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Equation of motion and the constraining field in ab initio spin dynamics
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It is generally accepted that the effective magnetic field acting on a magnetic moment is given by the gradient
of the energy with respect to the magnetization. However, in ab initio spin dynamics within the adiabatic
approximation, the effective field is also known to be exactly the negative of the constraining field, which acts as
a Lagrange multiplier to stabilize an out-of-equilibrium, noncollinear magnetic configuration. We show that for
Hamiltonians without mean-field parameters both of these fields are exactly equivalent, while there can be a finite
difference for mean-field Hamiltonians. For density functional theory (DFT) calculations, the constraining field
obtained from the auxiliary Kohn-Sham Hamiltonian is not exactly equivalent to the DFT energy gradient. This
inequality is highly relevant for both ab initio spin dynamics and the ab initio calculation of exchange constants
and effective magnetic Hamiltonians. We argue that the effective magnetic field and exchange constants have the
highest accuracy in DFT when calculated from the energy gradient and not from the constraining field.

DOI: 10.1103/PhysRevB.102.214407

I. INTRODUCTION

The magnetization dynamics of both insulating and metal-
lic materials can, in many cases, be described within the
framework of atomistic spin dynamics (see Refs. [1,2] for an
overview). This approach is valid when the electronic Hamil-
tonian can be mapped onto an effective model of localized
spins with constant magnetic moment lengths and interaction
parameters that are independent of the spin configuration.
While this is generally fulfilled by magnetic insulators, these
assumptions may not be valid for magnetic metals, for mag-
nets with noncollinear states [3,4], or for systems far away
from equilibrium. An example of the latter is the case of
ultrafast demagnetization experiments [5], where a laser pulse
demagnetizes a magnetic metal on a subpicosecond timescale.
Such an extreme scenario would require a full nonequilibrium
treatment of the electrons, for example with time-dependent
density functional theory (TDDFT) [6]. The numerical diffi-
culty and computational expense of such an approach limits
the applications to simulation cells with only a few atoms,
which casts doubt on the ability to analyze real experi-
ments. Therefore, it would be desirable to have a method that
combines atomistic spin dynamics and electronic structure
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calculations with a reduced numerical complexity: ab initio
spin dynamics.

Antropov et al. proposed exactly such a formalism, where
the torques on local magnetic moments are directly calculated
from the electronic ground-state energy within the adiabatic
approximation [7,8]. Stocks et al. pointed out that an arbitrary
noncollinear magnetic configuration, which may be formed in
such simulations, is not a stable ground state of the energy
functional of density functional theory (DFT), and therefore
constraining fields are needed to enforce the desired mag-
netization directions [9,10]. The implementation of arbitrary
constraints within DFT has been worked out previously by
Dederichs et al. [11]. The use of constraining fields becomes
essential for magnetic configurations that deviate strongly
from that of the ground state [12].

Stocks et al. came to the conclusion that the effective field
obtained from the energy gradient is exactly the negative of
the constraining field, as the constraining field has to cancel
the effective field [9,10]. However, in this paper, the energy
gradient and the constraining field are actually compared to
confirm this relation.

Here, we present such calculations for the simple case
of an iron dimer, where we find that the equivalence of the
constraining field and energy gradient is not exact. Motivated
by this surprising numerical result, we derive an exact rela-
tion between the constraining field and energy gradient: the
constraining field theorem. This theorem shows that there is
an additional term that can spoil the equality of both fields
when the Hamiltonian contains mean-field parameters, which
also applies to the auxiliary Kohn-Sham Hamiltonian in DFT
calculations. We argue that the effective field in DFT should
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FIG. 1. Effective field Beff
i and constraining field Bcon

i acting on
a magnetic moment at site i in a background of ferromagnetically
aligned moments.

be calculated from the energy gradient and not the constrain-
ing field. This implies that exchange constants and effective
magnetic Hamiltonians should also be derived from the en-
ergy gradient and not from the constraining field.

II. ADIABATIC APPROXIMATION

The adiabatic approximation in ab initio spin dynamics is
based on the assumption that the degrees of freedom can be
separated into fast and slow components [7,8,13]. The slow
degree of freedom is the magnetization direction, while the
fast electronic degrees of freedom, including the magnetic
moment lengths, are assumed to equilibrate on much shorter
timescales. For the description of the magnetization dynamics,
it is then valid to consider a quasiequilibrium state where
the magnetic moment directions are held fixed by Lagrange
multipliers that act as constraining fields on the magnetic
moments. The torques on the magnetic moments can then be
calculated from this quasiequilibrium state.

