
PHYSICAL REVIEW B 102, 184413 (2020)

Theory of domain-wall magnetoresistance in metallic antiferromagnets

Jun-Hui Zheng ,1 Arne Brataas ,1 Mathias Kläui,2,1 and Alireza Qaiumzadeh 1

1Center for Quantum Spintronics, Department of Physics, Norwegian University of Science and Technology, NO-7491 Trondheim, Norway
2Institute for Physics, Johannes Gutenberg-University Mainz, 55128 Mainz, Germany

(Received 16 April 2020; revised 17 September 2020; accepted 27 October 2020; published 11 November 2020)

We develop a theory to compute the domain-wall magnetoresistance (DWMR) in antiferromagnetic metals
with different spin structures. In the diffusive transport regime, the DWMR can be either negative or positive
depending on the domain-wall orientation and spin structure. In contrast, when the transport is in the ballistic
regime, the DWMR is always positive, and the magnitude depends on the width and orientation of the domain
wall. Our results pave the way for using electrical measurements for probing the internal spin structure in
antiferromagnetic metals.

DOI: 10.1103/PhysRevB.102.184413

I. INTRODUCTION

Antiferromagnetic (AFM) materials are promising candi-
dates for next-generation spintronic nanodevices with advan-
tages of low-power consumption, fast spin dynamics, and
small size [1,2]. In AFM memory devices, the data are stored
in domains separated by domain walls (DWs) [3]. Highly
efficient manipulation and accurate detection of AFM spin
structures are essential for further developing the frontier of
this field [1,4]. The most extensively explored mechanisms for
writing magnetic states in AFM metals so far are spin-transfer
torques and spin-orbit torques [1,4]. The magnetic state in
a single domain can be electrically read out by measuring
the anisotropic magnetoresistance (AMR) [5], the tunneling
magnetoresistance (MR) [6] in AFM spin valves, and the
tunneling AMR [7,8].

The comprehensive interplay between charge or spin cur-
rents and DWs brings diverse interesting phenomena and
opens new opportunities for spintronic applications. The spin
dynamics of DWs have been systemically studied in the
presence of charge and spin currents in both ferromagnetic
(FM) and AFM systems [9–34]. These studies greatly en-
rich the methods of electrically manipulating the magnetic
texture. Conversely, how itinerant electrons scatter off a DW
conveys magnetic texture information. Charge and spin cur-
rents scattering from FM DWs [35–45] and spin currents
scattering from AFM DWs [30–32,46,47] have also been ex-
plored extensively. Yet how charge currents are scattered by
AFM DWs and the associated domain-wall magnetoresistance
(DWMR) remain unexplored theoretically. Related studies
could provide useful means for the detection of AFM domain
structures.

In FM metals, a DW usually acts as an effective magnetic
barrier and increases the MR [35–40]. Negative DWMR might
appear in special cases when either the DW enhances the
electron decoherence and reduces the weak localization in dis-
ordered systems [36] or the relaxation time is spin dependent
[48]. AFM metals, on the other hand, have more complex

magnetic textures than FM metals [49]. Consequently, the
AFM DWMR may exhibit more exotic properties [50]. Re-
cently, an experimental study on charge transport in the AFM
metal Mn2Au has reported a surprising AMR with the oppo-
site sign to the typical AMR in FM systems and furthermore
AFM DWMR signatures were found that are not understood
on a theoretical level so far [51,52]. This clearly calls for a
study to fill the gap of a missing theory of AFM DWMR
to complete the understanding of DWMR in systems with
different magnetic orderings and symmetries.

In this paper, we formulate a framework to explore the
DWMR in AFM metals in cubic lattices with A-type, C-type,
or G-type AFM spin structure as shown in Fig. 1. Our for-
malism is general and can be used for other AFM lattices.
Assuming that the DW is pinned, we investigate the charge
transport in the direction perpendicular to the DW. The local
magnetic moments of the neighbors in the charge current
direction may be ordered in parallel (ferromagnetically) or
in antiparallel (antiferromagnetically). We name these two
configurations as parallel (P) and staggered (S) configurations,
respectively (see Fig. 1). Assuming that the Fermi wavelength
lF is much smaller than the DW width w, we treat the trans-
port problem in the diffusive regime and the ballistic regime,
separately. The two regimes correspond to different cases in
which the mean free path of the itinerant electrons is signifi-
cantly smaller than the DW width, lMFP � w, and oppositely
lMFP � w.

