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Dynamical stability of two-dimensional metals in the periodic table
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We study the dynamical stability of two-dimensional (2D) metals from Li to Pb in the periodic table. Using a
first-principles approach, we calculate the phonon band structure of 2D metals that have planar hexagonal (HX),
buckled honeycomb (bHC), and buckled square (bSQ) lattice structures. The bHC and bSQ are dynamically
stable structures for most transition metals, whereas the HX and bHC are dynamically stable structures for alkali
earth and noble metals. Thin films thicker than bHC and bSQ are dynamically stable for group 5 elements and
indium. We demonstrate that the trend in the dynamical stability of 2D metals is correlated with that of three-
dimensional (3D) metals. This provides design principles of ordered alloys: 2D metals are building blocks for
constructing 3D alloys, where the similarity regarding the dynamical stability of different 2D metals is important
for creating dynamically stable alloys.
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I. INTRODUCTION

To determine the crystal structure, the Bravais lattice with
a basis, is a key ingredient in studying the properties of
condensed matters [1,2]. From a point of view of compu-
tational materials science, this enables us to predict various
properties of solids by using first-principles approach. How-
ever, it is not trivial to determine the crystal structure given
the chemical composition of solids because many metastable
structures (i.e., dynamically stable but not the ground state
structure) exist in the potential energy surface. Also elemental
metals in the periodic table have metastable structures: While
most elemental metals have either the face-centered cubic
(FCC), body-centered cubic (BCC), or hexagonal closed-
packed (HCP) structures as its ground state, some elemental
metals in a different structure are also dynamically stable [3].
Such a metastability in elemental metals has been renewed
interest from both fundamental and practical points of view
[4–8].

Recently, two-dimensional (2D) materials that consist of a
few atomic layers have attracted significant interest because
of the structural properties. Graphene has honeycomb (HC)
structure with zero thickness [9]. In contrast, other 2D ele-
ments in group 14 have buckled HC (bHC) as a dynamically
stable structure [10,11]. For example, silicene (Si), germanene
(Ge), and stanene (Sn) have a total thickness of 0.45, 0.69, and
0.85 Å, respectively [11]. This is attributed to the fact that the
bonding in the bulk prefers sp3 to sp2 character, producing the
diamond structure but not the graphite-like structure. While
these have HC or bHC structures, others can have another
stable structures, such as the planar hexagonal (HX), square
(SQ), and more complex geometries. For example, 2D al-
lotropes of noble metals (Cu [12], Ag [13], and Au [14]),
borophene (B) [15,16] and gallenene (Ga) [17] in group 13,
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pentagraphene in group 14 [18], phosphorene (P) [19], ar-
senene (As) [20], antimonene (Sb) [20], and bithmuthene (Bi)
[21] in group 15, and poloniumene (Po) in group 16 [22] have
been proposed theoretically and/or created experimentally.
Note that B and Ga require external strains (or substrate) to
be stabilized.

It is interesting to investigate what is the metastable struc-
tures of 2D metals. Since elemental metals tend to have close
packed structures in three-dimensional (3D) space, they would
have HX or similar close packed structures. Recently, the
stability of elemental 2D metals have been investigated by cal-
culating the total energy within the density-functional theory
(DFT) [23,24]. In fact, the planar HX [23] and bHC structures
[24] have been proposed as stable structures. However, the
dynamical stability of 2D metals has not been studied.

In this paper, we calculate the phonon band structure of
elemental metals, from Li to Pb in the periodic table, in the
monolayer structures (the planar HX, the bHC, and the buck-
led SQ (bSQ) structures) by using DFT and density-functional
perturbation theory (DFPT). We show that most elemental
metals are dynamically stable in the monolayer structures, that
is, no imaginary phonon frequencies are observed within the
first Brillouin zone. Based on this, we discuss the relationship
of the dynamical stability between these 2D and 3D metals,
where an atomically thin layer having the HX and SQ lat-
tice structures can be a building block for constructing 3D
crystals. This concept can be applied to a material design for
dynamically stable alloys. As an example, we demonstrate
how the dynamical stability of ordered AlCu and CuZn alloys
is related to that of 2D metals.

Some exceptions are obtained: V, Nb, Ta, and In in the
buckled structures are dynamically unstable, whereas those
with thicker structures that are termed the 3HX or 3SQ in
the present study, where three layers of the planar HX or SQ
lattices are stacked along the direction perpendicular to the 2D
plane, are dynamically stable. In the present paper, the thicker
structures as well as monolayers are included to 2D metals.
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For 2D Cs, Ba, Tl, and Ga, no stable structures are found at
zero temperature and pressure.

The rest of paper is organized as follows. Section II de-
scribes computational details for DFT and DFPT calculations.
Section III discusses the energetic and dynamical stabilities
of 2D metals. The stability relationship between 2D and 3D
metals and its application to prediction of ordered alloy struc-
tures are also discussed. Conclusion and future perspectives
are presented in Sec. IV. The phonon dispersion relations in
2D metals are provided in Appendix A.