The constrained Hamiltonian is given by

Ĥ = Ĥ0 + Ĥcon, (2.1)

where Ĥ0 is the original Hamiltonian and the constraining
term,

Ĥcon = −
∑

i

γ Ŝi · Bcon
i , (2.2)

enforces a specific quasiequilibrium state. Here, Ŝi is the op-
erator of the total spin at site i, the gyromagnetic ratio γ =
−g|e|/(2me) with electron spin g-factor g ≈ 2, and Bcon

i is the
constraining field. As shown in Fig. 1, this field, combined
with intrinsic fields that are present in Ĥ0 in Eq. (2.1), acts on
an atomic magnetic moment,

Mi = γ 〈Ŝi〉 = Mimi, (2.3)

such that the atomic moment and the constraining field are
perpendicular. This causes the field to only constrain the di-
rections of the atomic moments, mi, and not the lengths, Mi.
While Eq. (2.2) remains finite as an operator, its expectation
value vanishes,

〈Ĥcon〉 = −
∑

i

Mi · Bcon
i = 0. (2.4)

III. EQUATION OF MOTION

We consider the equation of motion of the total spin Ŝi at
site i,

〈 ˙̂Si〉 = i

h̄
〈[Ĥ0, Ŝi]〉, (3.1)

where the expectation values have to be calculated with re-
spect to the ground state ψ of the constrained Hamiltonian Ĥ.
In general, we have, for an operator Ô,

〈Ô〉 = 〈ψ ({ei})| Ô |ψ ({ei})〉 , (3.2)

where the ground state ψ ({ei}) is a function of the prescribed
magnetic moment directions ei with the expectation values of
the moment directions fulfilling mi = ei.

The total torque on Ŝi in the ground state of the full Hamil-
tonian in Eq. (2.1) is zero. This follows from

〈[Ĥ, Ŝi]〉 = 〈E0Ŝi − ŜiE0〉 = 0, (3.3)

where E0 is the ground-state energy eigenvalue of H. This
implies that for a Hamiltonian with a constraining field one
may write

〈[Ĥ0, Ŝi]〉 + 〈[Ĥcon, Ŝi]〉 = 0. (3.4)

We identify

〈 ˙̂Si〉 = i

h̄
〈[Ĥ0, Ŝi]〉 = γ 〈Ŝi〉 × Beff

i , (3.5)

where Beff
i is the effective field that drives the dynamics of Ŝi.

Only the component of Beff
i perpendicular to Si contributes to

the equation of motion and we define the parallel component
of Beff

i to be zero. By combining Eqs. (3.4) and (3.5), one
obtains

〈 ˙̂Si〉 = − i

h̄
〈[Ĥcon, Ŝi]〉 = γ 〈Ŝi〉 × ( − Bcon

i

)
, (3.6)

which implies that the effective field

Beff
i = −Bcon

i . (3.7)

The constraining field cancels the effective field, as illustrated
in Fig. 1. This shows that the correct torque for a given
Hamiltonian Ĥ0 can be obtained from the constraining field.

For a classical spin system with localized rigid spins (e.g.,
the Heisenberg model discussed in Appendix D), it can be
shown that the effective field is exactly [14,15]

Bcl
i = −∇MiH0, (3.8)

which would offer an alternative approach of calculating the
effective field of atomistic spin dynamics, Beff

i , compared to
Eq. (3.7). However, it is not obvious that this should also hold
for an itinerant magnet where the Hamiltonian is not a simple
function of spin operators, but of the creation and annihilation
operators of the itinerant electrons. Below we evaluate the
effective field from the two approaches (3.7) and (3.8).

IV. CONSTRAINING FIELD

In the previous section, we introduced the constraining
field Bcon

i , but we have so far not given a procedure how to
calculate this field. We know that the constraining field at site
i has to be tuned so that it cancels the intrinsic field of the
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Hamiltonian Ĥ0 and is perpendicular to the magnetic moment
direction mi. Furthermore, the constraining field has to be
chosen such that at each site the moment points along the
prescribed moment direction ei,

mi
!= ei. (4.1)

We are going to consider here two methods of calculating the
constraining field: the method proposed by Stocks et al. [9,10]
and the method by Ma and Dudarev [16].

