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Nonlinear and hysteretic ultrasound propagation in solid 4He: Dynamics of dislocation lines and
pinning impurities

Izumi Iwasa 1,* and Harry Kojima 2

1Faculty of Science, Kanagawa University, Kanagawa 259-1293, Japan
2Serin Physics Laboratory, Rutgers University, Piscataway, New Jersey 08854, USA

(Received 1 August 2020; revised 3 November 2020; accepted 12 November 2020; published 1 December 2020)

We report on the measurements of 9.6 MHz ultrasound propagation down to 15 mK in polycrystalline
quantum solid 4He containing 0.3 and 20 ppm 3He impurities. The attenuation and speed of ultrasound are
strongly affected by the dislocation vibration. The observed increase in attenuation from 1.2 K to a peak near
0.3 K is independent of drive amplitude and reflects crossover from overdamped to underdamped oscillation of
dislocations pinned at network nodes. Below 0.3 K, amplitude-dependent and hysteretic variations are observed
in both attenuation and speed. The attenuation decreases from the peak at 0.3 K to a very small constant value
below 70 mK at sufficiently low drive amplitudes of ultrasound, while it remains a high value down to 15 mK
at the highest drive amplitude. The behaviors at low drive amplitudes can be well described by the effects of the
thermal pinning and unpinning of dislocations by the impurities. The binding energy between a dislocation line
and a 3He atom is estimated to be 0.35 K. The nonlinear and hysteretic behaviors at intermediate drive amplitudes
are analyzed in terms of stress-induced unpinning which may occur catastrophically within a network dislocation
segment. The relaxation time for pinning at 15 mK is very short (<4 s), while more than 1000 s is required for
unpinning.
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I. INTRODUCTION

Dislocation lines [1–3] are one dimensional defects in
crystal lattice and are important in understanding phenomena
such as fracture and fatigue [4], yield strength, plasticity,
work hardening, creep, and others. Though material proper-
ties influencing these phenomena may be varied empirically,
a complete physical understanding of dislocations is still
lacking. Dislocations in materials can be directly observed
by chemical etching, electron transmission microscopy and
x-ray diffraction. The etching is restricted to surfaces; the
electron transmission is invasive, local and requires vacuum
environment; the x-ray techniques [5] are limited by low res-
olution [6,7]. Ultrasound is a sensitive and convenient nonde-
structive tool for probing the global properties of dislocation
lines in materials [8,9] including solid helium [10–13]. Ul-
trasound is especially suited for studying dislocations where
their length scale nearly matches the acoustic resonant length.

A network of dislocation lines that are strongly pinned at
their intersections(nodes) is formed in a solid sample dur-
ing its growth process. Dislocation lines may be additionally
pinned weakly by bound impurity atoms. According to the
Granato-Lücke theory [14] (GL) (see Sec. IV A), under the
periodic stress of ultrasound the dislocation lines execute
damped vibration like taut strings pinned at their network
nodes (average network pinning length LnA) and the impuri-
ties (average impurity pinning length LiA), and the vibrating
dislocation segments modify the ultrasound propagating char-
acteristics.

*Corresponding author: pt125412@kanagawa-u.ac.jp

Solid 4He is particularly suitable for investigating the im-
purity effects on the dislocation dynamics: the only relevant
impurity is the 3He atom (nominal concentration is 3 × 10−7

in commercially available “natural purity” 4He gas). Though
the impurity concentration is very low, the impurities are
crucial in understanding the observed phenomena. At low
temperatures(T ) below 1 K, the 3He impurity atoms are highly
mobile owing to the rapid quantum diffusion process [15]
and uniformly distributed within a solid 4He sample. 3He
impurity atoms lower their elastic energy by “condensing”
onto (predominantly edge) dislocations and thereby pin dislo-
cation lines. The dislocation lines, however, can be unpinned
from the impurity atoms by increasing the amplitude of the
ultrasound stress when the imposed force on the pinning site
exceeds a critical force. Once unpinning is initiated on a
dislocation line, it continues at all other impurity atoms on
the line till this line is only pinned at its two end network
nodes. This runaway effect was anticipated by GL [14,16] as
“catastrophic break-away” of dislocation lines from immobile
impurities. An important difference in our case is that the
impurities are mobile. When unpinning occurs in solid 4He,
the mobile impurities rapidly diffuse away from the disloca-
tion and cannot repin the dislocation again within the acoustic
cycle.

Franck and Hewko [10] reported the first measurement
of temperature dependence of the ultrasound speed in sin-
gle crystals of hcp 4He above 0.7 K. They discovered a
transition in the speed from a power law expected for the adi-
abatic sound at high temperatures to approximate temperature
independence below 1.1 K or 2 K depending on the growth
pressure of crystals. Wanner et al. [17] made similar mea-
surements down to 0.2 K and found that the deviation from
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the adiabatic sound speed at temperatures below 1 K could
be both positive and negative depending on samples. They
identified the origin of the observed anomalous tempera-
ture dependence below 1 K as the resonant interaction of
dislocation lines with ultrasound. Since then, the effects of
dislocations on the propagation speed as well as attenuation of
ultrasound in single-crystal solid helium have been confirmed
by other studies [11,12,18] down to 80 mK. The effects of
pinning by dislocations in solid 4He doped with additional
3He have been studied [18] in the higher temperature range.

The interaction between the dislocation lines and 3He im-
purities in hcp 4He was also revealed in the measurements
of shear modulus in the kHz range [19–22]. These measure-
ments were originally stimulated by the observation of the
so-called NCRI (nonclassical rotational inertia) in the tor-
sional oscillator experiments [23,24]. The variations of the
shear modulus and dissipation at tempratures below 1 K are
found to depend on the frequency, strain amplitude and tem-
perature. The mechanism of the interaction is either damping
of dislocation motion or pinning of dislocation lines by 3He
impurities. Parameters related to the dislocation such as the
dislocation density, the average network pinning length, the
damping constant of dislocation motion, and the binding en-
ergy of a 3He atom to the dislocation are obtained from these
measurements.

The present work studies the ultrasound propagation in
polycrystalline solid 4He extended down to 15 mK. Typically,
the attenuation and speed of ultrasound increase as the sample
is cooled from 1.2 to 0.3 K. These responses are similar to
those in the single-crystalline samples and can be explained
by the transition from overdamped to underdamped resonance
of dislocations. The ultrasound responses become nonlinear
and hysteretic as the sample is further cooled. When the drive
level is sufficiently low, the attenuation typically decreases by
20 dB from 300 to 15 mK, while the speed shows a minimum
at 100 mK. These low drive responses will be explained as
an effect due to pinning of the dislocations by 3He impu-
rities in thermal equilibrium. When the drive is sufficiently
high, on the other hand, the attenuation decreases very little
upon cooling from 300 to 15 mK. Hysteretic responses are
observed depending on the history of how the drive level and
temperature are varied. For example, the attenuation in the
warming run at an intermediate drive level is smaller than
the corresponding attenuation in the cooling run at the same
drive level. The increase in attenuation in the warming run
will be shown to originate in the stress-induced “catastrophic”
unpinning of dislocation lines from 3He impurities. These
observations of nonlinear and hysteretic responses are made
in the ultrasound measurement on solid 4He with 0.3 ppm of
3He.

The paper is organized as follows. The experimental meth-
ods are described in Sec. II. The data on the measured
attenuation and speed on typical as well as atypical samples
are shown in Sec. III. In Sec. IV, the theoretical background
on the GL theory is first given. Then the behavior of the
typical sample is analyzed. Discussions on the atypical sam-
ples and comparison with other related experiments are given
in Sec. V. The paper is concluded with a brief summary
and questions for further research in Sec. VI. Supplemental
information is given in Appendices.

FIG. 1. Cutaway schematic view of ultrasound cell: quartz trans-
ducer (Q), electrical contact plate to transducer (E), insulating
backing (I), one compression spring (C) of three, electrical lead (L)
attached to spring-loaded contact, bolt holes (B, bolts not shown).
The brass cell body encloses the cylindrical sample chamber between
the transducers. Helium is filled via the hole for the upper electrical
lead. The cell is attached to the mixing chamber of the dilution re-
frigerator via the upper BeCu (torsion) rod with the sample chamber
axis oriented vertically.

The analysis is rather complicated because of the nonlinear
nature of the phenomena. There are two independent external
parameters, i.e., temperature and stress, which affect pinning
and unpinning of dislocations by 3He impurities. The tem-
perature of the sample can be regarded as uniform all over
the sample. The stress, on the other hand, is inhomogeneous
because the amplitude of the ultrasound pulse decreases along
the path of ultrasound due to attenuation. Therefore a position
dependent analysis carried out is described in detail in the
latter part of Sec. IV.

II. APPARATUS AND MEASUREMENT PROCEDURE

Our ultrasound apparatus (a schematic is shown in Fig. 1)
for studying solid 4He has been described earlier [25]. It
was originally designed to study the ultrasound propagation
simultaneously with torsional oscillation response of solid
4He. This report is focused on the ultrasound results. The
interrelationship between the ultrasound and the torsional os-
cillation phenomena will be described elsewhere. Briefly, a
BeCu torsion rod (outer diameter = 4.0 mm, inner diameter
= 0.8 mm, length = 14 mm) connected to the cylindrical
sample chamber provides both the thermal contact to the
mixing chamber of a dilution refrigerator and an inlet conduit
for the sample gas. The inner ends of the sample chamber
(diameter(D) = 8.6 mm, length(xm) = 6.6 mm) are termi-
nated by identical (10 mm diameter, 10 MHz) X-cut quartz
transducers acting as driver and detector. The sample length
is set by the precision-machined steps on the inner wall of
the sample chamber as shown in Fig. 1. Ultrasound is excited
by applying 1.2 μs wide RF voltage pulses of amplitude V
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and frequency �/2π = 9.6 MHz on the driver transduder
with a repetition frequency of 1 kHz, where � is the angular
frequency. The ultrasound relative drive amplitude A ≡ V/V0

is normalized to an arbitrary value of V0 = 2.53 mV. As
described in Appendix A on calibration of transduers, A = 1 is
estimated to be equivalent to an applied compressional stress
amplitude of 1.36 Pa. The estimation is, however, uncertain
by as much as a factor of two due to incomplete impedance
matching, acoustic mismatch, and ringing of the transducer in
the ultrasound experiment.

A standard pulse-echo apparatus with a superheterodyne
system[13] is used to measure the ultrasound propagation.
The received pulse signal is converted to an intermediate fre-
quency of 5 MHz, amplified, and phase-sensitively detected
in the spectrometer. The resulting quadrature video voltages,
Vsin and Vcos, are then measured by a boxcar integrator. Frac-
tional changes in propagation speed v are evaluated from
the phase shift according to: δv/v = arctan(Vsin/Vcos)/(�P),
where P = xm/v is the transit time. The relative attenuation
of sound signal amplitude (in dB) is evaluated according to

α = −20 log10

√
V 2

sin + V 2
cos − αv , where αv is the drive output

attenuator setting (in dB). The zero offsets of the quadrature
signals are determined in the presence of solid 4He sample in
the cell by extrapolating the measured voltages as the drive
amplitude is decreased nearly to zero. The absolute speed of
sound can be in principle estimated from the length of the
sample and the transit time of the ultrasound pulse in the
pulse-echo method. Unfortunately, we could not accurately
measure the absolute speed because the rising edge of the
received signal was rounded due to ringing of the transducer.