II. COMPUTATIONAL DETAILS

We calculate the total energies of 2D metals based on
DFT implemented in QUANTUM ESPRESSO (QE) code [25].
In the present study, we use the GGA-PBE functional [26]
because it can describe various equilibrium properties of solid
such as total energy, lattice constants, vibrational proper-
ties, and magnetic properties. We also use the GGA-PBEsol
functional [27] because it improves surface energies that are
small in the GGA-PBE functional [28]. We use the ultrasoft
pseudopotentials generated by the scheme of Ref. [29], i.e.,
pslibrary.1.0.0. For Na, Mn, and Tc, pslibrary.0.2,
pslibrary.0.3.1, and pslibrary.0.3.0 are used, respec-
tively. Spin-polarized (sp) calculations are performed for Cr,
Mn, Fe, Co, and Ni only. The cutoff energies for the wavefunc-
tion and the charge density are 80 and 800 Ry, respectively,
which are well above the suggested cutoff energies. The
self-consistent field (scf) calculations are performed by using
30×30×1 k grid for 2D metals and 15×15×15 k grid for
3D alloys [30]. The primitive lattice vectors in units of the
lattice constant a are (1,0,0), (−1/2,

√
3/2, 0), and (0, 0, c/a)

for HX, bHC, and 3HX structures, and (1,0,0), (0,1,0), and
(0, 0, c/a) for bSQ and 3SQ structures. The size of c is
fixed to be 14 Å, which is large enough to avoid spurious
interactions between 2D layers in different unit cells. The
Marzari-Vanderbilt smearing [31] with a broadening of σ =
0.02 Ry is used for all calculations.

The cohesive energy of the structure j is defined as Ej =
εatom − ε j , where εatom is the total energy of an atom in free
space and ε j is the total energy per atom of the structure j =
HX, bHC, and bSQ. During the geometry optimization for the
structure j, the total energy and forces are converged within
10−5 Ry and 10−4 a.u., respectively. The value of εatom for
all atoms is obtained from atom-in-a-box calculations (within
non-spin-polarized (nsp) approximation) of a single atom in a
unit cell with a volume of 15×15×15 Å3.

The dynamical stability of 2D metals is studied by per-
forming the phonon band structure calculations within the
DFPT [32] implemented in QE code [25]. For HX and bHC
structures, 8×8×1 q grid (10 q points) is used, while for
bSQ structure, 6×6×1 q grid (10 q points) is used. For
3HX and 3SQ structures, 6×6×1 q grid (7 and 10 q points,
respectively) is used. In cases of bHC W, bSQ W, and anti-
ferromagnetic phase of HX Cr and Mn, the size of q grid is
decreased to 6×6×1, 4×4×1, and 4×2×1, respectively, in
order to reduce the computational costs. For AlCu and CuZn
alloys, 4×4×4 q grid is used. The phonon energy is defined
by Ep = sgn(ω2)h̄|ω|, where sgn is the sign function, h̄ is the
Planck constant, and ω is the phonon frequency obtained by

diagonalizing the dynamical matrix. Ep is negative when ω is
an imaginary number. If Ep is positive over the entire Brillouin
zone for an element in the structure j, such a structure is
dynamically stable.

We note that monolayers studied in the present work have
no electron energy gap around the Fermi level except Hg,
which is checked by calculating the electron density-of-states
for HX, bHC, and bSQ structures. The HX, bHC, and bSQ
Hg have the energy gap of about 1 eV within GGA-PBE.
The HX Hg has the energy gap of 0.4 eV, while the bHC and
bSQ Hg have no energy gap within GGA-PBEsol. It has been
known that many-body correction for the electron correlation
energy is important to reproduce the bulk properties of Hg
[33]. It is desirable to study the stability of 2D Hg beyond
DFT approach. It is useful to note that bHC Sn obtained in
the present study is a metal, while stanene is a Dirac-type
semiconductor without spin-orbit coupling [11]. This implies
that the former and the latter are 2D analogues of white tin
having metallic phase and gray tin having semiconducting
phase, respectively.

Throughout this paper below, we discuss the dynamical
stability of 2D metals and 3D alloys based on the GGA-PBE
calculation results. It would be valuable to note that the dy-
namically stable structures obtained from the GGA-PBEsol
calculations are almost the same as those obtained from
the GGA-PBE calculations. The differences are as follows:
Within GGA-PBEsol, HX K and 3HX Tl are dynamically
stable, while bSQ Cu, HX Au, bHC Au, and bSQ Hg are
unstable. We have not studied the dynamical stability of Nb
and Tc because no GGA-PBEsol potentials are available.

