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In-plane Hall effect in two-dimensional helical electron systems
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We study Berry curvature driven and Zeeman magnetic field dependent electric current responses of two-
dimensional electron system with spin-orbit coupling. A nondissipative component of the electric current
occurring in the applied in-plane magnetic field is described. This component is transverse to the electric field,
odd in the magnetic field, and depends only on one particular direction of the magnetic field defined by the
spin-orbit coupling. We show that the effect can be observed in a number of systems with C3v symmetry.
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In the Hall effect [1] the electric current acquires a compo-
nent transverse to the applied electric field when the magnetic
field is applied to the system. This is due to the Lorentz force
conduction electrons experience and under which their trajec-
tories get bent in the transverse direction. Thus the Hall effect
happens in a configuration in which electric E and magnetic B
fields and the current j are mutually orthogonal to each other
[1,2], and the current is proportional to the first power of the
magnetic field,

jH ∝ [B × E]. (1)

Another type of Hall effect, the anomalous Hall effect
[3,4], occurs either in metals with magnetic order (ferro-
magnets or anti-ferromagnets) or in systems with applied
Zeeman magnetic field. The effect does not originate from
the Lorentz force but rather from the Berry curvature [5]
generated anomalous correction to the velocity, or due to
special scattering processes which are also of geometric ori-
gin [6–8]. The underlying mechanism of the effect is the
momentum-spin locking provided by the spin-orbit coupling
[9–11], which as a result generates the Berry curvature. In
all known scenarios of anomalous Hall effect, just like in
regular Hall effect, the three vectors: current, electric field,
and magnetization M or Zeeman magnetic field are mutually
orthogonal to each other,

jAHE ∝ [M × E]. (2)

For example, the conventional model [6] of the anomalous
Hall effect consists of a two-dimensional electron system
with Rashba spin-orbit coupling [10] and perpendicular to the
plane magnetization or Zeeman magnetic field [4].

In this paper we demonstrate that the Berry curva-
ture driven transverse, Hall-like, current can exist in two-

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

dimensional electron system even when the Zeeman magnetic
field and the electric field are parallel to each other. This
is because the effective magnetic field effectively gets lifted
from the x-y plane of the system with the help of spin-orbit
coupling, and the Hall response becomes proportional to the

jIPHE ∝ [[B × ez] × ey] × E (3)

vector product, rather than to the conventional expression
Eq. (1). Here vectors ez and ey are due to the underlying
spin-orbit coupling of the system. As can be seen, only the
y component of the magnetic field is responsible for the trans-
verse current, and the angle between magnetic and electric
fields is of no importance in this case. As a consequence,
an unusual property of the effect is a configuration in which
the electric field and magnetic field are set parallel to each
other in y direction, but yet there is a transverse component
of the current. See Fig. 1 for schematics. Because of these
reasons we propose to call this effect as the in-plane Hall
effect (IPHE).

An obvious advantage of the IPHE, as compared to the
mentioned conventional model of the anomalous Hall ef-
fect [6], is the absence of possible Hall responses due
to the Lorentz force. We propose two-dimensional

√
3 ×√

3Au/Ge(111) [12], BiTeI [13,14], BiAg2/Ag/Si(111) [15],
Bi(111) [16], and Bi2Te3 [17,18] as possible candidates where
IPHE can be observed. All of these materials have the C3v

symmetry of the crystal structure. We show that in these ma-
terials IPHE is proportional to the third power of the magnetic
field. Moreover, reduction of C3v symmetry to C1v with a
stress makes the IPHE linear in the magnetic field. This is
another unique experimental signature of the IPHE.