In Fig. 2, we schematically present our main result. We find
that the DWMR is always positive in the P configurations. In
addition, its magnitude is proportional to 1/w in the diffusive
regime and 1/w2 in the ballistic regime. These behaviors are
very similar to the DWMR in FM metals [40]. In contrast,
the DWMR in the S configurations strongly depends on the
ratio between the DW width and the mean free path as well
as the doping level. In this case, the DWMR is negative in the
diffusive regime for most doping levels. The DW promotes
rather than hinders the electron mobility. This is because the
DW can effectively suppress the magnetic staggering stiffness
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FIG. 1. A-type, C-type, and G-type AFM structures. The black
vectors show the direction of the charge current jx . In parallel (P)
and staggered (S) configurations, spins are parallel and antiparallel
for neighbors in the direction of the current, respectively. The DW is
perpendicular to the current direction.

and thus enhance the electron mobility. On the other hand, in
the ballistic regime, the DWMR becomes positive. It is pro-
portional to 1/w near-half filling (about one electron per cubic
cell) and vanishes in the low filling. Consequently, the DWMR
changes its sign when the DW width becomes comparable to
the mean free path for the intermediate electron filling case in
the S configurations.

The rest of this paper is structured as follows. In Sec. II, we
introduce the generic Hamiltonian and its symmetry. In Secs.
III and IV, we develop the diffusive transport theory and the
ballistic transport theory separately and calculate the DWMR.
In Sec. V, we give a short conclusion.

II. HAMILTONIAN

We model the itinerant electrons in two-sublattice AFM
metals, containing antiferromagnetically coupled A and B
sublattices, with the following generic Hamiltonian:

H = −Jn(x) · στz + h1(k)σ0τx + h2(k)σ0τ0, (1)

FIG. 2. Domain-wall magnetoresistance (DWMR) Rw as a func-
tion of DW width w. In P configurations, the DWMR is positive. In
S configurations, it depends on the ratio between the domain wall
width and the mean free path of the electrons lMFP. In the diffusive
regime, the DWMR is negative in most cases while in the ballistic
regime the DWMR is positive. Here, lF is the Fermi wave vector.

TABLE I. Hamiltonian H and the spin-spiral spectrum Es
ζ .

Type
H = −Jn · στz + h1(k)σ0τx + h2(k)σ0τ0 and spectrum Es

ζ ,
with s, ζ = ±1

As

h1 = −2t cos kx

h2 = −2t (cos ky + cos kz )
Es

ζ = −2t cos ky − 2t cos kz

+2ζ t sin λ

2 sin kx + s
√

4t2 cos2 λ

2 cos2 kx + J2

Ap

h1 = −2t cos ky

h2 = −2t (cos kx + cos kz )
Es

ζ = −2t cos λ

2 cos kx − 2t cos kz

+s
√

4t2(cos ky − ζ sin λ

2 sin kx )2 + J2

Cs

h1 = −2t (cos kx + cos ky )
h2 = −2t cos kz

Es
ζ = −2t cos kz + 2ζ t sin λ

2 sin kx

+s
√

4t2[cos λ

2 cos kx + cos ky]2 + J2

Cp

h1 = −2t (cos ky + cos kz )
h2 = −2t cos kx

Es
ζ = −2t cos λ

2 cos kx

+s
√

4t2(cos ky + cos kz − ζ sin λ

2 sin kx )2 + J2

Gs

h1 = −2t (cos kx + cos ky + cos kz )
h2 = 0
Es

ζ = 2ζ t sin λ

2 sin kx

+s
√

4t2[cos λ

2 cos kx + cos ky + cos kz]2 + J2

where k is the electron wave vector and J is the strength of
the s-d exchange interaction between the itinerant electrons
and the staggered local magnetization n [1,53]. Without loss
of generality, we consider a Néel-type DW perpendicular to
the x axis. The local magnetization is parametrized as

n(x) = (sin θ cos φ, sin θ sin φ, cos θ ), (2)

where φ is the azimuthal angle, which is a constant in Néel
DWs, and θ is the polar angle, which depends on the position
along the x direction. The Pauli matrices τ and σ act on the
two-sublattice subspace and the spin subspace, respectively.
The structure factor

