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This paper investigates the temperature dependence of quantum information scrambling in local systems with
an energy gap, m, above the ground state. We study the speed and shape of growing Heisenberg operators as
quantified by out-of-time-order correlators, with particular attention paid to so-called contour dependence, i.e.,
dependence on the way operators are distributed around the thermal circle. We report large-scale tensor network
numerics on a gapped chaotic spin chain down to temperatures comparable to the gap which show that the
speed of operator growth is strongly contour-dependent. The numerics also show a characteristic broadening of
the operator wavefront at finite temperature 7. To study the behavior at temperatures much below the gap, we
perform a perturbative calculation in the paramagnetic phase of a 2 + 1D O(N) nonlinear sigma model, which
is analytically tractable at large N. Using the ladder diagram technique, we find that operators spread at a speed
/T /m at low temperatures, T < m. In contrast to the numerical findings of spin chain, the large N computation
is insensitive to the contour dependence and does not show broadening of operator front. We discuss these results
in the context of a recently proposed state-dependent bound on scrambling.

DOLI: 10.1103/PhysRevB.102.184303

I. INTRODUCTION

Quantum information scrambling has emerged as an im-
portant dynamical feature of interacting quantum systems
ranging from tabletop atomic systems to toy models of black
holes [1-7]. Scrambling refers to the way a closed chaotic
quantum system delocalizes initially simple information such
that it becomes inaccessible to all local measurements. Scram-
bling can be identified as a quantum analog of the classical
butterfly effect, as first discussed in a condensed matter
context [8], and more recently explored in the context of
holographic field theories and many-body systems such as the
SYK model [9-12]. Scrambling can be studied for generic
quantum systems by calculating out-of-time-ordered cor-
relation (OTOC) functions, which, for geometrically local
systems, gives rise to a state-dependent velocity of infor-
mation propagation—the butterfly velocity [13—15]. OTOC
functions can be measured for engineered quantum many
body systems in the laboratory, with many proposals [16-26]
and subsequent experiments [27-33].

For quantum systems at the semiclassical limit, the de-
viation of an OTOC function from its initial value grows
exponentially with time, with an exponent that can be viewed
as a quantum analog of the classical Lyapunov exponent
Ar [9], although the connection to classical chaos is subtle
[34,35]. Deforming the contour along which path integrals are
evaluated is a general technique one can use to regulate quan-
tities in field theory and it leads to different choices of OTOCs
at finite temperature, based on the contour on the thermal cir-
cle used to define it. One particular choice of contour leads to
a well-behaved version of the OTOC that obeys a bound [36],
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AL < 2m/B, where B is the inverse temperature. This bound
was later understood in the more general context of the growth
of operator complexity and thermalization [37,38]. However,
exponents arising from other versions of OTOCs can have a
strong dependence on the choice of contour [39,40].

In this work, we systematically study the temperature and
contour dependence of OTOCs in generic quantum systems
with spatial locality and a mass gap. Our motivation for this
study comes from two directions. First, we want to understand
possible contour dependence of OTOCsS in a nonperturbative
calculation. Second, we want to understand the temperature
dependence of various characteristics of scrambling as a sys-
tem is cooled below its mass gap. At high temperature, we
indeed find contour dependence of the OTOC. At low tem-
perature, where our expectation is that the physics is that of
a weakly interacting dilute gas of quasiparticle excitations,
we find that the rate of growth of scrambling is exponentially
suppressed while the butterfly velocity is of order the sound
speed. Technically, these results are obtained by studying a
gapped spin chain at large size numerically and a field theory
model analytically. The remainder of the introduction pro-
vides neccessary background material for our study.

A. Squared commutators

Consider a local quantum system, where the dynamical
degrees of freedom are operators supported on local subsys-
tems labeled by their positions in real space, X. An operator
Wy originally localized at position 0 can spread in real space
under a Heisenberg time evolution that generates Wy(¢). The
extent of its physical spreading can be diagnosed by taking its
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FIG. 1. Contour for the (a) regulated and (b) unregulated out of
time ordered correlators. The red points refer to the time evolved
operators Wy(t), and the blue points refer to the probe operators
Vx. The regulated and the unregulated correlators are distributed in
distinct ways along the thermal circle.

commutator with another local operator Vi, i.e., [Wy(¢), Vx].
The squared commutator, evaluated on a particular choice of
initial state, can quantify the extent of operator growth, as it is
a valid norm of the commutator.

However, in a quantum system at a finite temperature, T,
this norm can be evaluated in several ways. Let us denote p =
e PH /Tr(e=PM) as the thermal density matrix (8 = 1/T is the
inverse temperature). For any 0 < o < 1,

Cia)(t, X) = Tr(p“Wo(t), Vil o'~ [Wo(t), Vi), (1)

is a Frobenius norm of the thermally smeared commutator
PO 2[Wy (1), Vi1p*/?, which encodes a notion of the size of
operator spreading.

Two choices of the squared commutator which have been
studied in the literature, are the “regulated” squared com-
mutator, C.(¢, X) = Ci,2(¢, X), and the “unregulated” squared
commutator, C,(¢,x) = C;(t,x). When the expressions of
the regulated and unregulated squared commutators are ex-
panded, they contain terms which are thermally smeared
versions of out of time ordered four point correlators of the
form Wy (2)VxWy(t)Vy, evaluated on two distinct thermal con-
tours, as shown in Figs. 1(a) and 1(b). In this work, we study
these two squared commutators, and explore the difference in
the physics that they capture [39,40].

B. Lyapunov exponent, butterfly velocity, and wavefront
broadening

The squared commutator in holographic models, or in
quantum systems with a semiclassical limit, grows exponen-
tially at early times with a “Lyapunov exponent” Az, C(t) ~
e, In spatially local systems, the time argument can be
replaced by the appropriate ¢t — t — x/vp, where vp is a ve-
locity determining the speed of information scrambling, called
the “Butterfly velocity” [13,14,41,42]. The butterfly velocity
is state-dependent analog of the microscopic Lieb Robinson
velocity [43].

However, interacting local quantum systems which are not
in a semiclassical limit (that is, the number of local degrees of
freedom is finite, and not large as in the case for systems with
a semiclassical limit), show a qualitatively different behavior.
As studies of random unitary circuits [44,45], stochastic lo-
cal Hamiltonian spin models [46], and numerical studies on

deterministic quantum spin models [15,47-49] have shown,
the near wave-front behavior of the squared commutator is
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C(t, x) ~ exp <— > forx = vpt. (2)

This behavior satisfies a ballistically growing and a broad-
ening operator wavefront, x ~ vgt + #t?/0+P) where vy is the
Butterfly velocity and p is the broadening coefficient. For p =
1, the broadening is diffusive, which is observed in the case of
random unitary circuits [44,45]. This ballistic-diffusive form
does not exhibit an exponential “chaotic” behavior. Until now,
most studies of broadening were done at infinite tempera-
ture. However, unlike the “Lieb Robinson velocity” of local
quantum systems, the “Butterfly velocity” is a state-dependent
information spreading velocity. The Lieb Robinson bound is
formulated in terms of the matrix norm of the commutator,
while the squared commutator is evaluated for a particular
state. Since we can choose the state to be a Gibbs state at a
particular temperature, the butterfly velocity derived from the
squared commutator has a natural temperature dependence.
Furthermore the Lyapunov exponent and butterfly velocity
could depend nontrivially on the choice of the contour. In
this paper we explore these questions through a combination
of numerical studies on quantum spin systems and analytical
studies of tractable semiclassical field theory models.

C. Summary of our results

In this work we use a combination of numerical and
analytical techniques to study the temperature and contour
dependence of squared commutator in strongly interacting,
gapped, local quantum systems. We do this firstly using a
novel numerical technique based on matrix product operator
(MPO) representation of Heisenberg operators to study scram-
bling in 1D quantum spin chains. We can access both the
regulated and unregulated squared commutators in the early
growth regime for a gapped, local Hamiltonian for large spin
chains of O(200) spins upto long times ¢ ~ 100J~!, where
J~!is the interaction scale of the Hamiltonian. Next, we study
the low-temperature behavior of the squared commutator in
the paramagnetic phase of the 2 + 1D nonlinear O(N) model
using perturbative calculation of the ladder-sum for the OTOC
functions. We first list out the important results and the struc-
ture of the paper,

(1) In Sec. II, we introduce the MPO numerical technique
and apply it to calculate both the regulated and unregulated
squared commutators in 1D mixed field Ising Hamiltonian.
We observe a broadening of the expanding operator wave-
front at all temperatures. This broadening behavior had been
previously observed for the infinite 7 ensemble [15,44,45,47],
but here we confirm the persistence of the broadening behav-
ior even at low temperatures.

For the regulated squared commutator we notice a strong
temperature dependence of the broadening coefficient and
butterfly velocity. We observe that at temperatures lower than
the gap, B > m~!, the butterfly velocity is consistent with a
power-law [(Bm)~“ with a > 0] behavior.

For the unregulated squared commutator, on the other
hand, we observe that the butterfly velocity and the broaden-
ing coefficient have no observable temperature dependence,
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and in fact remain constant even as the temperature is tuned
from B =0to 8 > m~'. This confirms a strong contour de-
pendence of the OTOC [39,40]. We also numerically study
the contour dependence of 9;C(y) (¢, X) and make a comparison
with the chaos bound to demonstrate that the bound does not
apply to these squared commutators.

(2) While the MPO technique can access temperatures be-
low the gap, it is challenging to access very low temperatures.
To calculate the temperature dependence at low temperatures,
in Sec. III, we calculate the behavior of the regulated and
unregulated squared commutator in the paramagnetic phase of
the 2 + 1D nonlinear O(N) model. This is a gapped strongly
interacting theory for which we can analytically calculate
the scrambling behavior at large N using a diagrammatic
ladder technique. We find that the Lyapunov exponent is
A ~ e P"/B, and the butterfly velocity is vg ~ (Bm)~'/? at
low temperatures such that g > m~!. This shows that the
butterfly velocity has the same scaling as the speed of sound
of semiclassical massive particles. The field theory calculation
cannot, however, reproduce the broadening behavior or the
contour dependence, indicating that finite N corrections need
to be taken into account for those features.

