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Current-induced spin-wave Doppler shift and attenuation in compensated ferrimagnets
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We theoretically and numerically study current-induced modification of ferrimagnetic spin-wave dynamics
when an electrical current generates adiabatic and nonadiabatic spin-transfer torques. We find that the sign of the
Doppler shift depends on the spin-wave handedness because the sign of spin polarization carried by spin waves
depends on the spin-wave handedness. It also depends on the sign of the adiabatic-torque coefficient, originating
from unequal contributions from two sublattices. For a positive nonadiabaticity of spin current, the attenuation
lengths of both right- and left-handed spin waves increase when electrons move in the same direction with
spin-wave propagation. Our result establishes a way to simultaneously measure important material parameters
of a ferrimagnet, such as angular momentum compensation point, spin polarization, and nonadiabaticity using
current-induced control of ferrimagnetic spin-wave dynamics.
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I. INTRODUCTION

Conventional semiconductor devices use the electron
charge to compute and store information, which inevitably
causes Joule heating. In contrast, spin wave (SW) devices,
where the SW is used as the information carrier, avoid the
Joule heating as the SW is a collective low-energy magnetic
excitation that does not involve moving charges [1–3]. Several
concepts of SW devices implementing Boolean/non-Boolean
computing and multi-input/output operations have been re-
ported [4–17]. Up until now, most SW studies have focused
on ferromagnetic SWs.

In comparison to ferromagnetic SWs, antiferromagnetic
SWs have several distinct features. Unlike ferromagnetic SWs
whose frequency is in gigahertz (GHz) ranges, the frequency
of antiferromagnetic SWs can reach terahertz (THz) ranges
[18,19], which allows fast SW operation. In addition, both
right-handed and left-handed modes are allowed in antiferro-
magnets because of the antiferromagnetic coupling between
two sublattice moments [20,21]. This gives an additional de-
gree of freedom for SW operations [22–26] as compared to
the ferromagnetic SW that has only the right-handed mode.

This intriguing antiferromagnetic dynamics is also realized
in compensated ferrimagnets [27–40]. Antiferromagnetically
coupled ferrimagnets composed of rare-earth (RE) and tran-
sition metal (TM) elements have two compensation points.
One is the magnetic moment compensation point where the
net magnetic moment is zero and the other is the angular
momentum compensation point where the net angular mo-
mentum is zero. These two compensation points are different
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when the Landé g factors of RE and TM elements are dif-
ferent [27]. As the intrinsic dynamics of localized spins is
governed by the commutation relation between angular mo-
mentum (not magnetic moment) and the relevant Hamiltonian,
antiferromagneticlike spin dynamics is realized at the angular
momentum compensation point of compensated ferrimagnets.
Given that the net magnetic moment is nonzero at the angular
momentum compensation point, RE-TM ferrimagnets allow
us to investigate antiferromagneticlike spin dynamics with a
finite Zeeman coupling. For this reason, antiferromagneticlike
spin dynamics of compensated ferrimagnets has been exten-
sively studied in recent studies [27–40].

Another intriguing feature of compensated ferrimagnets
is that spin transport is distinct from both ferromagnets and
antiferromagnets. When a spin-polarized current is injected
into a magnetic material, it exerts a torque on the local mag-
netic moment by transferring spin angular momentum. This
spin-transfer torque (STT) [41,42] consists of two mutually
orthogonal vector components, adiabatic torque and nonadi-
abatic torque [43–51], for continuously varying spin textures
such as SW, domain wall, and skyrmion. For ferromagnets, it
is well known that the adiabatic STT causes current-induced
SW Doppler shift [52,53] whereas the nonadiabatic STT con-
trols SW attenuation [54–56]. It was predicted [57] that the
current-induced SW Doppler shift by the adiabatic STT is
also present for antiferromagnets. Although there has been
no study on the current-controlled SW attenuation for antifer-
romagnets, a recent numerical study found a non-negligible
nonadiabatic STT for antiferromagnetic domain walls [58],
suggesting that electrical currents can control the attenuation
of antiferromagnetic SWs.