III. RESULTS AND DISCUSSION

A. Buckling effect

First, we demonstrate that the buckled structures become
more energetically stable than the planar structure by calcu-
lating the potential energy surface. The unit cell of the bHC
structure includes two atoms, whose positions are given by
(0, 0,+δ) and (0, a/

√
3,−δ) with the lattice constant a and

the buckling height δ [see Fig. 1(b)]. Figure 1(a) shows the to-
tal energy variation as a function of δ and a for 2D Ag, where
the total energy is minimum when δ = 0.0 Å and a � 4.6 Å
and when δ � 1.2 Å and a � 2.8 Å. The local minimum of
the former and the latter corresponds to the planar HC and
bHC structures, respectively. The bHC is more stable than the
planar HC and HX structures by 716 and 164 meV/atom,
respectively. We also consider the bSQ structure with two
atoms included in a unit cell, where the positions of atoms are
given by (0, 0,+δ) and (a/2, a/2,−δ), as shown in Fig. 1(d).
We plot the total energy as a function of δ and a for 2D Ag in
Fig. 1(c). The two local minimum correspond to the planar SQ
and the bSQ structures. The values of a in the bHC and bSQ
structures are close to the nearest-neighbor (NN) interatomic
distance in FCC Ag (2.89 Å).

Motivated by this fact, we set the initial guess of a to the
NN interatomic distance d3D in 3D metals [34] and optimize
the geometry of the HX, bSQ, and bHC structures from Li
to Pb in the periodic table. In addition, the initial guess of δ

is set to 0.3d3D for bHC and bSQ structures. The optimized
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FIG. 1. (a) The total energy variation as a function of a and δ

and (b) top and side views for the bHC structures of Ag. [(c) and (d)]
Same as (a) and (b), respectively, but for the bSQ structure. The unit
cell is enclosed by red lines. The layer thickness is equal to 2δ.

δs are distributed around 0.4d3D. Table I lists Ej and the
optimized parameters (a j and δ j) for j = HX, bHC, and bSQ,
where the values of δHX that are equal to zero are omitted.
For most elements, the bHC structure is the most energetically
stable structure, while for Cr, Mo, Nb, Ti, V, W, and Zr (i.e.,
group 4, 5, and 6 metals except Hf and Ta), the bSQ is more
stable than the bHC structure. Note that for bHC Mo, bHC
W, and bSQ Mn, the initial guess of δ = 0.3d3D leads to
a highly buckled structure that is found to be dynamically
unstable, as in silicene and germanene [10]. In these cases,
we set δ = 0.1d3D as an initial guess to yield a low-buckled
structure that is dynamically stable as shown in Appendix A.
The cohesive energies of the low-buckled structures are
smaller than those of the high-buckled structures by 218, 597,
and −39 meV/atom, respectively, in Mo, W, and Mn. The
parameters for the low-buckled structure are listed in Table I.

Figures 2(a), 2(b), and 2(c) summarize the atomic number
Z dependence of Ej , a j , and δ j ( j = HX, bHC, and bSQ),
respectively. The period X from two to six in the periodic
table is indicated. Within the same period, an increase in Ej

is observed with an increase in Z , shown in Fig. 2(a). Except
X = 2 and 3, this is followed by a decrease in Ej . Such non-
monotonic behaviors are due to the presence of d electrons,
which have also been predicted in Ref. [23]. Mn, Tc, and Re
in the group 7 have the largest Ej in the same period. The a j

and δ j show opposite tendency with Z , as shown in Figs. 2(b)
and 2(c), respectively: a j and δ j have the minimum when Ej

is maximum in the same period. We stress in Fig. 2 that for
all js trends in the energetic stability are present with Z . Thus
we expect that several properties of 2D metals can behave in
a similar way, providing trend in the dynamical stability of
elements as well. This will be demonstrated below.

B. Metastability

In Table I, the dynamically stable structures are indicated
by underlying the corresponding Ej . If the HX structure is
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FIG. 2. The Z dependence of (a) Ej , (b) aj , and (c) δ j for j =
HX, bHC, and bSQ. The figure X (= 2, 3, 4, 5, and 6) indicates the
period in the periodic table.

dynamically stable, the bHC structure is also dynamically
stable. This is because the bHC and HX structures belong
to the same valley in the potential energy surface, as shown
in Fig. 1(a). It is noteworthy that for Ag, Be, Ca, Cd, Mg,
Rb, and Sr, the HX and bSQ structures are dynamically stable
and unstable, respectively, although the size of EbSQ is larger
than that of EHX. Similarly, for Cr, Mo, and W, the bHC and
bSQ structures are dynamically stable and unstable, respec-
tively, although the size of EbSQ is larger than that of EbHC.
The unstable bSQ must be transformed into a lower-energy
structure. In the present case, the imaginary frequencies are
observed in the ZA phonons along the �-X direction (see
Appendi A). This means that the bSQ structure is unstable
against the out-of-plane vibrations that can cause a structural
transformation into a thicker structure. The latter would be
more energetically stable as well as dynamically stable. This
will be demonstrated below for V, Nb, Ta, and In.

