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Transverse electric (TE) modes cannot propagate through the conducting solids. This is because the continuum
of particle-hole excitations of conductors contaminates with the TE mode which damps it out. But in solids
hosting tilted Dirac cone that admit a description in terms of a modified Minkowski space-time, the new space-
time structure remedies this issue and therefore a tilted Dirac cone material (TDM) supports the propagation of
an undamped TE mode which is sustained by charge density fluctuations. The resulting TE mode propagates at
fermionic velocities vr, which implies (i) it is strongly confined to the surface of the two-dimensional (2D) TDM
and (ii) the TDM acts as a high refractive index n = c/vp ~ 10?> medium for TE modes.
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I. INTRODUCTION

Electromagnetic waves in the vacuum and dielectrics can
propagate as both TE and transverse magnetic (TM) modes
[1]. When they hit a conductor, the TM mode organizes itself
into collective motions of the density known as plasmons
[2-5]. But the TE mode in conducting media encounters
an unsurmountable obstacle: the contamination with the
particle-hole continuum (PHC) of excitations of the conduc-
tor; immediately Landau damps the TE mode [2]. In three
dimensional (3D) electron liquids, within the Landau Fermi
liquid, the Landau parameter F}’ > 6 leads to an undamped
TE mode outside the PHC [2]. But (i) such a large value of
residual Coulomb interaction is not easy to realize in 3D elec-
tron systems and (ii) the conducting state is likely to undergo
a phase transition into an ordered state, before such a strong
interaction regime is reached [6].

Dirac materials are a new class of conductors where, in-
stead of one band, two bands touch linearly [7-9]. Interband
transitions in these systems contribute to the polarization re-
sponse. In doped graphene, it has been predicted [10] and
experimentally observed [11] that the unique void below the
interband part of the PHC saves the TE mode of the vacuum
from the Landau damping in a narrow frequency range and
allows it to propagate through graphene [10,12—-14]. The dis-
persion relation is quite close to the light dispersion [15] that
makes Dirac matter potentially useful for the development of
a broadband TE-pass polarizer [16—18]. Such TE modes are
also expected in bilayer graphene [19] in a more pronounced
way [19-21]. In undoped 3D Weyl semimetals, an additional
vector b exists that parametrizes the axion field [22] that gaps
out one of the TE modes of the vacuum, but still it does not
remedy the Landau damping [23]. Therefore, an undamped
branch of TE mode in conducting media remains elusive. The
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purpose of this paper is to show that the unique space-time
structure that emerges in 2D TDMs (i) saves the TE mode
from Landau damping by expelling it from the PHC. (ii)
Unlike the case of doped graphene where the TE mode propa-
gates at the speed of light, the present TE mode is sustained by
charge density fluctuations propagating at fermionic velocity,
vr, and (iii) the TE mode in this new space-time structure of
2D TDMs can be sustained without doping.

Let us see how this happens. When the Dirac theory comes
to mundane sub-eV energy scales of the band structure of
solids, it can be modified in interesting ways, such as tilt-
ing the Dirac cone. The first realization of such tilting was
in the a-(BEDT-TTF),I5 organic salt under high pressure
[24-26]. The 8 pmmn borophene is also predicted to be stable
TDM [27-30]. Quantum wells of LaAlO3/LaNiO;/LaAlO3
also host tilted Dirac cone (TDC) and varying the number of
LaNiO; monolayers can shift the Dirac node [31]. Smaller
tilts can also be induced in graphene by mechanical defor-
mation [32,33] and hydrogenation [34]. Tilted Dirac/Weyl
fermions can also be realized in 3D systems transition metal
dichalcogenide [35-38]. The tilt modifies many physical
properties: apart from strong anisotropic conductivity [39],
the tilt modifies the chiral anomaly [40] or can give rise to
soft surface plasmon polaritons [41]. In 2D TDM, it induces
a kink in the plasmons [42]. Additional linear plasmon modes
in 2D [42,43] and type-II TDMs in 3D are predicted [44].
Other effects of tilt include anomalous magnetoplasmon and
Hall effects [45,46], enhancement of superconductivity, and
Josephson effect [47—49]. Many-body interactions in doped
TDMs enhance the tilt perturbation [50,51].