In addition, a recent experiment on GdFeCo ferrimagnets
shows that the adiabatic torque in this material can be large
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FIG. 1. (a) A schematic illustration of ferrimagnetic spin waves
when the current is applied along the x axis. For numerical simu-
lations, an ac field Hac (10 mT) is applied to excite SWs. (b) The
Doppler shift for right- (solid line) and left-handed (dashed line)
SW [�ω± = ω±(J = 1 × 109 A/m2) − ω±(J = 0)] as a function of
net spin density δs. Here, we assume that the exchange constant
A = 3 × 10−12J/m, the easy-axis anisotropy constant along the z di-
rection K = 104J/m3, spin polarization PRE = 0.1, PTM = 0.4, and
the wave vector is 0.02, 0.03, and 0.04 nm−1.

[59], which stems from a finite net spin polarization of RE
and TM sublattices. Thus, the current-induced SW Doppler
shift of compensated ferrimagnets is expected to be similar
in magnitude to that of ferromagnets. Moreover, the same
experiment [59] shows that the nonadiabatic torque in this
material is large (i.e., equivalently, the ratio of nonadiabaticity
β to damping α is large). This large nonadiabaticity of spin
current in compensated ferrimagnets is attributed to the en-
hanced spin mistracking [46,48,58,59], originating from the
weakened spin dephasing in the antiferromagnetically aligned
spin moments [60,61]. This unique STT characteristic of com-
pensated ferrimagnets motivates us to investigate STT effects
on ferrimagnetic SWs.

In this work, we theoretically and numerically study the
STT-induced control of ferrimagnetic SW dynamics near
the angular momentum compensation point. To begin with,
we derive the equations of motion for ferrimagnetic SWs
in the presence of two torque components. From the equa-
tions of motion, we obtain current-driven ferrimagnetic SW
Doppler shift and attenuation. Then, we perform atomistic
lattice model simulations to verify the obtained analytic so-
lutions. We show that the ferrimagnetic SW Doppler shift due
to the adiabatic torque for right-handed SWs is opposite to
that for left-handed SWs since they carry opposite spin polar-
izations. We also find that the SW attenuation is suppressed,
and the SW amplitude is even amplified when a sufficiently
large nonadiabatic torque is exerted.

II. ANALYTIC THEORY

We consider a ferrimagnet consisting of RE and TM mo-
ments, which are antiferromagnetically coupled as shown in
Fig. 1(a). We introduce two unit vectors Ak and Bk denoting
localized spins located at two sublattices, the A and B sites.
We define the total magnetization vector and the staggered
magnetization vector as m = Ak + Bk and n = (Ak − Bk )/2,
respectively. The spin density is sA(B) = MA(B)/γA(B) where
MA(B) is the saturation magnetization and γA(B) is the gyro-
magnetic ratio. The Lagrangian density L for ferrimagnets is

given by [30,62–65]

L = −sṅ · (n × m) − δsa(n) · ṅ − U , (1)

where s = (sA + sB)/2 is the sum of spin densities of two sub-
lattices, δs = sA − sB is the net spin density, a(n) is the vector
potential, and the potential energy U contains the exchange
energy and easy-axis anisotropy energy, given by

U = A

2
(∇n)2 + a

2
m2 + Lm · ∂xn − K

2
(ẑ · n)2. (2)

Here A is the inhomogeneous exchange, a is the homogeneous
exchange, L is the parity-breaking exchange term [65,66], and
K is the effective easy-axis anisotropy including the demag-
netization effect in the z direction. We assume that the Gilbert
damping constant α is the same regardless of site (αA = αB),
which simplifies the Rayleigh dissipation function as R =
αsṅ2. In this theory, we neglect nonlocal dipolar interaction
because net magnetization is an order of magnitude smaller
than the ferromagnets.

