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Artificial hyperbolic metamaterials (HMM) are perspective for the nonlinear optical applications, their excit-
ing functionality being due to the hyperbolic dispersion induced by a strong shape anisotropy. Here we study
the second harmonic generation (SHG) in HMM formed by arrays of silver nanorods in anodic alumina. In
the hyperbolic dispersion regime, giant SHG is observed associated with the fulfillment of the phase-matching
conditions supported by the epsilon-near-pole resonance at the SHG wavelength, and an increase in the pump
field in the epsilon-near-zero (ENZ) spectral range. We predict a strong increase in the SHG efficiency for
metamaterials with the ENZ resonance at the second harmonic frequency.
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Hyperbolic metamaterials (HMM) received much interest
recently owing to their unique optical and nonlinear optical
properties originating from artificial hyperbolic dispersion
instead of elliptical one intrinsic to traditional media [1,2].
HMM are artificial metal-dielectric nanocomposites with a
uniaxial anisotropy and opposite in sign principle compo-
nents of the optical permittivity and/or permeability [3–6]. In
the case of nonmagnetic HMMs (μ = 1) characterized by the
principle components of its dielectric tensor ε‖ · ε⊥ < 0, the
isofrequency surface for the TM mode of light is the hyper-
bolic function
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where ω is the frequency of the electromagnetic wave, qx,y,z

are the wave vector components, c is the speed of light, the
optical axis is along the z axis. The simplest HMM designs
are metal-dielectric multilayered films, or ordered arrays of
metallic nanorods in a dielectric matrix. In both cases, the
spectra of the HMM effective ε̂ components reveal two spe-
cific features. The first one is the sign reversal of the real part
of ε‖ or ε⊥, i.e. passing it through zero value (epsilon-near-
zero, ENZ). The second is the pole of the effective dielectric
constant (epsilon-near-pole, ENP) [7]. These HMM features
are responsible for a number of perspective phenomena such
as negative refraction [8], giant birefringence [9,10], resonant
enhancement of the optical response [11–13].

Hyperbolic metamaterials are as well a viable platform
for a manyfold increase in nonlinear-optical effects. Indeed,
a substantial increase in the electric field of light was ob-
served inside the metal-nanorod based HMM close to the ENZ
spectral point [14]. This almost singular growth of the optical
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field led to the enhancement of a number of nonlinear-optical
effects including second [15–18] and third harmonics gener-
ation [19,20] and self-action of light [21]. As compared to
isotropic natural ENZ media (such as CaF2, TiN, ITO, SiC,
etc.) [22], an important advantage of composite HMM is that
their dispersion and ENZ spectral position can be controlled
by a proper choice of the geometrical parameters [23]. This
allows for the fulfillment of the phase-matching conditions as
has been predicted for the case of sum and difference harmon-
ics generation [24–26]. At the same time, the second-order
nonlinear-optical effects that involve both types of HMM
critical points, ENP and ENZ, have not been discussed up
to now.

In this Rapid Communication, we describe giant opti-
cal second harmonic generation (SHG) in composite silver
nanorods/porous anodic alumina HMM designed in such a
way that both critical points, ENZ (at the fundamental wave-
length) and ENP (at the SHG one), are involved in the
nonlinear interaction. Our main finding consists in a drastic
increase in the SHG signal in a narrow spectral interval close
to the two-photon ENP resonance. According to our model-
ing, this is due to the realization of the SHG phase-matching
caused by the hyperbolic dispersion of the composite at the
fundamental wavelength and further SHG increase induced
by the two-photon ENP resonance. We predict also dramatic
increase in the SHG efficiency when the wavelength of the
nonlinear response corresponds to the ENZ point owing to the
resonant enhancement of the Purcell factor inside the HMM.