h1(k) = −t
∑

d

cos (k · d ), (3)

describes inter-sublattice hopping between the antiferromag-
netically ordered nearest-neighbor (A-B sites) with connec-
tion bonds d. The structure factor

h2(k) = −t
∑

b

cos (k · b), (4)

governs intra-sublattice hopping between ferromagnetically
ordered nearest-neighbors (A-A or B-B sites) with connection
bonds b, if such hoppings exists; e.g., for the G-type AFM
structure, this term is zero. The explicit forms of h1 and h2 for
each AFM spin structure are shown in Table I.

Since the Hamiltonian is spatially dependent along the x
direction, we replace the wave vector k with the operator k̂ =
(−i∂x, ky, kz ), where the components ky and kz remain good
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quantum numbers. Next, we apply a gauge transformation,

R(x) = exp

[
− iφσz

2

]
exp

[
− iθ (x)σy

2

]
, (5)

which makes the exchange term spatially uniform [36], i.e.,

R−1[n(x) · σ]R = σz. (6)

Simultaneously, the operator −i∂x in the hopping terms h1 and
h2 also becomes

R−1[−i∂x]R = −i∂x − λ(x)σy

2
, (7)

where λ(x) = dθ/dx describes the spatial gradient of the DW
texture. The DW now induces a non-Abelian gauge potential
λ(x)σy/2 inside the hopping terms, which vanishes far from
the DW. To make the matrix representation of the Hamiltonian
more elegant, we further apply a global rotation transforma-
tion:

T = exp
[
− iσxπ

4

]
exp

[
− iτyπ

4

]
. (8)

Finally, the Hamiltonian in the rotated basis becomes

Hr = [R(x)T ]−1HR(x)T

= Jσyτx + h1

(
k̂ + λσz

2
ex

)
τz + h2

(
k̂ + λσz

2
ex

)
, (9)

where ex = (1, 0, 0). As well as the charge conservation,
the rotated Hamiltonian has pseudospin conservation, since
[ζ ,Hr] = 0, where ζ = σzτz is the pseudospin operator. The
matrix form of Hr is block diagonal. The spin-spiral spectrum
of Hr with a constant λ are shown in Table I.

In the following, we compute the DWMR in both diffusive
and ballistic regimes using this rotated Hamiltonian. The lat-
tice constant is set to be a = 1 for simplicity. We assume that
the DW texture is modeled by [30,31]

cos θ = tanh
(πx

w

)
. (10)

Then, the gradient of the DW texture is maximum at the DW
center, |λ|max = π/w.

III. DIFFUSIVE TRANSPORT THEORY

When the mean free path is significantly shorter than the
DW width w, electrons move diffusively. The corresponding
DWMR in FM systems has previously been evaluated us-
ing perturbative quantum field theory [36,40] and Boltzmann
transport theory [37]. To circumvent the complicated evalua-
tion of Feynman diagrams in quantum field theory, we provide
an alternative and considerably simpler method for computing
the diffusive transport when the DW is wide w � lF and λ(x)
varies slowly.

As shown in Fig. 3, we divide the system into a series
of small spin-spiral segments with length 
xi. Each segment
has a constant spin-spiral gradient λi = λ(x̄i ), where x̄i is the
center position of the ith segment. In the diffusive regime,
Ohm’s law applies. Since the pseudospin is conserved, the
two pseudospin flavors ζ = ±1 function as parallel resistor
circuits. For each pseudospin flavor ζ , the resistance of a

FIG. 3. The equivalent resistor circuit of an AFM system in the
diffusive regime.

series resistor circuit is given by the sum of resistances of
infinitesimal resistor elements,

Rζ =
∑

i


xi

σζ (λi )S
=

∫ L/2

−L/2

dx

σζ (λ)S
, (11)

where σζ (λi) is the conductivity of the ith spin-spiral segment
with pseudospin ζ , L is the system length along the x axis,
and S is the cross section. The total resistance of the system
R consists of the two pseudospin flavors in parallel, 1/R =
1/R+ + 1/R−. The DWMR is the difference between the total
MR in the presence and in the absence of a DW,

Rw = R − R0 � −σ−2
0 S−1

∫ L/2

−L/2
δσdx, (12)

where R0 = L/Sσ0 is the MR of a single AFM domain,

σ (λ) = σ+(λ) + σ−(λ) (13)

is the total conductivity in a spin-spiral segment, σ0 = σ (0),
and δσ = σ (λ) − σ0. In Eq. (12), we have used that in a
uniform domain σ+(0) = σ−(0). Now, the problem of DWMR
has been reduced to the calculation of the conductivity σζ (λ)
in a spin-spiral segment. Note that depending on specific
materials, the system can have different electron filling per
cubic cell.

