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Using voltage fluctuation spectroscopy, we observe the mode locking phenomena of current-induced
skyrmion-lattice motion in microfabricated MnSi. When only a dc electric current is applied, the frequency
of the emergent narrow-band noise (NBN) monotonously increases with increasing dc current. By contrast, if an
ac electric current is further added, the NBN frequency becomes much less dependent on the dc current when
it satisfies a simple integer ratio to the ac current frequency, a hallmark of mode locking. In the mode locked
state, the linewidth of the NBN is sharpened, indicating the enhanced coherence of the skyrmion-lattice motion.
The overall features of the mode locking phenomena are qualitatively reproduced within the framework of the

classical rigid-sphere model.
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Under a dc stimulus above a threshold value, some systems
start to exhibit ac responses in such a way that the modu-
lation frequency continuously increases with the dc driving
force. One classical example is a rigid sphere moving over
a tilted washboard potential: The velocity of the sphere is
time variant, and its modulation frequency is dictated by the
ratio between the mean velocity and the spatial periodicity of
the potential. Similar phenomena can also be seen in solids.
When an external force drives a certain long-range order,
such as charge/spin density waves and flux-line lattices in
type-1II superconductors, the velocity is modulated at certain
frequencies. This modulation is observed as the so-called
narrow-band noise (NBN) in the frequency domain, and in
this case, the spatial periodicity of the order plays a key role
in the emergent oscillation [1-6]. The external-force-induced
dynamics may acquire a rich variety when an ac driving
force is superimposed. Specifically, it is known that plateau
responses may appear in the otherwise smoothly varying dc
force—frequency curve, in such a way that the frequencies of
NBN, fnsn, and the external ac force, fo, satisfy fnpn/fex =
p/q, where p and g are both small integers. This phenomenon
may be viewed as a complex interference between the dc-
driven spontaneous and ac-driven forced oscillations, often
referred to as mode locking [7-10].

Very recently, a new class of a long-range order, a mag-
netic skyrmion lattice, has been found to exhibit NBN in
the power spectral density of voltage fluctuations (abbrevi-
ated as voltage PSD below) when the external dc electric
current density exceeds a certain threshold value [11]. Mag-
netic skyrmions are topologically protected, spin-swirling
objects with diameters in the range of 5-100 nm and can
condense in a close-packing manner [12-15]. The resulting
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skyrmion triangular lattice can thus be viewed as a long-
range order with a spatial periodicity of, approximately, the
skyrmion diameter. Moreover, skyrmions are found to be
driven by an electric current through the spin-transfer torque
[16-25], and a skyrmion lattice therefore provides a good
platform to address the external-force-induced nonlinear dy-
namics mentioned above. In fact, numerical simulations on
a skyrmion lattice have predicted both NBN under a dc
driving force [26-28] and its mode locking phenomena un-
der dc + ac driving forces [29,30]. Nevertheless, the mode
locking phenomena of skyrmion-lattice motion remain to be
experimentally verified, and furthermore, it is not clear how
the addition of an ac electric current affects the coherence of
the skyrmion-lattice motion under the influence of a random
pinning potential.

In this Rapid Communication, to reveal how the superpo-
sition of an ac current modifies the dc-current-induced NBN
in the skyrmion lattice, we perform voltage fluctuation spec-
troscopy. For a given f.x and ac electric current, j,., we find
that several plateaus emerge in the dc current-NBN frequency
(Jac-fnBN) profile when fypn/fex = p/q is satisfied. These
observations are qualitatively in line with what is observed for
mode locking phenomena in different systems, and we thus
conclude the experimental realization of the mode locking
phenomena in current-induced skyrmion-lattice motion. The
plateau width depends on j,, and its variations are found to
be reproduced well within the framework of the phenomeno-
logical rigid-sphere model, indicating that the classical model
provides a good basis for the qualitative understanding of
skyrmion-lattice dynamics.

The schematic of the experimental setup is shown in
Fig. 1(a). The measurements were performed on a micro-
fabricated MnSi specimen, and the sample size was 14 x
1 x 0.8 um>. The magnetic state of the specimen was put
in the skyrmion-lattice phase by applying a certain magnetic
field parallel to the substrate and perpendicular to the current
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FIG. 1. (a) Schematic of the experimental configurations. An !
external magnetic field is applied parallel to the substrate and per- 2 ] 2
pendicular to the long axis of the bar-shaped sample. The electric 1 702 1
current is applied along the long axis. The corresponding scanning 0 . 0 .
electron microscope image is shown in Fig. S1 in the Supplemental 200 300 400 500 200 300 400 500
Material [31]. (b) Typical power spectral density of voltage fluctua- Frequency (Hz) Frequency (Hz)
tions for the narrow-band noise in the skyrmion-lattice phase under
L . (©) 12 —_—
the application of a dc electric current above a threshold value. L 2
The spectrum exhibits several higher harmonic bands, of which the 10 © {ac_ 0 A/m 8 2 —
frequencies agree with the integral multiple of the fundamental NBN 3 08 B © Jac= 20107 A/m ]
frequency, fxeN- g
S 06 :
o . . . £ I
direction (for the magnetic phase diagram of the specimen, see S 04 .
Fig. S1 in the Supplemental Material [31]). We measured a 02 L
series of voltage PSDs, Sy (f), under dc + ac electric currents ’
using a spectrum analyzer (for details, see the Methods section 0.0 N ———
in the Supplemental Material [31]). The specimen exhibits 300 Frequaeiocy (Hz) 400