Solid 4He samples are grown in the cylindrical chamber
by the blocked capillary method as follows. The chamber
is initially loaded at 4.2 K with liquid 4He at 68 bar, using
commercial natural purity 4He gas originated from Texas with
a nominal 3He impurity concentration(x3) of 0.3 ppm [26].
As cooling of the dilution refrigerator system is initiated, the
section of the fill capillary attached to the high temperature
end of the refrigerator rapidly cools down near to 1.2 K. The
liquid 4He within that section of the capillary becomes frozen
and forms a plug, which now keeps the 4He mass below the
plug and in the sample chamber fixed. Subsequently, an “as-
grown” solid sample with a molar volume of 20.3 cm3/mole
under a final pressure of about 35 bar is produced over about
two hours during which the sample chamber is cooled below
50 mK.

Annealing is carried out in some samples by rais-
ing and maintaining a constant temperature near 1.5 K
for 20–48 hours. The sample pressure is indirectly mon-
itored by the pressure sensor located on the mixing
chamber. The sample chamber and the pressure sensor
is connected by the fill line tube (inner diameter =
0.75 mm and length 15 cm). The sensor pressure is found to
decrease monotonically during annealing. Annealing is con-
sidered completed when the changes in the pressure sensor
reading are much reduced from the initial rate.

The effects of 3He impurity concentration on ultrasound
response are studied by increasing x3 to 20 ppm. The dilution
refrigerator system is warmed up to about 5 K and the remnant
commercial natural purity helium gas from the previous mea-

surements is pumped out from the sample cell over 22 hours.
The sample cell is next loaded with the appropriate amount
of 3He gas to make up the increased x3, filled and finally
pressurized with commercial natural purity 4He at 4.2 K.
The mixture solid sample is subsequently grown in the usual
manner described above. The in situ 3He concentration within
the sample solid itself is not measured.

Measurements on the samples grown at the initial stages
of the experiment were made as a function of temperature at
relatively high drive amplitudes, A > 2.5. The measurements
showed that the ultrasound response became nonlinear at low
temperatures, i.e., both α and δv/v were amplitude dependent
and hysteretic at temperatures below 0.3 K. It was finally
found that decreasing A below a critical value was crucial in
allowing 3He impurities to pin the dislocations in the sample
and suppressing the nonlinear effects. In order to study the
details of the effects related to changing A, the measurement
procedure illustrated in Fig. 2 was adopted for the last and
most extensively studied sample 11.

The measurement procedure begins at a minimum temper-
ature Tmin ∼ 15 mK where the relative drive amplitude is set
at an initial low amplitude Ai(� 0.07) (see [1] in Fig. 2). This
Ai is sufficiently small that all the dislocation segments are
pinned by the number of 3He impurities in thermal equilib-
rium. Keeping the temperature constant, A is then increased
in several steps to the final relative amplitude A f at [2] in
Fig. 2. The temperature is then increased in a “warming
run” in ∼6 hours ([2]→ [3] →[4]) to Tmax ∼ 1.2 K, where
the temperature is held constant for about 20 minutes. The
temperature is then decreased in a “cooling run” back down
to Tmin over ∼15 hours ([4]→[5]). At Tmin A is decreased
down to Ai([5]→[1]) and then increased to a different A f for
the next run. The ultrasound data, δv/v and α, are acquired
throughout the procedure. Depending on A f , the ultrasound
data can be hysteretic or reversible during the warming and
successive cooling run as described below.

III. RESULTS

Ultrasound propagation was studied in eleven solid 4He
samples in hexagonal close-packed (hcp) structure. Nine of
them were grown from commercial 4He gas (x3 = 0.3 ppm).
Two samples with x3 = 20 ppm were grown in order to ex-
amine the effect of 3He impurity on ultrasound response. The
ultrasound response varied in detail from sample to sample.
Characteristics of the samples, however, could be roughly
divided into three categories depending on the nature of ob-
served ultrasound response. The samples described in this
paper are listed in Table I together with fitted parameters to
be discussed later.

Many of the samples show “typical” ultrasound response
that follows from the interaction of the ultrasound with dis-
location lines and is compatible with the GL theory [14]
when pinning at the network nodes and by 3He impurities is
taken into account. The typical samples have an attenuation
peak (typically 20 dB) around 0.3 K. The attenuation and the
change in ultrasound speed become nonlinear and hysteretic
below the peak temparature. Samples with “small attenua-
tion” belong to the second category. Their attenuation peak
is less than 3 dB and the variation of the speed of ultrasound
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FIG. 2. Measurement procedure of varying the ultrasound relative drive amplitude A and temperature T for the sample 11. The axis tick
marks are not to scale. At Tmin (∼15 mK) the drive amplitude is increased from Ai � 0.07 at [1] to Af = 1 − 15 at [2]. The temperature is
subsequently increased in a warming run in ∼6 hours from [2] to Tmax(∼1.2 K) at [4]. The temperature is then decreased over ∼15 hours
from [4] to [5] in a cooling run. The procedure is completed by decreasing A down to Ai ([5]→[1]). The next run is repeated for a different
Af . Characteristic temperatures T1 and T2 are described in the text(Sec. III A 1). Cartoons (1)−(5) illustrate pinning/unpinning and stringlike
deflections of one network segment of dislocation pinned by impurities. Heavy dashed horizontal lines with arrows indicate the critical length Lc

as Af is varied. Heavy dashed curves connecting the two end network nodes indicate that the network segment is catastrophically unpinned(see
Sec. IV D) from impurities.

is almost proportional to T 4, that is, the response is almost
free of dislocation effects. In the third rare category, samples
exhibit “anomalous” response where the ultrasound response
around 0.7 K is of a relaxation type. This response cannot be
simply explained by the GL theory. However, the nonlinear
and hysteretic effects of dislocations similar to the typical
samples can be seen also in the anomalous samples at tem-
peratures below 100 mK. Taken together, our samples allow a

comprehensive study of solid 4He exhibiting a wide range of
ultrasound propagation phenomena produced by dislocations.

A. Typical sample response

1. Temperature and drive amplitude dependence

Temperature dependences of α and δv/v of a typical sam-
ple taken during warming and subsequent cooling runs with
three values of drive amplitude (A f = 1.12, 3.98, and 14.1)

TABLE I. Parameters derived from the experimental data; the 3He concentration (x3), the reference points for attenuation and speed of
sound (α0, c), the anharmonic parameter (a), and the parameters related to dislocations (g0, R�, LnA, Li0, and Eb). The last column indicates
the type of sample behavior. The blank entries indicate that sufficient experimental data was not taken to enable extracting those parameters.

Sample x3 (ppm) α0 (dB) c (10−3) a (10−4K−4) g0 (K−3) R� (109 m−2) LnA (μm) Li0 (μm) Eb (K) type

1 0.3 −7.79 4.2 −4 5.6 1.63 7.35 typical
3 0.3 −6.84 −2.3 −2.9 4.29 1.94 5.37 typical
4 0.3 −10.7 2.35 −5.33 SAa

6 0.3 −1.18 −10.3 −3.92 2.04 1.8 7.21 348 0.28 anomalous
7 0.3 −5.8 0.68 −2.25 3.11 3.21 3.40 30 0.18 typical
8 20 2.0 0.60 anomalous
9 20 −9.5 3.85 −3.16 SAa

10 0.3 12.9 −0.38 −2.7 typical
11 0.3 10.31 0.9 −4.87 5.63 1.71 3.22 101 0.35 typical

aSmall attenuation.
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(a)

(b)

FIG. 3. Temperature dependence of α (a) and δv/v (b) of the
sample 11 with 0.3 ppm of 3He impurity during warming(w) and
subsequent cooling(c) runs with three different drive amplitudes.
Af = 1.12 [black closed(w) and open(c) circles], 3.98 [blue
closed(w) and open(c) triangles], and 14.1 [red closed(w) and
open(c) squares]. Down(up) arrows in (a) indicate characteristic tem-
peratures T1(T2) where the dislocation line pinning state changes in
warming runs. See text (Sec. III A 1) for explanation of these charac-
teristic temperatures and the “vertical” data at Tmin for Af = 14.1.

are shown in Fig. 3. The data were taken on the sample
11 (melting temperature 1.9 K) after annealing at 1.5 K for
22 hours. Before starting each warming run on this sample,
the drive amplitude was decreased to Ai � 0.07 and then in-
creased to a new A f according to the measurement procedure
in Fig. 2. When the drive amplitude was decreased to Ai at
Tmin, α and δv/v became α0 = 10 dB and c = 0.9 × 10−3,
respectively, regardless of the previous value of A f . We regard
α0 and c as the reference values for α and δv/v.

There is a broad attenuation peak around 200 ∼300 mK.
In the high temperature range, T > 300 mK, the response
is linear: both α and δv/v are independent of A f as well as
the temperature sweep direction. The values of α and δv/v

decrease monotonically as the temperature increases. It will
be shown below (see Sec. IV B) that the interaction between
the ultrasound and dislocation lines pinned at network nodes
can account for the behavior in this temperature range.

In the low temperature range, T < 200 mK, the response
becomes more intricate. It is strongly nonlinear, i.e., de-
pendent on the value of A f , and hysteretic with respect to
the thermal history. The attenuation increases monotonically
from Tmin to 200 mK, whereas δv/v shows a distinct min-
imum around 100 mK and occasionally a maximum at a
lower temperature. On cooling runs, both α and δv/v tend
to saturate to A f -dependent values as Tmin is approached. The

(a)

(b)

FIG. 4. Attenuation (a) and change in speed (b) of the sample 1
with 0.3 ppm of 3He impurity in warming (black dots) and cooling
(open circles). The drive level is high (Af = 7.9) and the measure-
ment procedure deviates slightly from Fig. 2 (see text).

low-temperature response will be analyzed in terms of pinning
of dislocations by 3He impurities in Sec. IV C and below.

On warming at A f = 1.12, α remains equal to α0 up to
a characteristic temperature T2(≈ 70 mK), above which it
increases to reach the broad maximum. On cooling at A f =
1.12, α decreases from the broad peak and reaches α0 at
T2. There is no hysteresis between the warming and cooling
runs. Similar reversible behavior was observed in another run
at A f = 1.41 (not shown in Fig. 3). The variation of δv/v

at A f = 1.12 is also thermally reversible and the minimum
around 100 mK is the deepest among the runs in Fig. 3(b).