In a low-filling regime, where only the low-energy states
are occupied, the chemical potential μ is close to the band
bottom at −6t . The low-energy eigenvalues of Hr for a spin-
spiral segment with a constant λ becomes especially simple.
From the spectrum shown in Table I, up to the second order in
λ and kα , we find

E � δE + (kx − kc)2

2m∗
x

+ k2
y

2m∗
y

+ k2
z

2m∗
z

+ const. (14)

Here, the anisotropic effective mass of electrons is m∗
α =

gκ/2t2 or 1/2t , when the spins are staggered or parallel
for neighbors along the α axis. The numerator is defined
as gκ =

√
t2 + J2/4κ2, where κ = 1, 2, and 3 for A-type,

C-type, and G-type AFM structures, respectively. A finite
spin-spiral gradient leads to a shift in the momentum kc ∝
λ and the energy δE = Zκλ

2/m∗
x , where Zκ = J2/(32g2

κκ
2)

for P configurations and Zκ = −J2/(32t2κ2) for S config-
urations, respectively. The spectrum (14) is similar to the
spectrum of a free electron model and thus we can use the
Drude formula for conductivity. The Drude conductivity along
the x direction is given by

σ (λ) = e2nτ/|m∗
x |, (15)
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where n = kx
F ky

F kz
F /3π2 is the electron density, kα

F is the
anisotropic Fermi wave vector, and τ is the electron lifetime.
Using Eq. (12), we find that the relative change in the MR due
to the DW becomes

Rw

R0
= 6πZκ

(
lx
F

)2

Lw
, (16)

where lα
F = 1/kα

F is the anisotropic Fermi wavelength.
Equation (16) shows that in P configurations, Ap and Cp

cases, the DWMR is positive similar to FM systems. In con-
trast, in S configurations, As, Cs, and Gs cases, the DWMR
becomes negative, because the coefficient Zκ is negative. The
counterintuitive phenomena that these DWs reduce the MR
can be interpreted from the Drude’s formula. In S config-
urations, since the energy shift induced by a spin-spiral is
negative, the local electron density and also the local conduc-
tivity inside the DW are enhanced. In other words, the DWs
soften the effects of the staggered field.

Next, we consider a general case with arbitrary electron
filling. Note that, for a spin-spiral with a constant gradient λ,
the momentum kx becomes a good quantum number in Hr .
Using the Kubo formalism [54], we prove that the conductiv-
ity for each pseudospin becomes

σζ (λ) = e2τ
∑

s

∫
BZ

d3k
(2π )3

(
vζ s

x

)2
δ
(
Es

ζ − μ
)
, (17)

where vζ s
x = ∂Es

ζ /∂kx is the group velocity of electrons in
the sth band of pseudospin ζ . The relative DWMR can be
shown to be Rw/R0 ∝ 1/w. Technical details can be found
in Appendix A. In the low-filling limit, Eq. (17) is consistent
with the Drude conductivity (15). We can also rewrite the
conductivity (17) as σζ (λ) = e2τv2

x ρ
μ
ζ , where ρζ (μ) is the

density of states (DOS) and
√

v2
x is the average velocity along

the x direction at the chemical potential μ for pseudospin
ζ . This expression clearly shows that the conductivity can
be enhanced by increasing either the DOS or the average
velocity.