The phonon band structures from Li to Pb in the periodic
table for (a) HX, (b) bHC, and (c) bSQ structures are shown
in Appendix A. Figure 3 summarizes the dynamical stability
of 2D metals, where the stability behaviors are similar in the
same group in the periodic table. First, we focus on group
2 (Be, Mg, Ca, and Sr), group 11 (Cu, Ag, and Au), group
12 (Zn and Cd), and Rb that are dynamically stable in the
HX structure. In order to understand why the HX structure
is dynamically stable in these elements, we plot the cohesive
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TABLE I. Ej (eV/atom), aj (Å), and δ j (Å) for j = HX, bHC, and bSQ. “nsp” and “sp” in the parenthesis indicate the non-spin-polarized
and spin-polarized calculations, respectively. The largest cohesive energy in an element is shown in bold. Among three structures, the
dynamically stable structures are indicated by underlying the corresponding cohesive energies.

EHX aHX EbHC abHC δbHC EbSQ abSQ δbSQ

Ag 2.144 2.794 2.307 2.855 1.239 2.201 2.802 1.082
Al 2.842 2.682 3.217 2.748 1.227 3.085 2.713 1.088
Au 2.845 2.748 2.897 2.773 1.442 2.722 2.756 1.143
Ba 1.203 4.467 1.593 4.493 1.763 1.547 4.339 1.609
Be 2.997 2.126 3.354 2.157 0.959 3.181 2.090 0.799
Ca 1.181 3.866 1.584 3.924 1.503 1.530 3.792 1.340
Cd 0.487 2.922 0.642 2.950 1.489 0.505 2.938 1.378
Co (nsp) 5.028 2.302 5.902 2.379 0.975 5.619 2.366 0.821
Co (sp) 5.463 2.355 6.178 2.441 0.974 5.901 2.397 0.874
Cr (nsp) 6.440 2.340 7.388 2.788 0.716 7.411 2.280 1.053
Cr (sp) 6.735 2.690 7.388 2.788 0.716 7.411 2.280 1.053
Cs 0.554 5.385 0.635 5.213 2.110 0.626 5.250 2.031
Cu 3.154 2.428 3.407 2.496 1.063 3.280 2.468 0.912
Fe (nsp) 5.780 2.287 6.903 2.400 0.927 6.496 2.377 0.800
Fe (sp) 6.314 2.405 6.903 2.400 0.927 6.893 2.391 0.969
Ga 2.261 2.749 2.516 2.822 1.298 2.497 2.683 1.225
Hf 4.850 2.919 6.091 3.152 1.140 6.082 3.051 0.999
Hg 0.093 3.534 0.128 3.553 1.471 0.123 3.574 1.249
In 1.912 3.162 2.165 3.226 1.459 2.136 3.069 1.382
Ir 6.948 2.564 7.739 2.662 1.101 7.312 2.663 0.908
K 0.700 4.527 0.810 4.636 1.901 0.787 4.430 1.763
Li 1.311 3.091 1.561 3.102 1.159 1.538 2.960 1.085
Lu 2.595 3.338 3.533 3.433 1.320 3.434 3.419 1.103
Mg 0.952 3.058 1.241 3.087 1.354 1.106 3.046 1.174
Mn (nsp) 6.322 2.296 7.437 2.447 0.921 7.119 2.618 0.604
Mn (sp) 6.871 2.573 7.437 2.447 0.921 7.119 2.618 0.604
Mo 7.931 2.597 8.879 3.102 0.808 8.907 2.553 1.138
Na 0.937 3.659 1.064 3.681 1.519 1.036 3.519 1.404
Nb 7.122 2.700 7.865 3.187 0.907 8.157 2.663 1.179
Ni (nsp) 4.164 2.338 4.769 2.408 1.020 4.573 2.377 0.874
Ni (sp) 4.253 2.355 4.827 2.425 1.010 4.614 2.397 0.867
Os 8.202 2.553 9.510 2.681 1.034 8.861 2.698 0.850
Pb 2.795 3.305 3.139 3.535 1.322 3.129 3.428 1.195
Pd 2.847 2.631 3.407 2.701 1.175 3.238 2.658 1.024
Pt 5.082 2.611 5.391 2.695 1.205 5.150 2.650 1.040
Rb 0.619 4.925 0.715 4.974 2.051 0.692 4.754 1.903
Re 8.633 2.573 10.057 2.724 1.033 9.498 2.944 0.672
Rh 4.643 2.551 5.569 2.634 1.092 5.265 2.620 0.923
Ru 6.321 2.528 7.592 2.663 1.015 7.147 2.668 0.845
Sc 2.706 3.149 3.619 3.283 1.199 3.553 3.218 1.038
Sn 3.010 3.137 3.353 3.315 1.300 3.339 3.196 1.195
Sr 0.966 4.249 1.332 4.287 1.653 1.279 4.138 1.480
Ta 6.963 2.729 8.102 2.811 1.266 8.089 2.712 1.121
Tc 7.583 2.538 8.931 2.710 1.008 8.530 2.894 0.677
Ti 4.450 2.674 5.469 2.933 1.030 5.536 2.795 0.930
Tl 1.649 3.318 1.849 3.375 1.527 1.819 3.214 1.467
V 5.845 2.445 6.654 2.885 0.806 6.874 2.401 1.067
W 8.212 2.632 9.157 3.089 0.850 9.223 2.602 1.117
Y 2.779 3.424 3.672 3.567 1.346 3.590 3.493 1.168
Zn 0.862 2.538 1.039 2.569 1.308 0.817 2.537 1.194
Zr 5.096 2.918 6.059 3.203 1.166 6.112 3.016 1.077
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FIG. 3. Periodic table for elemental 2D materials. The present results are colored. The stable 2D structures are indicated (The structure in
parenthesis indicates the metastable phase). If the HX structure is dynamically stable, the bHC structure is also stable. Stable crystal structures
in 3D materials are from Ref. [1]. The previously investigated structures that have dynamical stability include semiconductors of C [9], Si, Ge,
and Sn [11], P [19], and As and Sb [20], and metals of Cu [12], Ag [13], Au [14], B [15,16], Ga [17], Bi [21], and Po [22].