By solving the above equations for n and m, we obtain
two staggered equations of motion to linear order in the
current-induced STT effective field (i.e., by working within
linear-response theory) and to the first order in the net mag-
netization |m| by assuming that a change from a ground state
(with m = 0) is small, i.e., |m| � 1, due to the strong anti-
ferromagnetic exchange coupling by following the approach
taken in Ref. [67]:

ṅ = −1

s
fm × n + Tn

STT, (3)

ṁ = −1

s
fn × n + 2αṅ × n − δs

s
ṅ + Tm

STT, (4)

where fm = − ∂U
∂m , fn = − ∂U

∂n , Tn(m)
STT is the STT that affects

n (m) dynamics, given as (see Appendix)

Tn
STT = −b+

j

2

∂n
∂x

− βb−
j

2
n × ∂n

∂x
, (5)

Tm
STT = −b−

j

∂n
∂x

− βb+
j n × ∂n

∂x
, (6)

where b±
j = −μB

2e (PA
gA

MA
± PB

gB

MB
)Je is the magnitude of adia-

batic spin torque, PA (PB) is the spin polarization, gA (gB) is
the Landé g factor, μB is the Bohr magneton, e is the electron
charge, Je is the current density, and β is the nonadiabaticity.
Note that, when the two sublattices are equivalent and thus
b−

j = 0, Eqs. (5) and (6) are same (except for numerical
factors) as the two spin-transfer torque terms for antiferro-
magnets shown in Eqs. (5) and (6) of Ref. [67]. When deriving
Eqs. (5) and (6), we retained the terms involving the gradient
of the order parameter n while neglecting the terms involving
the small net magnetization m by assuming m is strongly
suppressed by the antiferromagnetic exchange coupling. Here,
we define that all of spin polarization, Landé g factor, Bohr
magneton, and electron charge are positive and assume βA =
βB = β for simplicity. We note that b+

j corresponds to a stag-
gered torque exerting on two sublattice moments, whereas
b−

j corresponds to a uniform torque. For antiferromagnets,
b−

j vanishes and b+
j is the only torque to drive dynamics of

antiferromagnetic spin textures. In contrast, for ferrimagnets,
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both b+
j and b−

j are nonzero in general so that both torques
affect the dynamics.

We derive the equation of motion by inserting the STT
[Eqs. (5) and (6)] into the staggered equations of motion
[Eqs. (3) and (4)]. Then, we obtain the equation of motion
for n as

ρn × n̈ + 2αsn × ṅ + δsṅ

= A∗n × ∂2
x n + Kn × nzẑ − sb−

j ∂xn − sβb+
j n × ∂xn, (7)

where A∗ = A − L2/a is the renormalized exchange stiffness
constant [65] and ρ = s2/a is the inertia. It is worthwhile to
note that the STT effect, i.e., the third and fourth terms on the
right-hand side of Eq. (7), comes from Tm

STT [Eq. (6)], which is
the STT acting on a ferromagnetic component m. On the other
hand, the contribution of Tn

STT [Eq. (5)], i.e., the STT acting
on a stagger vector n, does not appear in Eq. (7) because it is
of the third order in small parameters and thus negligible.

By defining a complex field as ψ± = nx ∓ iny for right- and
left-handed SWs and linearizing the above equation for nx and
ny, we obtain

±δSψ̇± − i2αsψ̇± − iρψ̈±
= −iA∗∂2

x ψ± + iKψ± ∓ sb−
j ∂xψ± + isβb+

j ∂xψ±. (8)

The upper (lower) sign corresponds to right- (left-)
handed SW. By inserting the plane wave solution ψ± =
exp[i(kx − ω±t )] exp[−x/�±] into Eq. (8), we obtain the SW
dispersion and SW attenuation length �, given as

ω± =
±δs +

√
δ2

s + 4ρ(A∗k2 + K ∓ sb−
j k)

2ρ
, (9)

�± = 2A∗k ∓ sb−
j

s(2αω± − βb+
j k)

. (10)

Equations (9) and (10) are our central results.
We first discuss the current-induced SW Doppler shift

[Eq. (9)]. For antiferromagnets (δs = 0 and b−
j = 0), Eq. (9)

shows no current-induced SW Doppler shift. This is caused
by the fact that we derive the equations with the second-order
expansion of small parameters. When we consider up to the
third-order terms, there is a finite SW Doppler shift even
for antiferromagnets, which is consistent with Ref. [57]. For
ferrimagnets, the last term in the square root of Eq. (9) (i.e.,
∓sb−

j k) signifies the current-induced SW Doppler shift. It
originates from the uniform adiabatic torque b−

j acting on a
ferromagnetic component m.