The attenuation at A f = 3.98, on the other hand, is hys-
teretic. On warming, α remains equal to α0 up to another
characteristic temperature T1(≈ 50 mK), above which it in-
creases towards the broad maximum with a small kink at
T2. On cooling, α decreases from the maximum along the
warming data down to T2, where it departs from the warming
line and levels off. The variation of δv/v at A f = 3.98 is
also hysteretic. Note that there is a maximum in δv/v on the
warming run around T2.

At A f = 14.1, α already increases at Tmin above α0 as
shown by “vertical points” in Fig. 3(a) and reaches 21 dB
over about 2000 s time interval after A is changed from Ai to
A f . The temporal variations will be described in Sec. III A 3.
When the temperature is raised, α remains constant at 21 dB
up to T1 and then increases towards the broad maximum. On
cooling at A f = 14.1, α decreases only slightly from the max-
imum value. The behavior of δv/v at A f = 14.1 shows similar
features; δv/v increases slowly at Tmin after A is changed from
Ai to A f , and the variations in δv/v between 50 and 200 mK
are smaller than those at lower A f .

Figure 4 shows α and δv/v of another typical sample 1,
the first sample in this experiment. The sample was produced
by annealing an as-grown sample at 1.53 K for 24 h. The
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(a)

(b)

FIG. 5. Hysteresis of attenuation α − α0 (a) and speed δv/v − c
(b) vs drive amplitude A at Tmin in the same sample 11 as in Fig. 3.
The drive amplitude is decreased (solid arrows pointing left) from Af

at the end of previous cooling run (Fig. 2[5]) to Ai (Fig. 2 [1]) and
then increased (solid arrows pointing right) to Af of the next warm-
ing run (Fig. 2[2]). Different symbols indicate various sequential
changes in A starting from different Af at the end of previous cooling
run. The vertical dashed arrows indicate time dependent response
(see Sec. III A 3).

procedure of measurements was different from that in Fig. 2.
Before starting the warming run, the drive amplitude was
increased from A f = 2.51 of the previous run to A f = 7.94
without reducing to Ai. As a result, α and δv/v in the warming
run did not start from α0 and c, respectively. The variations
of α and δv/v in the cooling run are similar to those of the
sample 11 at A f = 14.1 shown in Fig. 3.

2. Hysteresis with respect to drive amplitude

According to the procedure prescription shown in Fig. 2,
A is decreased at the end of the previous cooling run at Tmin

from A f to Ai and then increased to a new A f for the next
warming run. Figure 5 shows the ultrasound response, α − α0

and δv/v − c, of the sample 11 during this process. Data after
subtracting the reference values α0 and c are plotted for clarity
here. Each symbol represents a series of changes taken in A at
the end of a cooling run. It can be seen that different symbols
trace out the same hysteretic dependence on A regardless of
the value of A f of the previous cooling run.

In the process of decreasing A down to a critical value
Ac(≈ 1.5), the response is strongly dependent on A indicating
nonlinear behavior. In the range Ai < A < Ac, both α − α0

and δv/v − c become zero and the response is linear. In
the process of increasing A but only up to a threshold drive
amplitude At (≈ 8), α − α0 and δv/v − c remain zero and the
response is linear. When A is increased to greater than At , the

(a)

(b)

(c)

FIG. 6. Temporal variations of ultrasound amplitude S (left or-
dinate, red open circles) and speed δv/v − c (right ordinate, black
dots) before and after step changes in drive amplitude A (at t = 0)
in the sample 11 at Tmin. (a) A = 5.01 → 1.58, (b) 1.41 → 4.47, and
(c) 4.47 → 14.1. The number of plotted data points is reduced in (c)
for clarity. The observed relaxations of S and δv/v − c in (c) can be
fitted with double exponential decays as shown by the curves (see
Sec. III A 3).

response becomes nonlinear and time dependent behavior is
observed (see the next section).

3. Time dependent response after drive amplitude change

In all of the decreasing steps of A and in the increasing
steps of A up to At in Fig. 5, the changes in response oc-
cur rapidly. However, when A is increased to that above At ,
changes in both α and δv/v occur in a remarkable transient
manner accompanied by long relaxation times indicated by
the vertical dashed lines in Fig. 5.

Figure 6 shows examples of the ultrasound response at Tmin

as a function of time(t) after A is changed at t = 0. The am-

plitude of the received signal, S =
√

V 2
sin + V 2

cos, and δv/v − c

are plotted. In Fig. 6(a), A is decreased by 10 dB from 5.01 to
1.58 at t = 0. No change in S occurs at t = 0, indicating that
the response is nonlinear and that the attenuation decreases by
10 dB. The speed of sound, on the other hand, decreases by
6 × 10−4 at t = 0. The response occurs rapidly within the data
acquisition cycle time of ∼4 s.

When A is increased by 10 dB from 1.41 to 4.47 [Fig. 6(b)],
S instantly increases by 9.8 dB (3.7 to 11.5 mV) while the
change in δv/v is less than 1 × 10−4. These responses are
therefore nearly linear.

When the drive is stepped up to one above At , however,
the response is dramatically different. The drive is increased
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(a)

(b)

FIG. 7. Attenuation (a) and change in speed (b) of a small-
attenuation sample 4 with 0.3 ppm of 3He impurity measured at
Af = 2.51 (black dots for warming and black open circles for cool-
ing). The number of plotted data is reduced. The scale of ordinate in
(a) is expanded compared with Fig. 3 in order to show more detailed
temperature dependence. The δv/v data during warming and cooling
in (b) are almost indistinguishable and follows a T 4 dependence
(black curve) expected from the phonon anharmonicity.

by 10 dB from 4.47 to 14.1 at t = 0 in Fig. 6(c). S initially
increases by 10 dB from 11.5 to 35.7 mV but then decreases
slowly, whereas δv/v − c initially becomes negative and then
gradually increases to become positive. These responses cor-
respond to the vertical dashed lines at A = 14.1 in Figs. 5(a)
and 5(b) and “vertical” data at Tmin in Fig. 3. The decrease in
S cannot be described by a single exponential function. The
fitted curve to S in Fig. 6(c) is a double exponential function
of the form, S = s1 + s2 exp(−t/τ1) + s3 exp(−t/τ2), where
s1 = 11.8 mV, s2 = 15.5 mV, s3 = 11.0 mV, τ1 = 90 s, and
τ2 = 640 s. The value of S after t = 2000 s is almost the
same as that before t = 0, that is, the attenuation increases
by 10 dB. The relaxation in δv/v can be similarly fitted by a
double exponential function.

The observed time dependence of the ultrasound response
following step changes in A is most likely revealing the
characteristic time scale in the dynamics of the interaction be-
tween ultrasound and dislocation lines. The timescale rapidly
decreases from 2000 s at Tmin to below 10 s at 65 mK. Un-
fortunately, detailed temperature dependence of the relaxation
phenomenon was not measured.

We will discuss later (see Sec. V F) the physical mech-
anism behind the nonlinear effects observed in Figs. 6(a)
and 6(c) in terms of the dynamic process of pinning and
unpinning of dislocation lines by 3He impurities.

B. Small-attenuation samples

Three as-grown samples show a “small-attenuation” re-
sponse over the measured temperature range as shown in

(a)

(b)

FIG. 8. Attenuation (a) and change in speed (b) of an anomalous
sample 6 with x3 = 0.3 ppm measured at Af = 1 [black dots for
warming(w) and black open circles for cooling(c)] and 2.82 [blue
filled(w) and open(c) triangles]. The drive level was decreased to
Ai = 0.45 before starting the warming run at Af = 1, while it was not
changed at Af = 2.82. Red solid curves represent contributions from
the Debye relaxation to the attenuation and speed (see Sec. V D).

Fig. 7. The overall change in α is less than 3 dB and the
hysteresis is small. The data of δv/v can be well described
by a T 4 dependence as expected from the phonon anhar-
monicity [27] and there is no hysteresis between warming and
cooling. The small-attenuation response occurred in samples
with both natural purity (x3 = 0.3 ppm) and doped (x3 =
20 ppm) samples.

C. Anomalous sample

The ultrasound behavior of the sample 6 (a preliminary
report [28] was given earlier) is unusual and anomalous. The
data from this sample taken at two drive levels A f = 1 and
2.82 are shown in Fig. 8. Before starting the warming run at
A f = 1, the drive level was decreased to Ai = 0.45. On the
other hand, the drive level was not changed before starting the
warming run at A f = 2.82.

In the high temperature range T > 200 mK in Fig. 8,
both α and δv/v are independent of the drive amplitude;
the response is linear. However, there is an anomalous peak
in α and a rapid change in δv/v around 700 mK. The be-
havior around 700 mK is totally unexpected from the GL
theory. It can be fitted as the Debye relaxation response
(see Sec. V D).

In the low temperature range below 200 mK, the response
shown in Fig. 8 is strongly sensitive to the drive amplitude.
The hysteresis of α at A f = 1 is similar to that of the typical
sample 11 at A f = 3.98 in Fig. 3. (The critical amplitude in the
sample 6 seems Ac < 1.) The absence of thermal hysteresis at
A f = 2.82 is due to a different measurement procedure from
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(a)

(b)

FIG. 9. Attenuation (a) and change in speed (b) of the sample 8
with x3 = 20 ppm at Af = 1 [black dots for warming(w) and black
open cricles for cooling(c)] and 1.41 [blue filled(w) and open(c) tri-
angles]. The drive level was not changed before the warming run
at Af = 1, while it was increased from 1.0 to 1.41 at Af = 1.41.
The down and up arrows in (a) indicate T1 and T2 at Af = 1.41,
respectively.

Fig. 2 where the drive level was not decreased at Tmin to a
low Ai.

D. Sample with 3He impurity concentration increased to 20 ppm

To see if the anomalies in ultrasound propagation in solid
4He containing x3 = 27.5 ppm impurity concentration ob-
served by Ho et al.[29] could be reproduced in our experiment,
3He impurity concentration of 20 ppm was chosen. The ultra-
sound response of the sample 8 with x3 = 20 ppm is shown in
Fig. 9. The drive level was not changed before starting the
warming run in the A f = 1.0 data, while it was increased
from 1.0 to 1.41 before the warming run in the A f = 1.41
data. Probably this change in procedure is the reason why the
initial value of α in the warming run at A f = 1.41 is smaller
than that at A f = 1.0. The critical amplitude in this sample
seems Ac < 1, like the case in the sample 6. The observed
temperature dependence shows a similar attenuation peak as
the anomalous sample 6 but shifted to 1.2 K. At high temper-
atures T > 200 mK, the response is linear. The response is
nonlinear and hysteretic in the low temperature range similar
to the typical sample response. We estimate T1 = 80–90 mK
and T2 = 100–110 mK from the warming runs. Both of the-
ses temperatures are higher than those for the x3 = 0.3 ppm
sample.