One key observation is that TDMs modify the emergent
Lorentz symmetry [35] of Dirac cones by producing a new
space-time structure [52]. Covariance in this space-time is
imprinted in the polarization tensor that determines the elec-
tromagnetic response of the system [53]. Therefore, at a very
fundamental level, the structure of space-time in TDMs is dif-
ferent from traditional solid state systems [41,54-59]. In this
work, we will show analytically that the tilt will remedy the
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fundamental limitation of the conducting states by sustaining
a genuine undamped TE collective mode that is sustained by
charge fluctuations. We also establish that the rescue from
damping has intimate connection with the new space-time
structure in TDMSs. For concreteness, we will focus on the 2D
where the tilt and hence the space-time geometry is tunable
by perpendicular electric fields [57].

This paper has been organized as follows. In Sec. II we
review the standard theory of the propagation of electromag-
netic modes on the surface of a 2D matter. Next, in Sec. I1I, we
specifically focus on the 2DTDM with its unique space-time
structure and derive their TE and TM mode dispersions. We
investigate the possible propagation of TE mode in 2DTDMs
and, finally, we discuss our result in Sec.V.

II. ELECTROMAGNETIC MODES AT INTERFACE

Consider a 2D matter at z = 0 surrounded by two media
with dielectric constants €;, i = 1, 2. Imposing the standard
boundary conditions on electric/magnetic field components at
the interface of two media (see Appendixes A and B) gives the
following traditional expressions for the dispersion relation of
the TM and TE modes [10,12,60,61]:

Ami
a + & + l;r(q, w)=0 (TM mode), (1
Vi "2 q

w
drio _,
Vi+ve— WP (g, ) =0 (TE mode), 2)

where ¢ is the light velocity, w is the frequency at which
the wave is propagating, ¢ is the 2D wave vector in the xy
plane (where the 2D matter lies), and the evanescent de-
cay along the z direction surrounding media is encoded into
yiz = ¢*> — w’€;/c?. Note that the role of different dielectric
constants ¢; is to give rise to harmonic and arithmetic averages
of y; in the TM and TE modes, respectively. As we will see,
for the solution generated by the new space-time structure,
such variations in the dielectric properties do not change
the qualitative picture. The functions I'(g, ) and I''(q, w)
relate to components o%°(g, w) of the conductivity tensor
through

2 __xx

I(q, ©) = ;0™ + 4;0” + 4:q,0™ + qxqy0™,  (3)

(g, w) = )%ny + qio_xx - qquo_xy - qquo_yx' 4)

Equation (1) results from imposing the boundary condition
on H field (see Appendix A) in the xy plane (and perpendic-
ular to the propagation direction ¢; hence the name TM). In
the nonretarded limit, ¢ — oo, the TM mode reduces to the
well-known result random phase approximation (RPA),

(g, w) =1 - v(@)x(g, w) =0, &)

where v(g) = 2me?/q and x(q, w) is density-density corre-
lation function and is related to the conductivity tensor o/
via the continuity equation [3]. The solution of the above
TM-mode equation gives the collective excitations of charge
density known as plasmon. These modes admit a straightfor-
ward intuition as collective charge motion [62,63].

The second dispersion given by Eq. (2) is the solution of
electromagnetic field equations for the situation where the E
field lies perpendicular to ¢ in the plane of 2D matter. Such

modes, despite being very popular in waveguides [64], re-
main elusive in electron liquids, although in doped graphene,
interband particle-hole excitations give a narrow frequency
range 1.66 < hiw/p < 2 set by the chemical potential (doping
level) w, which is typically a fraction of electron volt. But
unfortunately their high speed ~c leads to poor confinement
[10,12-14,19,60] of the graphene-based TE modes. One ma-
jor advantage of our TE mode is that the new space-time
structure of TDMs [41,52,53,57-59,65-67] provides a gen-
uine opportunity for the propagation of TE mode that (i) is
not limited by any doping scale and (ii) is strongly confined to
2D TDM due to its velocity scale vg. Let us specialize Eq. (2)
to TDMs to see how can this happen.