energy difference between the bHC and HX structures
(EbHC − EHX) as a function of EHX in Fig. 4. There is a ten-
dency that the larger EHX, the larger the energy difference. The
elements that we consider are indicated by filled symbols: Be,
Mg, Ca, Sr, and Rb (circle), Cu, Ag, and Au (square), and Zn
and Cd (diamond). Due to small energy differences less than
400 meV, these can be isolated as a monolayer. Among them,

FIG. 4. The cohesive energy difference between EbHC and EHX

as a function of EHX. The calculated data for the elements that are
dynamically stable in the HX structure are plotted by filled symbols.

HX Au has the lowest value (52 meV), which is larger than
the total energy difference between bilayer and monolayer
graphene (less than 20 meV) [35].

We study the stability of the group 2 (Be, Mg, Ca, and
Sr) and group 11 (Cu, Ag, and Au) metals from another as-
pect. These are classified into divalent and monovalent metals
having two and one s electrons in the outermost shell, respec-
tively. Since the distribution of the s electron is spherically
symmetric around the nucleus, the densely packed HX struc-
ture with no buckling is realized. In this sense, it is strange
that the HX structure is unstable in alkali metals (Li, Na,
and K).

Next, we focus on transition metals, most of which are
dynamically stable in the bHC structure. In transition met-
als, the electronic states around the Fermi level consist of a
mixture of s and p (d ) electrons. Such a hybridized orbital
is less spherical symmetry, creating the buckled structures, as
realized in group 14 semiconductors (Si and Ge) [10]. With
respect to the stability, the trivalent metal of Al is similar to
transition metals rather than free electron metals (Na and K).
Ti and Zr are anomalous in that those in the bHC and bSQ
structures are dynamically unstable and stable, respectively.

In cases that the HX, bHC, and bSQ structures are unstable
(i.e., V, Nb, Ta, Ga, In, and Tl), we examine the dynamical
stability of thicker films in the 3HX and 3SQ structures. The
positions of atoms are (0, 0, 0), and (0, a/

√
3, ±2δ) for

3HX and (0, 0, 0), and (a/2, a/2, ±2δ) for 3SQ structures
in a unit cell described in Sec. II. Figures 5 and 6 show the
phonon band structures of group 5 metals (V, Nb, and Ta)
and group 13 metals (Ga, In, and Tl), respectively: left for
3HX and right for 3SQ structures. For group 5 metals, the
3SQ structure is dynamically stable, while the 3HX structure
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FIG. 5. The phonon band structures of group 5 metals of V, Nb,
and Ta: (left) 3HX and (right) 3SQ structures.

is unstable. For group 13 metals, the 3HX In is dynamically
stable only. The cohesive energy Etri (eV), the optimized lat-
tice constant a (Å), and the interlayer distance 2δ (Å) for 3SQ
V, 3SQ Nb, 3SQ Ta, and 3HX In are as follows: (Etri, a, 2δ) =
(6.947, 2.886, 1.404), (8.209, 3.256, 1.471), (8.195, 3.258,
1.469), and (2.223, 3.315, 2.768), respectively. It should be
emphasized that the magnitude of Etri is larger than those of

FIG. 6. Same as Fig. 5 but for group 13 metals of Ga, In, and Tl.