Arrays of silver nanorods were prepared by templated
electrodeposition of Ag inside the pores of anodic aluminum
oxide (AAO). SEM image [Fig. 1(a)] proved that the diameter
and the distance between the centers of neighboring nanorods
coincide with the pore diameter (41 ± 9 nm) and interpore dis-
tance (105 ± 14 nm) in AAO, respectively. Thus the volume
fraction of silver in the filled part of the template coin-
cides with the template porosity of about 14%. According to

2469-9950/2020/102(24)/241405(6) 241405-1 ©2020 American Physical Society

https://orcid.org/0000-0002-5850-9331
https://orcid.org/0000-0002-1116-9616
https://orcid.org/0000-0002-6368-9672
https://orcid.org/0000-0002-9353-9114
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.102.241405&domain=pdf&date_stamp=2020-12-11
https://doi.org/10.1103/PhysRevB.102.241405


I. A. KOLMYCHEK et al. PHYSICAL REVIEW B 102, 241405(R) (2020)

(c)

FIG. 1. (a) SEM image of the bottom side of Ag/AAO nanocomposite. (b) Transmission spectrum of the HMM structure in short
wavelength region at normal incidence. (c), (d) Experimental and calculated angular-wavelength transmission spectra of HMM for p-polarized
light. Inset is sketch of the HMM structure. (e) Calculated spectra of the effective permittivity tensor components of HMM.

cross-sectional SEM image of the nanocomposite, the length
of the nanorods was 430 ± 160 nm.

Figure 1(c) shows the HMM angular-wavelength transmis-
sion spectrum measured for the p-polarized incident radiation
using a home-made setup based on a halogen lamp as a
broadband light source. At oblique incidence, it demonstrates
two minima centered at 710 and 420 nm; the latter was es-
timated from the measurements of transmission performed
by the commercial “Lomo-spectr SF-56” spectrophotometer
at normal incidence, as it allows one to study the UV part
of the spectra [Fig. 1(b)]. Minima in Fig. 1(c) correspond to
increased light absorption in the spectral vicinity of the pole
(at 420 nm) and zero (at 710 nm) of the HMM permittivity
components, similarly to observed recently for Au-nanorods
based composite [27]. The spectra of the ordinary (ε⊥) and
extraordinary (ε‖) components of the HMM dielectric permit-
tivity, calculated within the effective medium approximation
[28] for the composite HMM under study, reveal a pole of
ε⊥ at the wavelength λ ≈ 390 nm and ε‖ = 0 at λ ≈ 700 nm
(ENZ), the dielectric constants of Ag and alumina were taken
from Refs. [29,30]. These wavelengths correspond well to the
experimental transmission spectrum [Figs. 1(b) and 1(c)] for
the porosity of the HMM of about 16% and for the aver-
aged parameters of nanorods. The effective medium model
used for the calculations treats the HMM in the local field
approximation, nevertheless it reproduces well the main pe-
culiarities of the optical response of HMMs and is successive
in modeling similar nanostructures [9]. The hyperbolic dis-
persion regime of our HMM was realized in the wavelength
region λ > 700 nm at oblique incidence of p-polarized light.
At the same time, at normal incidence or for the s-polarized
fundamental beam only the short-wavelength ENP resonance
was excited and the relevant transmission minimum remained
pronounced.

Angular-wavelength transmission spectra of the effective
HMM layer with the parameters identical to the experi-
mental ones were calculated by the transfer-matrix method
adapted for the anisotropic media [Fig. 1(d)]. In our nu-
merical method, we switch off the multiple interference of
light in the HMM slab to eliminate spurious oscillations
of light intensity that are absent in the experimental linear
transmission spectrum shown in Fig. 1(c), which is prob-
ably due to the variation of the length of metal nanorods

in the HMM. In calculated spectra transmission minima of
the p-polarized light at 390-nm and 700-nm wavelengths ap-
pear associated with the ENP and ENZ points, respectively
[Fig. 1(d)]. One can see a good correlation between the ex-
perimental and simulation results shown in Figs. 1(c) and
1(d). Deviations of the experimental value of the ENP wave-
length from the simulated one can be due to the limitations
of the effective medium approach and of the Ag nanorods’
permittivity from that of the bulk material taken for the
simulations.