We note that δv/v decreases with increasing temperature
around 100 mK in this sample [Fig. 9(b)], while it increases
around 70 mK in the anomalous sample [Fig. 8(b)]. The
difference will be discussed in Sec. V G.

IV. ANALYSIS

In this section, the observed ultrasound response of the
typical sample is analyzed. The theory of dislocation lines
by Granato and Lücke [14](GL) is introduced first. Pinning
of dislocations by impurities is crucial in understanding the
present experimental results at low temperatures. The only
significant impurities in our solid 4He samples are 3He atoms
whose atomic volume is bigger than that of a 4He atom due
to larger amplitude of zero-point vibration. Thus 3He impu-
rities can pin a dislocation line via elastic interaction. The
phenomena of pinning and unpinning in thermal equibrium as
well as stress-induced unpinning are described. Then, spatial
variation of pinning is considered in order to explain the
amplitude-dependent effects. Based on these ideas, the data
of α and δv/v of the sample 11 are analyzed. Analyses and
discussions of the samples with small attenuation, anomalous
temperature dependence, and increased 3He impurity concen-
tration will be deferred to Sec. V.

As the analysis involves nonlinearity, both the attenuation
denoted by α and the attenuation coefficient β are used. In
the linear case, they are simply related as α = α0 + βxm. In
the nonlinear case, on the other hand, spatial variation of the
attenuation coefficent will be considered.

A. Granato-Lücke theory

GL considered dislocation lines in the presence of ultra-
sound as vibrating strings that are pinned strongly at network
nodes and weakly at impurities. When ultrasound impinges on
the dislocation lines, their displacements contribute an extra
strain in addition to the elastic strain. This interaction leads
to changes in the propagation speed and the attenuation of
the ultrasound [14]. Ultrasound in the MHz range excites
resonant vibration in the dislocation lines. We apply the GL
theory to solid 4He from the overdamped vibration near 1.2 K
down to underdamped vibration near 0.3 K. Below 0.3 K, the
impurities induce profound modifications on the ultrasound
propagation.

The effect of dislocation lines on ultrasound response may
be expressed [11] by writing the net fractional change in the
longitudinal sound speed v and the attenuation α, respectively,
as

δv

v
= δvd

v
+ δva

v
+ c (1)

and

α = αd + α0, (2)

where δva/v = aT 4 accounts for the phonon anharmonicity
(a is a fitting parameter), δvd/v and αd represent the effects
of the dislocation line motion on the speed and attenuation,
respectively. The constants c and α0 are included as reference
points which are to be determined in the data fitting procedure.
In the linear region, we can write

αd = βd xm, (3)

where βd is the attenuation coefficient due to dislocations.
According to GL, δvd/v and βd in the absence of impurity

pinning are given by sums of the effects of all dislocation
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segments with a distribution in the network pinning length L:

δvd

v
= 4Rv2

t

π3�2

∫ ∞

0

LN (L)
[
1 − ( L0

L

)2]
dL[

1 − ( L0
L

)2]2 + g2
(4)

and

βd = 4Rv2
t

π3v�

∫ ∞

0

LN (L)gdL[
1 − ( L0

L

)2]2 + g2
. (5)

Here, R is the “orientation factor” of the dislocation line
relative to the sound propagation direction, vt the speed of
transverse sound, and g a dimensionless damping parameter.
The dislocation segments are assumed distributed in length by
N (L)dL, where the distribution function N (L) is the number
of dislocation segments per unit volume per unit length. The
“resonant length” L0 is defined by

L0 =
√

2

1 − ν

vt

�
, (6)

where ν(≈ 0.3) is the Poisson ratio. Taking the speed of
transverse sound at 35 bar as vt = 267 m/s [30], we estimate
L0 = 7.5 μm at the applied ultrasound frequency.

The distribution function is not a priori known. Typ-
ically [11], the distribution of the network dislocation
segments Ln(L) is assumed to be a temperature independent
exponential:

Nn(L) = �

L2
nA

exp
(
− L

LnA

)
, (7)

where � is the dislocation density, i.e., the total “mobile”
dislocation line length per unit volume and LnA is the aver-
age network pinning length. Where the network dislocation
segments dominate, N (L) in Eqs. (4) and (5) is replaced by
Nn(L). Where temperature dependent impurity-pinned dislo-
cation segments play crucial role in the ultrasound response,
a new distribution function NA(L, T ) will be introduced [see
Eq. (11)].

The damping mechanism of dislocation line vibration in
solid 4He has been identified experimentally [20] at low tem-
peratures as the “fluttering” interaction [31] with phonons so
that the temperature dependence of g is given by g = g0T 3,
where g0 is a constant. The dislocation line motion in our
experiment varies over a wide range from the overdamped
(g > 1) regime at high temperatures to underdamped (g < 1)
regime at low temperatures. The crossover from the over-
damped to the underdamped vibration occurs around 560 mK
where g = 1.

The major focus of this report is the underdamped regime
of the dislocation line vibration at low temperatures, where
the motion of those line segments of length close to L0 results
in “resonant ultrasound response.” The integrand in Eq. (5)
shows that βd is characteristically dependent on the magnitude
of g. In the overdamped dislocation vibration regime, the
denominator becomes approximately g2 and βd is proportional
to g−1. In the underdamped dislocation vibration regime, the
integrand shows the resonant character around L = L0. In the
limit of g << 1, the height of the integrand is L0N (L0)g−1

and the width is approximately gL0. Thus βd in the un-
derdamped regime at low temperatures becomes a constant

(a)

(b)

FIG. 10. Calculated attenuation αd (a) and change in speed
δvd/v + δva/v (b) in the two limiting states of the sample 11. The
purely network-pinned state (black solid curves) are α1 and (δv/v)1,
and the purely impurity-pinned state(red dashed curves) are α2 and
(δv/v)2.

independent of T :

βd (g � 1) ≈ 2Rv2
t L2

0Nn(L0)

π2v�
= 2R�v2

t L2
0

π2vL2
nA�

exp
(
− L0

LnA

)
.

(8)
The integrand in Eq. (4) shows that δvd/v is determined

by the balance between the negative change from those line
segments with L < L0 and positive change from those line
segments with L > L0. The “antiresonance” character of the
effects of dislocations on the propagation speed of ultrasound
introduces some intricate dependence on temperature.

B. Analysis of amplitude independent data

At high temperatures, T > 300 mK, the impurities are
thermally driven off of dislocations and pinning by impurities
becomes negligible. So the dislocations are pinned only at
the network nodes. The ultrasound response would then be
independent of the drive amplitude as in fact observed above
300 mK in the typical sample 11. Consequently, the α data
with A f = 14.1 in Fig. 3(a) in the range 300 < T < 1150 mK
is fitted to Eq. (2) with Eqs. (3) and (5) by assuming the
exponential network distribution function Eq. (7) and taking
α0, LnA, R� and g0 as adjustable parameters. The best fit
parameter values for the sample 11 are listed in Table I. The
calculated αd down to 10 mK with these fit parameters is
shown as α1 in Fig. 10(a). Note that α1 is essentially constant
below 300 mK as expected from the underdamped motion
of dislocation lines in the low temperature limit as given by
Eq. (8).
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The δv/v data with A f = 14.1 in Fig. 3(b) in the range
400 < T < 1150 mK is fitted to Eqs. (1) and (4) by taking a
and c as adjustable while fixing all other parameters, LnA, R�

and g0, listed in Table I for the sample 11 as determined above.
The resulting values of a and c are also listed in Table I. The
calculated δvd/v + δva/v down to 10 mK with the parameters
for the sample 11 in Table I is shown as (δv/v)1 in Fig. 10(b).

The “network-pinned” response, α1 and (δv/v)1, repro-
duces the amplitude-independent data at T > 300 mK (see
Figs. 14 and 15) and represents the amplitude-dependent re-
sponse at T < 300 mK in the limit of high amplitude.

C. Pinning and unpinning of dislocations by impurities in
thermal equilibirum

The process of pinning and unpinning of dislocation lines
by the 3He impurity atoms is central to understanding the
amplitude-dependent and hysteretic ultrasound response ob-
served at T < 300 mK. In thermal equilibrium, the number
of impurities on the dislocation lines is set by the balance
between the temperature independent pinning rate and the
thermally activated unpinning rate [32].

The average impurity pinning length in thermal equilib-
rium LiA(T ) is expected to follow the Arrhenius law:

LiA(T ) = Li0 exp
(
−Eb

T

)
, (9)

where Eb is the binding energy and Li0 a constant. The
temperature-dependent distribution function of the impurity
pinning length is assumed to be exponential:

Ni(L, T ) = �

LiA(T )2
exp

(
− L

LiA(T )

)
. (10)

Then the effective temperature-dependent distribution func-
tion of the combined impurity-network pinning length is also
exponential:

NA(L, T ) = �

LA(T )2
exp

(
− L

LA(T )

)
, (11)

where the effective average pinning length LA(T ) is taken as
the parallel combination of LnA and LiA(T ):

LA(T ) = LnALiA(T )

LnA + LiA(T )
. (12)

When the ultrasound drive amplitude is sufficiently small,
the dislocations are pinned at network nodes and by 3He
impurities in thermal equilibrium. This pinning state will be
simply called as “impurity-pinned” state. The α and δv/v data
at A f = 1.12 shown in Figs. 3(a) and 3(b), respectively, are
established as the impurity-pinned state of dislocations based
on the observations that the data from warming and cooling
runs are identical and α is the lowest among the runs. In this
case, we assign NA(L, T ) as the distribution function N (L)
in Eqs. (4) and (5). The attenuation data of the cooling run
with A f = 1.12 in the entire temperature range is fitted with
Eq. (5) [together with Eqs. (9), (11), and (12)] with two fitting
parameters Li0 and Eb while keeping α0, g0, R�, and LnA

fixed to those found in Sec. IV B and listed in Table I for
the sample 11. The best fitting parameters are Li0 = 101 μm
and Eb = 0.35 K as shown in Table I. With these parameters,

(a)

(b)

FIG. 11. Cooling data of the sample 11 at Af = 1.12 (black
closed circles) compared with calculated curves. (a) and (b) show
attenuation and change in speed, respectively. Black solid curves
represent calculations with Eb = 0.35 K and other parameters shown
in Table I for sample 11. They are the same curves as α2 and (δv/v)2

in Fig. 10 shifted by α0 = 10.31 dB and c = 0.9 × 10−3. Red broken
curves represent calculations with Eb = 0.67 K, Li0 = 2440 μm, and
other parameters in Table I for sample 11. Black dash-dotted curve
in (b) represents the contribution of the phonon anharmonicity to the
change in speed.

αd and δvd/v + δva/v are calculated and shown in Fig. 10 as
α2 and (δv/v)2, respectively. They represent the response of
the impurity-pinned state in the limit of low amplitude. Fig-
ure 11 shows the measured attanuation and speed in sample
11 in the low amplitude limit at A = 1.12 and the calculated
curves for the impurity-pinned state along with other curves
for Eb = 0.67 K(see Sec. V B) and δva/v + c.