In-plane Hall effect. To demonstrate the effect, we first
study a model of (110)-grown quantum well, namely a two-
dimensional electron system with Rashba spin-orbit coupling
and linear in momentum spin-orbit coupling allowed by the
C1v symmetry. The Hamiltonian (for example, see [19]) of the
system is,

Ĥ = k2

2m
+ Ĥs − μ, (4)
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where μ is the chemical potential, and Hs is the spin part of
the Hamiltonian given by

Ĥs = σz�k + vR(σxky − σykx ) − h · σ, (5)

where σx, σy, σz are the Pauli matrices representing the elec-
tron’s spin, h = 1

2 gμBB is the Zeeman magnetic field chosen
to lie in the plane, namely h = (hx, hy, 0), g is the g fac-
tor, μB is the Bohr magneton, and vR describes the Rashba
spin-orbit coupling term [10]. For (110)-grown quantum wells
the Dresselhaus [9] term is �k = vDkx, where vD is a con-
stant denoting the spin-orbit coupling strength. The energy
spectrum is

εk,± = k2

2m
±

√
�2

k + |γ̃k|2 − μ, (6)

where |γ̃k|2 = (vRky − hx )2 + (vRkx + hy)2. We will be using
vRk̃x = vRkx + hy and vRk̃y = vRky − hx notations in the fol-
lowing. Corresponding spinor wave functions are

�k,+ =
[

cos
(

ξk
2

)
eiχk

− sin
(

ξk
2

) ]
, �k,− =

[
sin

(
ξk
2

)
eiχk

cos
(

ξk
2

) ]
, (7)

where cos(ξk ) = �k√
�2

k+|γ̃k|2 , and χk = arctan ( vR k̃y

vR k̃x
) is the

phase.
Intrinsic, non-dissipative, response of the system to static

electric field E is given by an integral over the Berry curvature
(can be derived within linear-response formalism),

jIPHE = e2

[∫
dk

(2π )2

∑
n=±

�
(n)
k f (εk,n)

]
× E, (8)

where f (εk,n) is the Fermi-Dirac distribution function, and
where we set h̄ ≡ 1 for the time being. Note that there must
also be dissipative responses which result in, for example, the
Drude conductivity. We omit them in the following, as in our
case they are not expected to result in transverse responses.
Berry curvature �

(n)
k for the two-dimensional system is in the

z− direction only, and its general expression is



(±)
z;k = 2Im(∂kx �

†
k,±)(∂ky�k,±)

= ∓ v2
R

2
(
�2

k + |γ̃k|2
)3/2 (�k − k̃x∂x�k − k̃y∂y�k ). (9)

Calculations show that, for systems described by Hamiltonian
Eq. (5), only the hy contributes to the Berry curvature,



(±)
z;k = ± vDvRhy

2[(vRk̃x )2 + (vRk̃y)2 + (vDkx )2]3/2
. (10)

Upon substituting the Berry curvature in to the definition of
the current Eq. (8), one gets for the in-plane Hall current,

jIPHE = σIPHE[[eB × ez] × ey] × E, (11)

where eB = B
|B| is the direction of the magnetic field. In the

expression, ey is due to the Dresselhaus spin-orbit coupling,
which intuitively can be thought of as a kz = 0 part of the [σ ×
k]y product, while ez is due to the Rashba spin-orbit coupling
[σ × k]z product.
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FIG. 1. Left: Schematics of the lifting of the magnetic field. The
first operation does [B × ez] to the By component of the field. The
second operation performs [[B × ez] × ey] making the overall vector
normal to the plane. Only the y projection of the magnetic field is
lifted, hence the choice of By, while the x projection will get filtered
out in the process. Right: Schematics of the IPHE. All three vectors
are in the x-y plane. Only the By component is needed to drive the
in-plane Hall current. Dependence on angle between Byey and the
electric field E is of no importance.

The IPHE crucially depends only on one particular di-
rection of the magnetic field defined by the vector product,
the y component in our case. If h is in x direction, then the
overall vector product is zero, because of the filtering property
of both ez and ey in the product, and there is no transverse
current. This is also because hx can be removed from the
Berry curvature by shifting the ky momentum. See Fig. 1 for
schematics and for a unique configuration when the electric
and magnetic fields are parallel to each other, but yet there is
a transverse current.