NBN emerging from the dc-current-induced skyrmion-lattice
motion when jg. exceeds ~5 x 108 A/m? [11]. When the ac
electric current was absent, higher harmonic NBN was dis-
cerned up to the fifth band, and a complex coexistence of other
bands was not observed [Fig. 1(b)]. All the data below were
obtained at 7 = 28.4 K and B = 220 mT (in the skyrmion
phase), and we investigated the ji.-fngn profile under the
influence of an ac electric current of fox = 700 Hz.

Figures 2(a) and 2(b) display Sy (f) profiles in the ab-
sence and presence of j, (=2 x 108 A/m?), respectively,
for the conditions that fxgn appears near 350 Hz (= fex/2).
When j,. = 0 [Fig. 2(a)], the peak frequency of the funda-
mental NBN continuously shifts toward higher frequencies as
Jde increases, whereas its spectral shape stays approximately
symmetric, as observed in our previous study [11].

The behavior dramatically changes when the finite j,. is
superimposed, and as detailed below, the voltage PSD shows
complex variations against continuous change in jq.. When
JnBN 1s appreciably lower than fix/2 [PSD (I) in Fig. 2(b)],
the PSD is symmetric and rather broadened compared with
the case of j,. = 0. It demonstrates that the coherence of the
dc-current-induced skyrmion-lattice motion is somewhat dis-
turbed by the addition of off-resonant j,.. As fnsn approaches
fex/2 [PSD (ID)], the spectral shape becomes distorted and the
spectral weight is pulled toward f.« /2. Such behavior, referred
to as the “frequency-pulling effect,” has been reported as a
precursor phenomenon of mode locking in charge-density-
wave (CDW) systems [32,33]. When fygn matches fex/2,

FIG. 2. (a), (b) Power spectral densities (PSDs) of voltage fluc-
tuations in the (a) absence and (b) presence of an ac electric current.
(c) Comparison between the NBN spectra in the absence of an ac
electric current (jg and j, are 7.27 x 10% and 0 A/m?, respectively)
and in the mode locked state in the presence of an ac electric current
(jae and j, are 6.24 x 10% and 2.0 x 103 A/m?, respectively).

the PSD exhibits a pronouncedly sharp peak. Remarkably,
the peak frequency remains unchanged for a finite range of
increase in jg., although the spectral weight continues to shift
toward higher frequencies [PSD (III to V)]; that is, the peak
frequency is “locked” into f.x/2. The linewidth is appreciably
narrower than that of j,. = 0 [Fig. 2(c)], indicating that the co-
herence of the current-induced motion of the skyrmion lattice
is rather enhanced in the locking condition. As jg is increased
further, fygn becomes “unlocked” and starts to shift toward
higher frequencies [PSD (VI)], and eventually, the spectrum
reverts to a broadened symmetric shape [PSD (VII)]. The
systematic variations in the linewidths as a function of jq. are
summarized in Fig. S3 in the Supplemental Material [31].
The locking-unlocking transition can be seen more clearly
when the j4.- fnpn profile is derived from Figs. 2(a) and 2(b).
The results are shown in Fig. 3, comparing the jg.-fnsN
profiles in the presence and absence of j,.. When j,c =0,
JnBN smoothly increases as a function of jq, as previously re-
ported [11]. When the ac electric current is present, however,
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FIG. 3. dc current density dependence of fypn With and without
externally applied ac current at f., = 700 Hz (red and black plot, re-
spectively), measured at the skyrmion phase. The staircase structures
are labeled with a set of small integers.

multiple step structures appear in such a way that fxgn satis-
fies the relation fxgn/fex = p/g. Such anomalies are referred
to as a harmonic step for p/q = integer and a subharmonic
step for p/q = noninteger. In each step, the jq.-fnpn profile
exhibits either a plateau (p/q = 1/1 and 1/2) or kink (p/q =
2/3, 1/3, and 1/4), thus indicating an interplay between the
time-varying skyrmion-lattice motion induced by dc current
and a forced oscillating motion induced by ac current. Similar
staircase behavior is observed in other systems as a signature
of mode locking [1,32], and we therefore conclude that the
mode locking in the current-induced motion of the skyrmion
lattice is experimentally demonstrated.