III. TE MODE EQUATION IN TDMS

The low energy excitations of tilted Dirac semimetals
around one Dirac point in 2D are described by the following
generic Hamiltonian:

Uy rky + vk,

_ vek, — ivyky
Hk) = h( veks + ivyk, > ©)

Uy ke + vy 0k,

Here, vy, is the anisotropic Fermi velocity along x(y) di-
rection. Tilt of Dirac cone in each direction is defined by
vx, and vy,. The time reversal partner of the above Dirac
cone (valley) has opposite tilt direction (—vy(),). In the case
of zero tilt vy, = 0, and assuming the isotropy condition
v, = vy = VF, the above Hamiltonian reduces to the effective
theory of graphene. Parametrizing the tilt by & = (&, &),
where vy(,); = {x(y)Vr, One has

Ccky 4 Cyky

H("):h“F< ke + ik
X y

ke — ik,
o ;yky)' D

The energy eigenvalues E; = hvpk[l + s¢ cos(6, — 6;)]
describe the conduction (valence) band for s = + (—). The
0, and 6, are polar angles of the momentum and tilt vectors
k, ¢ with respect to the x axis and k = |k| and ¢ = |¢|. As can
be seen, in the presence of the tilt, ¢, the energy spectrum still
remains linear in wave vector k, but the velocity depends on
the direction. More fundamentally, the ¢ can be encoded into
a suitable space-time metric [41,53-59].

What we need for the rest of the calculation is the con-
ductivity tensor for TDC. It turns out that the new space-time
structure allows one to express the polarization tensor in a
covariant form [53] consistent with the Ward identity:

" = —[(¢* — 28" — ¢"q" 17 (%), ®)

8sVF

167/ 2 —Q2

where the scalar part is 7(q) = — and the non-

Minkowski metric is
-1 - é‘x - C y

¢r=-¢ 1-¢ —ug . ©)
g &gy 1-¢]

The (241)-dimensional energy-momentum vectors are g, =
(—o/vr,q), q" = g9y, 9 = 19|, 2 = @/vr —q - §and g is
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the spin degeneracy. Explicitly, the components are
% = ()@, N°=0"= {2+ (),
Y = {(Q° — ¢")8i; + 4iq; + ¢ 4¢j + Qg
+Qq;¢i}m (q).

The spatial components 19 of the above polarization are re-
lated to the conductivity tensor o/ required in Egs. (3) and (4)
by the standard relation —iwo”/ = €>I1"/ [68,69]. Therefore,
the I and I’ functions needed in relations (1) and (2) are

(10)

—iwl(g, w) = £’ T1%(g, Q), (11)

—iwl(q, w) = (L — ¢* + |g x gP)m(g). (12)

As a consistency check, note that, in the long wavelength limit
g — 0, Egs. (11) and (12) reduce to corresponding expres-
sions derived by Mikhailov and Zeigler [10] for a single layer
graphene. Let us put the above relations in a covariant form to
reveal the peculiar role of the space-time (9):

nf = §°4"o’n (q), (13)

MY = (6" = §“PNR = ¢*) +1g x LI (@), (14)

where Latin indices stand for space indices. Comparison with
(11) and (12) shows that indeed I" and I"" are proportional to
longitudinal (IT}) and transverse (I1,) parts of the polariza-
tion tensor. As can be seen the strength of the term due to tilt
¢ is controlled by the charge fluctuation T1%.

The dispersion of TM mode in Eq. (11) or (13) is gov-
erned by density fluctuations. The important difference with
graphene is that o is Doppler shifted to Q@ = w/vr — ¢ - q.
In the ¢ = 0 case, it is well known that, when the average
charge density is zero, this equation does not admit a solu-
tion in the singlet channel [70-73]. Likewise, the TM mode
in the undoped TDC has no solution, unless a gate voltage
[74-76] or chemical functionalization [77-79] dopes it. Then
a plasmonic kink at the boundary of interband PHC and an ad-
ditional overdamped linear plasmon branch appears [42,43].

The quantity I'" governing the TE mode equation (12) or,
equivalently, Eq. (14) is heavily affected by the tilt term which
appears not only in €2, but also as an explicit ¢ x ¢ term (of
strength T1°°) that stems from the covariant structure IT*" of
Eq. (8) in the space-time (9). This empowers the TDMs to
sustain a genuine undamped TE mode.