In (110)-grown quantum wells [19], the Rashba spin-orbit
coupling is small and both Rashba split bands are occupied,
which means a large chemical potential μ as compared to
other parameters hy, vRkF, vDkF, where kF = √

2mμ. We then
analytically estimate the σIPHE for two cases. When hy <

vRkF, the IPHE conductivity is estimated

σIPHE ≈ − e2

4π

vDhy√
v2

R + v2
Dμ

, (12)

when hy > vRkF and hy > vDkF,

σIPHE ≈ − e2

4π

(vDkF)(vRkF)

hyμ
. (13)

Therefore, the IPHE is very small when both Rashba split
bands are occupied.

2D helical electron systems with C3v . Here we demonstrate
that two-dimensional systems with C3v symmetry, which as
a consequence have spin-orbit coupling of the hexagonal
warping type, show cubic in magnetic field IPHE. There
are a number of materials with such a spin-orbit coupling,
e.g. (111)− grown zincblende quantum well [19],

√
3 ×√

3Au/Ge(111) [12], BITeI [13,14], BiAg2/Ag/Si(111) [15],
Bi(111) [16], and Bi2Te3 [17,18]. Hexagonal warping is
described by �k = α

2 (k3
+ + k3

−) (for example, see [19]) in
the Hamiltonian Eq. (5), where k± = kx ± iky. Using the
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FIG. 2. Left: IPHE conductivity in BiTeI material with C3v sym-
metry, with α = 150eVÅ3 and vR = 2 eVÅ plot as a function of
Zeeman magnetic field hy (in eV). Blue corresponds to μ = 0, yellow
to μ = 0.1 eV, green to μ = 0.2 eV, and red μ = 1 eV. Right: IPHE
conductivity in Bi2Te3 with C3v symmetry with α = 250eVÅ3 and
vR = 2 eVÅ for blue, μ = 0.1eV and purple μ = 0.2eV. For the
sake of numerical calculations, in both plots the temperature was
taken to be kBT = 0.01 eV, and h = 2π h̄ ≡ 1.

prescription introduced above, we derive the Berry curvature



(±)
z;k = ∓1

2

v2
R(

�2
k + |γ̃k|2

)3/2

×
[
−2αk3

x + 6αkxk2
y − 3

αhy

vR

(
k2

x − k2
y

) − 6
αhx

vR
kxky

]
.

(14)

Integration over the angles shows that IPHE vanishes in the
linear order of Zeeman magnetic field. However, the IPHE is
proportional to a third power of the magnetic field. When the
Fermi energy μ is the largest parameter in the system, we can
analytically estimate IPHE to be

σIPHE ≈ − e2

4π

αk3
F

(vRkF)3μ
hy

(
h2

y − 3h2
x

)
, (15)

for the case when vRkF > αk3
F, and

σIPHE ≈ − e2

4π

(vRkF)5(
αk3

F

)
h3

yμ
, (16)

for hy � hx, hy � αk3
F, and hy � vRkF. Just like in systems

with C1v symmetry, IPHE given by Eqs. (15) and (16) has
the same dependence on the electric and magnetic fields as
Eq. (3), namely it requires a non-zero hy. In addition, it van-
ishes at a special value of hy = ±√

3hx.
Despite smallness of the Eqs. (15) and (16), one can mea-

sure the IPHE in diluted semiconductors. It seems that, from
the list of the materials above, such are all but the first one. For
example, in the left part of Fig. 2 we plot the IPHE conductiv-
ity as a function of magnetic field at hx = 0 in BiTeI material
with m = 0.003 1

eVÅ2 , vR = 2 eVÅ, and α = 150 eVÅ3 pa-
rameters for different values of Fermi energy. We see the
cubic dependence of IPHE at small magnetic fields, and also
conclude that the effect can be sizable.