(3) In Sec. IV, we summarize our results and compare
the numerical and analytical approaches. We discuss the rela-
tion between the temperature dependence of butterfly velocity
obtained in this paper with a recently derived temperature-
dependent bound on butterfly velocity [49]. The bound is
not sensitive to the contour dependence, and we show that
it is consistent with temperature dependence of the butterfly
velocities observed in Sec. I and I11.

II. MATRIX PRODUCT OPERATOR METHOD FOR
NUMERICAL CALCULATION OF SCRAMBLING

We now numerically study scrambling in a spatially local
quantum system, consisting of tensor product of finite di-
mensional local Hilbert spaces, like spins on a lattice. The
Hamiltonian is assumed to be a sum of geometrically local
terms, and the lattice has a well defined position label.

Operators acting on vectors in a Hilbert space H can be
viewed as vectors on a “doubled” Hilbert space H; ® Hg.
Here the tensor product structure refers to the two copies—
“left” and “right”—of the state Hilbert spaces. We introduce
the notation |..) to denote the operator as a vector. A local
operator acting on the 0 position in the lattice, |Wy), can be
time evolved in the Heisenberg picture,

[Wo (1)) = [UWoU,") = " HLOI=IH) |y, 3

One can now probe the evolved operator using a second local
operator at a position x by constructing its commutator,

10(x,1)) = [[Wo(), Vi) = (1 ® V] —Vx ®I)[Wo(1)), (4)

The squared commutator can be obtained by squaring this
operator which measures the extent of quantum information
scrambling in the system. The «-dependent squared commuta-
tor defined in Eq. (1) can be expressed as a norm of an operator
state, Cio) = (Ou (X, t, B)|Oy(X, t, B)), Where

10.(x, 1, B)) = [p"'"20(x, )p*/?). S

A. Model and numerical method

We consider the mixed field quantum Ising model,
= L L
H= —E—(Jzz,-zm +he) X +hzZz,->, (©)
O\ = i=1 i=1

with Ey = \/4J2 4 2h2 4 2h?, on a one dimensional lattice.
The X and Z matrices are the usual Pauli matrices. The

parameters chosen are, J = 1, h, = 1.05, h, = 0.5. Time is
measured in the units of J~! = 1. This is a gapped system,
and the spectral gap between the ground state and the first
excited state is ~1.13 as extracted from small size exact
diagonalization.

We want to calculate C, (¢, x) for large system sizes and
upto long times, and we employ the Matrix product operators
(MPO) based technique to time evolve operator states which
extends the time-dependent density matrix renormalization
group (t-DMRG) technique [50-53] to superoperators [15].
We first time evolve the local operator W by doing time
evolution using superoperator H @ I — I ® H* on the opera-
tor state, following Eq. (3). We also obtain |p) by evolving
the identity |I) operator state in imaginary time. Now, we
can construct the operator state |O,(f, X, 8)) as defined in
Eq. (5), for « = 1/2(1), and its norm squared is the required
(un)regulated squared commutator.

In the MPO based method, at each Trotter step, we
must truncate the MPO to a fixed bond dimension, thereby
introducing errors. However, we will demonstrate that our nu-
merical procedure converges (for small values of the squared
commutator) at large system sizes (L ~ 200) and up to long
times ¢ ~ 100, even at low temperatures, which makes it a
powerful method to study the temperature and contour depen-
dence of quantum information scrambling.

We consider a L = 200 spin chain with the mixed field
Ising Hamiltonian as in Eq. (6). We start with an operator X5,
a Pauli X operator localized at the site 20, and construct the
squared commutator with Z operators at all sites of the chain.
We perform the MPO-TEBD method with Trotter steps, 8t =
0.005 for time evolution (to generate X (¢)) and 68 = 0.05 for
imaginary time evolution (to generate p), for bond dimensions
x = 4, 8 (regulated) and x = 8, 16 (unregulated). To calcu-
late the regulated and unregulated squared commutators, we
need to construct the MPOs |O1,,2(t, x, 8)) and |0:(t, x, B)),
as defined in Eq. (5), respectively. For |O;,,) we need to per-
form two MPO multiplications, p'/* — [Xp(t), Zc]p'/* —
4 Xa0(t), Z1p'/*, while for |O;), we need to perform one
MPO multiplication, p'/? — [Xay(t), Z]p'/>. The details of
the numerical implementation, which include a comparison
to exact diagonalization, discussions on convergence with
bond dimension, and the fitting procedure, are provided in
Appendix A.

A heuristic justification of why the MPO approximation
works is as follows—it was shown in Ref. [15] that the com-
mutator [X (¢), Z,] has a small operator entanglement outside
the light-cone. It is also well understood that the thermal
density matrix p satisfies an area law in mutual information
[54], and hence is expected to be reliably approximated by
a low bond dimension matrix product operator. These two
arguments imply that the operator |O,(t, X, 8)) as defined
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FIG. 2. The contours of the logarithm of the regulated and unregulated squared commutator at different temperatures (a) 8 = 0 (unreg-
ulated), (b) B = 2 (unregulated), (c) 8 = 0 (regulated), and (d) 8 = 2 (regulated) are shown. For the unregulated case bond dimensions,
x = 8 and x = 16, and for the regulated case bond dimensions, y = 4 and x = 8, are considered. The data shows convergence even at low
temperatures for low values of the squared commutator. We demonstrate in Appendix A, in Fig. 13, that the data has converged with bond

dimension for log C, < —30, and for log C, < —15.

in Eq. (5), which is an MPO multiplication of powers of p
and the commutator [X(¢), Z,], should have a small operator
entanglement outside the light-cone (i.e., when the squared
commutator is small), and hence can be well approximated by
a low bond dimension MPO.

As has been pointed out previously, in Refs. [15,48,55],
the MPO-TEBD method can capture the qualitative features
of scrambling only if the scrambling data has converged with
bond dimension. We ensure that all our further analysis is
done on scrambling data only in the spatio-temporal domain
where it has converged with bond dimension. We plot the
contours of the squared commutator in Fig. 2, and demon-
strate that the contours converge very well for small values
of the squared commutator. The shape of the contours, where
the data has converged, show that the wavefront propagates
ballistically with a velocity.

B. Broadening of the wavefront

Without any numerical fitting, we demonstrate the broad-
ening behavior of the operator wavefront even at low
temperatures in the Fig. 3. We extract the spatial separation
dx between two chosen contours of the logC,, and plot its

time dependence in the insets of Fig. 3. A positive (and an
increasing) slope implies a broadening behavior. In Fig. 3, we
show data for the regulated case, but a similar study for the
unregulated squared commutator also demonstrates a broad-
ening behavior. Thus, Figs. 2 and 3 together show that the
early time (before the light-cone is reached) behavior of the
squared commutator has a ballistic growth and a broadening
wavefront.

In Refs. [15,46,47], it was argued that the squared commu-
tator, near the wavefront, when C(x, t) < 1, can be captured
by the following ansatz:

— —t 14+p
Clx, 1) ~ exp<—)\,,((x XO)CI;B ) ) %)
One can identify the broadening coefficient p as,
dlogé
ogdx P @®)
ot p+1

We now fit our data to the ansatz in Eq. (7) to extract the
Lyapunov exponent, butterfly velocity, and broadening coef-
ficient.

(a) 100 £=0, (b) 100
80 st
60 60t
401 401
201 201
0 X X X ! Ipg t 2 0 X X X X ‘.Iogtzl °
40 60 80 100 120 30 40 50 60 70 80 90 100 110
X X
FIG. 3. We extract the contours of log C, = —35 and —50 at different temperatures, for the data with x = 8. From the contours we extract

dx, which is the spatial distance between the two contours. The time dependence of §x is shown in the inset; the fact that it is increasing with
time demonstrates a broadening of the wavefront. The broadening persists even at (a) high temperature 8 = 0 and (b) low temperature 8 = 2.
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FIG. 4. (a) We plot the extracted vg(8)/vp(0) for the unregulated case, as a function of 8. The data is for x = 16 bond dimension. The
butterfly velocity is practically constant at all temperatures. (b) For the regulated case, we plot the normalized vp [i.e., vg(8)/vp(0)], extracted
from the y = 8 data, as a function of §. In the inset, in the log-log scale, we demonstrate that the low-temperature behavior of vz is consistent

with 87172 (which is the slope of the red line plotted).

C. Temperature dependence of butterfly velocity

We extract the butterfly velocity, velocity-dependent Lya-
punov exponent and the broadening coefficient from the
obtained numerical data by fitting them to the near wave-front
ansatz in Eq. (7). In Fig. 4(a), we plot fitted vp(8)/vp(0)
as a function of B for the unregulated case, and see that
the fitted butterfly velocity has almost no discernible tem-
perature dependence. In Fig. 4(b), we plot the same for the
regulated case, and notice a strong temperature dependence.
The low-temperature behavior is consistent with a power law
decrease in the butterfly velocity as a function of S, as is
shown in the inset of Fig. 4(b). In Sec. III, we show that
at the low-temperature limit of an analytically tractable field
theory model with a mass gap m, the butterfly velocity has
a temperature scaling which is the same as the equipartition
behavior—,/1/8m. The asymptotic low-temperature behav-
ior in the MPO calculation (even though the temperatures we
access here are not very low compared to the spectral gap) is
close to the /1/Bm behavior, as is demonstrated in Fig. 4(b).

In Appendix A, we also study the temperature dependence
of the broadening coefficient p. In Fig. 15, we show that p for
the unregulated case has a very weak dependence on temper-
ature and remains practically constant as the temperature is
lowered. The regulated case, however, has an increasing trend
for p with decreasing temperature.