IV. PROPAGATION OF TE MODE
IN TWO-DIMENSIONAL TDMS

First, let us clarify the role of doping in TDM. Mathemat-
ically, Eq. (2) may admit a propagating TE mode solution
when the imaginary part of I''(¢q, ) is negative. Let us con-
sider the doped case first. In 2D Dirac systems possessing
upright Dirac cone (such as graphene), upon doping, a tri-
angular shaped window below the interband and above the
intraband PHC appears [71], which provides a chance for the
formation of TE modes [10,12]. At g = 0 the formation of a
solution for the TE mode is as follows: around the entire Fermi
surface, at the excitation energy of 2u, there will be plenty of
particle-hole excitations that generate a negative and logarith-
mically singular imaginary part for the I’ [10]. In the case of

4 \
3 m /=0 ‘\ _____
r -
=0.45 Semmeee -z
~ =iz | oz
q 2- «{_ . \ et
1 Ve : e

= -
2 1 /”
an /
M I

0.0 0.5 1.0 1.5 2.0

Q/q

FIG. 1. Real (solid) and imaginary (dashed) parts of the right
hand side in Eq. (17) for various values of tilt parameter, { =
0,0.45,0.9 (red, blue, and black, respectively). Wave vector ¢ is
perpendicular to ¢. The imaginary part is nonzero for Q > g cor-
responding to PHC.

TDC, at ¢ = 0, depending on the angle at which the initial k
state from valence band is picked, the excitation energy will
deviate from 2. This smearing around 2u will destroy the
logarithmic singularity as shown in Fig. 2 of Appendix C. As
long as dielectric constants in both sides are the same, one
still gets a solution corresponding to y = 0, which is nothing
but the TE mode of the surrounding dielectric medium that
has escaped the damping due to a void in the PHC. In this
way, the TE mode of graphene will survive, but will evolve in
TDM in two respects: (i) its velocity will be closer to ¢ and
(ii) its frequency range will be even more limited.

Therefore, let us next consider an undoped 2D TDC sys-
tem. In this case, from Eq. (12) the TE mode equation
becomes

4 2
(@ + g x tPn (@O — Q) = 0.

s)

Here, we added a step function to the definition of T to pick
a region in which the imaginary part of IT”/ in Eq. (10) (and
hence the real part of I') is zero. To understand the structure
of Eq. (15), first we consider its ¢ — O limit:

vi+y:+

c

47 e?
2.2
vy

Vit 72+ 5 (@8 = 03¢ (@)O(vrg —w) = 0. (16)
The second term in the above equation is nonzero only when
vrq > . In this regime w? — v ¢? is negative. But since 7 (q)
itself is also negative, the above equation admits no solution.
Therefore, in upright Dirac cone systems, the only way to get
an undamped TE mode is to inject free charge carriers into it
[10,12,80]. In TDMs, the g x ¢ term arising from the structure
of the space-time generates an undamped TE mode even at
zero doping. Substituting for 7 (¢) in Eq. (15) gives

cy 7mO(@q—Q)

_ 02 _ 2 2y
o 1 qz_Qz( q +1gx¢")

a7
The o = €?/hic = 1/137 is the fine structure constant and y =
(y1 + v2)/2 is the average of the confinement length of the
mode in two sides of the 2D material. Figure 1 shows how tilt
generates a solution for Eq. (17). Solid lines are the real part
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of the right-hand side (RHS) for indicated values of {. As can
be seen, the presence of tilt generates an inverse square diver-
gence (reminiscent of bound state formation in 1D problems)
that will be able to intersect the LHS and gives a solution for
Q/q < 1. The solution suggested by Fig. 1 for 2 < g can be
analytically obtained up to leading order in vg/c,

Vrq (TAVR
Q=w—-vrq-{=vprq 0 (

where the first term in the RHS corresponds to the lower edge
of the PHC. There are two important points to be noted here.
(i) The principal velocity scale of this TE mode is set by vg
and not by c. This readily implies ¥ ~ ¢ and therefore the con-
finement length is set by the wavelength. This can be useful
in optoelectronic applications [72,81]. (ii) Clearly the g x ¢
term arising from the structure of the space-time has brought
the energy of this TE mode below the PHC. This is how tilt
can generate a genuine and confinable TE mode sustained
by collective charge fluctuations in the material. Notice that,
when the propagation direction is along the tilt direction, ¢,
the TE mode will be tangent to the lower border of the PHC
and acquires damping. This effect can be utilized to optically
identify the tilt direction, as the direction ¢ will be the only
direction along which our TE mode ceases to propagate.

