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Observation of the dispersion relations for quantized coherent spin
waves excited by a microwave antenna
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The propagation of coherent spin waves in permalloy microstrips was investigated using a heterodyne-
magneto-optical Kerr effect technique. The two-dimensional imaging reveals the mode interference with a
high-order spin-wave mode along the microstrip width. The spin-wave dispersion relations across the mi-
crostrip width were deduced from fast Fourier transformations on the complex spin-wave amplitude of the
one-dimensional scan, and multiple spin-wave modes were observed at the edges of the microstrips. These
experimental results provide direct evidence for the quantization of spin-wave dispersion due to the finite width
of the microstrips and enables us to evaluate the attenuation length for each quantized spin-wave mode.
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I. INTRODUCTION

Spin waves and their quasiparticles, i.e., magnons, are
promising for high-frequency information processing with
low power consumption due to absence of charge flow and
very low energy dissipation [1–3]. Using interference and
nonlinear interactions, the information of spin waves allows
the design of wave-based logic circuits [4]. In addition, strong
couplings of magnons with other quasiparticles [5], such as
microwave photons [6–10], phonons [11,12], and magnons
[13–16], have attracted considerable attention for applica-
tions in quantum information processing. Furthermore, cavity
optomagnonics, in which optical photons can interact with
magnons through an optical cavity, have recently received
great interest in realizing microwave-to-optical conversion
with large-bandwidth tunability. This was first demonstrated
using a ferromagnetic sphere with a submillimeter scale
[17–20]. Because the coupling strength between magnons and
photons is collectively enhanced by a factor of 1/

√
n, where

n is the number of spins, it can be enhanced by reducing the
size of ferromagnets [18]. Very recently, improvement of the
microwave-to-optical conversion efficiency has been reported,
in which a ferromagnetic waveguide was used to confine both
the magnon and optical modes in a small volume with large
mode overlap [21]. Therefore, it is important to clarify the
spin-wave modes in patterned ferromagnetic films.

The quantization effect on thermally excited spin waves
was first observed using the Brillouin light scattering (BLS)
technique on arrays of permalloy (Py) microstrips [22–24].
These observations have provided a basic understanding of
spin-wave properties in ferromagnetic films on a microscopic
scale [25]. From the viewpoint of application, it is important
to investigate the coherent propagating spin waves excited by
a microwave antenna. Additionally, spin-wave propagations in
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materials with low Gilbert damping constant and low magne-
tostriction, such as Py, would be an advantage especially in a
view of the rapid development of modern microwave devices
[26–31]. So far, imaging of a quantized magnetostatic spin-
wave mode [32], the interference of odd spin-wave modes,
resulting in periodic self-focusing of spin waves [33,34], and
the controlled interconversions of odd and even spin-wave
modes via local magnetic fields [35] have been demonstrated.
However, direct observation of the dispersion relations for
quantized coherent spin waves excited by a microwave an-
tenna has never been performed. This is because the typical
setup of the micro-focused BLS technique is intrinsically
incapable to detect the phase information, which is impor-
tant to fully understand the dynamics of spin waves [36,37].
In this study, we investigated the antenna-excited coherent
spin waves in Py microstrips with spatial resolution using a
heterodyne-magneto-optical Kerr effect (MOKE) technique,
and multiple spin-wave modes in the dispersion relation were
directly observed at the edges of the microstrips owing to the
quantization effect on the finite width.

II. EXPERIMENTAL SETUP

A film stack of Py(20 nm)/SiO2(5 nm) was deposited by
magnetron sputtering onto a thermally oxidized Si substrate,
where the composition of Py sputtering target is Fe20Ni80