FIG. 7. The phonon band structures of (a) bHC Co and (b) bHC
Ni. Spin-polarized calculations are performed.

EbHC and EbSQ listed in Table I, which proves a hypothesis
mentioned in the first paragraph in Sec. III B.

Unfortunately, no dynamically stable structures are found
for Cs, Ba, Ga, and Tl at zero pressure. The instability of
these elements are due to the instability against the out-
of-plane vibrations. Fortunately, the imaginary frequencies
appear around � point only, meaning that these 2D metals
would be stable when the lateral size of the sample is smaller
than the wavelength of the corresponding ZA phonons.

C. Magnetic effects

The dynamical stability in the bHC structure does not
change when the magnetic effects are included. The bHC
phase of Cr, Mn, and Fe has nonmagnetic, while that of Co
and Ni has ferromagnetic state with the magnetic moment
1.89 and 0.82 μB per atom, respectively (the Bohr magneton
μB). The bHC Co and bHC Ni are dynamically stable within
spin-polarized calculations as shown in Figs. 7(a) and 7(b),
respectively, as well as within non-spin-polarized calculations
as shown in Appendix A. We find that the behavior of bHC is
quite analogous to that of HCP phase. For 3D case, the HCP
phase of Mn and Fe has nonmagnetic, while that of Cr, Co,
and Ni has ferromagnetic state with 0.12, 1.60, and 0.59 μB

per atom, respectively [36]. This means that bHC and HCP
Cr, Mn, and Fe tend to have small or zero magnetic moment.
In addition, HCP Co and Ni are elastically stable irrespective
to the presence or absence of magnetic effects [37].

The trend of the dynamical stability in bSQ is different
from that of bHC structure. Figure 8 shows the phonon band
structure of bSQ Fe, Co, and Ni: left and right for the non-
spin-polarized and spin-polarized calculations, respectively.
Within non-spin-polarized calculations, the bSQ structure
is dynamically stable. However, except Ni, those structures
become dynamically unstable when magnetic effects are in-
cluded, where the absolute magnetic moment per atom is
2.77, 1.94, and 0.82 μB for ferromagnetic Fe, Co, and Ni,
respectively. This trend is similar to the stability of FCC Fe,
where it is elastically stable and unstable in nonmagnetic and
ferromagnetic states, respectively [37].

D. Material design principles

We discuss how the dynamical stability of the 2D structure
is related to that of the 3D structure in elemental metals. This
is summarized in Fig. 9. (i) If the HX structure is dynamically
stable in an elemental metal, the HCP and/or FCC structures
are also stable (HX→HCP and/or FCC) except Rb; (ii) If
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FIG. 8. The phonon band structure of Fe, Co, and Ni that
have bSQ structure. Left for non-spin-polarized and right for spin-
polarized calculations.

either the bHC or 3SQ structure is dynamically stable only,
the BCC structure is stable (bHC or 3SQ→BCC); (iii) If the
bSQ structure is dynamically stable only, the HCP structure is
stable (bSQ→HCP); and (iv) If the bHC and bSQ structures
are dynamically stable, where the bSQ is the metastable phase,
the HCP (FCC) structure is stable for groups 3, 4, 7, and 8
(groups 9 and 10) metals (bHC and bSQ→HCP or FCC).

The property (i), HX→HCP and/or FCC, can be derived
from the fact that the FCC and HCP structures consist of HX
monolayers stacked along the (111) direction and the c axis,
respectively [1]. The property (ii), bHC or 3SQ→BCC, is also
a reasonable conclusion because the BCC structure is obtained
by stacking the bHC and 3SQ structures along the (111) direc-
tion and c axis, respectively. The property (iii), bSQ→HCP, is
derived from the fact that the HCP structure is obtained by
stacking the elongated bSQ (along the diagonal direction of
the square shaped unit cell) along the c axis. The property
(iv), bHC and bSQ→HCP or FCC, may be understood as in
the properties of (i) and (iii), while it is difficult to disentangle
the stability properties of FCC and HCP. The understanding
of the metastability of bSQ phase will be a key to resolve this
issue.

Some elements do not follow these trends due to different
3D crystal structures: Hg has the rhombohedral structure, Mn
has the cubic structure, and In and Sn have the tetragonal
structure. We expect that these structures may be related to
metastability of 2D structures different from the HX, bHC
and bSQ. According to the DFT calculations [37], Fe (nsp),
Fe (sp), Co (nsp), and Co (sp) have HCP, BCC, FCC, and
HCP structures, respectively. The different stability between
nsp and sp is attributed to a significant change in the potential
energy surface in the presence of magnetic effects. We found
that 2D Co (sp) does not follow the property (ii). It will
be desirable to study how the magnetic effects influence the
energy landscape in 2D magnetic materials in detail.