D. Contour dependence and chaos bound

For a symmetrically defined out of time ordered correlation
function, there exists the Maldacena-Shenker-Stanford (MSS)
chaos bound Ay < 27 /B [36]. The symmetric OTOC is de-
fined as,

F(t,x) = Tr{p"*Vap " Wo () p " *Vap *Wo (). (9)

This is related to the regulated squared commutator, as the
C,(t, x), when expanded,

Co(t,x) = 2{Trlp" 2V, Wo(t)p' Wy (t)Vi]

—ReF (¢ + i /4, x)}. (10)

Let us introduce a related quantity Fy(t,x) =

Tr(p' 2V p 2V Tr(p P Wy (t p' *Wo(t). In Ref. [36], it
was proven that the following bound exists,
dlog (Fa(t,x)— F(¢, 2

og (Falt, X) ~ F(t,x) _ 21 an

ot B

Given this result, one might conjecture that the related
quantity 9, log C,(¢, x) also satisfies the same bound. To study
this, we can calculate 9, logC, (¢, x) along different “rays”
x = vt [47]; if the near wavefront scrambling ansatz [Eq. (7)]
is satisfied, then 9, log C,, , along a ray of velocity v is given by
Ap(v/vg — 1)P(1 + pv/vp). At sufficiently large v, this will
violate the chaos bound. In Fig. 5, we plot the 9, log C,. (¢, X),
for a fixed “ray” x = ¢, obtained from fitting of the unreg-
ulated and regulated cases to the ansatz, as a function of g
and notice that the unregulated case is practically constant,
and can violate the bound at lower temperatures. We confirm

15 T T —
O =0 data in range —50 < logC,, < —15
2 /03, 03 = 0.68 for § =0
— — v, v =1
Il 100
IS)
a0 10 + 4
g
[}
—
<
= 80
E]
QO 5 H—27/8 i
%D - § -Regulated (from fitting)
— - ¢ - Unregulated (from fitting)
<) »———e——--e----e----o---0===g===e=::s:::8::::§9
0 L L L
0 0.5 1 1.5 2

g

FIG. 5. From the fitting of the obtained data of the regulated and
unregulated squared commutators, we obtain the 9,C, , from the near
wavefront ansatz, along a “ray” x =t and compare it against the
“bound on chaos” 27 /B. In the inset, we show the “ray” x = vt at
v = 1, and compare that to the butterfly velocity vy = 0.68 at § = 0
for C,.
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this without numerical fitting, in Appendix B, Fig. 16. In
Appendix B we also study o, logC,,(t,x = vt), as a func-
tion of “ray” velocity v. We find that at high ray velocities
v, both 0; log C,.(¢, vt) and 9, log C,(t, vt) violate the bound.
This shows that the MSS bound does not hold for the squared
commutators we considered.

E. Summary of findings from the MPO numerics

By studying squared commutators for large-sized, gapped
spin chain which is spatially local, and has finite dimensional
local Hilbert spaces, we got three distinctive features. First,
the spatial locality leads to a ballistic wavefront propagating
at the butterfly velocity, which has distinct temperature scaling
for the regulated and unregulated cases. In the unregulated
case the velocity is constant, while for the regulated case, the
velocity decreases with temperature. Second, the wavefront
broadens with time for both contours, and thus the squared
commutator does not have pure exponential growth. Third,
there are numerical indications that the chaos bound is not
satisfied for these squared commutators.

In our numerical study we are limited by computational
constraints and cannot hope to access the true asymptotic
scrambling behavior exactly. However, by restricting the anal-
ysis to only converged data, we have sufficient reasons to
believe that the qualitative lessons hold true even asymptot-
ically. As an example, the insets in Fig. 3 show that there
is a drift in the broadening coefficient at longer times. But
crucially, the drift is towards higher p, thus providing evidence
that the phenomenon of broadening of wavefront persists even
at the largest scales. Similarly, the qualitative evidences of
temperature independence of scrambling for the unregulated
case and the distinct temperature dependence for the regulated
case are not dependent on the details of the numerical data, but
are visible in Fig. 2 (see Fig. 13 in the Appendix for another
clarifying evidence).

Can we explain these behaviors using an analytically
tractable model? In particular, can we understand the low-
temperature limit which is not accessible in the spin chain
numerics? We explore that in the next section, where we
consider a nonlinear O(N) model in 2 + 1D, which is spatially
local, and solvable at large N. We study the scrambling be-
havior at low temperatures for the gapped phase of the model,
and find that the butterfly velocity indeed varies as /T /m at
low temperatures. However, we will find that the field theory
calculation does not show contour dependence or wavefront
broadening.

III. SCRAMBLING IN THE PARAMAGNETIC PHASE OF
THE NONLINEAR O(N) MODEL

The nonlinear O(N) model is a spatially local field theory
of an O(N) symmetric vector field ¢,, witha = 1, .., N. The
theory is solvable at large N, and in this limit this model
differs from the spin chain in the fact that the local Hilbert
space is not finite. Furthermore, to avoid complications in the
field theory at 1 + 1D due to scattering, we study this model
at 2+ 1D, and we expect that dimensionality will not affect
qualitative features of the temperature and contour depen-
dence. The critical phase diagram [56] of this model is shown

fm>>1

g

FIG. 6. This is the critical phase diagram of the nonlinear O(N)
model. The blue shaded region is controlled by the critical theory
around the quantum critical point at 7 = 0 and g = g., while the
dashed lines indicate a cross-over to the phases controlled by the
symmetry of the zero temperature phases away from the critical
point. We focus on the low-temperature behavior of the symmetry
unbroken paramagnetic phase g > g..

in Fig. 6. We analyze this model using Ladder sum techniques
developed in Refs. [14,57] (see also Refs. [58—61]), and study
both the temperature and contour dependence of the squared
commutators.

The real-time Lagrangian for this theory is given by

£=2Y 0, ”(2 N)2 (12)
=3 Z o =% ) |

The action is given by fx L, where the space-time integration
fx is over 2 4+ 1D. We have set the speed of light ¢ and 7 to
1. The parameter g (which determines the bare mass) can be
tuned across a quantum critical point that occurs at g = g,
and v is the self-interaction coupling constant. We consider
the strong coupling (large v) and large-N limit. In Ref. [14],
scrambling behavior was studied at the critical point g., by
evaluating the regulated squared commutator using a pertur-
bative ladder sum calculation with 1/N as the small parameter
[14,57]. Following the diagrammatic techniques used in these
studies, we study scrambling on the paramagnetic phase of the
model at g > g., where there are quasiparticle-like excitations
with finite bare mass m. We study the temperature dependence
of the scrambling in the low-temperature limit Sm > 1.

The main goal of this section is to analytically obtain
temperature dependence of the butterfly velocity at low tem-
peratures. We did not have access to very low temperatures in
Sec. II, and we intend to explore the regime Bm > 1 using
this field theory model.

The generalized squared commutator in different contours
given in Fig. 1 is given by

1
Calt,X) = =23 > Trlp"[galt, 0), $5(0, )"~
ab

X [¢a(t,0), $5(0,x)]}. 13)

The regulated and the unregulated squared commutators are
given by C, = Cy; and C, = C|, respectively.
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We summarize the results of this section before showing
the explicit calculations. Using the ladder-sum calculation, we
find that both the regulated and unregulated squared commu-
tators have the following early time behavior:

2

Coult, x) ~ ~&( ), (14)
where the “Lyapunov” exponent, Ag ~ e #"/BN, and the
butterfly velocity, vz ~ (8m)~!/2. This implies that at low
temperatures, the butterfly velocity has the same temperature
scaling as the speed of sound (which also scales as (Bm)~'/%)
of the semiclassical gas of dilute quasiparticle excitations of
the paramagnetic phase of the O(N) model at low tempera-
ture.

A. Basic diagrammatics and low-temperature relaxation rate

We introduce auxiliary Hubbard Stratonovich (HS) field A
to solve the interacting problem. The Euclidean Lagrangian
we consider is

1 A N 22
- §|:Z(8¢a)2 - ﬁ(z ¢§ - E) - R:| (15)

The HS field X is chosen so that it generates a zero temperature
mass, m, such that % = m?2. The HS field also acts as a

Lagrange multiplier, fixing (at large N), (3 ¢Z) = %. At finite
temperature T, the constraint imposed by the HS field is

NT —, where ¢, = v k? 2,
Z/ a)2+6k 8 ) Tm. ae)

iw,

Here, and in the rest of the paper, fp stands for f (2n )2 At
B = % = 00, this fixes g in terms of m and A,

1 1
— (A —m) = —. (17)
4 g

At finite temperature, the mass will be modified, as a function
m(B). We restrict ourselves to low temperature, assuming the
hierarchy of scales A 3> m > B~!. This implies m(8) ~ m,
i.e., the thermal mass is approximately the same as the bare
mass.

The perturbative calculation of the squared commutator
can be set up using the basic ingredients—the real-time re-
tarded and Wightman propagators of the fields ¢, and the HS
field 1. The retarded propagators are identified as horizontal
lines, while the Wightman propagators are denoted as the
vertical lines in the diagrams (in momentum space).

For the ¢ field, bare Euclidean propagator in imaginary
time 7 is G(t,Xx) = Tr[pp.(t,X)d,(0,0)], where, p is
the thermal density matrix, p = e 7 /[Z = Tr(e PH)].
The retarded propagator is defined as Ggr(t,X)8qp =
—iTr{p[¢.(t, x), $»(0, 0)]}6(¢). In the Fourier space, they are
related by analytic continuation of the Matsubara frequencies,
Gr(w, k) = —G(iw, — w, k). We can calculate and denote
the retarded bare propagator as

1
(wtiot)2 —e
(18)

= ggj)<w7k) -

FIG. 7. The resummed A propagator.