The Arrhenius law, Eq. (9), becomes unphysical at low
temperatures around Tmin because the minimum value of the
impurity pinning length is limited to the nearest-neighbor
atomic distance, b = 0.36 nm. A more realistic temperature
dependence would be

LiA(T ) = Li0 exp
(
−Eb

T

)
+ γ b, (13)

where γ is a numerical factor. Setting γ = 0, Eq. (13) is equiv-
alent to Eq. (9). We expect γ > 1 because of the repulsive
force between neighboring 3He atoms on a dislocation line.
Figure 12 shows the temperature variation of LiA for γ = 0,
1, 10, and 100. The lines of α2 and (δv/v)2 in Fig. 10 are
calculated with γ = 0, but even when γ = 100, the deviations
from these lines are insignificant. Thus the value of γ cannot
be determined from the present measurements.

Let us consider the variation of LiA with x3. For simplic-
ity, we assume that the number of 3He atoms contributing
to pinning the dislocation lines is proportional to x3. Then
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FIG. 12. Temperature dependencies of the average impurity pin-
ning length calculated from Eq. (13) for x3 = 0.3 ppm with Li0 =
101 μm and Eb = 0.35 K for γ = 0 (solid line), 1 (dotted line), 10
(dashed line), and 100 (dash-dotted line).

we expect

LiA(x3, T ) = K

x3
exp

(
−Eb

T

)
, (14)

from Eq. (9) where K/x3 = Li0. We obtain K = 30 μm ppm
from assuming x3 = 0.3 ppm and Li0 = 101 μm.

D. Stress-induced unpinning

As noted in Sec. IV A, the dislocation lines are strongly
pinned at network nodes but also weakly pinned by impurities.
As a 3He atom has a larger atomic volume than a 4He atom,
the difference in the atomic size causes impurity pinning.
The interaction between a dislocation and a 3He atom can
be described by the elastic potential energy [see Appendix C,
Eq. (C1)]. If the applied force F on a pinning impurity is suf-
ficiently large, the dislocation line can be unpinned there. The
compressional stress of the longitudinal ultrasound induces
shear stress component σs on the glide plane of a dislocation
line and σs in turn induces a force on the dislocation line.
When the dislocation segments with lengths L1 and L2 adjoin-
ing a pinning site bow out, the unpinning force on the pinning
site is given by

F = bσs
L1 + L2

2
, (15)

where b is the magnitude of Burgers vector which is equal to
the nearest neighbor atomic distance. A critical force, Fc, is
required to produce unpinning. The condition of unpinning,
F > Fc, can be transformed to

L1 + L2 > Lc, (16)

where Lc is the critical length [33]

Lc = 2Fc

bσs
. (17)

For our sample 11, Lc is estimated to be [see Appendix B,
Eq. (B8)]

Lc [μm] = 12

A
. (18)

The critical force is estimated (see Appendix B) to be
Fc = 1.5 × 10−15 N. For comparison, Fc has been evalu-
ated [33] from a torsional-oscillator experiment [34] to be
1.0 × 10−16 N and from a shear-modulus experiment [21] to
be 6.8 × 10−15 N.

There are two types of stress-induced unpinning in our
experiment. One is the “catastrophic”[14] unpinning which
occurs when the stress is increased at low temperatures. The
other is unpinning of a single impurity atom on a network
segment which occurs when the sample is cooled at constant
stress amplitude. The catastrophic unpinning is discussed first.

Consider a network segment, i.e., a dislocation line pinned
by two adjacent network nodes, which is additionally pinned
by several impurities distributed between the two ends under a
small external stress. When the external shear stress increases
as the ultrasound drive amplitude is increased, Lc decreases
according to Eq. (18). Eventually, Lc becomes shorter than the
sum of some adjacent two impurity segments along the dislo-
cation line and the dislocation is unpinned from the impurity.
Once unpinning is initiated, it continues catastrophically to
the next adjacent impurity segments till this network segment
is pinned only at its two end network nodes.

In the original model of the catastrophic unpinning [14],
the pinning impurities are assumed to be immobile so that
the dislocation line is pinned by the impurities again as soon
as the stress is decreased. In the case of solid helium, on the
other hand, the 3He impurities drift away from the dislocation
line once unpinned. Therefore, as the catastrophic unpinning
is initiated, the network segment becomes free from impurity
pinning.

Consider next the situation when a network segment of
length LN is pinned by a single impurity atom, which divides
the network segment into two impurity segments of lenghts
L1 and L2 where L1 + L2 = LN . When an ultrasound pulse
at a drive level A corresponding to the critical length Lc is
applied, the impurity atom is unpinned if LN > Lc, while it
remains pinned if LN < Lc.

In a cooling run, pinning by impurities becomes appre-
ciable at temperatures below EB (≈ 350 mK). According to
the calculation in Fig. 12, LiA at 300, 200, and 100 mK are
31.2, 17.4, and 3.0 μm, respectively. For example, a network
segment with LN ≈ 3 μm is pinned by one 3He impurity
atom on average when the sample is cooled down to 100 mK.
If the amplitude of ultrasound is A = 4 corresponding to
Lc = 3 μm, longer network segments (LN > 3 μm) pinned
by an impurity are unpinned because LN > Lc, while shorter
ones (LN < 3 μm) pinned by an impurity remain pinned.
When the sample is further cooled, the dynamical aspects of
pinning and unpinning must be taken into account [33]. The
temperature-independent pinning rate on a network segment
of length LN = 3 μm is about 1 atom/s [see Eq. (25)], which
is much smaller than the pulse repetition frequency (1 kHz).
When a 3He atom happens to approach a network segment of
length LN > Lc and pins it down just after an ultrasound pulse
has traversed, the next ultrasound pulse comes within 1 ms
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FIG. 13. Schematic spatial variations of shear stress amplitude
and critical length at Tmin. The driver transducer is located at x = 0
and the receiver transducer at xm = 6.6 mm. The drive amplitude is
taken as Af = 4, which leads to σs0 = 2.72 Pa from the transducer
calibration constant [see Eq. (A4)]. The shear stress amplitude (solid
black line) is assumed to vary near the drive transducer according
to σs(x) = σs0 exp(−βx), where β = 380 m−1 is the attenuation co-
efficient in the network-pinned region. The sample divides into two
regions separated by the border at x0 = 2.4 mm; the network-pinned
region (x < x0) where Lc (dashed blue line) is shorter than the reso-
nance length L0 (dash-dotted red line) and the impurity-pinned region
(x > x0) where Lc � L0. The critical force Fc = 1.5 × 10−15 N is
assumed.

and unpins the network segment from the impurity atom. As
a result, the network segments longer than Lc stay unpinned
down to Tmin. Those shorter than Lc, on the other hand, are
pinned by impurities and the average pinning length decreases
with decreasing temperature according to Eq. (12).

E. Spatial variation of pinning

In the previous section, the ultrasound is assumed to travel
unattenuated throughout the sample. We introduce in this
section a more realistic model that the amplitude of the ultra-
sound pulse is attenuated along the path through the sample.
The local amplitude is written as A(x) where x is the position
in the sample from the driver transducer end (x = 0 mm)
towards the receiver end (xm = 6.6 mm). Similarly the am-
plitude of local shear stress and the local critical length are
given by σs(x) and Lc(x), respectively. In order to analyze the
amplitude dependent attenuation below 300 mK, the spatial
variation of the response of dislocation lines to ultrasound
field must be considered. In the underdamped regime of dislo-
cation vibration, the network segments of lengths around L0

mainly contribute to αd and δvd/v owing to their resonant
behavior. As the attenuation in the sample 11 in the network-
pinned state at T < 300 mK is typically 20 dB, A(x) and σs(x)
decrease by a factor of 10 while Lc(x) increases by a factor of
10 within the sample from x = 0 to xm. An example of spatial
variations of σs(x) and Lc(x) with the drive amplitude initially
set to A f = 4.0, corresponding to Lc = 3.0 μm at x = 0 mm,
is illustrated in Fig. 13.

The local Lc(x) increases with x and eventually exceeds
L0 = 7.5 μm. In Fig. 13, x0 is the position where Lc becomes
equal to L0. The sample can be divided into two regions
of distinct ultrasound response to dislocations: (1)“network-
pinned” state region nearer to the driver, 0 < x < x0, and
(2)“impurity-pinned” state region nearer to the receiver, x0 <

x < xm. We define a characteristic fraction r as r = x0/xm

(r = 0.36 in Fig. 13).
In the network-pinned region, the network segments with

lengths near L0 are not at all pinned by impurities. This region
corresponds to the high drive amplitude limit considered in
Sec. IV B. The ultrasound response is thus described by α1

and (δv/v)1 shown in Fig. 10.
In the impurity-pinned region, Lc is longer than L0 so that

the network segments with lengths near L0 are pinned by 3He
impurities. This region corresponds to the low drive amplitude
limit considered in Sec. IV C. The impurity pinning length
given by Eq. (9) is strongly temperature dependent and the
ultrasound response is thus approximately described by α2

and (δv/v)2 shown in Fig. 10. The ultrasound attenuation α2

becomes vanishingly small at low temperatures below 70 mK,
so that σs and Lc are spatially independent at Tmin in the
impurity-pinned region (x > x0) in Fig. 13.

The net ultrasound response of attenuation and change in
speed to the dislocation motion is written as

αd = rα1 + (1 − r)α2, (19)

δvd

v
= r

(
δv

v

)
1

+ (1 − r)

(
δv

v

)
2

. (20)

The distinction of network-pinned and impuritiy-pinned re-
gions becomes meaningless at T > 300 mK as LiA becomes
longer than L0. Nevertheless, Eqs. (19) and (20) can be applied
in the whole temperature range for convenience since αd and
δvd/v are independent of r at T > 300 mK.

F. Analysis of cooling runs at various Af

To facilitate the analysis of data with Eqs. (19) and (20),
the reference points α0 and c are subtracted from the exper-
imental data of the sample 11 shown in Fig. 3. The shifted
data together with an additional data set with A f = 10.0 are
plotted in Figs. 14 and 15 for the attenuation and change in
speed, respectively.

The characteristic fraction r is assumed to be a
temperature-independent constant in each cooling run because
α1 is almost constant below 300 mK. As α2 = 0 at Tmin, the
value of r(A f ) is determined from Eq. (19) as

r(A f ) = α(A f ) − α0

α1(Tmin)
, (21)

where α(A f ) − α0 is the attenuation of a cooling run at T =
Tmin in Fig. 14.