We have demonstrated that 2D structures can be building
blocks for constructing 3D structures, so that we expect that
some ordered alloys can also be constructed from two ele-
ments that show the same property above. In the present study,
we focus on the binary Al-Cu system that has a complex phase
diagram [38]. For the case of ordered AlCu, it is natural to
consider that AlCu has the Bh (WC) structure with HX Al
and HX Cu layers stacked alternately, as shown in Fig. 10(a),
since the bHC and HX structures in Al and Cu are dynamically
stable, respectively, as shown in Fig. 3. Meanwhile, the L10

(CuAu) structure [see Fig. 10(b)] has been predicted to be
more energetically stable structure [39]. This may be reason-
able because Al and Cu have the bSQ as a metastable structure
and also because the L10 structure consists of the SQ lattice of
Al and the displaced SQ lattice of Cu stacked alternately along
c axis. Figures 10(c) and 10(d) show the phonon band struc-
tures of AlCu alloy in the Bh and L10 structures, respectively,
indicating that the Bh is dynamically stable, whereas the L10

is unstable. The stability of the Bh phase is robust against
the thermal fluctuations up to 2500 K, which is confirmed by
performing ab initio molecular dynamics (MD) simulations
implemented in QE code [25]; see Appendix B for the details.
We note that the energetic stability is not enough to yield the
dynamical stability of alloys: For the present case, the L10

structure is more stable than the Bh structure by 58 meV per
unit cell. We can demonstrate that Bh CuZn is dynamically
stable as provided in Appendix B, while CuZn can have L10

or B2 (CsCl) structures as its ground state [40,41].
Our approach based on the list of dynamically stable

structures in Figs. 3 and 9 provides a novel strategy for com-
putational design of ordered alloys, which is summarized as
follows. (1) Choose two elements that are dynamically stable
in either the bHC or bSQ structures; (2) create a crystal struc-
ture such as Bh, B2, and L10 that consist of bHC or bSQ; and
(3) optimize the lattice parameters and calculate the phonon
band structure of the ordered alloy. The present strategy may
be used for three structures of ordered alloys only. In order to
predict the dynamical stability of more complex alloys such as
in the L12 (CuAu3) structure or disordered alloys, the stability
of binary 2D or disordered monolayers should be investigated.
More detailed investigations are left for future work.

IV. CONCLUDING REMARKS

The phonon band structure of 2D metals in the periodic
table has been calculated by assuming the HX, bHC, and
bHC structures. The trend in the dynamical stability of 2D
metals is correlated with that of 3D metals. This stability
relationship between 2D and 3D metals has been applied to
a prediction of the dynamical stability of 3D alloys. In order
to establish design principles for alloys, it would be important
to understand the origin of metastability in both elemental
metals and alloys [4] and to calculate the energy landscape
as a function of atom positions [42] in alloys. It is interesting
to discuss how the present approach is related to the Pettifor’s
approach for the stability of binary alloys [43].

The present study has focused on the phonons of free-
standing and ideal thin films of elemental metals at zero
temperature and pressure. It would be interesting to study how
the effects of substrate (or strain) [17], chemical adsorption
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FIG. 9. Relationship of the dynamical stability between 2D structures (HX, bHC, and bSQ) and 3D structures (HCP, FCC, and BCC) in
elemental metals. Stable crystal structures in 3D metals are extracted from the periodic table depicted in Ref. [1]. Hg, Mn, and In and Sn have
rhombohedral, cubic, and tetragonal structures as its ground state, respectively. Fe (nsp), Fe (sp), Co (nsp), and Co (sp) have HCP, BCC, FCC,
and HCP structures, respectively, as predicted by DFT calculations [37]. The stability of multilayered structures (3SQ and 3HX) is investigated
if the HX, bHC, and bSQ structures are unstable. Note that 2D Ga becomes dynamically stable when strains are imposed [17].

[24], vacancies [44], grain boundaries [45], and temperature
[46] influence the phonon band structure and the dynamical
stability of 2D metals. We note that the effect of spin-orbit
coupling is important in heavy elements because it strongly in-
fluences the dynamical stability of 2D Bi [21] and 2D Po [22]
as well as the metastability of FCC Pt in the HCP structure
[5]. For a fundamental interest, it is interesting to calculate the
electron-phonon coupling function (Eliashberg function) of
2D metals in order to find novel 2D superconductors [47–50].
It is also interesting to explore whether 2D Mn has more
complex structures, since 3D Mn has the cubic structure with
58 atoms per unit cell [51].