The spectral function is defined as A(w,k)=
—2Im[Gg(w, k)]. The bare ¢ spectral function is given
by

AV(w, k) = :—k[(S(a)—ek) — 8(w + €)]. (19)

The generalized Wightman function is defined as
G (6, %)8ap 1= Trlp*Ga(t, X)p'~“$5(0,0)1.  (20)

By going to the spectral representation, we show in Appendix

Alw, K)

(@—1/2)f

e . 20
. Bw

2 sinh 5

G (w, k) =

For the A field, the bare Euclidean propagator is
Q(O)(za)n,k)z —4vp. At infinite v, one can dress the A
propagators as shown in Fig. 7. In that case,

g 1

Gilieon K = 11160 2 Gy, 1)

(22)
where IT is the one loop ¢ bubble,

T Z/A 1 1 23)
28 Jq (0ntva) +egonteq

The retarded polarization bubble is given by analytic contin-
uation, INz(w, K) = I1(iw, — w, k). The resummed retarded
A propagator is then denoted as

(v, k) =

1

""" S R N R

From the XA spectral function, A;(w, k) = —2Im[Gg(w, k)],
we can define the generalized A Wightman function,

Ao, k) e—1/2p0

Gy (@, k) =
2 1nh

(25)

We need to dress the bare ¢ propagator, for which we need
to calculate the self energy as given in Fig. 8, from which one
can obtain the retarded self energy by analytic continuation.
The resummed retarded propagator is denoted by a thick line,

1
= g 1 w7k = . b s
r(w. k) (w+1i01)2 — € + Xr(w, k)
(26)
o
i
LN
(i, q) = P + H

FIG. 8. The ¢ self energy.
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s e

FIG. 9. Bethe Saltpeter equation for the out of time ordered correlation function. In the diagram, all horizontal lines are retarded
propagators, while the vertical lines are the Wightman propagators.

where Xy is the retarded self energy. In Appendix D and  In Appendix E, we demonstrate that at q =0, the in-
Appendix E we calculate the polarization bubble (Fig. 7) and verse lifetime 7, = [q=0 [62], can be evaluated at low
the self energy (Fig. 8), respectively, in the low-temperature  temperature,

regime, Sm > 1. 1 27
From the self energy, we can obtain the relaxation rate of [p=—~ ——ePm (28)
¢ quasiparticles at momentum ¢, which is defined as v NP

For general q, we have
1
Py~ goef” f e P PRIVP (K, q), (29)
Kk

_ Im[S(eq @)

r
4 2¢,

27 where Rﬁzz)(k, q) is given in Eq. (E4) in Appendix E.
J

B. Ladder sum calculation

We finally calculate the regulated squared commutator, given in Eq. (13) perturbatively in 1/N, using the ladder-sum rules
described in Ref. [14], which we will extensively use. The calculation boils down to solving a Bethe Saltpeter equation in
momentum space for the out of time ordered 4 point function, as shown in Fig. 9. There are two sides of the ladder, which are
connected by “rungs”—which are the Wightman functions. The first diagram on the right-hand side (RHS) of Fig. 9 is the “free”
term ILV[QR (¢, x)]?, which does not have any exponential in time behavior, hence is not important for diagnosing chaos. There are
two types of rungs—the Types I and II rungs correspond to the second and third diagram on the RHS of the top line in Fig. 9,
respectively. The expressions for the two rung contributions can be easily written down from the diagram; for example, the Type
I rung can be expressed as

1 d do'
Comgeiv k) = [ 52 [ [ 55 [ 000 = 0.k = et p) G 0f = 0.0 = PIGalv — k= D )Gr(0. 8. (30)
p p

(o)
e

The result for the Type II rung is very similar, with the replacement gé;ﬁ )A (0 —w,p'—p) = G (@, 0, P/, p), where

da)//

2

ge(?lf)(w/’ o, p/’ p) — / gé;t)(a)// — o, p// _ p)g‘gg)(w/ _ (1)”, p/ _ p//) gR,)\(U _ (,()”, _p”)gR,)L(a)”, p//). (31)
»

We set up the Bethe Saltpeter equation by defining a function f(v, k; w, p), such that
1 [do
CO( ) k)= — -~ @ ) k; ) . 32
(v, K) N_/Zn/l,f (v, ko, p) (32)

As was shown in Ref. [14], it is convenient to consider the “on-shell” ansatz for f(v, k; w, p),

[&0,k;p) . 9w, k;p)

() k: —
YW ko, p) 26 26

8(w — €p) 3(w + €p). (33)

We can approximate the product of the retarded Green functions by their most singular (in v) terms (for small k, such that
Iﬂk—p ~ Fp)’

(34)

Gr(v — 0.k — p)Gr(@. p) — Se — &) b+ &) }

2€ep€r—p |:v — (€p — €xk—p) +2iI'y v+ (€p — €xk—p) + 2iI7
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Further, we have, €, — ex_p

k.p
( v+ l—)f(“)( Jkip) =
where
Kl (p', p)
and
RSP p) =R, (. p)+ R
where

~ K.Vpep, and for small p, Ve, ~ p/m. The Bethe Saltpeter equation can now be written as [14]

1 - / o /
¥ / K, p) £, k; p), (33)
.

=R\ (P, p) + R (—p/, p) — 2NT, 27 )*6P(p' — p),

_@.p),

R, p) = —g“” ) (e — €, P — p) and RY)(p', p) := geff (£ep, €, P, P)- (36)
P

The inverse life-time I'y was deﬁned in Eq. (29). Recall o = 1/2 refers to the regulated case, while, « = 1 refers to the
= P/ 29‘(;/ D (w). Thus, the kernel functions
are also related simply as, Rﬂ%(p’, p) = P/ ZR(l%éz)(p/, p)- We calculate the kernel functions from the Type I and Type 11

unregulated case. Because of the spectral relation in Eq. (21), we have, gé[})(w)

rungs, ’R%i), at low temperature, in Appendix G.

1. Kernel functions at low temperature

From the expressions for the kernel functions R%z)(p/, p), obtained in Egs. (E4), (G1), (GS), and (G6) in Appendix G, it
becomes clear that the kernel functions are exponentially suppressed as exp [—pB(ep — €p)/2]. Expanding in terms of the small
parameter |p’ — p| in the kernel functions, we get the following low-temperature approximation:

w21 e
Ry . p) =Ry p) = e PR, (37)
VBm|p' — p|m?

We can extract the temperature scaling of the kernel integration, by rescaling p, p’ — p+/m/+/B, p'</m/+/B. Furthermore, to
solve the Bethe Saltpeter equation numerically, we need to create a discrete 2D grid of momenta, with momentum spacing A p.
We can thus replace the integral in Eq. (35) with a discrete sum,

(Ap)? e P

< v+ \/ﬂ_)f(a) ,p) —

with the kernel matrix defined as

K(O‘) [R(O‘)] + [R;a)]p’p

ZK(“) @ (v, k; p), (38)

/

2N 13

N N 1 , .
— 2T'pépp and, I'y = Ee‘(l’zﬂ’z)/“(Ap)2 [R(ll/z)]p,p, where

[R] = [RV] = 872 o~ (I =PI/8) a—1/2)(p~p?)/2 (39)
Pee B e g —p '

We create a discrete 2D grid of rescaled nondimensionalized momenta, with a hard cutoff of A = 1. This is justified as the

kernel matrix is exponentially suppressed in [p’ — p|°.

We want to find the temporal behavior of C, (¢, X). We can thus replace —iv — 9; in Eq. (38) and solve the matrix equation
for its eigenvalues. If there are real positive eigenvalues, we can infer that there is an exponential growth in the regulated squared

commutator. We denote the leading eigenvalue as 17" (K).

2. Temperature scaling of the butterfly velocity

First, let us restrict to k = 0. From Eq. (38), we have,
A7"(k = 0) ~ e#™/BN. By numerically finding the largest
eigenvalue of the matrix equation we assert that the leading
eigenvalue is always real and positive, leading to an expo-
nential growth in the squared commutator. The details of
the numerical computation are given in Appendix H, and
the results for both the regulated and the unregulated cases
are demonstrated in Fig. 10. Furthermore, the relevant inverse
timescale is also given by I'y = e #" /BN, [Eq. (28)]. Hence,
we can rescale the Bethe Saltpeter equation by this scale, and
introduce a rescaled external momentum, u = k/(y/BmIly),
and a rescaled time 7 = Tyt

The matrix equation can be now recast as

(0 £ iup) v, k;p) ~ Y Ryp 0. k;p).  (40)

For small u, the eigenvalues of this matrix equation can be
approximated by

() ~ Ao — hou® £ idu, 41)

because of the spherical symmetry of the leading eigenvector
at k = 0. Here, 5\0,2,1- ~ O(1), and by rescaling back, Ao 2; ~
e Pm/BN. The quadratic form of the real part and the linear
form for the imaginary part have been verified numerically in
Fig. 20 in Appendix H. Now, the regulated and unregulated
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k=0
35 T T T .
Regulated
. — ~282e" Mg
Z
= * Unregulated
ro__ -6m
g@ —A ~283e" /3
T 9 ————
SN
=
o0
2
55 . . . .
0.5 1 1.5 2 25 3
log

FIG. 10. Scaled maximal eigenvalue of the Eq. (38) at k =0,
(k= 0)eP" BN, is plotted as a function of inverse temperature B
in the log-log scale (we rescaled factors of N in the numerics, and
N = 1in the figure). The errorbars are estimated from the uncertainty
of extrapolating the eigenvalues to the continuous limit dp — 0. The
behavior is constant with temperature, confirming A, ~ e~#"/8N.
Also, the result is same for both the regulated and unregulated cases
showing that the ladder method is contour-independent.

squared commutator can be evaluated as

1 wx—ive| S (V. K v k;
Cr,u(tv X) — _/// elk.Xll)t[ + (U p) + (U p)}
N vJkJp 26p 2Ep

1 . 2, .
K.x+Aot —Aqut ( jidjut |, ru,+ —iAjut , ru,—
- ez X+Ao U (el iU Xk +e IAiu Xk )’
N Jx

(42)

where Xl:’”’i is the eigenvector of the matrix eigenvalue in
Eq. (38). If there are no singularities in x,“*, then we can
assume the two terms in the integral depends only on the
saddle points of the exponents. Recalling u = k/(/BmIy),

the two saddle points are given by

i (x 4+ it )
ki = (BmI?) ——=/2h”, 43
+ (IB m 0) 2)\22‘ ( )
When C, (¢, x) is evaluated, one of the terms will be expo-
nentially suppressed in x compared to the other. Keeping only

the leading term, we get

2
ﬂml"g( - J,%ro)
4),t

1
Cru(t,x) ~ N exp | Aot — 44)

The first term comes from the pure exponential growth that
was present for the u = 0 case, and the second term is remi-
niscent of the broadening form of the squared commutator in
Eq. (7). By finding the level sets of the exponential for the
ballistic condition x ~ vgt, we have the following expression
for the butterfly velocity vp:

i [Hoda
v = : 45

-0.4 T T . .
06+ Rregulated ool
— Vg ~0.83 (Bm)™
-0.81 Unregulated i
. —\" ~0.84 (3 m)®5°
o -1F B
>
20
S 12t
141
161
18 . . . .
0.5 1 1.5 2 25 3

log 6

FIG. 11. Using the fitted Ao, A, and X;, the butterfly velocity vp is
calculated from Eq. (45), and plotted against 8 in a log-log scale. The
low-temperature behavior of v is vp = 98 _ for both the regulated

VBm
and the unregulated cases.