(in atomic %). The film was fabricated into 4 μm-wide mi-
crostrips by electron beam lithography and an Ar-ion etching
technique. After depositing a 50 nm-thick SiO2 layer for
electrical isolation, an antenna with a ground-signal-ground
coplanar waveguide to excite the spin waves was fabri-
cated by electron beam lithography, sputtering deposition of
Ti(5 nm)/Au(100 nm), and lift-off processes. An optical im-
age and a scanning electron microscope (SEM) image of the
spin-wave device used in this study is shown in Figs. 1(a)
and 1(b). From SEM image, the widths of signal and ground
lines for the antenna were 0.6 and 1.1 μm, respectively,
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FIG. 1. (a) Schematic of the spin-wave device used in the exper-
iments. (b) Scanning electron microscope image of the Py microstrip
and the antenna. The white scale bar is 2 μm. (c) Line scans of
Re[S21] at the excitation frequencies of 7.0, 7.5, and 8.0 GHz. Red
lines represent the fittings with the exponentially decaying cosine
function for evaluation of the wave number and the attenuation length
at each excitation frequency.

and the edge-to-edge separation between them was 0.4 μm.
The heterodyne-MOKE technique was used to investigate
the spin-wave propagation in real space [38,39]. Spin waves
were excited by applying microwave current to the antenna,
which was connected to port 1 of a vector network analyzer.
The magnetization precession dynamics were detected using
a focused laser beam (wavelength, 660 nm) with linear po-
larization in the polar MOKE geometry. The rotation of the
polarization plane in the reflected light was analyzed with a
half-wave plate and a polarizing beam splitter, and detected
by a high-speed photodetector. The optical heterodyne signal
was sent to port 2 of the vector network analyzer, and then
the intensity and phase of the propagating spin waves could
be obtained from the transmitted signal S21 measurement. As

4 6 8 10 12
0

2

4

6

8

10

12

14  18 mT
 36 mT
 57 mT
 77 mT
 99 mT

λ a
tt (
μm

)

f (GHz)

0 1 2 3 4

4

6

8

10

12

 18 mT
 36 mT
 57 mT
 77 mT
 99 mT

f
)z

H
G(

kx (μm-1)

(a)

(b)

FIG. 2. (a) Spin-wave dispersion and (b) attenuation length of
propagating spin waves under various magnetic fields. The solid lines
in panels (a) and (b) represent the theoretical values obtained using
Eqs. (1) and (2), respectively.

shown in Fig. 1(a), the spin waves propagated along the x
direction, and an external magnetic field Hext was applied in
the y-direction. We defined the origin of the xy axis as the
edge of the antenna and center of the Py microstrips. All
measurements were performed at room temperature.

III. RESULT AND DISCUSSION

To investigate the propagating spin-wave properties, we in-
vestigated a one-dimensional (1D) scan at the center of the Py
microstrips (y = 0). Figure 1(c) shows Re[S21] signal under
an external magnetic field of 36 mT at excitation frequencies
of 7.0, 7.5, and 8.0 GHz as a function of the x position. The
oscillation periods, i.e., the wavelength of the spin waves,
become shorter with increasing excitation frequency, which
agrees with the property of the magnetostatic surface wave
mode [40]. These were fitted to an exponentially decaying
cosine function, A cos(kxx + ϕ)e−x/λatt , with the fitting pa-
rameters of the amplitude A, the wave number along the x
direction kx, the excitation phase ϕ, and the attenuation length
of the propagating spin waves λatt, respectively.

The obtained kx and λatt as a function of the excita-
tion frequency under different external magnetic field are
shown in Figs. 2(a) and 2(b), respectively. As the excitation
frequency increases, the wave number kx monotonically in-
creases, whereas the attenuation length λatt rapidly increases
and then slightly decreases. To quantitatively analyze the
experimental data, we used the macroscopic spin-wave the-
ory for in-plane magnetized films in the magnetostatic limit
(kt � 1, where t is the thickness of a magnetic thin film).
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FIG. 3. (a), (b) Heterodyne-MOKE images obtained at (a) 9.70 and (b) 10.70 GHz under the magnetic field of 77 mT. (c), (d) Calculated
spatial profiles of propagating spin waves for the conditions corresponding to (a) and (b), respectively, based on Eq. (4).