For the experimental studies of the second harmonic gen-
eration in HMM, we used the radiation of a femtosecond
Ti:Sa laser with the wavelength tunable from 750 to 900 nm,
FWHM of the spectral line of about �λ = 5–10 nm, the
pulse duration of 50 fs, the repetition rate of 80 MHz, and
the average power of 50 mW. The pump beam was focused
on the HMM film into a spot of 50 μm in diameter. The
transmitted p-polarized SHG radiation was spectrally selected
by color filters and detected by a photomultiplier operating in
the photon-counting mode. The intensity of the s-polarized
SHG was absent within the experimental accuracy, as ex-
pected for the in-plane isotropic nonlinear media [31]. We
suppose that effect of the nonlinear refraction in the HMM
under the applied femtosecond radiation does not appear in
our SHG experiments. It stems from the large spectral width
of laser pulse �λ compared to expected spectral shift δλ of
the ENZ resonance under illumination of the HMM, which
is estimated as δλ = 0.3 nm for the considered light intensity
and the nonlinear refractive index of the typical ENZ material
(indium-tin-oxide), which possesses n2 ≈ 10−15 m2/W [14].

Figures 2(a) and 2(b) show the measured normalized
angular-wavelength spectra of the transmitted SHG intensity
I2ω, measured for the p and s polarizations of the fundamental
beam. In the case of the p polarization, the highest SHG inten-
sity was attained at the edges of the available spectral range
for oblique angles of incidence of 20◦–30◦, where the SHG
intensity was approximately 30 times higher than in the off-
resonant conditions. For the s-polarized laser beam [Fig. 2(b)]
the overall SHG intensity was much lower as compared to
the p-polarized one, while also revealed a maximum at long
wavelengths [Fig. 2(b)].

For numerical simulations of the SHG process we solved
the Maxwell equations with the nonlinear polarization source
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FIG. 2. Experimental angular-wavelength intensity spectra of the
p-polarized component of SH radiation generated in HMM slab in
transmitted direction by (a) p- and (b) s-polarized pump.

term using the developed nonlinear transfer-matrix method
within the undepleted-pump approximation. The calculation
of distributions of the second harmonic (SH) field in the HMM
and of the outgoing SHG power was performed in two steps.
First, the linear problem of the fundamental light transmission
through the HMM slab was solved by the linear transfer-
matrix method, giving the spatial dependence of fundamental
field and consequent vectorial nonlinear polarization distribu-
tion. At the second step, this SHG polarization served as the
source term in inhomogeneous Maxwell equations that were
solved for the estimation of the outgoing. We took care of a
strong anisotropy of the HMM permittivity and second-order
susceptibility χ̂ (2) tensors.

In the simulations, we used the coordinate frame with the
Oz axis parallel to the HMM optical axis (i.e., along the nano-
rods), Ox and Oy axes lying in the HMM interface. We as-
sumed that the nonzero χ̂ (2) components of the HMM are χ (2)

zzz ,
χ (2)

zxx , and χ (2)
zyy that gives p-polarized second harmonic signal

for both p and s cases of the fundamental field polarization,
as was observed in the experiments [Figs. 2(a) and 2(b)].
These nonzero components of χ̂ (2) correspond to the in-plane
isotropy of HMM and ensure the absence of SHG at normal
incidence of light, in agreement with the experimental results
[Figs. 2(a) and 2(b)].