Since Xg2; ~ I'p, we get the following temperature depen-
dence of the butterfly velocity:

vpt o~ o (46)

Note that this is the same scale as the speed of sound of the
ideal classical gas at finite temperature. Hence the butterfly
velocity from the regulated squared commutator of this es-
sentially classical gas has the same temperature scaling as
the speed of sound. Furthermore, the particular temperature
scaling /1/Bm of the butterfly velocity arises because the
thermal scale is the appropriate scale to nondimensionalize the
momenta, and does not depend on the exact form of Jor ().

From the numerically obtained eigenvalues, we can see
from Fig. 11 that the butterfly velocity from regulated and
unregulated squared commutators are the same at low tem-
peratures,

0.83
Vp N ———. 47
BN (47)
This shows that the ladder calculation is insensitive to contour
dependence.

At fixed ¢, for a fixed difference of C,,(¢, x), one finds
from Eq. (44) that the spread € = x — vgt ~ constant. This
implies that this form of the squared commutator does not
have a broadening behavior. A similar exercise for the spin
chain result in Eq. (7), would show a time-dependent spread,
€ ~ tP/P*D) implying broadening.

In deriving these results, we assumed that the integral ex-
pression of the squared commutator in Eq. (42) is dominated
by the saddle point contribution. In Ref. [61], it was noted that
OTOCs obtained from ladder sum calculations generically
have a pole in momentum space wherever A (k) = 27 /8,

1 oKX+
C(t,x) ~ ]V/— (48)

k COS —’\Lg‘)ﬂ '

However, in the O(N) theory, the chaos exponent Ap(k) ~
1/N is N suppressed, hence these poles occur at paramet-
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rically large values of the momentum. Provided that x/¢ is
N-independent, the saddle point momentum is always closer
to the real axis than the pole and hence controls the integral.
For example, as we have seen from the k dependence of A; (k)
in Fig. 19 in Appendix H, if A, (k = ilk|) ~ AoB|k|>/m at
large imaginary k, then the closest pole in the upper half plane

would be at |k| ~ ,/ %Ni—g‘“ This momentum is very large due
to large N and the large ratio Ay /Ag.

C. Summary of findings from the field theory calculation

In this section, we studied the temperature and contour
dependence of squared commutator in a solvable large N local
model using the ladder technique. We find that our analysis
can describe the temperature scaling of the butterfly velocity.
However, it is insensitive to the contour of thermal ordering.
This is not unexpected, as the ladder method is not expected
to exhibit contour dependence [63]. It also does not capture
the broadening behavior that was observed in Sec. II.

The field theory model differs from the spin chain numerics
in two ways - the number of spatial dimensions, and in the fact
that the spin chain has finite local Hilbert space unlike the field
theory model, which is solvable at large N—an effectively
classical description. It is thus likely that the broadening and
the contour dependence are sourced by quantum fluctuations
due to the finiteness of the local Hilbert space [46], which is
not captured in this calculation.

IV. DISCUSSIONS

In this paper we have studied the temperature and con-
tour dependence of quantum information scrambling for local
gapped interacting systems in two different models and for a
wide range of temperatures.

We first introduced a tensor network based technique to
calculate both regulated and unregulated squared commuta-
tors in quantum spin chains at temperatures ranging across
the spectral gap. For the regulated case, the butterfly velocity
decreases with lowering temperature, and is consistent with a
power law vg ~ B~ for a > 0 at intermediate-to-large 8. We
also observe a strong contour dependence, and point out that
the butterfly velocity obtained from the unregulated squared
commutator remains insensitive to the temperature variation.
In fact, a careful study of 9,C(#, x) shows that the chaos bound
cannot be generalized away from the special contour ordering
used to prove it.

To get an analytical handle on local gapped systems at
temperatures lower than what can be accessed in the spin
chain numerics, we use a perturbative field theoretic ladder
sum technique, and calculate the temperature dependence of
the squared commutator in the paramagnetic phase of the
O(N) model. There we confirmed that the characteristic speed
of information scrambling at low temperature is proportional
to the speed of sound of a classical gas, i.e., vp ~ ﬂ’l/z,
confirming the intuition that the low-temperature state can
be accurately modeled as a weakly interacting dilute gas of
massive quasiparticles. However, the scrambling in this model
18 insensitive to the contour, and also does not have the broad-
ening feature.

The strong contour dependence we observe in our spin-
chain numerics is in the spirit of the results from previous
Schwinger-Keldysh calculations in Refs. [39,40], which
showed similar contour dependence. Our result for the
strongly interacting quantum spin chain compliments their
perturbative arguments. These results taken together suggest
that the unregulated case accesses high energy modes even at
low temperatures, thereby remaining insensitive to the effects
of temperature. Although we did not find such behavior in the
O(N) model at leading order in 1/N, we expect higher order
corrections will modify this conclusion since there are multi-
ple energy scales in the problem in addition to temperature.

The numerical study also reveals the existence of a wave-
front broadening effect that persists even at low temperatures.
This feature is not captured in the field theory calculations,
and remains an interesting theoretical challenge for the future.
As was suggested in Ref. [46], quantum fluctuations due to
the finiteness of the local Hilbert spaces will play a significant
role in the broadening behavior.

Using Lieb Robinson [43] bounds, it has recently been
demonstrated [49] that locality and short ranged correlations
imply temperature-dependent bounds on the butterfly velocity
defined from the unregulated squared commutator. In Ap-
pendix I, we review the derivation of this bound and extend
it to the regulated case. In particular, it can be shown that
the butterfly velocity (obtained from either unregulated or
regulated cases) obeys the bound

dgvg — 0,as B — oo. 49)

These bounds are consistent with a constant butterfly velocity
at low temperatures vg ~ constant (unregulated case from
spin chain numerics) and with a butterfly velocity proportional
to a power of temperature vy ~ B¢ for a > 0 (regulated case
from the spin chain dynamics and field theory calculation,
with @ = 1/2). The existing bounds are contour-independent
and hence cannot constrain the contour dependence.

The strong contour dependence that we observe has non-
trivial implications for temperature-dependent scrambling
studies in future experiments. Our work shows that the reg-
ulated and the unregulated cases capture different physics,
thus enriching the large set of phenomena falling under the
umbrella of scrambling.
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APPENDIX A: DETAILS OF MPO NUMERICS

We first check the MPO TEBD numerical technique
against exact diagonalization. In Fig. 12, we show the compar-
ison of the MPO method to the results of exact diagonalization
for a L = 10 sized spin chain. The machine precision of
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FIG. 12. We demonstrate the convergence of our numerical method with exact diagonalization for small systems. (a) For the regulated
case, the x = 8 result has excellent agreement with exact diagonalization for L = 10 spin chain at § = 1. (b) For the unregulated case, the

same agreement is demonstrated for x = 16 result at 8 = 1.

MATLAB being ~e~3°, accuracy of log C from exact diagonal-

ization is ~ — 30. However, in our MPO numerical method,
we express the squared commutator as the square of a norm,
hence the precision is squared, with reliable numerical data of
C down to ~e~%,

To demonstrate the convergence of the obtained squared
commutator with bond dimension, we plot the log of the reg-
ulated and unregulated squared commutators as a function of
time for different spatial differences in Fig. 13. Even without
numerical fitting, it is clear from Fig. 13 that the regulated
squared commutator has a strong temperature dependence,
while the unregulated squared commutator is much less sen-
sitive to temperature even when the temperature is tuned from
B=0tof=2>m"", where the mass is the spectral gap
~1.13.

It is also seen that the early time data converges well with
bond dimension. As has been noted before in Ref. [55], the
qualitative lightcone behavior of the unconverged data ob-
tained from the MPO method can be qualitatively different;
hence, for all our analysis and fitting we only use numerical
data which are shown to converge.

B = 0; bond dimensions: -- 4, - 8 £ = 2; bond dimensions: -- 4, - 8

(a) (b) °
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We fit the converged data using least-squared error method
to the near wave-front ansatz of Eq. (7). The goodness of fit is
studied in Fig. 14, where the data collapse to the fitted model
is shown at different temperatures.

The unregulated squared commutator was studied using a
similar numerical technique in [49]. Our results indicate that
the butterfly velocity obtained from the unregulated squared
commutator is constant as function of temperature, even at
temperatures lower than the gap, in contradiction with the
indicated result from Ref. [49]. We checked the case for the
[Z(t), Z] type squared commutators as well, and our results
are the same for both cases. In Ref. [49], the fitting was
done for a much smaller spatiotemporal region 20 < x < 45
and 1 <t < 5 (in our units), and for a much smaller range
logC, > —22, as compared to the situation considered here.

We also study the temperature dependence of the broad-
ening coefficient obtained from the fitting in Fig. 15(a)
(regulated) and Fig. 15(b) (unregulated). For the unregulated
case, we see a fairly constant p which is insensitive to decreas-
ing temperature. The regulated case shows an increasing trend
with decreasing temperature.

B = 0; bond dimensions: -- 8, - 16 B = 2; bond dimensions: -- 8, - 16

80 100

40 t60

FIG. 13. (a, b) The log of the regulated squared commutator is plotted as a function of time, for the case of an operator X,(¢) and Z,,

with r = 30, 40, .., 200, for bond dimensions y = 4 (dotted) and x = 8. The left and the right figures correspond to § = 0 (a) and 8 = 2 (b),
respectively. Even at the low temperature, the data is seen to be converged for the range —50 < log C, < —35. Note we are able to access such
small values accurately because we have expressed the regulated squared commutator as a square of a norm, and the norm can be estimated
upto the numerical precision of MATLAB which is ~e ™3¢, allowing us to push to around e~ in precision. (c, d) The log of the unregulated
squared commutator is plotted as a function of time, for the case of an operator X5(¢) and Z,, with r = 30, 40, .., 200, for bond dimensions
x = 8 (dotted) and x = 16. The left and the right figures correspond to § = 0 (c) and B = 2 (d), respectively. Even at the low temperature,
the data is seen to be converged for the range —50 < logC, < —15.
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FIG. 14. The collapse of the obtained regulated squared commutator for the data range —50 < logC, < —35,20 <x <200and 20 <t <
100, to the near wave-front ansatz by least-squared method. We have chosen this data range as we have confirmed the convergence of our

numerical procedure in this range.

