the mea-
sured values from Ref. [15]. Black circles in (a) and (b) are the
experimental values from Ref. [14]. Red (green) circles in (c) and
(d) are the experimental values from Ref. [46] ([18])

Let us now compare our calculated Kerr rotation angles
with some known MO materials such as 3d transition-metal
alloys and compound semiconductors [8]. For magnetic met-
als, ferromagnetic 3d transition metals and their alloys are an
important family. Among them, manganese-based pnictides
are known to have strong MO effects. In particular, MnBi
thin films were reported to have a large Kerr rotation angle
of 2.3◦ [38,43]. Platinum alloys such as FePt, Co2Pt [42] and
PtMnSb [44] also possess large Kerr rotation angles. It was
shown that the strong SOC on heavy Pt in these systems is the
main cause of the strong MOKE [42]. Among semiconductor
MO materials, diluted magnetic semiconductors Ga1−xMnxAs
were reported to show Kerr rotations angle as large as 0.4◦
at 1.80 eV [45]. Therefore, the strong MOKE effect in YIG
and BIG could have promising applications in high-density
MO data-storage devices or MO nanosensors with high spatial
resolution.

Figure 11 shows that as for the Kerr rotation angles, the
Faraday rotation angles of BIG are generally up to ten times
larger than that of YIG. The Faraday rotation maximum
(5.7◦/μm) of YIG occurs at ∼5.4 eV, while that (74.6◦/μm)
for BIG appears at ∼2.7 eV. The Faraday ellipticity max-
imum (3.6◦/μm) of YIG occurs at ∼6.6 eV, while that
(70.2◦/μm) for BIG is located at ∼3.2 eV. On the other
hand, the negative Faraday rotation maximum (−7.2 ◦/μm)
of YIG occurs at ∼3.9 eV, while that (-51.2◦/μm) of BIG
is located at ∼3.7 eV. The negative Faraday ellipticity maxi-
mum (−7.9 ◦/μm) for YIG appears at ∼4.4 eV, whereas that
(−54.1◦/μm) of BIG occurs at ∼2.3 eV. For comparison, we
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notice that MnBi films are known to possess large Faraday
rotation angles of ∼80◦/μm at 1.8 eV [38,43].

Finally, we compare our predicted MOKE and MOFE
spectra with the available experiments in Figs. 10 and 11.
All the predicted MOKE and MOFE spectra are in rather
good agreement with the experimental ones in the experi-
mental photon energy range [14,15,18,46]. Nonetheless, our
theoretical predictions would have a better agreement with
the experiments if all the calculated spectra are blue shifted
slightly by ∼0.3 eV, thus suggesting that the theoretical band
gaps are slightly too small.

IV. CONCLUSION

To summarize, we have systematically studied the elec-
tronic structure, magnetic, optical, and MO properties of cubic
iron garnets YIG and BIG by performing GGA+U calcu-
lations. We find that YIG exhibits significant MO Kerr and
Faraday effects in UV frequency range that are comparable to
cubic ferromagnetic iron. Strikingly, we find that BIG shows
gigantic MO effects in the visible frequency region that are
several times larger than YIG. In particular, the Kerr rotation
angle of BIG becomes as large as 1.2◦ at photon energy
2.4 eV, and the Faraday rotation angle for the BIG film reaches
75 ◦/μm at 2.7 eV. Calculated MO conductivity (σ 2

xy) spectra
reveal that these distinctly different MO properties of YIG and
BIG result from the fact that the magnitude of σ 2

xy of BIG
is nearly ten times larger than that of YIG. Our calculated
Kerr and Faraday rotation angles of YIG agree well with the
available experimental values. Our calculated Faraday rota-
tion angles of BIG are in nearly perfect agreement with the
measured ones. Thus, we hope that our predicted giant MO
Kerr effect in BIG will stimulate further MOKE experiments
on high-quality BIG crystals.

Principal features in the optical and MO spectra are an-
alyzed in terms of the calculated band structures especially
the symmetry of the band states and optical transition matrix
elements at the � point of the BZ. We find that in YIG, Y
sd orbitals mix mainly with the upper conduction bands that
are ∼4.5 eV above the VBM, and thus leave the Fe d orbital
dominated lower conduction bands from 1.8–3.8 eV above
the VBM almost unaffected by the SOC on the Y atom. In
contrast, Bi p orbitals in BIG hybridize significantly with Fe
d orbitals in the lower conduction bands and this leads to large
SOC-induced band splitting and much increased bandwidth of
the lower conduction bands. Consequently, the MO transitions
between the upper valence bands and lower conduction bands
are greatly enhanced when Y is replaced by heavier Bi. This
finding thus provides a guideline in search for materials with
desired MO effects, i.e., one should look for magnetic mate-
rials with heavy elements such as Bi whose orbitals hybridize
significantly with the MO active conduction or valence bands.

Finally, our findings of strong MO effects in these iron
garnets and also single-spin semiconductivity in BIG suggest
that cubic iron garnets are a useful playground of exploring the
interplay of microwave, spin current, magnetism, and optics
degrees of freedom, and also have promising applications in
high-density semiconductor MO data-storage and low-power
consumption spintronic nanodevices.
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APPENDIX: DIPOLE SELECTION RULES AND
SYMMETRIES OF BAND STATES AT �

In this Appendix, to help identify the origins of the main
features in the magneto-optical conductivity σxy(ω) spectra of
YIG and BIG, we provide the dipole selection rules and the
symmetries of the band states at the � as well as the main
optical transitions between them.

Both YIG and BIG have the Ia3̄d space group and thus
they have the C4h (4/mm′m′) point group at the � point in
the Brillouin zone. Based on the character table of the C4h

point group [47], we determine the dipole selection rules for
the optical transitions between the band states at the � point,
as listed in Table III. We calculate the eigenvalues for all
symmetry elements of each eigenstate of the � point using
the IRVSP program [48] and then determine the irreducible
representation and hence the symmetry of the state. Based on
the obtained symmetries of the band states and also calculated
optical matrix elements [Im(px

i j py
ji )] [see Eq. (3)], we assign

the peaks in the σxy(ω) spectra of YIG [see Fig. 6(c)] and BIG
[see Fig. 7(c)] to the main optical transitions at the � point
(see Fig. 8 and 9, respectively), as listed in Tables IV and V,
respectively.

By integrating the integrand of Eq. (3) over a small sphere
near the � point, one can estimate the optical spectrum σ 2

xy(ω)
due to the interband transition from state i to state j,

σ 2
xy,i j (ω) = πe2

h̄ωm2

Vk

(2π )3
Im

[
px

i j py
ji

]
L(εk j − εki − h̄ω),

(A1)
where the Vk denotes the volume of the small sphere, and the
L denotes a Lorentzian of width γ = 0.3 eV. The radius of
the small sphere Vk is taken to be 2π/9a, where a is the lattice
constant of YIG or BIG. This is roughly the length scale where
the valence bands are flat near the � point for YIG and BIG.
The estimated peak height is

σ 2
xy,i j = πe2

h̄ωm2

Vk

(2π )3
Im

[
px

i j py
ji

] h̄

πγ
, (A2)

and the calculated values are listed in Tables IV and V for YIG
and BIG, respectively.
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