Figures 3(a) and 3(b) show the calculated spectra of the
SHG intensity transmitted through the HMM for p- and s-
polarized fundamental beams in a wide spectral range. For
the convenience of comparison of the experimental and the-
oretical results, these numerical results in a narrower spectral
range that corresponds to the experimental graphs are shown
in Figs 3(c) and 3(d). For the p polarization, a number of SHG
maxima appear that can be divided into two groups. The first
group includes two SHG maxima at (i) λ � 700 nm, i.e., in
the spectral vicinity of the ENZ point and for the angle of
incidence θ = 20◦–30◦, and (ii) the SHG maximum at λ =
820 nm at θ ≈ 50◦–60◦ [Fig. 3(c)]. Second group of the SH
maxima is close to the fundamental wavelength λ = 2λENZ,
i.e., near 1400 nm [Figs. 3(a) and 3(b)]. According to our
analysis, all these SHG spectral peaks are nothing but the
result of the fulfillment of the type-0 (eee) phase-matching
condition in a uniaxial HMM, as the extraordinary SHG wave
is generated by the extraordinary fundamental one. This is

FIG. 3. Calculated angular-wavelength intensity spectra of the
p-polarized SH radiation generated in transmission through the
HMM slab by (a) p- and (b) s-polarized pump. [(c) and (d)]
The same spectra in smaller spectral range. Dashed lines: funda-
mental wavelengths that generate the second harmonic at the ENP
wavelength; solid white curves labeled by numbers correspond to
different types of the SHG phase-matching conditions; grey ones
correspond to phase-mismatch when Lc(λ, θ ) = LHMM.

illustrated in Fig. 3(a), where the wavelength-angular spectra
of the eee phase-matching conditions are shown by three solid
white curves. These contours were obtained by solution of the
equation

2qz(λ, θ ) = qz(λ/2, θ ), (2)

where qz satisfies Eq. (1).
We would like to stress that the SHG enhancement due

to the phase-matching requires the combination of resonant
behavior of the HMM refractive index at both the ENZ
and ENP wavelengths. Indeed, the studied HMM exhibits
the hyperbolic dispersion for p-polarized light at λ > λENZ,
where the propagation constant of light inside the metama-
terial, qz, is large and varies resonantly near λENZ. This is
illustrated by the angular-wavelength dependence qz(λ, θ )
normalized by the vacuum wave number k0 for the extraor-
dinary fundamental and SH waves (red surface in Fig. 4).
One can see that in the case of the p-polarized fundamental
light the HMM effective refractive index of (qz/k0) routinely
achieves the value of eight in the hyperbolic regime (λ >

700 nm), which is an unprecedentedly high for natural me-
dia. On the other hand, large HMM refractive index at the
SHG wavelength is caused by the pole of ε⊥ [Fig. 1(e)].
The resonant growth of qz/k0 at the two-photon ENP wave-
length is shown by the blue surface in Fig. 4. As the result,
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FIG. 4. Angular-wavelength dependencies of propagation con-
stants normalized to vacuum wave number for p-polarized funda-
mental (red surface) and second harmonic (blue surface) radiations
in the HMM.

the eee phase-matching conditions are realized along several
intersections of both surfaces (at the fundamental and sec-
ond harmonic spectral ranges) and provide the SHG spectral
maxima [see Fig. 3(a)]. Intersections exactly correspond to
white curves in Fig. 3(a). Similar white curves shown in
Fig. 3(b) correspond to type-I (ooe) phase-matching condi-
tions, when p-polarized SH wave is generated in the HMM
by s-polarized laser radiation. In this case the contours were
obtained by solving Eq. 2 when ε‖ for fundamental radiation
is replaced by ε⊥ in Eq. (1).

The role of the phase-matching conditions in the appear-
ance of the short-wavelength SHG maximum at λ < 700 nm
is confirmed by its specific two-lobe shape [Fig. 3(a)], which
follows precisely the bending of the phase-matching spectral
curve (denoted as 1) near the ENZ wavelength of the HMM.
Moreover, at this same wavelength, an enhancement of the
normal component of the fundamental electric field takes
place [32,33]. The combination of the two effects, i.e., the
SHG phase-matching and the resonant growth of the pump
field, results in the observed strong SHG increase.