Figure 1(b) shows the current-induced SW Doppler shift
�ω± as a function of the net spin density δs, computed from
Eq. (9). Three observations are worth mentioning. First, the
sign of Doppler shift depends on the SW handedness be-
cause opposite spin polarizations are carried by right- and
left-handed SWs. Second, the Doppler shift is also related to
the sign of b−

j because b−
j can be positive or negative depend-

ing on the material parameters such as polarization, Landé g
factor, and saturation magnetization. For a specific RE-TM
ferrimagnet, i.e., a GdCo ferrimagnet, the sign of b−

j would
not change with temperature in the vicinity of TA because
gGd ≈ gCo and MGd is not much different from MCo [59],

while PGd is four times smaller than than PCo [68]. Third, the
Doppler shift �ω± is maximized in the vicinity of the angular
momentum compensation point TA (i.e., δs = 0). To get an
insight into the second observation, we expand Eq. (9) in the
limit of small current density and obtain ω± ≈ ω0,± + �ω±,
where the current-independent frequency ω0 is given by

ω0,± = ±δs + √
δ2

s + 4ρ(A∗k2 + K )

2ρ
, (11)

and, the current-induced Doppler shift �ω± is given by

�ω± = ∓ sb−
j k√

δ2
s + 4ρ(A∗k2 + K )

. (12)

Equation (12) shows that, in this limit, the current-induced
Doppler shift of ferrimagnetic SW is linear in k and in current
density as for ferromagnetic SWs [52–54]. It also shows that
the current-induced Doppler shift �ω± is maximized in the
vicinity of TA where δs vanishes. This result suggests that one
can experimentally determine TA by measuring the current-
induced SW Doppler shift.

We next discuss the current-induced control of SW atten-
uation [Eq. (10)]. For antiferromagnets (δs = 0 and b−

j = 0),
Eq. (10) shows that the staggered nonadiabatic torque (i.e.,
βb+

j k) modifies the SW attenuation length. It means that
the SW attenuation length in antiferromagnets is determined
by the denominator (2αω± − βb+

j k), which describes the
competition between the damping torque and the staggered
nonadiabatic torque. For ferrimagnets, in addition to the stag-
gered nonadiabatic torque, the uniform adiabatic torque (i.e.,
∓sb−

j ) in the numerator of Eq. (10) also controls the SW at-
tenuation length, but its contribution is independent of k. With
typical material parameters, however, this adiabatic-torque
contribution to the SW attenuation length is usually negligible
so that the main contribution is the competition between the
damping torque and the staggered nonadiabatic torque, even
for ferrimagnets.

Current-induced effect on the SW attenuation length de-
pends on the relative flow direction of the electron and the
SW (k). Considering β > 0, when electrons flow in the same
(opposite) direction as SWs, the attenuation length increases
(decreases). When a large current is injected, i.e., b+

j >
2αω±
βk ,

Eq. (10) becomes negative so that the SW solution is ψ =
exp[i(kx−ωt )] exp[+x/|�|], meaning that SWs are amplified
for both antiferromagnets and ferrimagnets.

III. NUMERICAL ANALYSIS

To verify the above analytic results, we perform atomistic
lattice model simulations. We consider the one-dimensional
atomistic Hamiltonian as

H = Asim

∑
i, j

Si · S j − Ksim

∑
i

(Si · ẑ)2, (13)

where Asim is the exchange constant, Ksim is the easy-axis
anisotropy constant, Si is the spin moment vector at the i site,
and j is the notation representing the nearest lattice of the site
i. The atomistic Landau-Lifshitz-Gilbert equation including
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TABLE I. The saturation magnetizations for RE and TM
elements. The index T2 corresponds to the angular momentum com-
pensation temperature TA.

Index T1 T2 (= TA) T3

MRE (kA/m) 426 386 344
MTM (kA/m) 455 424.6 392
δs(×10−8 J s/m3) 7.02 0 −7.02

STT terms is given as

∂Si

∂t
= −γiμ0Si × Heff,i + αiSi × ∂Si

∂t
− bJ,i

Si+1 − Si−1

2d

−βibJ,iSi × Si+1 − Si−1

2d
. (14)

We solve the above equation by using the Runge-Kutta
fourth-order method. Here, γi = giμB/h̄ is the gyromagnetic
ratio, μ0 is the permeability in vacuum, gi is the Landé g
factor, Heff,i = − 1