In the mode locking observed in CDW systems, the plateau
behavior in the jg.-fngn profile is often smeared and turns
into kinklike anomalies when the sample quality is moderate,
and thus the spatial and temporal phase coherence of the
CDW motion is considered to be crucial for mode locking
[1]. On the basis of this knowledge, the observation of the
clear plateau in the present study indicates that the skyrmion-
lattice motion in the microfabricated MnSi has relatively high
coherence. Nevertheless, the quantitative estimation of the
dynamic coherence length is experimentally challenging, and
the nature and origin of the pinning are currently not clear;
more specifically, it remains unclear whether the system is in
a strong or weak pinning regime [1] and whether the pinning
arises from bulk impurities or surface barriers that affect the
skyrmion flow into and out of the sample edges.

Given the lack of microscopic insight into the pinning,
here, we take a phenomenological approach and analyze the
results within the classical rigid-sphere model. When adopting
this model, we neglected the meandering degree of freedom in
the skyrmion string [34] and correlations along the direction
perpendicular to the skyrmion-string flow. With this assump-
tion, we map the skyrmion lattice of the periodicity of 20 nm
in the presence of the pinning potential onto a rigid sphere in
the presence of a periodic effective potential of the periodicity

of 220 nm. The equation of motion of the rigid sphere is thus
given as

d*x dx dU(x)
m——+y— =
dr? dt dx

where m is the mass of the rigid sphere (or, equivalently,
the phenomenological mass of the skyrmion lattice), y is a
damping constant, U(x) is a one-dimensional periodic po-
tential, and 7 is a given coupling term between the driving
force and the applied current; for details, see Sec. V in the
Supplemental Material [31]. In the simplest case, one can take

nj), ey

a cosine potential as U (x) = —k(%)2 cos(zT”x), where A is a
periodicity and k is a restoring-force constant. When we chose
the parameters k and y such that the experimentally observed
threshold current density and slope of the j4.- fnpn profile are
reproduced, we find that this simplest model shows nonlinear
dynamics, such as velocity modulation (i.e., NBN) under a dc
force and its mode locking phenomena under the addition of
an ac force (Fig. S8 in the Supplemental Material [31]). Thus,
the model seems successful in describing the skyrmion-lattice
dynamics under time-varying electric currents. We also note
that the equation of motion [Eq. (1)] is formally identical to
the equation that describes the behavior of resistively shunted
Josephson junctions [1], in which corresponding phenomena,
such as Shapiro steps, are also observed [35]. Note that the
microscopic derivation of Eq. (1) is still lacking for the cases
of the dynamics of the flux-line lattice, CDW, and skyrmion
lattice [7,36].

To further test this phenomenological model, it is important
to explore a phenomenon that has not been confirmed by
experiments but is predicted from Eq. (1). One such intriguing
prediction is that the width of the emergent “1/1” harmonic
step in the jg-fnpn profile, Ajg, varies in an oscillating
manner as a function of j,. [4,7,37],

J] (ﬂ{ae)
Je

where J; is the first-ordered Bessel function, j. is a threshold
current density in the absence of j,., B is a dimensionless
fitting parameter, and « (0 < o < 1) is a phenomenological
scale factor that describes the difference in the results between
the rigid-sphere model and real experiments (¢ = 1 corre-
sponds to the plateau width of the rigid-sphere model, and
thus « is often regarded as a parameter that describes a volume
fraction responding to the external driving forces [4,7,37]).
Thus, examining whether the experimental j,.-Aj4. profile
can reproduce such an oscillating step width emergent from
the model [Eq. (2)] is a more stringent test for the validity
of the rigid-sphere model in the context of the mode locking
of the skyrmion-lattice motions.

We analyzed the variations in the A jg. of the 1/1 harmonic
step as a function of j,., as shown in Figs. 4(a) and 4(b). We
estimated the plateau width in two ways: (i) directly from the
locking of the fundamental peak at 700 Hz [Fig. 4(a)] and
(ii) indirectly from the locking of the sum-frequency sideband
at 1400 Hz (= fnsN + fex) (see Fig. S7 in the Supplemental
Material [31]). While the number of available data points
is limited for case (i), the analysis based on (ii) enables us
to analyze the plateau width up to higher j,. (for details,

Ajae ¥ 20 je , @)
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FIG. 4. (a) dc current density dependence of fygn approximately
700 Hz at representative magnitudes of an ac current of 700 Hz. We
defined the widths of the 1/1 harmonic step of the mode locking A j4.
as the range of j,. in which the fundamental NBN is within 700 £ 25
Hz (highlighted by gray shaded regions). (b) j,. dependence of A jgc.
Red and black points are derived from (a) and the analysis of sum-
frequency sideband (see Fig. S7 in the Supplemental Material [31]),
respectively. Red and black lines are fits of Eq. (2).