APPENDIX B: CONTOUR DEPENDENCE AND CHAOS
BOUND

We analyze in detail the contour dependence of 0,C,,,
as was done in Sec. IID. In Fig. 16, we sketch how 9,C, ,
is found without numerical fitting. We first pick out data
along a “ray” x = ¢, wherever the squared commutator has
converged, and study 9,C, , numerically. In Fig. 16(b) the
averaged 0, log C, , along this ray is plotted as a function of g,
and compared against the bound on chaos. The result is similar
to Fig. 5, which was obtained by fitting to the near wavefront

(a) 0.85
08
075
07

0.65

0.6

0.55
20

ansatz. Given the constancy of the unregulated case, the chaos
bound could be violated at lower temperatures. These results
are for a particular ray x = ¢, and as a function of 8. We can
also study 9, logC, , as function of the ray velocity v, where
x = vt, for a particular 8. If the near wavefront scrambling
ansatz [Eq. (7)] is satisfied, then 9, logC, , along a ray of
velocity v is given by A,(v/vp — 1)P(1 + pv/vp). As v is
increased beyond the vp, the near wavefront ansatz predicts
that the chaos bound can be violated. We test this numerically
in Fig. 17, and we see that indeed 9; log C, (¢, vt) deviates
from its near ansatz prediction at higher v.

(b) 0.63
0.62
0.61

0.6
>
[oR

0.59
0.58

0.57

0.56

FIG. 15. (a) Broadening coefficient p obtained from the numerical fitting of regulated squared commutator is plotted as a function of 8.

(b) p from fitting of the unregulated squared commutator is plotted as

a function of 8. The errorbars are from the 95% confidence intervals of

the fit. To compare the regulated and the unregulated cases we have fixed the y-axis scales to be the same in the two plots.
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FIG. 16. (a) The data of the unregulated squared commutator for the data range —50 < log C, < —15, is picked out along the “ray” x = t.
9,C, is evaluated in this domain, and the averaged 9,C, along x = ¢ is plotted as a function of 8 in panel (b). Similarly data for the unregulated
case can be picked up. (b) The averaged 9,C, , along x = ¢ is plotted as a function of B.

We also compare 9; log C, (¢, vt) against the chaos bound
as a function of ray velocity v in Fig. 18, and see that for high
ray velocities, the bound is violated for both the regulated and
unregulated cases. Note however that the analysis on the data

J

is done only on the domain where the data has converged and
also lies along the rays—severely restricting the domain on
which numerical differentiation can be reliably done to obtain
d;log G, (¢, vt).

APPENDIX C: SPECTRAL REPRESENTATION AND THE GENERALIZED WIGHTMAN FUNCTION

From the definition of the generalized Wightman function in Eq. (20), we go to the Fourier space, and expand in terms of

many body eigenstates |n) with energy E, and momentum P,,

1 .
G (@, k) = —— [ dte [ d’k Y (nlp“¢(t, x)lm)(m|p'~*$(0, 0)|n). (@)
(2 )’
mn
In Heisenberg representation, ¢(z, x) = e~ ¥’ ¢(0, 0)e!™*e~", This allows us to write the spectral representation of the
generalized Wightman function,
o ! 2 —BlaE,+(1~a)Ey]
Giv (@ %) = = 3 nlglm) Plw — (Ey — ENISIK = (P = Py)le : (C2)
mn
b) 5.5 : : : :
(a)100 r (©) v = 0.85 from data 4
—~ 5 v = 0.85 from fit |
Il - = -v=10.90 from data ||
| D 45k v = 0.90 from fit ... [
80 -
& b 1
-
>
601 Il 35F E
+ 8
o0 3 - . b
40t g FARIS N ;
= 25F TS TN 5
o (3 =1.6 data in range —50 < log C,, < —15... (5 NN \: * s s ¢
20 — /v, Up =0.67462 e 2 AR A Ve R A —
s /0, v = 0.85 9 SN TS N TNy Vi
s 7 [0, 0 = 1.15 = 15F i
0 e [0, ¥ = 1.45 1 i . N L
0 20 40 60 80 100 0 20 40 60 80 100

X

FIG. 17. (a) The data of the unregulated squared commutator for the data range —50 < log C, < —15, is picked up along different “rays”

x = vt. This procedure can be repeated for the regulated case. (b) For different v-s, 9, log C, is plotted as a function of ¢ (dots), and compared
against the prediction from the near wavefront ansatz (constant lines whose thickness signify the confidence interval from the fitting to the
ansatz). For lower v (i.e., closer to the butterfly velocity vg), the near wavefront behavior and the numerical result are the same, but they deviate
for high ray velocities. The constancy of 9, log C, along rays allow us to study their time averages as a function of S.
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(@) 6 T T T T T T T T T (b) 6 T T T T T T T T T
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- - & -8, 1og C, along rays = vt from fit o - - -0logC, alon‘g rays x = vt from fit R
S 5t 27/8, 3 =1.6 e 1 = s} 2r/B, B =16 ) . i
I o I A e
8 ,'l L@ ) % LA
I o ol 1 i o 1
X i 0 3
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3 3F /‘/ 4 =~ 3F 4 4
S e S ¥
20 /,l’ %0 /?
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\4 A%

FIG. 18. (a) Time average of 9, log C, (¢, vt) is plotted for 8 = 1.6 as a function of ray velocity v (blue dots), and compared against the
prediction from the near wavefront ansatz (red dots). (b) Same analysis is done for the regulated case. The yellow line in both case refer to the
chaos bound at 8 = 1.6.

The spectral function can be similarly expanded in the spectral representation,
1
Ao, k) =~ > lnlglm) P8l — (Ew — En)ISTk — (Py — P)le 51(1 — e7#), (C3)

Comparing the two spectral representations, we get the following relation:

A @t)p

Gy (w, k) = (c4)
v 2sinh 22
APPENDIX D: POLARIZATION BUBBLE CALCULATION
1. T=0
At T = 0, the polarization bubble can be evaluated exactly, by changing the Matsubara sum to an integral,
1 1
" =(iv,, / / : D1
(v @) = R(ss)2ﬂ(a)+vn)2+(k+q)2 m? w? + k2 + m? (D)

The retarded Polarization bubble is obtained by analytically continuing to real frequencies, I1(q, iv, — v + i0"). The integral
can be exactly evaluated, and we obtain

1 1 22
HT Oy, q) = ————— arctan u. (D2)

87 /q2 — 12 2m
For v2 > q2 + 4m?,

Im[1;=°(v +i0", q,)] = —

1
6y -

) 1 V2 —q? + 2m
Re[[l; (v +i0", @)] = ———=—=log | Yeerc—— |- b3
e[Mp (v +i07, q)] 167/v2 — @ Og(m—%’l) oY

For v? < ¢* + 4m?,

‘a2 — 12
Im[T1;=(v +i07, q)] =0, Re[lT;=°(v +i0%, @)] = : ;arctan WA Sk (D4)

8w /q — 2 2

2. Finite T

Here, we obtain the low-temperature correction to the 7 = 0 polarization. At finite 7, we introduce the function b(z) =
(e#* — 1)7! and the ¢ polarization bubble can be calculated,

. T A 1 1
H(”)n’ q) = 5 Z[{ (wn + v, B 2

22
P+ @t e
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1 1
= / %Tm()(z+iwn)2_6ﬁ+qzz_ei

/ 1 |:b(6k) —blektq)  bla) +blekyq)  D(—€x) + bleksq)  blek) — b(€ktq)
K €k — €kyq T+ IV, €+ €qq T iV, €k + €kyq — IV €krq — €k T IV,

2

. (D5)
46k6k+q :|

Using b(—z) = —b(z) — 1 and for our hierarchy of scales, b(ex) ~ e P « 1 for any k, we can replace h(—z) — —1. The
retarded polarization bubble is obtained by analytically continuing from the imaginary Matsubara frequency to real frequency,
I1(iv,, q) — Iz(v +i0", q). Using Cauchy imaginary value theorem, the imaginary part can be obtained to be (restricting to
v > 0)

[8(ek + €xq — V) + 2(e P41 — e PU)S (e g — € + V)] (D6)

A
milg(v + 0% @l = 5 [
2 Jx dexeryq
The first term is the 7 = 0 result, which was also obtained in the previous paragraph. At finite 7', the only modification is the
second term, which we now evaluate.
To evaluate this integral, we need to impose the § function condition. First we shift the k integral to k 4+ q/2. We
also change notation €4 = ekiq 2. The § function conditions are then €, + se_ = sv, for s = —1. Imposing the § function

v2— q2 4m?
v2—g?cos2 6’

6 € (r—cos~'v/q,m+ cos’1 v/q).
Now, by change of variable in the § function,

S(v4+epr—e_)= |Vf(k)|,:='k*8(k — k™) where,

F&) = (k+q/22 +m? — /(k — q/2)> + m? + v.