In the right part of Fig. 2 we plot IPHE conductivity in
the topological insulator Bi2Te3 with 1

m = 0 set in Eq. (4),
vR = 2 eVÅ, and α = 250 eVÅ3 for different values of chem-
ical potential as a function of magnetic field at hx = 0. Again,
the dependence of the effect on the magnetic field is cubic
at small fields, but it saturates at a value of σIPHE = − e2

2 as
the magnetic field is increased. The growth corresponds to the

FIG. 3. Left: IPHE conductivity in BiTeI material with C1v sym-
metry (with α = 0) plot as a function of Zeeman magnetic field hy

(in eV). When BiTeI is stressed the vD spin-orbit coupling was taken
to be vD = 2 eVÅ. Blue corresponds to μ = −0.05 eV, red to μ =
0.1 eV, and green μ = 0.2 eV. Right: IPHE conductivity in a model
of topological insulator Bi2Te3 with C1v symmetry (with α = 0) plot
as a function of magnetic field hy (in eV). Assumed parameters are
vR = 2 eVÅ and vD = 1 eVÅ, blue μ = 0, and purple μ1 = 1 eV.
For the sake of numerical calculations, in both plots the temperature
was taken to be kBT = 0.01 eV, and h = 2π h̄ ≡ 1.

case when both bands are occupied, while the plateau to the
case when the chemical potential is in the gap. Quantization
of the AHE in this material was proposed in Ref. [20,21].

Reducing C3v symmetry to C1v . As suggested in [22], one
can reduce the C3v symmetry to C1v by applying a stress on
the system. Thus, the materials with C3v symmetry discussed
above will be described by a Hamiltonian Eq. (5) with �k =
vDkx + α

2 (k3
+ + k3

−). Then, according to calculations leading
to Eqs. (10) and (11), there will be a component in the IPHE
linear in the magnetic field. To explicitly show that, we discuss
the case when α = 0.

In the left part of Fig. 3 we plot the IPHE conductivity as
a function of magnetic field in the BiTeI material with the
parameters given above for different values of Fermi energy.
We observe that the effect is now linear in the magnetic field
at small fields. In the right part of Fig. 3 the same is plotted
for the Bi2Te3 topological insulator. When both bands are
occupied [purple plot in right part of Fig. 3], the conductivity
is linear in the magnetic field. When the magnetic field is
such that the chemical potential is in the gap, the conductivity
becomes quantized, σIPHE = − e2

2 .
When both α �= 0 and vD �= 0, we expect behaviors of

Figs. 2 and 3 to mix with each other. For example, cubic
low-field dependence in Fig. 2 will be replaced with linear,
while the ∝ 1

hy
decay in the left plot of Fig. 3 will be replaced

with ∝ 1
h3

y
.

Discussion. Let us compare the IPHE, Eq. (3), with the
known cases. Recall, that in the ordinary Hall effect the cur-
rent, magnetic field and electric field are mutually orthogonal,
jH ∝ [E × B], while in the IPHE only the current and electric
field are orthogonal and the magnetic field is in the plane
with them. To draw an analogy between the IPHE and the
ordinary Hall effect, one can say that in the former case,
with the aid of spin-orbit coupling, the magnetic field is lifted
from the plane to become normal to the plane. Note that,
while h is in y direction, vector product [[h × ez] × ey] is
in z direction, thus making the derived current contribution
resemble the Hall effect. Moreover, in contrast with the in-
plane transverse magnetoconductivity, i.e., when δj, E, and
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B are all in one plane and by transverse we mean δj ⊥ E,
for example corresponding component of δj ∝ (E · B)B (for
a review see [2,23–25] and Ref. [26], in context of Weyl
semimetals see Refs. [27–29] and Ref. [30]), where the cur-
rent is proportional to the second power of the magnetic field,
the derived effect explained in this paper is linear in the
magnetic field.