The empirical values of r(A f ) for the cooling runs with
A f = 1.12, 3.98, 10.0, and 14.1 are 0.036, 0.373, 0.767, and
0.868, respectively, as shown in Figs. 16 and 17(b). Fitting of
the data except for A f = 1.12 results in

r(A f ) =
{

0 (0 � A f < 1.54)
1

2.5 ln A f

1.54 (1.54 � A f )
, (22)
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FIG. 14. Temperature dependence of α − α0 in the sample 11
during warming(closed symbols) and cooling(open symbols) when
Af = 1.12 (a), 3.98 (b), 10.0 (c), and 14.1 (d). Data and symbols
are identical to those in Fig. 3(a) except the added warming data
(closed orange stars) and cooling data (open orange stars) for (c).
Curves(black solid for cooling and dotted magenta for warming)
are αd calculated from Eq. (19) with the values of r in Fig. 17.
Down(up) arrows indicate characteristic temperatures T1(T2) where
the dislocation line pinning state changes. Vertical data at Tmin in the
warming runs of (c) and (d) indicate time dependent response as in
Fig. 3.

which is also shown in Fig. 16. The functional form of
Eq. (22) is derived in Appendix B.

The values of r(A f ) in cooling runs are entered in Eq. (19)
to calculate αd . The resulting fits are drawn as black solid
lines in Fig. 14. The observed temperature dependence of
attenuation is generally well reproduced by the fits. The same
numerical values are used in Eq. (20) together with the phonon
anharmonicity term, δva/v, to calculate the fit curves to the
δv/v − c data of the cooling runs shown in Fig. 15 as black
solid lines. The agreement between the experimental and cal-
culated changes in speed at Tmin is not as good as that of
attenuation likely because r is determined from the attenua-
tion data alone.

G. Analysis of warming runs

According to the measurement procedure in Fig. 2, the
drive amplitude is decreased to Ai(< 0.07) corresponding to
Lc > 170 μm at Tmin as estimated from Eq. (18) before start-
ing each warming run. Practically all the network segments
are densely pinned by 3He impurity atoms so that each warm-
ing run starts with the totally impurity-pinned state (r = 0).
The drive level is then increased to a new A f (see [5]→ [1] →
[2] in Fig. 2).

FIG. 15. Temperature dependence of δv/v − c in the sample 11
when Af = 1.12 (a), 3.98 (b), 10.0 (c), and 14.1 (d). The meanings
of symbols are the same as in Fig. 14. Curves are δvd/v + δva/v

calculated from Eq. (20) with the values of r in Fig. 17. Vertical data
at Tmin in the warming runs of (c) and (d) indicate time dependent
response.

When A f = 1.12, the critical length is estimated to be
Lc = 10.7 μm so that stress-induced unpinning does not occur
for the network segments with lengths near L0 = 7.5 μm [see
(2a) and (3a) in Fig. 2]. Therefore we expect r = 0 throughout
the warming run as shown in Fig. 17(a). The calculated curves

FIG. 16. Empirical and fitted values of r for the cooling runs of
the sample 11 are plotted versus Af as red filled circles and a black
line, respectively.
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(a)

(b)

FIG. 17. Dependence of r on Af and T during warming
(a) (Sec. IV G) and cooling (b) (Sec. IV F) runs: Af = 1.12 [con-
tinuous(black line)], 3.98 [dashed(red)], 10.0 [dotted(magenta)], and
14.1 [dash-dotted(blue)]. In the warming runs, the drive amplitude
is increased from Ai to Af at Tmin, thermally-assisted stress-induced
unpinning of impurity sites occurs where T1 < T < T2, and only
thermal unpinning occurs where T > T2. In the cooling runs, the
values of r do not vary with T . The slanted hash marks indicate the
temperature range where the calculated ultrasound response does not
depend on r.

of αd and δvd/v + δva/v for the warming run at A f = 1.12
(dotted magenta lines in Figs. 14 and 15, respectively) co-
incide with those for the cooling run. The increase in αd at
temperatures above T2 is due to the thermal unpinning effect
described by Eq. (9).

When A f = 3.98, Lc is decreased to 3.0 μm. Stress-
induced unpinning, however, does not occur at Tmin because
the average impurity pinning length, LiA(Tmin), is much shorter
than this Lc [see Fig. 2(2b)]. As the temperature is increased,
LiA(T ) becomes longer. At T = T1(≈ 50 mK), the condi-
tion of unpinning, Eq. (16), is evidently satisfied for some
inpurity-pinned segments and the catastrophic unpinning is
initiated [see Fig. 2(3b)] so that r starts to increase as shown
in Fig. 17(1). More network segments are catastrophically
unpinned and r continues to increase as the temperature is
further increased. At the same time, however, the relative
ultrasound amplitude at the border between the network- and
impurity-pinned regions, A(x0), decreases due to the attenu-
ation in the extended network-pinned region. At T = T2(≈
70 mK), A(x0) is expected to become smaller than 1.54 and
Lc becomes longer than L0. Indeed the value of r at 70 mK
is estimated to be 0.5, from which we obtain A(x0) = 1.26. A
closer inspection shows that there is a kink in the attenuation
data at T2. We assume that r stays constant at T > T2 as shown
in Fig. 17(a).

When the drive amplitude is increased to A f = 10.0 and
14.4, catastrophic unpinning evidently already starts at Tmin

[see Fig. 2(2c)]. As a result, α increases [with accompa-
nied time dependence, see Fig. 6(c)] at Tmin as shown in the

warming data of (c) and (d) in Fig. 14. In terms of r, it
increases from r = 0 to 0.17 and 0.44 for A f = 10.0 and 14.4,
respectively, as shown in Fig. 17(a) and the relative ultrasound
amplitude at the border are estimated to be A(x0) = 6.53 and
4.79, respectively. When the sample is warmed, thermally as-
sisted stress-induced catastrophic unpinning occurs between
T1 and T2 similar to the warming run at A f = 3.98. The exper-
imental values of r at T2 are 0.83 for both A f = 10.0 and 14.4,
and A(x0) decrease to 1.25 and 1.81 for A f = 10.0 and 14.4,
respectively.

H. Extraction of parameters and consistent description of
ultrasound response

The calculated attenuation and speed using Eqs. (19)
and (20) and the temperature dependence of r shown in Fig. 17
are drawn as dotted lines for warming runs and solid lines for
cooling runs in Figs. 14 and 15. The observed and calculated
attenuation agree well except in the cooling runs from 350 mK
to T1. The cause of dicrepancy may be the oversimplified
assumption of a constant value of r for each cooling run. The
agreement between the observed and the calculated speed of
sound is worse than that of attenuation likely because r is
determined only from the attenuation data. Nevertheless, the
local “peaks” and “valleys” found in the observed temperature
dependence of δv/v are reproduced by the calculations.

The hysteretic ultrasound response versus A at Tmin shown
in Fig. 5 can be interpreted in terms of the changes in r. At
sufficiently low temperatures (T < 50 mK), Eq. (19) reduces
to αd = rα1 because α2 = 0. Similarly, Eq. (20) reduces to
δvd/v = r(δvd/v)1. As A is decreased from A f of the pre-
vious cooling run, r decreases according to Eq. (22) with
A f replaced by A. When A < Ac(≈ 1.54), r becomes zero
so that αd = 0 and δvd/v = 0. As A is now increased in
the range A < At (≈ 8), r remains zero. When A exceeds At ,
catastrophic unpinning of dislocations occurs and r increases.
It is this unpinning process that shows long relaxation. Thus
the origin of the hysteretic behavior at Tmin shown in Fig. 5
can be traced to the hysteresis in r.

V. DISCUSSION

A. Relation and brief comparison with earlier ultrasound
experiments on solid 4He

The present ultrasound results in the higher temperature
range (T > 200 mK) are fairly well understood as a transition
from the overdamped to underdamped resonance of disloca-
tions by the Granato-Lücke theory. These results are similar
to the previous ultrasound measurements on single crystalline
samples of 4He [11,17], although our samples are likely poly-
crystalline. The similarity comes about owing probably to the
size of crystal grains [35,36] (typically 1 mm) in our samples
being much larger than the pinning length of dislocation seg-
ments (typically 10 μm).

Our observations show that the dislocations are pinned by
3He impurities in the lower temperature range (T < 200 mK).
Such observations were not reported in the previous ultra-
sound studies on single-crystalline solid 4He [11,17] grown
from commercial 4He gas. Probably, the temperature was not
sufficiently lowered or the drive level was too high in the early
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measurements. The pinning effect is most likely present also
in single-crystalline solid 4He grown from commercial 4He
gas when the temperature is lowered down to 15 mK with
sufficiently low drive level.

In one of the early measurements [13], the temperature was
lowered below 100 mK but no dislocation effects, especially
no pinning effects were reported because either the dislocation
contributions to the ultrasound speed and attenuation were too
small or the 3He concentration was too low (the authors used
a higher purity gas with x3 = 5 ppb). They observed contri-
butions to the speed and attenuation from thermally activated
elementary excitations and an additional resonant attenuation.
Our observations did not show such effects.

Ho, Bindloss and Goodkind [29] reported ultrasound mea-
surements on solid 4He containing 27.5 ppm of 3He. They
observed a new anomaly at about Tp = 165 mK characterized
by a sharp attenuation peak and an increase in the speed of
sound with decreasing temperature. They analyzed the attenu-
ation peak and the accompanied speed change as a relaxation
mechanism phenomenon, and explained the anomaly as due
to a continuous phase transition (second order phase transi-
tion), suggesting supersolidity [29]. In our measurements on
samples with x3 = 20 ppm (see Fig. 9), a somewhat similar in-
crease in speed of sound was observed at temperatures below
150 mK, but the attenuation did not show a peak in contrast
to their data. Our observations below 150 mK can be de-
scribed in terms of pinning of dislocations by 3He impurities
just like in our other samples with lower 3He concentration.
The characteristic temperatures T1 and T2 would be shifted
higher in the x3 = 20 ppm sample since the average impurity
pinning length at a given temperature becomes shorter as x3

is increased. If the anomaly observed by Ho et al. is related
to the dislocation pinning, amplitude dependence should be
observed on the lower side of Tp. They, on the contrary, ob-
served amplitude dependence on the higher side between Tp

and 500 mK. Hence, the anomaly does not seem to be caused
by the dislocation pinning.

Iwasa and Suzuki [18] reported ultrasound measurements
on single-crystalline 4He containing various concentrations of
3He; x3 = 30 ppm, 300 ppm, and 1%. They observed non-
linear (amplitude-dependent) attenuation and speed of sound
between 120 and 900 mK in the sample with x3 = 30 ppm.
They argued that the nonlinearity was related to pinning and
unpinning of dislocations by 3He impurities. This is consistent
with our present results. The higher onset temperature of
nonlinearity (900 mK) in their measuerements at x3 = 30 ppm
compared with the onset temperature (150 mK) in our x3 = 20
ppm sample possibly indicates that the actual 3He concen-
tration in one or both of the samples may be substantially
different from the given values.