2
)1ax ¢l as)

V. SUMMARY AND DISCUSSION

In this paper, starting from a covariant expression for the
polarization of an undoped two-dimensional TDM in a space-
time given by metric (9), we have investigated the formation
of a genuine TE collective mode. The TE mode equation is
augmented by g x ¢ term which arises from the structure of
the space-time whose coefficient is the charge fluctuation I1%.
As such, TT% manifests not only as plasmons, but also as TE
modes in TDMs. The most manifest form of this effect can
take place for ¢ L ¢. Due to this new term, the TE mode
manages to escape from the contamination with the PHC of
the TDM. The velocity of the resulting mode is determined
by vr. Therefore, in contrast to the case of graphene [10], the
present TE mode will be sharply confined to the 2D TDM
which can be used to sharply focus the TE mode into a 2D
plane. A further advantage of our TE mode is that, while in
doped graphene the TE mode is very fragile and goes away by
turning on a difference in the dielectric constants of the sur-
rounding media [82], our TE mode being sustained by matter
density fluctuations is not sensitive to possible difference in
the dielectric constants of the surrounding media. This proves
to be very convenient for settings where TDM is mounted on
a substrate. Furthermore, the huge velocity difference for the
TE mode in TDM and the vacuum leads to a transmission
coefficient of T = 4vr/c [83], which distinguishes the prop-
agation of TE mode in TDM from the one in the substrate
as a huge refractive index medium. An important feature of
our TE mode is that it is sustained by the fluctuations of
the charge density, in a system at the charge neutrality point
where the average density of the (free) charge carriers is zero.
Shallow bound state character of this TE mode with respect
to the lower edge of the PHC implies that its spatial extent
is much larger than the lattice scales. Hence the potential
disorder can not efficiently scatter it. The temperature leads

to an effective doping via the temperature dependence of the
chemical potential which damps the TE mode for fiw < kgT .
But since there is no other scale except for the high energy
cutoff defining the Dirac theory, the TE mode continues to
propagate at energy scales above the kgT .

Finally, let us comment about the other valley which is
inevitably present in TDM and corresponds to —¢. Since
the transverse polarization involves the square of ¢ x ¢, the
presence of the other valley does not destroy the TE mode.
Indeed, adding the contribution of the other valley with —¢
doubles the degrees of freedom and so one might expect two
TE modes. But due to opposite Doppler shift, the additional
peak from the other valley (cf., Fig. 1) will be inside the PHC,
and hence gets damped. Therefore, even in the presence of
the other valley, one undamped TE mode branch continues
to exist. The question of possible intervalley modes remains
open and pertinent.
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APPENDIX A: TRANSVERSE MAGNETIC MODE

In this section, we give more detail on the derivation of
the transverse magnetic mode dispersion relation in TDMs.
Suppose the 2D TDM located in xy plane at z = 0 and sur-
rounded by two media with dielectric constant €, €; and the
propagation of electric and magnetic field along the z axis in
surrounding media has evanescent behavior described with
y. As it has been mentioned in the body of the paper, the
electromagnetic TM mode propagates at the interface with the
magnetic field also lying in the xy plane and perpendicular to
the wave vector. This implies H; ; = 0 in whichi = 1, 2 stands
for upper z > 0 and lower half-plane z < 0:

H; = (Hi, H;,, 0)e"4"~“De Vil
E; = (Ei\,Eiy, E;)e e 7l

q = (4x: gy) (AD)

In the bulk of two media as a result of no free charge and cur-
rent the Maxwell equation finds the following representation:

V.D=p8z), V-B=0,

1 1
VxE=—-§B, VxB=-3D. (A2)
C C

For ease of calculation we suppose two media are the same
without any magnetic properties; hence we have €; = ¢, = €y
and u; = wy = po. These properties imply that D; = €oE;
and H; = B;/u1o. Hence the homogeneous equation for the
electric and magnetic field in the bulk is given by