We then do the radial & integral, by setting k — k*. To do the 6 integral, we can employ the Laplace method, as the integrand
ﬁqcosé«/qz—vzﬁ»étmz
has the exponential factor, e 2ve*«?¢=>  "and Sm >> 1. The exponent has a maxima at & = 7, which lies in the allowed domain

of 6. Doing the integral, we get the full correction, for v < g,

/4 _pg 2o
ImIIz(v, q) = 1[4 sinh pv 1 P \/,zT o7
4 8\ B 2

q*(4m> —v? + ¢*)(q* — v?)

condition, we get k* = and €} = Fv/2 —k*qcosf/v. For this to be consistent with the positivity of e,

APPENDIX E: SELF-ENERGY CALCULATION

To study the temperature-dependent relaxation time of the bosonic quasiparticles, we need to evaluate the self energy of ¢.
The relevant diagrams are shown in Fig. 8. The imaginary part of the self energy has contribution only from the first diagram in
Fig. 8, and can be evaluated to give

(ED)

o 1 sinh /2 [Im[Tx'(ex — 0,k —q)]  Im[[T'(—& — 0, k — @)]
m[Zg(w +i07, @)] = —— . - .
N Jx 4ek sinh Beg /2 sinh[B(ex — w)/2] sinh[—B(€; + w)/2]
Note, at low temperature, the second term in the imaginary part of the self energy can be ignored. Recalling the definition of the
Wightman function, we have

Im[ER(a)+iO+,q)]%]lv/ sinh foo/2 GV (e — w, k — q). (E2)

k 4 sinh Bey /2 .

The inverse lifetime, or the relaxation rate of ¢ can be written in terms of the imaginary part of the self energy,

_ Im([ Xk (eq, )] _ 1 /A sinh (Beq/2) <1/2>(k ).
a 2, 2N ). sinh(Ber/2) 4
where we have defined
R(l/z) Kk (1/2)(€k — €4, k — Q) E3
s (K, q)= dere, (E3)

Note, |ex — €4 < |k — q|. The Wightman function gévl_/f)(ek — €4,k — q) can be expressed as

—Im[Ggr(ex — €5,k — q)]
sinh B(ex — €q)/2

’

where, Im[Gr] is given by Im[l’I;l] = —%. From the calculations in Appendix D, one can read off the expression

for Im[I1g] which is exponentially suppressed in Sm. In the denominator, any temperature dependence can be ignored, because
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of the leading T = 0 behavior of Re[I1]. Thus, we have the following approximation for R (k, q),

1 (47 1 Blk — ql\/(k — @)> — (ex — €q)* + 4m?
R ] / -

8 ﬂm 4€k€q 2\/(]( _ q)z _ (ek _ Eq)z

5 : [Ik — > — (e — e 1* } 647>
/4 = =
Ik — q'2(4m? — (e — €)? + Ik — q?)"* | pretan? Y=a —e)

At low temperature, the relaxation rate can be approximated by the Laplace method, since the integrand has a factor
exponential in Bm [arising from both the prefactor sinh and R; functions in Eq. (E3)].

(E4)

We define the phase coherence inverse timescale as, T, I = I'q=0 [62], which can be evaluated,
1 2r pm
[y=—~—e " (ES)
‘L'¢ N,B

The momentum-dependent I' can be evaluated numerically,

oL - 12
[q~ ﬁeﬁf«/2 /k e PalPRIP (K, q). (E6)

APPENDIX F: LADDER CALCULATION IN DIFFERENT CONTOURS

The ladder calculation sets up a diagrammatic calculation of the squared commutator in terms of retarded Green functions
and Wightman functions of the fields ¢ and 1. Here we give a sketch of how it works, following Ref. [14], while also extending
their results to the unregulated squared commutator.

Consider the generalized squared commutator,

1
Ca(t, %) = =173 D T [Pa0(t, %), $1.0(0, 0)]p" " [a0(t. X). $1,0(0, 0)]}. (F1)
ab

To go to the interaction representation for the ¢ fields, we introduce time evolution operators in the interaction picture,

Uy =T exp [ﬁ Z/O ds/xko(s,x)¢§(s,x)i|, (F2)

where the subscript 0 indicates that the fields time evolve under the noninteracting part of the Hamiltonian. We further drop the
factors of N and the index structure to obtain,

Cio(t,X) ~ —=Tr{p*[U; ¢o(t, x)Up, (0, 0)1p" ~[U, po (2, X)Us, (0, 0)1}. (F3)

By expanding up to second order of A, we get

U o0 ~ o(t) + 5 / ds[go(0). ho($B()] + / ds, / dsa {[Bo(). 2o(s)BR(1]. do(0). hols2)d3(52)) +
(F4)

where we have suppressed the spatial dimension.

By combining fields from both “sides of the ladder” in the expanded expression Eq. (F3), we get the two distinct types of
rungs—the contributions which are called the Types I and II rungs in Sec. III B. The contour dependence appears in the form of
the contour dependence of the Wightman functions. For example, the Type I rung is a contour-dependent A-Wightman function,
Tr[p%*Ao(s)p' =¥ Ao (s)], or, Gy (“) (s — ). Similarly, for Type II, we get the corresponding contour-dependent Wightman functions.

APPENDIX G: KERNEL FUNCTIONS AT LOW TEMPERATURE
1L ’R;l/ ? kernel

We already calculated the T\’,(11+/2) kernel in Sec. E, as given in Eq. (E4). We now calculate Rﬁl_/z) at low temperatures,

(1/2) _
(1/2)( p) = Gy’ / (—€p — Ep) 1 - fep ) Imng—o(ep, +é€p, P/ —P)
depiep 261,,61, ITg(ep + €p, P/ — P)I*
1 _ Bleptep) 1 1
- 32e,,€ ¢ ’ 2 _(p/—p)2 |T=0 N2 (G
p/cp \/(ep + ep/) (p p) |HR (ep/ + €p, P’ p)|
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Rﬁl_/z)(p/, p) is exponentially suppressed unless p, p’ < 1, while R&/z)(p/, p) is exponentially suppressed unless |p’ — p| < 1.

Furthermore, even in the domain where both the exponents are comparable, it can be numerically verified that REL/Z) p,p)is
(1/2)
1+

negligible compared to R~ (p’, p). Hence for the ladder calculation, we ignore R _.

2. ’R;l/ ? kernel

To evaluate the T\’,;l/ 2 integration, we first need an expression for Qé;f/ ? that was defined in Eq. (31). For results correct to

the required order of 1/N, it is enough to consider G{}'* () ~ Q(w)A®(w), where A is the bare ¢ spectral function, given
in Eq. (19). We have also defined the function, Q(w) = [2sinh(Bw/2)]~". Inserting the spectral function in the expression
for g‘(;/ 2)(a)” —w,p’ —p)Gw (o — ", p’ —p”) in Eq. (31), allows us to integrate over w”. We introduce notation x = p’ — p,
y= p’% and w = ' — w. We also denote €, /51 =: €;. We now have the following expression for géflf/ 2),

1
ge(flf/Z)(w,7 w,p,p) = N z {Q(e)Q(@ — € )Gri(—w — €y, —p" = Y)Gra(w + €4, " +)
b €€
X[8(@—€er—e)—8(@—er+e )] — QA—€)Q@+ €)Gri(—w+ €4, —p" —y)
X Gro(w—€1,p" + V(@4 € —€_) = 8@+ ey +€)]}. (G2)

In this expression, because of the § functions, one can replace the arguments of Q by +e.. Note, at low temperature, Q(e) ~
e P2 and Q(—e1) ~ —e P<+/2, We can also use the fact that Gg 5 (0, —q) = Gr (@, q), and that the real and imaginary parts
of G 5 (w, q) are even and odd functions of w, respectively. This allows for the following simplification:
1
Re[llg(w — €4, p” + y)I* + Im[IIg(w — €4, p” + y)]?
1

Grop(—o+ €4, —p" —V)Gra(w — €4, p" +y) =

A : (G3)
— 2
IME="( — €4, p" +))|
We finally arrive at a simple expression for ge(}f/ 2,
1 _Blepren)
, , e 2 — Vi -2 — )
G52 w0 D) = ﬁf — M@+ e o'+ B@—e: —e) +6@ — e +e)]
/! 6+67
x [T — €4, p" + )| 8@+ € — )+ 8@+ ey + €)1} G4

3. ’Rglf) kernel
For R&/z), the relevant function is g;lf/ 2)(ep/, €p, P, P), Where w = €y — €, and x = p’ — p. The only 8 functions in the
equation above that can be satisfied are §(w + €, — €_) and 6(w — €4 + €_). We can impose the § function to do the pr/ radial
integration, which fixes the radial component at p[/(0) = %, / %, where 0 is the angle with x. This can be followed by
the angular integration approximated by the Laplace method, since there is an exponential factor with large Bm in the exponent.
The calculation closely follows the evaluation of ImIT at finite 7 in Appendix D. The final expression for Rélf) is

2 1 (47 1 Blp —pl\/(p/—p)2 — (6 — €p)° +4m?
R;/ )(P/» P~ — [— exp | —
+ 87\ Bmdeyep 2\/( 2 Y
p—p) (ep — €p)

1 |
X
{ Ip’ — pI'[4m? — (e — €p)2 + [ — P14l — PI* — (6p — €p)21'/4
x HHT=0[€P'+6P xp@=n) P +p -
r _

2 o 2

+ Pl = n)]

I ‘ngzo[ep""ep +xpﬁ,f(9=0) p+p

-2
> = — +p*(9:0)} } (G5)

4. ’R,gl_/z) kernel

We can similarly evaluate the R(zl_/z), for which the relevant function is Geir(—€p, €p, p’, p). We further define, @ = ey + €p,
and x = p’ — p. The only § function in the equation above that can be satisfied is §(w — €, — €_). We can impose the § function

184303-18



INFORMATION SCRAMBLING AT FINITE TEMPERATURE ...

PHYSICAL REVIEW B 102, 184303 (2020)

to do the pr/ radial integration, which fixes the radial component at p’/ () = %, / %. This brings an exponential factor of

Bley +ep)

e~ 2  to the expression for R
the angular integration) is

(1/2)
27—

RV (@, p) ~ ——e

Bep€ep

Numerically, it can be verified that R(Zl_/z)(p’, p) can always be ignored with respect to R

Hence, for the ladder calculation, we can ignore R,_(p’, p).