B. Comparison with shear modulus measurements

It is interesting to compare our ultrasound results with
those of shear modulus. Haziot et al. [20] find that their shear
modulus measurements and analysis of polycrystalline 4He
samples show a dislocation density of 5.4 × 109 m−2 with
an average length of 59 μm. Our R� is consistent with their
dislocation density, considering that the orientation factor of a
randomly oriented polycrystalline sample is 1/4 for the shear

wave and 1/16 for the longitudinal ultrasound. Our LnA, on
the other hand, is smaller by one order of magnitude than
their length. This discrepancy may arise from the number
of pinning points affecting the ultrasound propagation being
much greater than in the shear modulus experiment. Since the
network nodes act as pinning points in both shear modulus
and ultrasound experiments, there must be additional pinning
points in the ultrasound experiment. A candidate for the ad-
ditional pinning points is jogs, but we do not have sufficient
information on the microscopic structure of basal dislocations
and jogs for further analysis.

Fefferman et al. [21] reported the binding energy of 3He
atoms on dislocations as Eb = 0.67 K and the critical force
Fc = 6.8 × 10−15 N. Their binding energy is about a factor
of two greater than ours. The discrepancy may be due to the
different models in the analysis. The binding energy in the
present work is obtained from the temperature dependences of
the sound speed and attenuation assuming a T -dependent im-
purity pinning length (pinning model). The binding energy in
the shear modulus measurements, on the other hand, was ob-
tained from the frequency dependence of the dissipation-peak
temperature assuming that the damping force on dislocation
motion at low temperature was proportional to the concen-
tration of 3He bound to the dislocations (damping model).
If Eb = 0.67 K is assumed in the analysis of the attenuation
and speed of sample 11 at A f = 1.12, the results of fitting are
shown as red broken curves in Fig. 11. As can be seen, the
variation of the curves between 60 and 300 mK differs from
the measurement because LiA with Eb = 0.67 K varies faster
than that with Eb = 0.35 K.

Since Eb is the depth of the spatially dependent binding
potential and Fc is its maximum slope, Eb and Fc are simply
related to each other as shown in Appendix B. Entering Fef-
ferman et al.’s value of Fc into Eq. (B4) gives Eb = 0.23 K.
This binding energy is different from their own estimate but
close to ours.

Kang et al. [22] reported observations on the hysteresis of
shear modulus while scanning the temperature and the applied
stress. Their measurement procedure did not allow observa-
tions of thermal hysteresis like in ours. On the other hand,
they did observe stress-dependent hysteresis and explained it
in terms of the pinning/unpinning of dislocations by 3He im-
purities similar to our analysis. They assumed distributions in
the impurity pinning length as well as in the network pinning
length [16].

Although dislocation effects can be observed in both shear
modulus and ultrasound measurements, significant differ-
ences should be noted. The ultrasound is selectively sensitive
to those dislocation segments with lengths close to L0. This
is advantageous since LnA tends to be close in range to L0

in many samples. The shear modulus is sensitive to those
with much broader range of lengths. Spatial variation in the
stress amplitude plays an important role in ultrasound, while
the stress amplitude in the shear modulus experiment can be
assumed to be uniform owing to the much longer wavelength.

C. Small-attenuation response

There are several possible effects that would produce
the small-attenuation response shown in Fig. 7; (1) low
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dislocation density, (2) small orientation factor, (3) short
network pinning length due to high dislocation density, (4)
suppression of dislocation motion due to high impurity con-
centration, etc. A small orientation factor is possible for a
single crystal when the angle between the c axis and the sound
propagation direction, θ , is equal to 0 or 90◦ (the orientation
factor of longitudinal ultrasound in a single-crystal hcp 4He
is given [11] by R = (1/8) sin2 2θ ). The small-attenuation
response of a single crystal is reported in Fig. 3 in Calder and
Franck [37] which may be due to the effect (2) above. The
small-attenuation response due to the effect (4) is observed
for a single crystal doped with 1% 3He [18]. However, the real
origin of the small-attenuation response of the present likely
polycrystalline samples is not clear.

D. Anomalous response

The sample showing anomalous response (see Fig. 8) ac-
companied by an unexpected peak in attenuation and rapid
change in speed near 700 mK is now discussed. The response
is suggestive of a Debye relaxation process. The change
in speed and attenuation according to the Debye relaxation
model can be written as

δvr

v
= − φ

1 + (�τr )2
(23)

and

αr

xm
= −φ

v

�2τr

1 + (�τr )2
, (24)

where φ is a constant and τr is a characteristic relaxation
time. Equation (23) is fitted to the δv/v data of the sample
6 around 700 mK as shown by the solid line in Fig. 8(b) and
the fitted relaxation time is τr = 2.2 × 10−4 exp(−6.91/T ).
The activation energy in τr is larger than Eb and smaller than
the formation energy of a vacancy (more than 10 K). The
position and height of αr calculated from Eq. (24) are in good
agreement with the data as shown in Fig. 8(a). Although the
anomaly is well described with the Debye relaxation model,
its physical origin is not clear yet.

E. Dependence on 3He impurity concentration

Consider the variation in the onset temperatures T1 and T2

for the thermally-assisted stress-induced unpinning as x3 is
increased from 0.3 to 20 ppm. Qualitatively, the average impu-
rity length LiA decreases with increasing x3 so that unpinning
would become more difficult, and T1 and T2 would become
higher. Indeed T1 does shift up from 50 mK to 80–90 mK
and T2 from 70 mK to 100–110 mK. Quantitatively, it is
expected that the onset occurs at the temperatures where the
average impurity length LiA is the same in the two impurity
concentrations. In the x3 = 0.3 ppm samples, Eq. (14) with
Eb = 0.35 K gives LiA = 0.11 μm at the observed T1 =
50 mK. In the case of x3 = 20 ppm, the same LiA occurs at
125 mK, which is fairly close to the observed value of T1

for x3 = 20 ppm. Similar calculation for T2 gives 437 mK
for x3 = 20 ppm, which is much higher than the observed
value. Note there are uncertainties in this estimation. (1) LiA

may [18] be proportional to x−2/3
3 instead of Eq. (14). In this

case T1 and T2 at x3 = 20 ppm are expected to be 83 mK and

159 mK, respectively, in better agreement with the observa-
tion. (2) The in situ value of x3 may be different from 20 ppm.
More study is required for quantitative analysis.

F. Relaxation phenomena

The relaxation phenomena as shown in Figs. 5
and 6 are, as stated earlier, likely related to the
dynamics of “capture/release” of 3He impurities during
pinning/unpinning of dislocations. The processes of
decreasing and increasing of A involve distinct mechanisms
and are discussed in order below.

The process of decreasing A in Fig. 5 leads to a decrease
in r according to Eq. (22) in which A f is replaced by A. As
A is decreased, pinning of dislocations by impurities occurs
in the network-pinned region near x = x0, where the stress
amplitude due to ultrasound is the smallest. The response
of ultrasound signal to the stepwise decreases in the drive
amplitude is completed within less than a few seconds at Tmin

[see Fig. 6(a)]. This indicates that impurities are captured by
dislocations on this short time scale (∼4 s). It is also desirable
to estimate the lower limit of the relaxation time for pinning.
Obviously, the relaxation time is longer than the repetition
time of the ultrasound pulses (1 ms). Otherwise the disloca-
tions are pinned between the successive pulses and no changes
in α and δv/v would occur when A is decreased. According
to Iwasa [33], the impurity pinning rate R1 is independent of
T and given by

R1 = Lx3Q (25)

where L is the length of dislocation segment and Q = 1.0 ×
1012 m−1 s−1 is a constant. For a resonant dislocation seg-
ment, L = L0 = 7.5 μm, and with x3 = 0.3 ppm, the pinning
rate is R1 = 3 s−1 and the relaxation time, 1/R1 = 0.3 s.
This is consistent with the observed response time. Corboz
et al. [38], on the other hand, theoretically considered the
interaction between 3He impurity and screw dislocation and
found that the impurity capture relaxation time would be in
the order of hours and days. Such a long relaxation time is not
observed.

The process of increasing A in Fig. 5 is very different.
Initially, the drive level is set to the small value Ai and the
dislocations in the entire sample are pinned to the maximum
extent possible by impurities. When A is increased to a value
less than At , the dislocations remain pinned and the response
is linear, i.e., α and δv/v do not change and the signal S
increases in proportion to A with a short response time [see
Fig. 6(b)]. When A is increased, however, beyond At , unpin-
ning is initiated and the catastrophic unpinning follows. The
long relaxation time in Fig. 6(c) indicates the unpinning as a
stochastic and dynamical process.

Immediately after the increase in A but before any signif-
icant unpinning has occurred, the stress amplitude is uniform
throughout the sample since the attenuation coefficient in the
purely pinned state is negligibly small. Unpinning can then
be induced by ultrasound stress anywhere in the sample. As
the number of unpinned segments increases, the stress ampli-
tude decreases along x and the probability of unpinning also
decreases.
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The stochastic and dynamical unpinning process may be
pictured as follows. The critical length for A = 14.1 is es-
timated to be Lc = 0.85 μm from Eq. (18). According to
Eq. (13), the average impurity pinning length becomes LiA =
γ b at low temperature. If γ = 1, all the lattice sites along
the dislocation line are occupied by 3He atoms and unpinning
is impossible. We believe that a repulsive force between 3He
atoms results in γ much bigger than unity. Nevertheless, LiA

at 15 mK is smaller than Lc even with γ = 100 as shown in
Fig. 12. According to the distribution of the impurity pinning
lengths, Eq. (11), some of the impurity segments may be
much longer than LiA. In addition, individual impurity pinning
length may fluctuate because 3He impurity atoms can move
along the dislocation line at low temperetures due to quan-
tum tunneling. The condition of unpinning, Eq. (16), can be
occasionally satisfied due to the fluctuation and the disloca-
tion segment can be unpinned. All these processes are likely
involved in the observed slow relaxation shown in Fig. 6(c).
The relaxation time decreases to less than 10 s at 65 mK,
but no systematic study on the temperature dependence of the
relaxation time was made.

More work at temperatures between 10 and 100 mK is
clearly needed in elucidating the relaxation phenomena in
the unpinning process. Possible experiments include (1) in-
creasing A f systematically at Tmin to see the change in the
unpinning time, (2) applying a sudden DC stress and observ-
ing the dislocation unpinning, and (3) a kind of pump-probe
method in which a large amplitude RF pulse is applied on the
transmitter and the subsequent ultrasound response is mea-
sured.

G. Thermal effects at low temperatures

At temperatures below 200 mK in the underdamped
regime, the damping of dislocation vibration due to the flutter-
ing mechanism can be neglected. The reversible temperature
dependences of α and δv/v at low drive level such as the
data at A = 1.12 in Fig. 3 are due to pinning and unpinning
of dislocations by 3He impurities which occurs uniformly in
the whole sample irrespective of the magnitude of LN . These
effects of temperature are quite different from those of stress
that causes unpinning preferentially in the region at higher
amplitude and for the dislocation segments with longer pin-
ning length.