Because the Py microstrips have a finite size in the y direction,
we assumed pinned dynamic magnetization at the edge of the
strip and the cosine distribution of the magnetization ampli-
tude in the y direction. Therefore, the wave number along the
y direction is quantized as ky,n = nπ/w, where n is the mode
index (n = 1, 2, 3, · · · ) and w is the width of the strip [22].
Then, the spin-wave dispersion and the attenuation length of
the propagating spin waves can be described as [40,41]

f = μ0γ

2π

√
H1H2, (1)

λatt = 4π (df /dkx )

αμ0γ (H1 + H2)
, (2)

with H1 = Hext + MsPksin2φk,n and H2 = Hext + Ms(1 − Pk ).
Here, μ0 is the vacuum permeability, γ is the gyromagnetic
ratio, α is the Gilbert damping constant, Ms is the satu-
ration magnetization, and Pk = 1 − (1 − e−|kn|t )/(|kn|t ). To
consider the standing spin waves along the y direction, the
wave number kn and the propagation angle with respect to
the external magnetic field direction φk,n can be written as
kn =

√
k2

x + k2
y,n and φk,n = tan−1(kx/ky,n). The solid lines in

Figs. 2(a) and 2(b) represent the theoretical values obtained
using Eqs. (1) and (2), respectively, for the lowest mode
n = 1, where μ0γ /(2π ) = 29.3 GHz/T, μ0Ms = 1.23 T, and
α = 0.006 were used. The obtained α from the attenuation
length of the propagating spin waves is in good agreement
with the previously reported values in Py films by ferromag-
netic resonance [42].

Next, we investigated the spatial profile of propagating
spin waves in Py microstrips. Figures 3(a) and 3(b) show the

two-dimensional (2D) imaging of |S21|, Arg[S21], and Re[S21],
which correspond to the intensity, phase, and dynamic com-
ponent of the propagating spin waves, respectively, under an
external magnetic field of 77 mT at excitation frequencies
of 9.70 and 10.70 GHz (see Movie S1 in the Supplemental
Material [43] for all 2D images at excitation frequencies in the
range of 9.00–11.30 GHz with 0.05 GHz steps). The images
were recorded with a spatial step size of 0.5 and 0.2 μm in
the x and y directions, respectively. While a plane-wave-like
profile can be observed in the case of excitation at 10.70 GHz,
a complicated profile can be observed in the case of excitation
at 9.70 GHz. This results from mode interference with the
high-order spin-wave mode along the strip width.

Because the microwave magnetic field across the antenna
length can be assumed to be uniform, the lateral spin-wave
mode with odd numbers n can only be excited considering
the cosine distribution of the magnetization amplitude [34].
In addition, the excitation efficiency of the lateral spin-wave
mode decreases with increasing n as 1/n, which can be under-
stood by integrating the mode profile across the strip width.
Considering the above model, the z-component of the spatial
profile of the lateral spin-wave mode in the microstrip can be
written as

mz,n(x, y) ∝ cos
(nπ

w
y
)

exp [i(kx,nx − 2π f t + ϕn)]

× exp [−x/λatt,n], (3)

where kx,n, ϕn, and λatt,n are the wave number along the x
direction, excitation phase, and attenuation length for the n
th lateral spin-wave mode at the corresponding excitation fre-
quency, respectively. Then, the complete spatial profile of the
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FIG. 4. (a) Contour plots of FFT extracted from the complex
values of 1D scans at various y positions under the external magnetic
field of 77 mT. Solid lines represent the spin-wave dispersion curves
for the quantized spin-wave mode with n = 1 (black lines) and n = 3
(red lines) based on Eq. (1). (b) Calculated spatial distributions of
spin-wave intensity for the modes of n = 1 (black line) and n = 3
(red line).

propagating spin waves considering the first two odd modes
with n = 1, 3 takes the following form:

mz(x, y) = mz,1(x, y) + 1
3 mz,3(x, y). (4)