In Fig. 4(a), we plot the relative DWMR as a function
of chemical potential for a DW with λmax = 0.3/a. The
DW width is w � 10.5a. The result shows that for differ-
ent chemical potentials, the DWMR usually is negative in
S configurations and always is positive in P configurations.
To understand this phenomena, in Fig. 5, we confirm that
the ratios of the conductivity of uniform domains (λ = 0) for
different AFM types, σ

As
0 /σ

Ap

0 and σ
Cs
0 /σ

Cp

0 , are significantly
smaller than one. Since the single AFM domains of As type
and Ap type, or Cs type and Cp type, share a common DOS,
the ratio less than 1 means that the electron mobility (or the
averaged velocity) is suppressed in the direction that neigh-
boring magnetic moments are staggered. We interpret that
in S configurations a spin spiral can effectively suppress the
magnetic staggering stiffness and thus enhance the electron
mobility. This explains the formation of negative DWMR in
S configurations. In Fig. 4(a), we also find that, in several
energy regions in S configurations, the DWMR becomes posi-
tive. These phenomena are usually accompanied by significant
suppression of DOS (corresponding to the conducting chan-
nels) due to the spin spiral as shown in Fig. 6.

FIG. 4. The relative DWMR Rw/R0 as a function of the chemical
potential μ. The DW width is w � 10.5a and we set J = t . We show
the results for negative chemical potential. The part with positive
chemical potential is symmetric with the negative part. Here, L is
the length of the system and a is the lattice constant.

IV. BALLISTIC TRANSPORT THEORY

When the electron’s mean free path is much larger than the
DW width, by using the Landauer approach, the conductance
in the x direction at zero temperature is

G = e2S
∑
ζ s

∫ vζ s
x >0

BZ

d3k
(2π )3

vζ s
x |λ=0Tζ s,kx δ

(
Es

ζ |λ=0 − μ
)
, (18)

where Tζ s,kx is the transmission coefficient for each channel
[55]. Since λ(x) varies slowly, the adiabatic approximation
can be applied. In other words, we can treat the mo-
tion of electrons classically by using Hamilton’s equations,
ẋ = ∂kx E

s
ζ (λ(x), kx ) and k̇x = −∂xEs

ζ (λ(x), kx ). The two vari-
ables ky and kz are hidden since they are conserved during
the evolution. The transmission coefficient becomes Tkx = 1
for open channels and Tkx = 0 for closed channels. The
DWMR is determined by how many channels become closed
due to the DW. Note that the electrons’ motion follows
the law of conservation of energy. The DW, as an aisle,

FIG. 5. The ratio of diffusive conductivity in a single AFM
domain with S configuration and P configuration. The ratio is sig-
nificantly less than 1.
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FIG. 6. Density of states (DOS) for As, Cs, and Gs cases.

only allows injecting electrons within the energy window
[ min(Es

ζ ), max(Es
ζ )]λ=λmax

for fixed ky and kz set by the DW
to pass through. Technically, for an injecting electron with
E = Es

ζ (λ = 0, k0
x ), the channel is open if there is a solution

of kx near to k0
x for the equation E = Es

ζ (λmax, kx ).
In the low-filling limit, using the low-energy spectrum

(14), we obtain the resistance of a single AFM domain,
R0 = (4π2h̄/e2)(ly

F lz
F /S). For all S configurations, the DWs

are transparent and cause no additional resistance, since all
low-energy channels are open due to the negative energy shift
δE . However, for P configurations, δE is positive, and we
obtain the relative DWMR:

Rw

R0
=

(
π lx

F

)2

w2
2Zκ . (19)

The situation differs in the moderate-filling case. For in-
stance, in the As case, the local dispersion with gradient λ is

E±
ζ = −2t (cos ky + cos kz ) + 2ζ t sin(λ/2) sin kx

±
√

4t2 cos2(λ/2) cos2 kx + J2. (20)

We rewrite the energy in the form

E±
ζ (λ, kx ) = E±

ζ (λ = 0, kx ) + Veff[λ(x), kx]. (21)

Different models can use a similar decomposition. Here we
find near kx = π/2 (which can not be occupied in the low-
filling limit) the effective potential Veff ∼ ±2tλ(x)/2 for a
small λ. This quantity tunes the energy window in the DW.
In S configurations, the leading order of tuning the window is
∝ λmax and thus δRr ∝ 1/w. Similar discussion works for P
configurations. However, the leading order of tuning the win-
dow becomes proportional to λ2

max, resulting in δRr ∝ 1/w2

as the low-filling case.
In Fig. 4(b), we plot the relative DWMR for a 180◦ DW

with λmax = 0.3/a. We see in S configurations it vanishes for
a low-filling case, but becomes significantly larger than that in
P configurations in a moderate-filling case.