Stocks et al. provide the following iterative procedure for
calculating the constraining field [9,10]:

Bcon
i (k + 1) = Bcon

i (k) − [
Bcon

i (k) · ei
]
ei

− B0[mi − (mi · ei )ei], (4.2)

where k is the iteration index and B0 is a free parameter that
can be tuned for optimal convergence. The first two terms of
Eq. (4.2) ensure that only the contribution perpendicular to ei

is carried to the next iteration, while the third term adjusts
the constraining field by a term proportional to the differ-
ence between the output and prescribed moment direction
(again only keeping the perpendicular contribution), which
aligns the magnetic moment mi closer along the prescribed
direction ei. The algorithm given by Eq. (4.2) can be derived
systematically from the method of Lagrange multipliers [17].
The uniqueness of the constraining field follows from the
uniqueness of the solutions within constrained DFT [18].

Ma and Dudarev derive the constraining field by imposing
an energy penalty for misalignments of mi and ei, which leads
to the constraining field [16]

Bcon
i = −2λ[mi − (mi · ei )ei], (4.3)

where λ determines the strength of the energy penalty and
convergence is formally reached for λ → ∞ with mi ≈ ei +
O(λ−1) [16].

Both methods look similar, but have different advantages
and disadvantages. The first method (4.2) has the advantage
of good convergence since the constraining field is adjusted
step by step, but requires this additional iterative calculation,
which can be done in parallel to a self-consistent calculation.
The second method (4.3) has the advantage that it does not
introduce an additional iterative calculation and can be simply
included in a self-consistent calculation, but it has the disad-
vantage that convergence is problematic if λ is too large. This
convergence problem can be circumvented by increasing the
value of λ in steps, which keeps the energy penalty sufficiently
small.

Within the formalism of constrained DFT, the constraining
field can be directly included as a Lagrange multiplier in the
energy minimization procedure to determine the constrained
ground state [11,12,17,19,20].

V. NUMERICAL RESULTS FOR A DIMER

To investigate the relation between the constraining field
and the effective field obtained from the energy gradient, we
performed DFT calculations for an Fe dimer system with
VASP [21,22]. The constraining field implementation in VASP

is based on the method by Ma and Dudarev [16], as described
above. See Appendix C for more details.
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FIG. 2. Comparison of the effective magnetic field calculated
from the constraining field Bcon

2,θ (red symbols) and the energy gradi-

ent Bgrad
2,θ (blue symbols) for an iron dimer, where the moment i = 2

is rotated by θ . The inset shows the difference, � = −Bgrad
2,θ − Bcon

2,θ ,
between the two effective fields.

We start with both magnetic moments of the two iron atoms
aligned along the z axis and rotate one of the magnetic mo-
ments by an angle θ in the xz plane, which gives an expression
for the moment of the second atom,

mx
2 = sin θ, my

2 = 0, mz
2 = cos θ. (5.1)

The effective field calculated from the energy gradient is given
by

Bgrad
i = − 1

Mi
∇ei〈Ĥ0〉. (5.2)

Since ei is a unit vector with a fixed length, the gradient has to
be defined as

∇ei f = ∂ f

∂θi
θ̂i + 1

sin θi

∂ f

∂φi
φ̂i, (5.3)

where θi and φi are the polar and azimuthal angles in spherical
coordinates with their corresponding unit vectors θ̂i and φ̂i.
The θ component of Eq. (5.2) is therefore

Bgrad
i,θ = − 1

Mi

∂

∂θi
〈Ĥ0〉. (5.4)

In Fig. 2, we show the θ component of the constraining
field acting on the rotated spin and we compare this field to
what one obtains from the energy gradient. The two calcula-
tions, Eqs. (3.7) and (5.2), are plotted in Fig. 2 as a function
of θ . From the figure, one concludes that the two fields are
similar, but not exactly identical. It is also possible to discern
that the difference between them becomes bigger the further
away one is from the equilibrium configuration.