The second branch of the SHG phase-matching conditions
(labeled by 2) that is almost independent on the angle of
incidence, is attained at the fundamental wavelength near
780 nm [Fig. 3(a)] when the SHG wavelength corresponds to
the ENP spectral range. This branch does not lead to the SHG
increase due of extremely high optical losses for SH radiation
in this spectral range, where the imaginary part of ε⊥ reveals
a maximum [dashed curve in Fig. 1(e)].

The SHG phase-matching condition (curve 3) leads to the
appearance of another SHG maximum at λ ≈ 820 nm and
50◦–60◦ angle of incidence [Fig. 3(a)].

The second group of the SHG maxima near 1400 nm that
appears for the p-polarized fundamental beam corresponds
to the case when the SHG wavelength is close to the ENZ
point, i.e., the pump wavelength is λ = 2λENZ [Fig. 3(a)]. We
attribute this effect to the resonant enhancement of the Purcell
factor for the nonlinear dipoles oscillating in z direction for
the wavelengths close to that of the ENZ point. The increase

in the Purcell factor stems from (i) the Lorentz reciprocity
theorem [34] and (ii) manyfold increase in the z component
of the electric field of light of the wavelength λENZ inside
the HMM slab. We demonstrate that the SHG maxima have
specific V-like shape at inclined light incidence, as shown
in Fig. 3(a). It originates from just mentioned enhanced SH
emission by z-oriented nonlinear dipoles, that contribute to
the SHG only at oblique incidence of the pump wave. Besides
in the spectral vicinity of the ENZ wavelength it is affected
by the SHG attenuation, which increases with the angle of
incidence and leads to the appearance of the SHG minimum
in the central part of V-like maximum in Fig. 3(a). Finally,
the fulfillment of the eee phase-matching condition shown
by the white curve labeled by 3 in Fig 3(a) can intensify
the SHG signal. In contrast to the case of p-polarized laser
beam, we observed solely a single V-like SHG maximum in
the angular-wavelength map for the s polarization of the fun-
damental beam with the wavelength near 2λENZ [Fig. 3(b)].
Again, it originates from (i) the Purcell factor for nonlinear
polarization at the ENZ frequency, (ii) SHG absorption, and
(iii) fulfillment of the type-I SHG phase-matching condition
corresponding to the ooe synchronism in the HMM shown by
white curve in Fig. 3(b).

Relatively broad spectral widths of the SHG maxima for
both linear polarizations of the pump beam are due to the
small HMM optical thickness, which does not exceed six
vacuum wavelengths near the resonance and thus masks the
phase-matched SHG. To demonstrate this, we plotted the
calculated relations between the fundamental wavelength (λ)
and the angle of incidence (θ ) when the coherent length is
equal to the HMM’s geometrical thickness LHMM, LHMM =
Lc ≡ π/(2qz(λ, θ ) − qz(λ/2, θ )) [grey curves in Figs. 3(a)
and 3(b)]; here qz(λ, θ ) is the spectral-angular dependence
of the propagation constant in the HMM. One can see that
the SHG maxima are bounded well by these curves, which
supports the above statements.

Analyzing the experimental and simulations results we as-
sert that the experimentally revealed SHG enhancement on
the left edge of the laser operation range at θ = 20◦–30◦
[Fig. 2(a)] and numerically obtained SHG maximum at λ =
700 nm and θ = 20◦–50◦ [Fig. 3(c)] can be explained as the
result of the interplay of four contributions, which specify the
shape of the SHG maxima in λ-θ map: (i) phase-matching
conditions fulfillment, (ii) decrease in the transmission of
the TM fundamental beam near the ENZ wavelength and
at increasing angle of incidence [see Figs. 1(c) and 1(d),
long-wavelength regions], (iii) resonant SHG losses near the
ENP wavelength [Figs. 1(c) and 1(d)], (iv) almost singular
growth of the normal to the interface component of the electric
field within the HMM structure at oblique incidence of the
p-polarized light close to the ENZ wavelength.