We note that there is no scattering life time τ in the ex-
pression for the derived current, as we have derived only the
intrinsic part to the Hall current. However, there must be dis-
order contributions to the effect. We have to point out that in
Ref. [31] some disorder effects have already been studied for
(110) grown quantum well. However, we are skeptical about
their results because of their obtained divergent vR → 0 limit,
hexagonal warping contributing linear magnetic field depen-
dence without vanishing at hy = ±√

3hx, and 1
kF�

smallness
(� is the electron’s mean free path) of the effect. Despite that,
Ref. [31] captures the Eq. (3) dependence. In established the-
ory [4,7], the disorder is known to contribute to the anomalous
Hall effect with the side-jump and skew-scattering processes.
These extra contributions are expected to be described [7] by
the same field dependence as in the Eq. (3).

In the known studied Rashba spin-orbit coupling and out-
of-plane Zeeman magnetic field model [6], the anomalous
Hall effect vanishes due to the mutual cancellations of the
intrinsic and disorder contributions only when the two Rashba
split bands are both occupied [32]. Thus, the above discussed
BiTeI monolayer and Bi2Te3 (and possibly the others men-
tioned above) are good candidates to avoid such a possibility
in the IPHE. We believe that, before attempting tedious [4,7]
calculations of disorder effects, a future experiment should
first shed light on the fate of the IPHE in these two materials,
keeping the present paper’s predictions as a starting point.

We note that photogalvanic effects were studied [33–35]
in the systems with spin-orbit coupling. There, in particular,
magneto-gyrotropic effects were observed, where the applied
Zeeman magnetic field, together with spin-orbit coupling, re-
sult in unusual nonlinear in electric field but linear in magnetic
field current responses (for example, δ jx ∝ χhx(E2

x − E2
y ) +

2χhyExEy, where χ is a constant odd in spin-orbit coupling
strength [33]). Hopefully, in light of this, the IPHE can be
observed within existing experimental techniques.

The IPHE discussed here essentially has the same nature
as the anomalous Hall effect. In Ref. [36] it was shown that,
if the system has the anomalous Hall effect, there will be a
possibility to excite chiral electromagnetic waves [37] in it.
In Ref. [36] such waves were proposed to occur in magne-
tized Weyl semimetals. The chiral electromagnetic waves will

propagate at the boundary of the system or at the domain wall
between two opposite Zeeman magnetic field orientations in
only one particular direction—they are unidirectional. They
are carried by electronic edge modes, which are there in
any system with Hall effect, and, technically restore gauge
invariance of the bulk Maxwell equations. We therefore expect
chiral waves to propagate in the systems studied in this paper.
The chiral waves should be contrasted with the chiral mag-
netoplasmon waves [38,39] due to orbital effects of electrons.
The in-plane magnetic field will make the chiral waves easier
to observe, as the orbital effects of electrons in this case are
absent.

Finally, we would like to contrast the discussed IPHE
with the model of anomalous Hall effect in two-dimensional
electron systems with Rashba spin-orbit coupling and out-of-
plane Zeeman magnetic field [6]. The latter case might be hard
to reach experimentally as one will have a challenge of sepa-
rating the anomalous Hall effect from the regular, due to the
Lorentz force, Hall effect. In the IPHE scenario one can apply
strong in-plane magnetic field, which will only act on an elec-
tron’s spin and barely any orbital motion will be present. The
effect should also occur in three-dimensional ferromagnets,
where orbital effects are absent. Hopefully, descriptions made
in this paper will guide further research activities to identify
such ferromagnets and/or materials with peculiar spin-orbit
coupling.

Conclusions. In this paper we have described a new nondis-
sipative transverse component of the current given by Eq. (3).
Its origin, just like in the anomalous Hall effect, is due to the
Berry curvature. This current has a peculiar dependence on the
magnetic field shown in Fig. 1, namely it is driven by only one
component of the field By in our case. As long as the magnetic
field is pointing in y direction, there will be a transverse
current regardless of the mutual orientation of electric and
magnetic fields. We proposed to call the effect as the in-plane
Hall effect. In all discussed examples of material candidates,
the IPHE can be sizable and might be experimentally observed
(see Figs. 2 and 3).
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