For comparison, we performed analogous calculations with
a mean-field tight-binding model (see Appendix A for de-
tails), which, as can be seen in Fig. 3, show similar results.
There we also show the field B̃grad

i which is calculated without
constraining fields, with the constraints only implemented
approximately by imposing local quantization axes [23] (see
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FIG. 3. Comparison of the effective magnetic field calculated
from the constraining field and the energy gradient for our mean-field
tight-binding model applied to an iron dimer where the moment i = 2
is rotated by θ . The field B̃grad

2,θ is calculated without constraining
fields (see Appendix A).

Appendix A). This approximate method underestimates, in
our case, the gradient field by about 25%, even in the limit
θ → 0. This implies an underestimate by 25% of the ex-
change parameter J of the dimer in the absence of constraining
fields; see Appendix D. The widely used Liechtenstein-
Katsnelson-Antropov-Gubanov (LKAG) formalism [24,25]
for the calculation of exchange parameters does not take
constraining fields into account [26], which could potentially
result in similar inaccuracies [27].

In the following, we analyze the origin of the difference
between the constraining and energy gradient fields and we
argue why it matters to be aware of this difference.

VI. CONSTRAINING FIELD THEOREM

In this section, we derive the constraining field theorem,
the main result of this paper, which relates the constraining
field and the energy gradient field. We discuss under which
circumstances these fields are equivalent and the implications
this has for the correct choice of the effective field in spin-
dynamics simulations.

A. Derivation of the theorem

To relate the energy gradient field Bgrad
i to the constraining

field Bcon
i , we wish to evaluate ∇ei〈Ĥ0 + Ĥcon〉. Here, and in

the following, an expression

∇ei〈Ô〉 = 〈∇eiÔ
〉 + ∇ψ

ei
〈Ô〉 (6.1)

is used, where the first term on the right-hand side accounts
for the gradient of the operator Ô and the second accounts
for the gradient (or rotation) of the wave function ψ used
to calculate the expectation value. We obtain the Hellmann-
Feynman theorem [28,29],

∇ei〈Ĥ0 + Ĥcon〉 = 〈∇eiĤ0 + ∇eiĤcon
〉
, (6.2)

where the term that accounts for the wave-function variation
vanishes due to the extremity of the ground-state energy,

∇ψ
ei
〈Ĥ0 + Ĥcon〉 = 0. (6.3)
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FIG. 4. Numerical check of the constraining field theorem, given
by Eq. (6.8), for a mean-field tight-binding model applied to an iron
dimer where the moment i = 2 is rotated by θ .

The derivative of the constraining part can be expressed as

∇ei〈Ĥcon〉 = 〈∇eiĤcon
〉 + ∇ψ

ei
〈Ĥcon〉. (6.4)

Here one should note that the eigenstate that minimizes the
expression in Eq. (6.3) does not necessarily imply that a varia-
tion over the wave function vanishes when one considers only
Ĥcon, i.e., ∇ψ

ei
〈Ĥcon〉 is nonzero. Similarly, both terms need to

be considered when treating only Ĥ0 in the variation,

∇ei〈Ĥ0〉 = ∇ψ
ei
〈Ĥ0〉 + 〈∇eiĤ0

〉
. (6.5)

Using the relationship in Eq. (6.3) leads to

∇ei〈Ĥ0〉 = −∇ψ
ei
〈Ĥcon〉 + 〈∇eiĤ0

〉
. (6.6)

Since the moment directions for j �= i are held constant and
Mi · Bcon

i = 0, we find

− 1

Mi
∇ψ

ei
〈Ĥcon〉 =

∑
α=x,y,z

Bcon
i,α ∇ψ

ei
mα

i = Bcon
i . (6.7)

From Eqs. (5.2), (6.6), and (6.7), we arrive at our main result,
the constraining field theorem:

Bgrad
i = −Bcon

i − 1

Mi

〈∇eiĤ0
〉
. (6.8)

For a Hamiltonian without any mean-field parameters,
there is no dependence on the moment directions, ∇eiĤ0 = 0,
which directly implies

Beff
i = −Bcon

i = Bgrad
i . (6.9)

This is analogous to the case of an effective spin Hamiltonian,
given by Eq. (3.8), where the effective field is also given by
the energy gradient.