V. CONCLUDING REMARKS

We have developed a formalism to compute the MR from
magnetic textures in AFM metals in diffusive and ballistic
regimes. In AFM systems, the DWMR exhibits a more com-
plex behavior as compared to FMs. The AFM DWMR can be
negative in the diffusive regime even in the absence of spin-
dependent relaxation time and spin-orbit couplings, which
contrasts with the FM case. This unique feature arises because
DWs soften the effects of the staggered magnetic moments in
AFM metals.

Our results stimulate further DWMR measurements to re-
veal the properties of AFM metals. In the diffusive regime,
since the sign of DWMR is sensitive to spin configurations,
measuring the MR provides information on the configuration
along the current direction. The qualitative dependence of the
DWMR on DW properties is measurable by varying the DW
width through mechanical strains or magnetic fields in con-
junction with magnetic imaging using x-ray magnetic linear
dichroism contrast [46,51].
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APPENDIX A: CHARGE CONDUCTIVITY IN THE
SPIN-SPIRAL SEGMENT

The pseudospin ζ is a conserved in our systems. Below
we focus on each subspace with ζ = ±1. For the simplicity
of notation, we hide the index ζ in the following. For a
spin-spiral segment with a constant gradient λ, the momentum
kx in the rotated Hamiltonian Hr becomes a good quantum
number. Correspondingly, the current operator in the rotated
basis (ĉ†

k,s) is

ĵx =
∑
k,s,s′

ĉ†
k,sJss′ (k)ĉk,s′ , (A1)

where J (k) = ∂kxHr (k) and s represents the internal degree
of freedom besides the pseudospin ζ .

Next, we introduce a unitary transformation Uk to di-
agonalize the Hamiltonian, Hr (k) = U †

k �kUk, where �k =
diag{E+(k), E−(k)} is a diagonal matrix. In the eigenbasis of
the Hamiltonian, d̂k = Ukĉk, the current operator becomes

ĵx =
∑
k,s,s′

d̂†
k,sJk;ss′ d̂k,s′ , (A2)

where Jk = UkJ (k)U †
k .

The conductivity in the Kubo formalism is [54]

σ = lim
ω→0

{
Im[π (iωn → ω + iδ)]

ω

}
, (A3)

184413-5



ZHENG, BRATAAS, KLÄUI, AND QAIUMZADEH PHYSICAL REVIEW B 102, 184413 (2020)

where the current-current correlation is

π (iωn) = 1

V

∫ β

0
dteiωnt 〈Tt ĵx(t ) ĵx(0)〉

= 1

β

∑
p

∫
d3k

(2π )3
Tr[JkGk(ip + iω)JkGk(ip)]. (A4)

The single-particle Green’s function Gk(ip) is a diagonal ma-
trix. In the Lehmann representation, we have

Gk;s,s′ (ipn) = δs,s′

∫
dε

2π

As(k, ε)

ipn − ε + μ
, (A5)

where the spectral density is

As(k, ε) = 2
k

(Es − ε)2 + 
2
k

. (A6)

In the above, s = ± and 
k = 1/2τk, where τk is the lifetime
of the quasiparticle.

Using these formulas and using the same techniques devel-
oped in Sec. 8.1 of Mahan’s book [54], we can directly obtain
the conductivity,

σ =
∑
s,s′

∫
d3k

(2π )3

dε

4π
Jk;s,s′Jk;s′,sAs(k, ε)As′ (k, ε)δ(ε − μ).

(A7)
Note that for a large τk (i.e., a small 
k), we have

As(k, ε)As′ (k, ε) � 4πδ(ε − Es)τk, (A8)

when Es = Es′
[54], and

As(k, ε)As′ (k, ε) = 0, (A9)

when Es 
= Es′
. On the other hand, using the fact that

Jk = UkJ (k)U †
k = Uk[∂kx (U †

k �kUk)]U †
k , (A10)

we obtain

Jk = Uk
(
∂kxU

†
k

)
�k + ∂kx �k + �k(∂kxUk)U †

k . (A11)

Thus, for Es = Es′
, we have

Jk,s,s′ = [Uk(∂kxU
†
k ) + (∂kxUk)U †

k ]s,s′Es′
k + δs,s′∂kx E

s′
k

= δs,s′∂kx E
s
k. (A12)