Thus the temperature dependences of α and δv/v at low
drive level originate from that of LA(T ). Numerical calcula-
tions of αd and LA(T ) using the parameters for the sample
11 provide αd = 0.1 dB and LA(T ) = 0.7 μm at 74 mK;
αd = 1 dB and LA(T ) = 0.95 μm at 80 mK; and αd = 10 dB
and LA(T ) = 1.7 μm at 105 mK. Similar calculation of δvd/v

shows that a minimum of δvd/v = −1.1 × 103 occurs at
98 mK where LA(T ) = 1.5 μm. It indicates that the velocity
minimum occurs at LA/L0 = 0.2 when the exponential distri-
bution is assumed.

Numerical value of δvd/v in the network-pinned state
calculated with Eqs. (4) and (7) shows that δvd/v < 0 for
LnA < 2.6 μm corresponding to the case of the sample 8 at
temperatures above 150 mK (see Fig. 9), while δvd/v > 0 for
LnA > 2.6 μm corresponding to the case of the sample 6 at
temperatures above 100 mK (see Fig. 8).

VI. CONCLUSION

A systematic study of 9.6 MHz ultrasound propagation
in solid 4He was made between 1.2 K and 15 mK. The
attenuation and the changes in the speed of propagation
were measured as functions of temperature and the drive
amplitude. Depending on the drive amplitude, the propaga-
tion characteristics showed linear, nonlinear, reversible and
hysteretic behaviors. Most of the observed behaviors in the
typical samples could be explained in terms of the interaction
between the ultrasound and the stringlike vibration of dislo-
cation lines that are strongly pinned at network nodes and
weakly pinned by 3He impurity. The small impurity concen-
tration at the level of 0.3 ppm in the typical samples plays a
crucial role in the ultrasound propagation at low temperature
below 200 mK.

There are two extreme states; the network-pinned state at
sufficiently high A f and the impurity-pinned state at suffi-
ciently low A f . The temperature dependencies of α and δv/v

in the network-pinned state can be described by the GL theory
with the T -independent distribution of the dislocation pinning
lengths similar to those in the single-crystalline 4He. Those
in the impurity-pinned state are described by the GL theory
including the T -dependent pinning effects of dislocations by
3He impurity atoms.

In our simplified model, the sample is divided in two
regions; the network-pinned region on the transmitter side
and the impurity-pinned region on the receiver side, and the
state of the sample is described with a single parameter r
which gives the T -, A f -, and history-dependent fraction of
network-pinned region of the sample.

When the sample is cooled from 1.2 K, the value of r
depends on the drive amplitude A f but not on T . When the
drive level is decreased from A f to Ai at Tmin, r becomes 0.
When A is increased at Tmin, r remains 0 up to A f = At (≈ 8).
When A f > At , r starts to increase with a long relaxation time.

In warming runs when A f < Ac(≈ 1.5), r remains 0
throughout and the attenuation increases at T > T2 where
thermal unpinning becomes appreciable. When the value of
A f is intermediate between Ac and At , for example A f = 4,
r remains 0 up to T1. Then thermally assisted stress-induced
unpinning starts at T > T1 and r starts to increase at the same
time. At temperatures T > T2, thermal unpinning becomes
dominant so that α continues to increase but r stays constant.

The present work has raised questions about pinning and
unpinning processes of dislocations by 3He impurities. The
origins of the short relaxation time for pinning as well as
the long relaxation time for unpinning are yet to be clarified.
Measurement on the temperature dependence of the relaxation
time may be helpful. In order to get a more comprehensive
picture, studies in the frequency range between 100 kHz and
1 MHz would be desirable. Ultrasound measurements on sin-
gle crystalline 4He samples at temperatures below 100 mK
are also desirable in order to study the pinning mechanism
of dislocations by 3He impurities. Possible effects of grain
boundaries in polycrystalline samples can be eliminated in
single crystals. Finally, a systematic study of the dependence
on 3He impurity concentration including ultra high purity
samples down to 10 mK and lower would be interesting to
explore the extent of the validity of our interpretations.
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APPENDIX A: CALIBRATION OF TRANSDUCERS

The relation between the ultrasound drive amplitude and
the stress exerted onto the solid 4He samples is roughly cali-
brated by measuring the losses and gains in the measurement
system components as shown in Fig. 18. The present esti-
mation is, however, uncertain by as much as a factor of two
due to incomplete impedance matching, acoustic mismatch,
and ringing of the transducer in the ultrasound experiment.
When the amplitude of the transmitter output is Vout = 80
mV and the variable step attenuator is arbitrarily set to αv =
41 dB, corresponding to the relative drive amplitude A = 1,
the voltage on the driver transducer is V0 = 2.53 mV. The
spectrometer signal through the solid 4He sample cooled to
near 15 mK is Vs = 2.5 mV. Assuming the attenuation in
the sample is negligible(see Sec. IV E), we can relate the
electrical input-output ratio to the gains and losses in the
system in Fig. 18 as −2X + 42 [dB] = 20 log10(Vs/V0) =
−0.1 [dB], or X = 21 dB, where X is the conversion loss at
the transducer/solid 4He interfaces.

FIG. 18. Energy diagram of the ultrasound system. Losses and
gains in the components in the measurement system are indicated.
The loss in the ultraminiature coaxial cable was calculated to be
12 dB by measuring the input (80 mV peak-to-peak RF pulse) and
output (20 mVp-p) through the cable. X is the transmission loss at
each of the interfaces from drive quartz transducer to solid 4He and
from solid 4He to receiver quartz transducer. When the variable step
attenuator is set to αv = 41 dB corresponding to A = 1, the applied
voltage on the drive quartz transducer is V0 = 2.53 mV. The output
signal amplitude of the spectrometer is Vs = 2.5 mV when the solid
4He sample is at our minimum temperature(∼15 mK).

Consider a voltage pulse of amplitude V and of time in-
terval τ . The corresponding electrical pulse energy is E0 =
(V 2/2Z0)τ, where Z0 = 50 � is taken as the cable impedance.
Using V/V0 = A, we can write

E0 = V 2
0

2Z0
τA2. (A1)

The mechanical pulsed energy E1 transmitted from the quartz
transducer into solid 4He is reduced by X = 21 dB,

E1 = E010−21/10 = 0.008E0. (A2)

The elastic energy is also written as

E1 = Clε
2
0

2

πD2

4
vτ, (A3)

where Cl = 5.6 × 107 Pa is the longitudinal modulus of hcp
4He, ε0 is the strain amplitude, D = 8.6 mm is the diameter
of the sample, and v = 534 m/s is the longitudinal speed
of sound. From Eqs. (A1) through (A3), it is found that
ε0 = 2.4 × 10−8A and the corresponding compressional stress
amplitude is σ0 = Clε0 = 1.36A Pa. Since the sample is prob-
ably polycrystalline and each grain is randomly oriented, the
relative angle between the sound propagation axis and the
c-axis on average is arbitrarily taken as θ = 45◦. Then, the
shear stress amplitude(σs) becomes,

σs = σ0 sin θ cos θ = 0.68A Pa, (A4)

and the corresponding shear strain amplitude(εs) is

εs = σs

Cs
= 4.8 × 10−8A, (A5)

where Cs = 1.4 × 107 Pa is the shear modulus. The shear
stress amplitude calibration is used in estimating the critical
force for unpinning of dislocation lines (see Appendix B).

APPENDIX B: CALCULATION OF r(Af )

We assume at first that the sample is a uniform medium
with the attenuation coefficient β. Ultrasound pulses are ex-
cited at x = 0 and propagate in the x direction. The local
amplitude of the pulses are given by

A(x) = A f exp(−βx), (B1)

where A f is the relative drive amplitude at x = 0. The local
shear stress σs(x) is proportional to A(x) [see Eq. (A4)] and
the local critical length Lc(x) is inversely proportional to σs(x)
[see Eq. (17)], so that Lc(x) is inversely proportional to A(x);

Lc(x) = q

A(x)
= q

A f
exp(βx), (B2)

where

q = 2Fc

bσs(x)
A(x) = 2Fc

0.68b
. (B3)

Equation (A4) is used in the second equality.
We next assume that the position, x0, of the boundary

between network- and impurity-pinned regions is determined
by the condition

Lc(x0) = L0. (B4)
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From Eqs. (B2) and (B4), x0 and r are determined to be

x0 = 1

β
ln

A f L0

q
(B5)

and

r(A f ) = x0

xm
= 1

βxm
ln

A f L0

q
. (B6)

Note the range of r is between 0 and 1, so that r = 0 for A f �
q/L0 and r = 1 for A f � (q/L0) exp(βxm).

When we fit the data of r except for A f = 1.12 shown in
Fig. 16 with Eq. (B6), we obtain

r(A f ) = 1

2.5
ln

A f

1.54
. (B7)

Comparing Eq. (B7) with Eq. (B6), we obtain q = 1.54L0 =
1.2 × 10−5 m,

Lc(x)[m] = 1.2 × 10−5

A(x)
(B8)

from Eq. (B2), and Fc = 1.5 × 10−15 N from Eq. (B3). We
also obtain βxm = 2.5 which leads the attenuation in the uni-
form sample with the attenuation coefficient β and length xm

to be

20 log10
A f

A(xm)
= 21.7 dB. (B9)

This value is consistent with the attenuation in the network-
pinned state shown in Fig. 10, α1(Tmin) = 23.2 dB.

The numerical values in Eqs. (B8) and (B9) are rather
reliable. The numerical value of Fc, on the other hand, is

likely accurate only to an order of magnitude owing to various
uncertainties in deriving Eq. (A4).

APPENDIX C: RELATION BETWEEN Eb AND Fc

The interaction energy between an edge dislocation lying
along the z axis at (0,0) and a 3He impurity atom at (x, y) is
given by [2]

W (x, y) = 4(1 + ν)

3(1 − ν)
μbera

3δ
y

x2 + y2
, (C1)

where x and y are the coordinates of the impurity parallel and
perpendicular to the slip plane, respectively, ν is the Poisson’s
ratio, μ is the shear modulus, be is the edge component of the
Burgers vector, ra is the atomic radius of a 4He atom, ra(1 +
δ) is that of a 3He atom, and δ is the misfit parameter. We
note be = b for a perfect edge dislocation on the basal plane
and ra = b/2, where b is the lattice parameter. The most stable
position of the impurity is (0,−b) so that the binding energy
is given by

Eb = W (∞,−b) − W (0,−b) = (1 + ν)

6(1 − ν)
μb3δ. (C2)

The critical force is given by

Fc =
(

∂

∂x
W (x,−b)

)
max

=
√

3(1 + ν)

16(1 − ν)
μb2δ, (C3)

which occurs at x = b/
√

3. We obtain from Eqs. (C2)
and (C3),

Fc = 3
√

3

8

Eb

b
≈ 0.65

Eb

b
. (C4)

Fefferman et al. [21] mention Fc ≈ E/4b in contrast with
Eq. (C4).
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