B. Mean-field Hamiltonians

In a mean-field treatment, the Hamiltonian Ĥ0 is symbol-
ized with Ĥmf, where the parameters of the Hamiltonian in
general depend on the directions {ei}. In this case, the term
〈∇eiĤmf〉 can be finite, and it follows from Eq. (6.8) that
the relation Bgrad

i = −Bcon
i is not exact. Figure 4 shows that

this term gives precisely the difference between constrain-
ing and energy gradient fields for a mean-field tight-binding
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calculation (see Appendix A for details), supporting the con-
straining field theorem (6.8). The difference between the two
fields is determined by how strongly the mean-field param-
eters depend on the moment directions {ei} and by how
strong the correlation effects are that are represented by the
mean-field contribution to Ĥmf. If Ĥmf includes the operator-
independent energy contributions arising from the mean-field
decoupling, this leads to a cancellation such that 〈∇eiĤmf〉 =
0 and Bgrad

i = −Bcon
i , as we demonstrate in Appendix B. Such

operator-independent energy contributions are not included in
the tight-binding calculations shown in Figs. 3 and 4.

C. Density functional theory

For the DFT calculations, we have to consider the auxiliary
Kohn-Sham (KS) Hamiltonian [30] (here without spin-orbit
interaction),

ĤKS =
∑

l

[
p̂2

l

2me
+ Veff (r̂l , Ŝl )

]
, (6.10)

where l is the index of the KS quasiparticle with position
and momentum operators r̂l and p̂l and spin operator Ŝl . The
effective potential Veff is not only dependent on the position
and spin of the quasiparticle, but also depends on the average
electron and magnetization densities, n(r) and M(r), and we
write

Veff (r̂l , Ŝl ) = Vext (r̂l ) +
∫

n(r′)e2

4πε0|r̂l − r′| d3r′ + μxc(r̂l )

− γ Ŝl · [Bext (r̂l ) + Bxc(r̂l )], (6.11)

where Vext is the Coulomb potential from the ions in the lattice
and Bext is an external magnetic field. The scalar and magnetic
exchange-correlation potentials are given by

μxc(r) =δExc[n, M]

δn(r)
, (6.12)

Bxc(r) = − δExc[n, M]

δM(r)
, (6.13)

where Exc is the exchange-correlation energy, which is a func-
tional of the electron and magnetization densities. Since these
densities depend on the magnetic moment directions {ei}, we
have ∇eiĤKS �= 0 and, therefore, Bcon

i �= −Bgrad
i,KS, according to

Eq. (6.8) applied to ĤKS.
It is important to note here that the constraining field the-

orem (6.8) is applied to the KS Hamiltonian and the energy
gradient field Bgrad

i,KS is therefore given by the gradient of the

KS energy 〈ĤKS〉 and not of the total DFT energy EDFT, which
contains an additional double-counting term Edc [25,30],

EDFT = 〈ĤKS〉 + Edc. (6.14)

This implies, for the energy gradient of the total DFT energy
with Eq. (6.8) applied to the KS Hamiltonian,

Bgrad
i,DFT = −Bcon

i − 1

Mi

〈∇eiĤKS
〉 − 1

Mi
∇ei Edc

= −Bcon
i − 1

Mi

〈∇∗
ei
ĤKS

〉
, (6.15)

where the last two terms of the first line cancel only par-
tially [31] and ∇∗

ei
denotes the variation at fixed n(r) and

M(r) = |M(r)|. Equation (6.15) is the DFT adaptation of the
constraining field theorem (6.8) and explains why the DFT
calculations in Fig. 2 show a difference between the constrain-
ing and energy gradient fields.

This difference depends on the noncollinearity of the mag-
netization density and vanishes near the collinear limit (see
Fig. 2). We can confirm this by considering that in this
case, the exchange-correlation field is approximately collinear
within the volume 
i that is associated with the atomic site i,

Bxc(r) ∼ ei, ∀r ∈ 
i. (6.16)

We find
〈∇∗

ei
ĤKS

〉 = −
∫ [∇∗

ei
Bxc(r)

] · M(r) d3r

∼
∫


i

M(r) d3r = Mi, (6.17)

which does not contribute to the effective field since only
components perpendicular to Mi contribute. For bulk systems,
we therefore expect that the difference between constraining
and energy gradient fields will be more pronounced for short-
wavelength spin waves due to their stronger noncollinearity.