1

VxVxE=-=0E. (A3)
c

Inserting the definition of electric field components in the
above relation gives

4=V —ady Figyi W
—axqy  4r— ¥} fiqmz E—-—eaE=0. (Ad)
:qu)c)’i :Fl‘lVJ/i Qx + qy
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The determinant of the above matrix for two media with the
same dielectric constant defines the same decay constant )/12 =
v} = ¢*> — w?/c?. The dispersion of electromagnetic modes
can be derived from boundary conditions at z = 0, where the

tilted Dirac plane is located:
Eis=E;=E,=E, E,=Ek,,
Dl,n - D2,n = 477:)05(Z) = El,z - EZ,Z = 477/05(1)7
Hl,n = H2,n = Hl,z = HZ,Z»

4 .
H]., _HZ,Z = TJ Xn

4 4
= Hl,x - H2,x = TJy, Hl,y - H2,y = _zj' (AS)
The current vector is related to the electric field vector by

conductivity tensor as

_|o™(q,®) o¥(q, w)||Ex
I= [oy«q, ©) o7 )] |E] (46)
Moreover, in each medium, the field equations are
V-H=0 = iqui,x + iCIyHi,y + yiHi,z = O, (A7)
1
VXxE =—--9B = iowH,; , = yE;,,
c
ini,y = :FViEi,xs wH; ; = qui,y + QyEi,m (A8)

in which the minus (plus) sign stands for i = 1(2).

Using the boundary condition equation for a normal com-
ponent of electric field (E,), Eq. (A5), and implementing with
the continuity equation one finds

47 . .
El,z - E2,z = ﬁ(%c]x + Qy]y)' (A9)
iwc
Gauss’s law for electric field in each medium (i = 1, 2) can be
rewritten as

igyE;i x + igyEi y F viEi; = 0. (A10)

Combination of Egs. (A9) and (A9) gives rise to the following
relation:

2riy o "
Ei x| gx + 5 (0™ + gy0™)
ccw
2miy o .
+Ei,| gy + % (go™ + gy0™)| =0. (All)

Using V - B = 0 and Faraday’s law we find

qui,y = qui,x~ (A12)

Combination of (All) and (A12) gives the TM dispersion
relation as

2mwiy

1+ =—T(q. o) =0, (A13)
wq

where

Y.

(g, w) = ¢;0™(q, 0) + 4,07 (g, ©) + 244,07 (q, ®).
(A14)

Inserting each element of conductivity tensor using —iwo '/ =
¢’T1"/ and (10) we find the following dispersion for TM mode:

2 2
1— ﬂnoo(q’ Q) =0.

" (A15)

Not surprisingly, in the instantaneous limit ¢ — oo above TM
dispersion relation reduces to that of plasmon in RPA:

1 —v(g)[1%(g, Q) = 0. (A16)

Indeed when the magnetic field is in the xy (2D matter)
plane the longitudinal component of electric field E;, which
is parallel with the propagation direction of electromagnetic
field within dipole electric wave, induces longitudinal charge
oscillation, well known as the plasmon mode.

APPENDIX B: TRANSVERSE ELECTRIC MODE

In the case of transverse electric field derivation, we sup-
posed the electric field is in the xy surface and is perpendicular
to the propagation direction of electromagnetic wave, which
implies E; ; = 0 in both media. Hence, generally, the electric
and magnetic fields have the following representation as

E; = (Eix. Eiy, 0)e "™, (BI)

H; = (Hi\, H;, H; ;)4 e vkl
q= (%ﬁ q,v)’

where i = 1, 2 stands for upper z > 0 and lower half space
7z < 0, as before, and y encodes the evanescent behavior of
propagating electromagnetic modes along the z direction.