APPENDIX H: DETAILS OF NUMERICS OF LADDER
CALCULATION

Here we provide some details of the numerical compu-
tation of the ladder sum. We fix the mass as m =1 and
do all the calculation in these units. Having determined the
approximate values of the kernel functions R; >, we need to
discretize the 2D momentum space to set up the matrix form
of the kernel integration. For that purpose, we set up a hard
momentum cutoff of [pl|, [py| < 1. The choice is justified
for the kernel in rescaled momenta, which is exponentially
suppressed—exp (—|p — p’|*/8). Next, we create 2D grid of
momenta, with the momentum interval d p determined by the
number of points that we consider—40 by 40, 50 by 50,
and 60 by 60 grids. Next, we set up the matrix form of the
kernel, Ky, = dp*K(p', p), given in Eq. (38). The matrices
are of sizes, 1600 by 1600, 2500 by 2500, and 3600 by 3600,
respectively. In constructing the matrix, we need to evaluate
I'p by performing a 2D integration [in Eq. (29)] within the
grid area (|p,[, [py| < 1). We find the maximum magnitude
eigenvalue of the matrix, and find that the largest magni-
tude eigenvalue has a positive real part, thereby resulting in
exponential growth. The eigenvalues are then extrapolated
to the dp — O limit by a linear extrapolation. Errors in the
estimation are denoted as the errorbars for this eigenvalue (see
Fig. 19).

In Fig. 20, we study the external momentum dependence
of the largest magnitude eigenvalue of the kernel equation
A (u) at non zero external momentum u. The real part of Ay (1)
shows a quadratically decreasing behavior, 1y — A,u” even
at significantly high u, while the the imaginary part shows
a linear behavior, A;u. At u = 0, the eigenvalue is real and
positive.

APPENDIX I: BOUNDS ON TEMPERATURE
DEPENDENCE OF BUTTERFLY VELOCITY

Locality in gapped quantum spin chains can lead to micro-
causality and short ranged correlation [64]. Can we use similar
techniques to bound the behavior of butterfly velocity?

In this Appendix we discuss state-dependent bounds on
butterfly velocity in local gapped systems which were in-
troduced in Ref. [49]. The general definition of squared
commutator in Eq. (1) can be rewritten as C,(f, X, p) =
—Tr(,o"‘O,ol""O), where, O = i[Wy(t), Vx]. By restricting to
x = vt, one can define the velocity-dependent Lyapunov ex-

_ ﬁ(spr +ep) 4 /62 — 4m2
2 N —
[0}

, and hence Rgl_/z)(p/, p) is substantial only at p, p’ <« 1. The approximate expression (after

-2
(Go)

R 2 2

HT:()(EP —ey V@' — 4m2>

glf)(p/, p), for similar reasons as R;.

(

ponents,
o1
Av, p) = lim - InC(vt,t, p). I1)
t— 00

The butterfly velocity can be defined as the largest velocity for
which the Lyapunov exponent is positive,

vg(p) = sup {v : A(v, p) = O}. a2)

We define the support of the commutator, O as a region S of
diameter 2R(v, t), around a point 0. The scrambling velocity
is defined as the rate of increase of this support,

v5(p) = lim R(’;’t ). (13)

We consider the Hamiltonian H to be defined on a lattice,
composed of geometrically local terms, and such that it has
a finite gap. We introduce the shifted zero expectation-value
Hamiltonian, H = H — Tr(pH). We can divide the shifted
Hamiltonian into terms supported inside and outside S,

H=Y"h+ Y h 14)

ieS jeA-S
p=2
17.04 . . : . .
o Ae’™Mp
17.02 ——Linear extrapolation to dp = 0[]
17}
Q. 1
6.98
g
=
5
3 L
=S 16.96
16.94
16.92}
16.9 . . . . .
0 0.005 0.01 0.015 0.02 0.025 0.03

dp

FIG. 19. The maximum eigenvalue A; e is determined by tak-
ing the linear extrapolation of A, e?” 8 at each grid interval dp to
dp — 0. The error is determined as the uncertainty in the extrapola-
tion from its 95% confidence interval. The graph here is shown for
the unregulated calculation at 8 = 2.
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FIG. 20. A sample fit of the numerically obtained A} (1), at 8 = 10. m is chosen to be 1. The real part is fit to f(u) = Ao — Apu?, while the
imaginary part is fit to f(#) = A;u, and the fit works very well even at quite large u.

Let us consider the near wavefront ansatz,

v I4+p
A(v, p) = —A(— - 1) .
Up

as)

In Ref. [49], it was shown that for the unregulated squared
commutator, the rate of change of butterfly velocity with tem-

perature, dgvp can be bounded,
A(AV)P(Av + 1)]dg Invg| < 2h[vs(p) — EA(v, p)], (16)

where Av = v/vg — 1, & > 0 is the finite correlation length,
and h is given by

L o [T/PhiF00)
=P T 00y

a7

At low temperature, f — 00, p ~ |0)(0]. From Eq. (I7), h
(0]A;10), and hence 0, which implies

dglnvg — 0as B — oo. I8)

We first review the proof for the unregulated case due to
Ref. [49] and then also extend the bound to the butterfly
velocity obtained from the regulated squared commutator, and
show that the same low-temperature behavior as in Eq. (I8)
holds in that case as well. However, we note that the bound
cannot differentiate between a power-law vanishing butterfly
velocity at low temperature and a constant butterfly velocity.
Low-temperature behaviors of both the regulated and unreg-
ulated cases which were obtained in Sec. II, i.e., vg ~ f~1/2
and vg ~ constant, respectively, are consistent with Eq. (I8).

We first discuss the bound on butterfly velocity ob-
tained from the unregulated squared commutator as given
in Ref. [49]. We differentiate C, with respect to the inverse
temperature 8 to obtain

3C, = —Tr[HpOO)]. (I9)

We want to upper bound [dgC,|. By separating out the
contributing terms to two parts—inside and outside a ball of
radius R + 8 around the point x, (a region we call ), we have

0pCul < Y ITe(pOOR) + Y [Tr(pOOk;)|.

ieS’ JjeA-S

(I10)

For the terms outside the ball S, we invoke the Exponential
Clustering Theorem, which states, for two operators W; and
W, supported on nonoverlapping regions A and B on a lattice
system with a gapped Hamiltonian, there exist & and N,
such that

[Tr(oW W) — Tr(pWi)Tr(pW>)|

< N'min{|dAl, [aBI}[W; [[[Walle 4~BV5 11)

where |A — B| is the minimum distance between the regions A
and B. Here, £ is the correlation length, which is finite because
of the presence of the gap. The Exponential Clustering The-
orem can be proved using Lieb Robinson bound techniques
[64]. Now, Tr(pfzi) = (. Thus, the sum of “outside” terms in
the RHS of Eq. (I10), can bounded in the following way:

o0
> .. <2Nmin{|dAl, [9B}|O]* Y eI/

J Jj=8
oo
=M [ dxe /% where M is suitably defined,
B

= Mge ™k,

The “inside” terms in the RHS of Eq. (I10), can be bounded
in the following way:

Z . < hZ ITr(p0OO)|
i €S

= VrsCu(2, 02, p),

112)

I13)

where £ is a maximum over the different terms of the shifted
Hamiltonian, and V, is the size of the region of radius r, i.e.,
V, = 2r + 1. Two convenient choices of & are

h =2 sup;||hll, or I114)
Tr(/phi/POO
h = sup,-I (/Phiy/pOO) . I15)
Tr(p0O)
Combining both the contributions, we get
|85Cul < VirishCu(t, vt, p) + Mge™5. (116)
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Usually at late times, C(t — 00) = ", For v > vp,
A(v, p) < 0. We can choose § = (—&X(v, p) + €)t for some
positive €, which makes the second term in Eq. (I16) sublead-
ing compared to the first term, and hence can be dropped.
Essentially, the contribution to the bound from sufficiently
outside the support of the operator O can be dropped.

Now, using the ansatz C, = ¢*"*”, we obtain the follow-
ing bound for the rate of change of the Lyapunov exponent,

Vi
|9p4] < h lim —S—E2000
t—00 t

_ R a17)
= Zh[tlirgo - Er(v, P)]
= 2hlvs(p) — &L (v, p)]

from the definition of the scrambling velocity from Eq. (I3).
We can further analyze this scrambling bound by using the
near wavefront ansatz,

AV, p) = —A(U—l; - 1)1+p. (118)

Let us introduce the short hand Av = v/vg — 1. For this
ansatz, we have

dpA(v, p) = ,\(Av)”f’[aﬁ InA + In(Av)dgp

—a +p)”£—”fa,3 In U3i|. (119)

Close to the Butterfly velocity, i.e., when v 2 v, the last term
is the leading term. Thus, for Av = 0T, we have the bound on
rate of change of butterfly velocity,

MAv)P(Av + D)]dg Invg| < 2h[vs(p) — EA(v, p)].  (120)

Now, say B — oo. For the gapped system, p = |0)(0|. We can
estimate h using the definition, in Eq. (I7). For this p, h
(0]h;10), and hence 0, which implies

dgInvg — Oas B — oo. (I21)

Note, however, unlike the assertion in Ref. [49], this does not
imply a freezing out of the Butterfly Velocity at temperatures
below the gap. In fact, even power-law ansatz, vg ~ B~ for
a > 0, satisfies the above bound, and our observation vg ~
B~1/? is certainly admissable.

APPENDIX J: SCRAMBLING BOUNDS FOR REGULATED
SQUARED COMMUTATOR

We can extend the bounds to the butterfly velocity from
regulated squared commutator, C, = —Tr(,/p0,/p0), as
well. Differentiating with 8, we obtain,

3sC, = —Tr(H /pO./pO)
= —Tr(HpOp'?0p~1/?).

an

Now, we invoke the Araki bound [65], which states, in one-
dimensional quantum lattice systems with a gap, for any
finitely supported operator A with support R, the operator
p*Ap~* is also supported, upto exponential correction, on a
ball of support R + [(Bs), where /(x) is an entire function not
larger than exponential in x. Thus, the support of p'/20p~1/2,
and hence of Op'/>0p~'/? has radius ~R + Ae"P, for appro-
priately defined numbers A, B. Hence, the entire argument of
the previous section follows by replacing R — R + [(8/2),
and we can bound the rate of change of Lyapunov exponent
and Butterfly velocity obtained from the regulated squared
commutator as well. In particular, in deriving these bounds,
the effect of this thermal broadening can be ignored, since
[(B)/t — 0, as t — oo. Hence, all the scrambling bounds
derived for the unregulated case also follow naturally for the
regulated case.
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