VII. CHOICE OF THE EFFECTIVE FIELD

For a Hamiltonian Ĥ0 with 〈∇eiĤ0〉 = 0, it does not matter
if the effective field is calculated from the energy gradient
or the constraining field. But what is the right choice for the
effective field if that is not the case and, in particular, what
choice should one make in calculations based on DFT?

Let us first assume that the DFT energy EDFT exactly re-
produces the energies of the Hamiltonian Ĥ0, i.e., for each
configuration {ei},

EDFT = 〈Ĥ0〉. (7.1)

The correct effective field is then given by the DFT energy
gradient,

Beff
i = − 1

Mi
∇ei〈Ĥ0〉 = − 1

Mi
∇ei EDFT = Bgrad

i,DFT, (7.2)

which is not exactly the same as the negative of the con-
straining field obtained from the KS Hamiltonian, as shown
by Eq. (6.15) and Fig. 2. This implies that the constraining
field of the KS Hamiltonian ĤKS is not the same as the one
of the original Hamiltonian Ĥ0 and, therefore, ĤKS does not
exactly reproduce the equation of motion,

〈[ĤKS, Ŝi]〉 �= 〈[Ĥ0, Ŝi]〉. (7.3)

This is not a failure of DFT since the DFT formalism is
designed to provide the correct ground-state energies and
electron densities. The KS Hamiltonian cannot be used to
correctly describe nonequilibrium physics.

When the constraining field is not equivalent to the energy
gradient, it is not exact to construct an effective magnetic
Hamiltonian based on the calculation of the constraining field
alone. The exchange parameters have to be calculated from
the energy gradient [24–26].
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If we are not considering DFT calculations and we cannot
make the assumption (7.1), then the argument above does
not apply. The effective field describing the magnetization
dynamics of a given Hamiltonian Ĥ0 is then the negative of
the constraining field, as shown in Sec. III.

VIII. SUMMARY

We have shown that the effective magnetic field in the
equation of motion within the adiabatic approximation is ex-
actly the negative of the constraining field. For Hamiltonians
that do not contain mean-field parameters depending on the
moment directions, the effective field derived from the en-
ergy gradient is equivalent to the constraining field. We have
argued that in the case of DFT the effective field should be
calculated from the energy gradient because DFT is designed
to reproduce the physically correct energies.

Our results have three important implications:
(1) In ab initio spin dynamics, the constraining field alone

may be insufficient for calculations of the effective field,
which should be obtained from the energy gradient.

(2) Therefore, exchange constants for an effective magnetic
Hamiltonian also should be calculated from energy gradients
and not from the constraining fields.

(3) Our tight-binding calculations support the notion that
an approximate implementation of out-of-equilibrium, non-
collinear states without constraining fields can give inaccurate
results, even in the vicinity of the ferromagnetic ground state.
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APPENDIX A: TIGHT-BINDING MODEL

The tight-binding model considered here is given by the
Hamiltonian

Ĥtb =
∑

iα, jβ,σ

tiα, jβ ĉ†
iασ ĉ jβσ + ĤStoner + Ĥlcn, (A1)

where ĉ†
iασ and ĉiασ are the creation and annihilation oper-

ators of electrons at site i in the orbital state α with spin
σ . The matrix elements tiα, jβ are based on a Slater-Koster
parametrization [32] with the parameters taken from Ref. [33].
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FIG. 5. Comparison of the input and output moment directions
e2 and m2, where the moment i = 2 of an iron dimer is rotated by θ ,
calculated with the tight-binding model without constraining fields.

The Stoner term is defined as

ĤStoner =
∑
i,α

Iα
h̄μB

Mi,αei · Ŝi,α, (A2)

where Iα is the Stoner parameter for orbital α, Mi,α is the
moment length associated with orbital α at site i, and ei is
the prescribed moment direction. We use Id = 0.96 eV for the
d orbitals and Is = Ip = Id/10 for the s and p orbitals [34,35].
The spin operator reads

Ŝi,α = h̄

2

∑
σσ ′

σσσ ′ ĉ†
iασ ĉiασ ′ , (A3)

with Pauli matrix vector σ. Charge neutrality is enforced by
the term

Ĥlcn = Ulcn

∑
i

n̂i
(
ni − n0

i

)
, (A4)

where

n̂i =
∑
α,σ

ĉ†
iασ ĉiασ (A5)

counts the number of electrons at site i and n0
i is the prescribed

number of electrons per site. We use, in our calculations,
Ulcn = 5 eV [34,35].