The second peak observed on the long-wavelength edge of
the laser operation range centered at θ = 25◦–30◦ [Fig. 2(a)]
and numerically obtained SHG peak at θ = 55◦–60◦, λ =
820–840 nm [Fig. 3(a)] are also the result of the same factors
except of (iv), which is significant near the ENZ wavelength.

As seen there is a qualitative agreement of the experimental
and numerical results in the number of the SHG maxima
and their relative intensity (Figs. 2 and 3), which justifies
our statement on the phase-matching as the main mechanism
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of the observed SHG spectral enhancement. Indeed, the
s-polarized fundamental radiation gives a single SHG max-
imum in the long-wavelength part of the experimentally
accessible spectral range [Figs. 2(b) and 3(d)], whereas in
the case of p polarization two maxima appear at inclined
incidence at short- and long-wavelength edges of the con-
sidered spectra [Figs. 2(a) and 3(c)]. In the experiment and
simulations, these maxima are separated by the wavelength
region with reduced SH intensity, which corresponds to the
two-photon resonance of the ENP point of the HMM. We
suppose that larger spectral width of the SHG intensity peaks
observed in the experiment as compared to the calculated ones
is the result of the dispersion of the nanorods’ lengths, which
can shift the HMM resonances and that was not taken into
account in the modeling. As well, numerical and experimen-
tal results are in agreement with each other, demonstrating
higher SH intensity when the p-polarized radiation illuminates
the HMM as compared to the case of the s-polarized one
[compare Figs. 2(a), 2(b) and Figs. 3(c), 3(d)].

Summing up, we have demonstrated a strong increase in
the second harmonic generation in hyperbolic metamateri-
als composed of ordered arrays of silver nanorods in anodic
aluminum oxide. The performed experiments along with the
numerical modeling confirmed that this effect originates from
the fulfillment of the phase-matching conditions for the SHG
process. We have shown the crucial role of the two specific
spectral points, ENZ and ENP, which govern the dispersion
of the composite metamaterial at the SHG and fundamental
wavelengths. Different types of synchronism contribute to
the SHG effect for different polarizations of the fundamen-
tal laser beam, which opens a path for the phase-matched
second harmonic generation in submicrometer-thick slab of
nanocomposites. As well giant SHG enhancement is predicted

when the second harmonic wavelength corresponds to the
ENZ spectral point; in that case an increase in the Purcell
factor plays a role thus making the hyperbolic metamaterias
a fertile platform for the frequency conversion.

The experimental part of the work is supported by Russian
Science Foundation (RSF) Grant No. 18-73-10151. Numeri-
cal calculations performed by V.B.N. are supported by RSF
Grant No. 19-72-00118.

APPENDIX

Arrays of silver nanorods were prepared by templated
electrodeposition of Ag using a 50-μm-thick porous anodic
aluminum oxide (AAO) film as a template. The AAO template
was obtained by aluminum (99.99%) anodization in 0.3 M
selenic acid at 48 V and electrolyte temperature of 0 ◦C.
After anodization, the remained aluminum was selectively
dissolved in a mixture of Br2 and CH3OH (volume ratio of
10:90). Then, a barrier layer at the pore bases was chemically
etched away in 3 M H3PO4 with electrochemical detection
of a pore opening moment [35]. Finally, a current collector
made of a 240-nm-thick Au layer was deposited onto the
bottom side of the template using magnetron sputtering. The
electrodeposition of silver was carried out using commer-
cial electrolyte 07-SG (Ecomet, Russia) containing buffered
[Ag(CN)2]− (pH 9). Ag nanorods were formed at a constant
potential of −0.5 V versus saturated Ag/AgCl reference elec-
trode. Before the optical and scanning electron microscopy
(SEM) measurements, the Au layer was etched away in Ar
plasma. Figure 1(a) shows the SEM image of the bottom side
of the obtained nanocomposite.
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