We further assume that τk = τ and finally obtain

σ = e2τ
∑

s

∫
d3k

(2π )3

(
vs

x

)2
δ(Es − μ), (A13)

where vs
x = ∂kx E

s
k . We have added the factor e2, which is set

to 1 in the above derivation.
By expanding Eq. (A13) as a function of the gradient λ, the

correction from spin-spiral is of the order of λ2. The relative
DWMR becomes

Rw

R0
= πCdiffuse

Lw
, (A14)

where

Cdiffuse = −e2τ

σ0

∑
ζ ,s

∫
BZ

d3k
(2π )3

F2
[
Es

ζ

]
δ
(
Es

ζ |λ=0 − μ
)
,

(A15)
and

F2[E ] =
[

Ë ′E ′ − 2Ė Ė ′′ − ËE ′′ + E ′′′

E ′ Ė2

−E ′′2

E ′2 Ė2 + 2E ′′

E ′ Ė Ė ′
]∣∣∣∣∣

λ=0

. (A16)

We have used the convention that Ė = ∂λE and E ′ = ∂kx E .
Equation (A14) demonstrates that, in the diffusive transport
regime, the DWMR is inversely proportional to the DW width.
The following calculation is the detail for the expansion.

APPENDIX B: EXPANSION OF EQ. (A13)

We start from the integral

I =
∫

BZ

d3k
(2π )3

v2δ(E − μ), (B1)

where E (k, λ) and v(k, λ) = E ′ = ∂kx E are functions of k and
λ. Using the convention Ė = ∂λE , we expand the velocity v

and the δ function around λ = 0,

v2δ(E − μ) =
(

v0 + v̇0λ + 1

2
v̈0λ

2

)2(
δ0 + δ̇0λ + 1

2
δ̈0λ

2

)
,

(B2)

where v0 = v|λ=0 and δ0 = δ(E |λ=0 − μ). Order by order ex-
panding the function v2δ(E − μ), we obtain coefficients for
λi as follows,

λ0 : v2
0δ0, (B3a)

λ1 : 2v0v̇0δ0 + v2
0 δ̇0, (B3b)

λ2 : v̇0v̇0δ0 + v0v̈0δ0 + 1
2v0v0δ̈0 + 2v0v̇0δ̇0. (B3c)

184413-6
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For simplicity, we omit the foot index 0 but keep in mind
λ → 0. Note that δ̇ = Ė∂Eδ = Ėδ′/v and

δ̈ = ∂

∂λ
(Ė∂Eδ) = Ë∂Eδ + Ė

∂

∂λ
(∂Eδ)

= Ë∂Eδ + Ė2
(
∂2

Eδ
) = Ë

v
δ′ + Ė2 1

v

∂

∂kx

(
1

v
δ′

)

= Ë

v
δ′ + Ė2 1

v2
δ′′ − Ė2 v′

v3
δ′. (B4)

Substituting these expansions into the integral (B1), integra-
tion by parts shows that these coefficients become

λ1 : [(E ′Ė ′ − E ′′Ė )]|λ=0δ(E |λ=0 − μ), (B5)

λ2 :

[
1

2
Ë ′E ′ − Ė Ė ′′ − 1

2
ËE ′′ + 1

2

E ′′′

E ′ Ė2

−1

2

E ′′2

E ′2 Ė2 + E ′′

E ′ Ė Ė ′
]∣∣∣∣∣

λ=0

δ(E |λ=0 − μ). (B6)

As a result, for both ζ , we obtain

δσ = e2τ
∑
ζ ,s

∫
BZ

d3k
(2π )3

{
λF1

[
Es

ζ

]

+ λ2

2
F2

[
Es

ζ

]}
δ
(
Es

ζ |λ=0 − μ
)
, (B7)

where F1[E ] = [E ′Ė ′ − E ′′Ė ]|λ=0. In our models, the parity
symmetry of the functions under kx → −kx determines that
the integral of F1 vanishes. Thus, the DWMR becomes

Rw = Cdiffuse

σ0S

∫ L/2

−L/2

λ2

2
dx = π

w

Cdiffuse

σ0S
. (B8)

Using R0 = L/σ0S, we finally obtain Eq. (A14).
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