Both ĤStoner and Ĥlcn depend on the moment configuration
{ei}, explicitly and via the charges ni and moment lengths
Mi, which leads to a difference between Bgrad

i and −Bcon
i

according to Eq. (6.8).
This tight-binding model already includes an approximate

implementation of the constrained moment directions {ei},
since these directions are favored by the Stoner term (A2).
Even without constraining fields, the moments align approx-
imately along those directions. This alignment is not exact,
as shown in Fig. 5, which implies that constraining fields are
still required for accurate results. Our implementation of the
constraining fields for the tight-binding model is based on the
method by Stocks et al. [9,10], as given by Eq. (4.2).
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APPENDIX B: MEAN-FIELD DECOUPLING

Here, we demonstrate that the term 〈∇eiĤmf〉 vanishes
when the constant energy contributions arising from the mean-
field decoupling are taken into account. We consider, as an
example, the following mean-field decoupling of a Hubbard
interaction term:

ĤU = U
∑

i

n̂i↑n̂i↓ ≈ U
∑

i

(ni↑n̂i↓ + ni↓n̂i↑ − ni↑ni↓),

(B1)

where the term ni↑ni↓ leads to the cancellation,
〈∇eiĤU

〉 = U
∑

i

[
ni↓∇ei ni↑ + ni↑∇ei ni↓ − ∇ei (ni↑ni↓)

] = 0.

(B2)

The constant energy term in Eq. (B1) is required to avoid a
double counting of energy contributions, but does not change
the dynamics of the Hamiltonian or the calculation of the
constraining field.

APPENDIX C: NUMERICAL DETAILS

Our first-principles density functional theory computations
are performed with the noncollinear implementation of the
VASP program package [21,22]. The pseudopotential for Fe is
considered in the generalized gradient approximation (GGA)
of the projector augmented wave (PAW) method and with the
cutoff energy of 600 eV. The valence electron configuration of
the chosen Fe pseudopotential is 3d74s1. For the dimer geom-
etry, we assume a distance of 2 Å between the atoms, which
are embedded in a cubic simulation box of 8 × 8 × 8 Å3.
Spin-orbit coupling is neglected in our setup. The constraining
field implementation in VASP is based on Ref. [16] and the
Lagrange multiplier λ of this method is typically varied in the
range 10–100 eV. Figure 2 shows the results for λ = 50, which
are almost indistinguishable from the results for λ = 100,
indicating a sufficient convergence.

APPENDIX D: EFFECTIVE SPIN HAMILTONIANS

We define here an effective spin Hamiltonian Heff as a
classical spin model which provides the energy for a given

moment configuration {ei}. The ideal effective spin Hamil-
tonian would exactly reproduce the energies of the full
electronic Hamiltonian in the adiabatic approximation,

Heff({ei}) = 〈ψ ({ei})| Ĥ0 |ψ ({ei})〉 . (D1)

Obtaining such an ideal Hamiltonian is, of course, in most
cases impossible, as it would require one to know the energy
of each configuration {ei}. In practice, we have to rely on sim-
ple parametrizations of Heff that capture the relevant behavior.

For simplicity, we consider here only the Heisenberg model
as an example,

Heff = −1

2

∑
i, j

Ji jei · e j, (D2)

which is parameterized by the exchange constants Ji j . The
corresponding effective magnetic field is

Beff
i = − 1

Mi
∇eiHeff = 1

Mi

∑
j

Ji j[e j − ei(ei · e j )], (D3)

which requires knowledge of the magnetic moment length
Mi. The magnetic moment length itself may depend on the
moment configuration, Mi = Mi({ei}), which makes this ap-
proach only feasible if the moment length can be assumed to
be constant. Here we had to subtract the component parallel
to ei, which follows from the definition of the gradient (5.3)
and the requirement that the effective field is perpendicular
to ei.

For the dimer, the Heisenberg model depends only on a
single exchange constant J ,

Heff = −Je1 · e2, (D4)

and the effective magnetic field is proportional to J ,

Beff
1 = J

M1
[e2 − e1(e1 · e2)], (D5)

Beff
2 = J

M2
[e1 − e2(e2 · e1)]. (D6)
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