The boundary condition for magnetic field in Eq. (A5) and
Faraday’s law for the normal component of magnetic field in
each medium gives rise to the following relation:

2
q.Hi , + q_le,y = T(qx-]y - ‘Iy-]x)~ (B2)

Inserting the definition of H; , and H, , from Faraday’s law,
the dispersion relation of TE mode can be derived as

2riw _,
1 - =—T(q, ),

B3
2y (B3)

in which

I'(q, w) = ¢*0”(q, ®) + qia”(q, ) — 2q:q,0™(q, w).
(B4)
It is also possible to represent the above dispersion relation
versus components of the polarization tensor by using Eq. (10)
of the main text.
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APPENDIX C: DOPED TILTED DIRAC

Here in this section we give more detail on the calculation of optical conductivity in doped tilted Dirac materials. A peculiar
type of low energy excitations in doped Dirac materials provides two different channels for particle hole excitations and
consequently optical responses consist of intra- and interband parts, which are given by the following relations:

—ie’ Z IE, (k) 0f (Ex(k)) OE; (k)

O (@) = RPotA | Oky  OEx(k)  dkg
ieh SE ) = FE (k) (k. M v |k, =) (k. —2] vg Ik 2)
lmer( ) A Z A A . (Cl)

o Er(k) = Ey (k) — T 4 i07) E, (k) — E_; (k)

Here, ot = w + i0" and A is the area of the sample. Searching for the propagation of the TE mode, we suppose the wave vector
q = gx in Eq. (B4), which gives

() = ¢’ (o). (C2)

This represents that the only required component of optical conductivity is o””; therefore, in the following we focus on its intra-
and intercomponent of ¢*” and suppose tilt direction, with respect to the x axis, is given by 6;. The intraband component is given
by

) = vF 2 (iy“ >5(u hor (K + k)
k=%
= ie*vr Z(Q + sin6)? Ok =~ ko)

1+ ¢ cos(@ —6)

. 2 i in@ 2
_ —2’6 K / dp— &+ sinb) - (C3)
Rarlot Jo [1+ ¢ cos(@ —6,)]
where ko = p/hvp[1 4+ ¢ cos(6 — 6;)]. The above expression simplifies to
i’ 2 1 2 . o 2
ol (@) = m{ o cos 26, + m[l —2¢7sin 674 cos 26,(2/¢ —3)]}. (C4)

The interband term is given by

Z 1+ cos26 |:f(E+(k))— 1 fEL(k)— 1i|
2hvrk 2upk — wt 2upk + ot

Tinter (@) =

2

~ 16nh

1
{@(1 - x2)(9_ — 5 cos 26, sin 29_> +7O(—X_ — 1) +1i cos>6,C(w) — i cos 29,D(a))}, (C5)

in which _ = arccos X_ and X_ = Qu — hiw)/hwt,

D(w) = [g(x) — f(x) — L)l — [1(x) — g(x) + F)1°,Blw(] — &) — 2]
+[g(0) — 1(0) — £(0) + 11O21 — (1 — O f(—1) + g(—1) — I(=1) — 11O2u — (1 + ¢)], (C6)

and

Clw) = =21(-1)O2u — (1 + )] = 20(0)8[21 — (1 — )] + 2[I(=1) = L(0)]Olw(1 — &) — 2u] — 2[I(=1) — 1(0)],

2
o[ (o) ]
(w {w

2
Fory = <L2W) ,

with

tw
w + 2ux o+ 2ux 2
g(x)=< ) ( ) —1.
{w {w
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FIG. 2. Imaginary part of wo””(w) for different values of tilt pa-
rameter. Note that we supposed tilt vector along the x axis, i.e., 6, =
0. Here, the red dashed line corresponds to the upright Dirac cone
¢ = 0; blue and green solid lines stand for { = 0.1, 0.5, respectively.

Based on the TE dispersion relation in Eq. (2), if iwI"” or
—w ImI” becomes positive, a solution can be possible. This
quantity has been plotted in Fig. 2 for various values of the
tilt parameter ¢{. As can be seen the effect of tilt is to kill
the logarithmic singularity (dashed line) and push the positive
support of the function to higher frequencies. Therefore, anal-
ogous to doped graphene, the TE mode in doped TDM can
also propagate, but in a more limited window of frequencies.
Again the propagation velocity in the present doped case will
be closer to the velocity ¢ of the light as the positive portion
of the above curve is to be compared with ~cy, which is
consistent with the y ~ 0 solution. This is again nothing but
the TE mode of the surrounding media. The dependence of
the above curves on the angle 6 is weak and does not produce
significant difference.
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