see Fig. S5 in the Supplemental Material [31]). Overall, the
results are consistent with each other, and both A j;. show an
oscillating behavior against j,. [Fig. 4(b)]. More importantly,
this behavior is fitted well by Eq. (2) (the red and black
curves), demonstrating that the classical rigid-sphere model
describes the mode locking of skyrmion-lattice motion well.
The derived o values are 0.17 and 0.14 for analysis procedures
(1) and (ii), respectively. These values are comparable to those
of high-purity CDW systems (« =~ 0.17) [7], again suggesting
that the skyrmion-lattice motion in microfabricated MnSi has
a relatively high spatiotemporal coherence.

Finally, we focus on the emergence of the subhar-
monic steps and discuss its physical implications within
the framework of the classical rigid-sphere model (for
a more elaborated approach, see Refs. [38,39]). Nu-
merical simulations of the rigid-sphere model tell us
that (i) as long as a single-component cosine poten-
tial is considered, finite mass is absolutely essential for
the emergence of subharmonic steps (Fig. S8 in the
Supplemental Material [31]; see also Refs. [40,41]), and (ii)
alternatively, even if the mass is zero or negligibly small,
the subharmonic steps can appear when the effective poten-
tial includes higher-order cosine components (Fig. S8 in the
Supplemental Material [31]). Thus, the emergence of the sub-
harmonic steps in the skyrmion-lattice mode locking is likely
accounted for by considering a higher-order cosine effective
potential for the skyrmion-lattice motion and/or a finite phe-
nomenological mass in Eq. (1).

In this context, we note that the steady flow of skyrmions
in such a microscaled specimen is presumably significantly
influenced by the creation and/or annihilation rates of
skyrmions at the sample edges [11]. When reducing to the
rigid-sphere model, such singular events at the edges would
give rise to higher-order cosine components as well as a
fundamental one in the effective potential, thus reasonably

accounting for the emergence of the subharmonic step. Even if
we neglect such singularities arising from the edges, neutron
diffraction experiments revealed weak but appreciable higher
harmonic Bragg spots in a skyrmion lattice [16], indicating
that the effective potential in a rigid-sphere model should
include higher-order cosine components.

Nevertheless, we do not rule out the possibility that the
phenomenological mass in Eq. (1) is finite. While magnetic
skyrmions are often regarded as nearly massless [12,25], some
theoretical studies note that a two-dimensional (2D) single
skyrmion may have an extremely small but finite effective
mass mZ> . (~107> to ~107** kg) due to its internal de-
formation [42] or a confining potential [43]. If we tentatively
fit the experimental results to the rigid-sphere model with a
single cosine potential, we find that the phenomenological
mass m in Eq. (1) is ~10~'! kg, 14 orders of magnitude larger
than the theoretically predicted mfilggle (Fig. S8 in the Supple-
mental Material [31]). On one hand, this large discrepancy
seemingly suggests that the value of the phenomenological
mass is not reasonable and thus the experimental observation
of the subharmonic step should be ascribed to a higher-order
cosine effective potential. On the other hand, given that we
derived the phenomenological mass for a three-dimensional
(3D) skyrmion lattice [Fig. 1(a)], a comparison to the
microscopically predicted mfilggle for an isolated 2D skyrmion
is not straightforward. Furthermore, even if we limit the
discussion only to a microscopic level, the relationship
between mZ,,, and the mass of a 3D skyrmion lattice mjyy;., is
not clear at this moment. During the flow motion, the internal
deformations of a 3D skyrmion string and an interaction
between skyrmion strings may need to be considered. These
issues are beyond the scope of the present experiment, and
we leave this to future independent theoretical works.

In conclusion, we performed voltage fluctuation spec-
troscopy on a microfabricated MnSi under dc + ac electric
current and demonstrated the mode locking phenomena of
current-induced skyrmion-lattice motion. In the mode locked
state, the linewidth of NBN is sharpened, indicating the
enhanced coherence of the motion. The mode locking phe-
nomena of the magnetic skyrmion lattice are qualitatively
reproduced within the framework of the classical rigid-sphere
model, and the physical implications of the emergence of the
subharmonic step are discussed. The classical model validated
here has been widely applied to a broad class of systems,
such as CDW, flux-line lattices in type-II superconductors,
and resistively shunted Josephson junctions. We thus expect
that a perspective based on this model would provide a facile
method to describe the skyrmion-lattice dynamics under time-
varying electric currents. Nevertheless, as the microscopic
derivation of the classical rigid-sphere model is lacking, there
still remains a possibility that a phenomenological model
in a different form is more suitable for describing the 3D
skyrmion-lattice dynamics.
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