μi

∂H
∂Si

is the effective field, μi is the magnetic

moment, αi is the Gilbert damping constant, bJ,i = − giPiμB

2eMi
Je

is the magnitude of adiabatic STT, Pi is the spin polarization,
Mi is the saturation magnetization, and βi is the nonadia-
baticity. We locally apply a circularly polarized external field,
μ0Hac = μ0H0(cos 2π f t, sin 2π f t, 0) with μ0H0 = 10 mT
to excite SWs in a ferrimagnet. We also inject an in-plane
current corresponding to the current density Je ranging from
−5 × 1012 A/m2 to +5 × 1012 A/m2 to induce STT. We use
the following simulation parameters: the lattice constant d =
0.4 nm, the exchange constant Asim = 7.5 meV, the easy-axis
anisotropy constant Ksim = 0.004 meV, the Gilbert damping
constant α = 0.003, the nonadiabaticity β = 10α and β =
100α, the Landé g factor gRE = 2, gTM = 2.2, and the spin
polarization PRE = 0.1, PTM = 0.4. In the continuum limit,
the corresponding parameters in Eq. (7) are given by A∗ =
4Asim/d and K = 4Ksim/d3. We assume that both damping
constant and nonadiabaticity are the same regardless of the
sublattice site as assumed for the analytic theory. We use the
saturation magnetization listed in Table I, which is measured
in Ref. [59] for GdFeCo. We consider the system size of
3200 × 100 × 0.4 nm3 with cell size 0.4 × 100 × 0.4 nm3

and perform simulations up to 4 ns, after which the system
reaches a sufficiently steady state.

Figures 2(a) and 2(b), respectively, show dispersions of
the right- and left-handed SWs at zero applied current. T2

corresponds to the angular momentum compensation point
TA where δs = SRE − STM = 0 and T1 < T2 < T3. In all cases,
numerical results (symbols) are in agreement with analytical
results [lines, Eq. (9)]. The frequency of the right-handed SW
is the highest at T1 [Fig. 2(a)], whereas the frequency of the
left-handed SW is the lowest at T1 [Fig. 2(b)]. This difference
originates from different δs [Eq. (9)].

Figures 2(c) and 2(d), respectively, show the current-
induced SW Doppler shifts of the right- and left-handed
SWs at the angular momentum compensation temperature
TA (= T2) when the current density Je = ±5 × 1012 A/m2 is
applied. Numerical results (symbols) are in reasonable agree-
ment with Eq. (9) (solid lines). For the right-handed SW
[Fig. 2(c)] and k > 0, a positive (negative) current decreases

FIG. 2. Ferrimagnetic SW dispersion for (a) right- and (b)
left-handed SW in the vicinity of angular momentum compensa-
tion temperature (TA) when no current is applied. Current-induced
Doppler shift of (c) right- and (d) left-handed SWs in ferrimagnet
at TA.

(increases) the SW frequency. On the other hand, for the left-
handed SW [Fig. 2(d)] and k > 0, a positive (negative) current
increases (decreases) the SW frequency. Therefore, the sign of
the Doppler shift of the right-handed SW is opposite to that of
the left-handed SW, consistent with the analytic expression
[Eq. (9)]. The same tendency of Doppler shift is obtained for
other temperatures (not shown).

Figures 3(a) [3(b)] shows the SW attenuation length as
a function of the current density for β = 10α and right-
(left-)handed SWs. The SW frequency (ω/2π ) is 0.4 THz.
Numerical results (symbols) are in reasonable agreement with
Eq. (10) (solid lines). For a positive β, we find that the SW at-
tenuation length of both right- and left-handed SWs increases
when electrons move in the same direction with the SW prop-
agation. When the nonadiabatic torque is sufficiently large
[β = 100α, Figs. 3(c) and 3(d)], the antidamping effect of
nonadiabatic torque overcomes the intrinsic damping torque
and, as a result, the SW attenuation length becomes negative,
meaning that the SW is amplified.