The calculated spatial profiles of |mz,n|, Arg[mz,n], and
Re[mz,n] based on Eq. (4) in the cases of 9.70 GHz and
10.70 GHz are shown in Figs. 3(c) and 3(d), respectively,
where kx,n and λatt,n for the first and third spin-wave modes
were determined from Eqs. (1) and (2), respectively, and
−2π f t + ϕ1 was used as the excitation phase obtained from
the fitting of the 1D scan at the center of the Py microstrip
ϕ. The interference images strongly depend on the relative
phase shift between the two modes �ϕ = ϕ3 − ϕ1, and �ϕ =
−(3/4)π for 9.7 GHz and �ϕ = −(1/3)π for 10.7 GHz were
chosen to reproduce the experimental results. Although the
exact excitation theory is needed to determine �ϕ with respect
to the excitation frequency [34], the calculated spatial profiles
of propagating spin waves qualitatively agree well with the
experimentally obtained ones.

To examine the spin-wave dispersion relation across the
microstrip width, we performed fast Fourier transformation
(FFT) on the complex spin-wave amplitude of the 1D scan
along the x direction [39]. Figure 4(a) shows the results of FFT
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FIG. 5. FFT intensity for y = 0 μm (black) and −1.4 μm (red) at
excitation frequency of 10.00 GHz extracted from Fig. 4(a). The solid
lines are fittings of |mz,n(kx )| using Eq. (5). Inset shows the spin-wave
attenuation length for each mode evaluated from the fittings.

amplitude at various y positions under an external magnetic
field of 77 mT. While the single peak was observed at the cen-
ter of the Py microstrip (y = 0 μm), the multiple peaks were
observed at the edge of the Py microstrip (y = ±1.4 μm).
Neglecting the spin-wave attenuation terms in Eq. (4), we
could obtain the distribution of the spin-wave intensity cor-
responding to the first and third modes, as shown in Fig. 4(b).
Although the intensity in the first mode is larger than that in
the third mode across the microstrip width, they become com-
parable at the edge of the Py microstrip. Therefore, quantized
spin-wave dispersion with higher modes can be observed at
the edges of the Py microstrip. The solid lines in Fig. 4(a)
represent the spin-wave dispersion curves for the quantized
spin-wave mode with n = 1 (black lines) and n = 3 (red lines)
based on Eq. (1), which reproduces the experimentally ob-
tained spin-wave dispersions.

It is interesting to note the linewidth of the obtained
spin-wave dispersions, because it represents the spin-wave
attenuation length for each mode. From Eqs. (3) and (4), the
Fourier transforms of mz,n(x) yields the complex Lorentzian
functions with the eigen wave number for the n th spin-wave
mode kx,n and its attenuation length λatt,n as follows:

mz,n(kx ) =
∑

n=1,3

An
i

kx,n − kx + i/λatt,n
. (5)

where An is the amplitude of the n th spin-wave mode.
Figure 5 shows the obtained spectra for y = 0 μm and
−1.4 μm at excitation frequency of 10.00 GHz extracted from
Fig. 4(a). Experimental data were well fitted by |mz,n(kx )|
using Eq. (5), and the spin-wave attenuation length for each
spin-wave mode were evaluated, as shown in the inset of
Fig. 5. While the attenuation length for n = 3 mode is slightly
shorter than that for n = 1 mode at the center of the mi-
crostrip, they are comparable at the edge of the microstrip.
In addition, there is slight difference of the peak position,
which corresponds to kx,n, between y = 0 μm and −1.4 μm,
especially for n = 3 mode. This might be due to the small
internal field close to the edges of the microstrip compared
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to the center [44] and high-order spin-wave mode is more
sensitive to the inhomogeneity.

IV. CONCLUSION

In conclusion, we investigated the propagation of coherent
spin waves excited by a microwave antenna in Py microstrips
using the heterodyne-MOKE technique. The spatial distribu-
tion of the intensity and the phase of propagating spin waves
were successfully captured by this technique, and the experi-
mental results showed excellent agreement with the numerical
ones. In addition, our study provided direct measurement of

the dispersion relations for quantized spin waves due to the
finite width of the microstrips, which enables to evaluate the
spin-wave attenuation length for each mode. Understanding
of the spin-wave properties in microstrips is of importance for
technical applications, such as the transmission of spin waves
in magnonic devices.
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