IV. SUMMARY

To summarize, we theoretically study the STT effects on
ferrimagnetic SWs. Unlike antiferromagnetic SWs for which
current-induced Doppler shift is small, ferrimagnetic SWs
exhibit non-negligible Doppler shift because of a finite spin
polarization. The current-induced Doppler shift is maximized
in the vicinity of the angular momentum compensation point
TA, providing a way to measure TA. The sign of the Doppler
shift depends on the SW handedness, because the spin polar-
ization carried by SWs also depends on the SW handedness.
A recent experiment has identified the SW handedness in
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FIG. 3. The SW attenuation length as a function of current den-
sity at β = 10α for (a), (b) and β = 100α for (c), (d). (a), (c) are
for right-handed SWs and (b), (d) are for left-handed SWs. The solid
lines are analytic results and symbols are numerical results.

ferrimagnets by measuring the relative magnitudes of Stokes
and anti-Stokes peak in the Brillouin light scattering [39]. Our
work suggests an alternative way to identify the SW handed-
ness by measuring the sign of current-induced SW Doppler
shift.

It is found that the attenuation length of ferrimagnetic SWs
is modified by nonadiabatic staggered torque, which can be
used to experimentally determine the nonadiabaticity β of a
ferrimagnet. Combined with the current-induced SW Doppler
shift, our work provides a way to simultaneously determine
important material parameters of ferrimagnets, namely, the
angular momentum compensation point TA, the spin polar-
ization P, and the nonadiabaticity β, by performing a single
series of time-domain measurements of current-induced SW
dynamics in a ferrimagnet. However, the determination of
the handedness or the unknown parameters is experimentally
challenging and may need to be combined with other indepen-
dent measurements of the spin polarization [68] and TA [29].

ACKNOWLEDGMENTS

K.-J.L. was supported by the National Research Founda-
tion (NRF) of Korea (Grant No. NRF-2020R1A2C3013302).
S.K.K. was supported by Brain Pool Plus Program through
the National Research Foundation of Korea funded by
the Ministry of Science and ICT (Grant No. NRF-
2020H1D3A2A03099291).

APPENDIX: DERIVATION OF EXPRESSION FOR STT
ON FERRIMAGNETS

In this part, we derive Eqs. (5) and (6) from the STT
exerting on each sublattice as

∂Ak

∂t
= −b j,A

∂Ak

∂x
− βAb j,AAk × ∂Ak

∂x
, (A1)

∂Bk

∂t
= −b j,B

∂Bk

∂x
− βBb j,BBk × ∂Bk

∂x
, (A2)

where b j,i = − giμBPi

2eMi
Je and the first (second) term represents

the adiabatic (nonadiabatic) torque. Using Ak = m
2 + n and

Bk = m
2 − n, we obtain

∂

∂t

(m
2

+ n
)

= −b j,A
∂

∂x

(m
2

+ n
)

− βAb j,A

(m
2

+ n
)

× ∂

∂x

(m
2

+ n
)
, (A3)

∂

∂t

(m
2

− n
)

= −b j,B
∂

∂x

(m
2

− n
)

− βBb j,B

(m
2

− n
)

× ∂

∂x

(m
2

− n
)
. (A4)

Combining Eqs. (A3) and (A4) and assuming a uniform β, we
obtain

∂n
∂t

= −b−
j

4

∂m
∂x

− b+
j

2

∂n
∂x

− βb−
j

8
m × ∂m

∂x
− βb+

j

4
m

× ∂n
∂x

− βb+
j

4
n × ∂m

∂x
− βb−

j

2
n × ∂n

∂x
, (A5)

∂m
∂t

= −b+
j

2

∂m
∂x

− b−
j

∂n
∂x

− βb+
j

4
m × ∂m

∂x
− βb−

j

2
m

× ∂n
∂x

− βb−
j

2
n × ∂m

∂x
− βb+

j n × ∂n
∂x

, (A6)

where b±
j = −μB

2e (PA
gA

MA
± PB

gB

MB
)Je. By retaining the terms in-

volving the gradient of the order parameter n while neglecting
the terms involving the small net magnetization m by assum-
ing that m is strongly suppressed by the antiferromagnetic
exchange coupling and thus |m| � 1, the staggered equations
of STT are given as

Tn
STT = −b+

j

2

∂n
∂x

− βb−
j

2
n × ∂n

∂x
, (A7)

Tm
STT = −b−

j

∂n
∂x

− βb+
j n × ∂n

∂x
. (A8)
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