Finally, we mention that it is still difficult to predict the
synthesizability of materials (i.e., how to synthesize the pre-

FIG. 10. Schematic illustration of (a) Bh and (b) L10 structures.
The phonon band structure of (c) Bh and (d) L10 AlCu alloys.

dicted materials experimentally) within the framework of
computational materials science. The energetic and dynamical
stability of materials do not guarantee the successful synthesis

FIG. 11. The phonon band structure of group 1 elements (Li, Na,
K, Rb, and Cs) for (a) HX, (b) bHC, and (c) bSQ structures.
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FIG. 12. Same as Fig. 11 but for group 2 elements (Be, Mg, Ca,
Sr, and Ba).

of them, as have been discussed in inorganic crystals [52],
penta-graphene [53], and carbon and silicon molecules [54].
To establish the synthesizability of 2D metals, we have to
understand the potential energy landscape characterized by
many degrees of freedom, while such a theoretical investiga-
tion is left for future work.

FIG. 13. Same as Fig. 11 but for group 3 elements (Sc, Y, and Lu).

FIG. 14. Same as Fig. 11 but for group 4 elements (Ti, Zr, and Hf).
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APPENDIX A: PHONON BAND STRUCTURES OF
2D METALS

Figures 11–24 show the phonon band structures of groups
1–14 metals within non-spin-polarized calculations.

Group 1: Li, Na, K, Rb, and Cs (alkali metals)

Figure 11 shows the phonon band structures of Li, Na, K,
Rb, and Cs. The HX Rb is dynamically stable, while HX Li,
Na, K, and Cs are unstable because the imaginary frequencies
in the ZA branch are observed around �. When the bHC phase

FIG. 15. Same as Fig. 11 but for group 5 elements (V, Nb, and Ta).
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FIG. 16. Same as Fig. 11 but for group 6 elements (Cr, Mo, and
W).

is assumed, the ZA phonon modes are stabilized. This yields
the dynamical stability of 2D Li, Na, and K, while the bHC
Cs is still unstable. The alkali metals in the bSQ structure are
all unstable. Note that the bSQ Rb is more energetically stable
than the HX Rb by 73 meV/atom.

Group 2: Be, Mg, Ca, Sr, and Ba (alkali earth metals)

Figure 12 shows the phonon band structures of Be, Mg, Ca,
Sr, and Ba. The HX and bHC structures are dynamically stable
except Ba. As the ion mass increases in the HX structure,
the phonon softening behavior is observed in ZA branch. The
maximum phonon energy is higher than that of the alkali
metal in the same period because as listed in Table I the
values of Ej and a j in the alkali earth metals are larger and
smaller than those in the alkali metals, respectively. The bSQ
structure is dynamically unstable in alkali earth metals. The

FIG. 17. Same as Fig. 11 but for group 7 elements (Mn, Tc, and
Re).

FIG. 18. Same as Fig. 11 but for group 8 elements (Fe, Ru, and
Os).

band structures of bHC and bSQ Ba are omitted due to no
convergence in the scf calculations. As for Rb, 2D Be, Mg,
Ca, and Sr in the bSQ structure are energetically more stable
than those in the HX structure, while the former and the latter
are dynamically unstable and stable, respectively.

Group 3: Sc, Y, and Lu

Figure 13 shows the phonon band structures of Sc, Y, and
Lu. The bHC and bSQ structures are dynamically stable. Since
the bHC is energetically more stable than the bSQ structure as
listed in Table I, the bSQ is regarded as a metastable state.

Group 4: Ti, Zr, and Hf

Figure 14 shows the phonon band structures of Ti, Zr,
and Hf. The HX structures are unstable against vibrations

FIG. 19. Same as Fig. 11 but for group 9 elements (Co, Rh, and
Ir).
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FIG. 20. Same as Fig. 11 but for group 10 elements (Ni, Pd, and
Pt).

corresponding to the point M, which is different from the
instability behavior observed in group 3 elements (Fig. 13).
The bSQ structure is dynamically stable for these elements.
Different from bHC Ti and Zr, the bHC Hf is more energet-
ically stable than the bSQ structure by 9 meV per unit cell.
The phonon softening at the point M is not strong compared
to bHC Ti and Zr, yielding the dynamical stability in the bHC
Hf only.

Group 5: V, Nb, and Ta

Figure 15 shows the phonon band structures of V, Nb,
and Ta. Monolayer structures are all dynamically unstable,
whereas as shown in Sec. III B, the 3SQ structure is dynami-
cally stable.

FIG. 21. Same as Fig. 11 but for group 11 elements (Cu, Ag, and
Au).

FIG. 22. Same as Fig. 11 but for group 12 elements (Zn, Cd, and
Hg).

Group 6: Cr, Mo, and W

Figure 16 shows the phonon band structures of Cr, Mo,
and W. These elements in the bHC structure are dynamically
stable. It should be noted that for Mo and W, we have found
other bHC structure (i.e., a highly buckled structure) different
from the bHC structure listed in Table I. Although the cohe-
sive energy in the former is larger than that in the latter, such a
structure is dynamically unstable, as mentioned in Sec. III B.

FIG. 23. Same as Fig. 11 but for group 13 elements (Al, Ga, In,
and Tl).
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FIG. 24. Same as Fig. 11 but for group 14 elements (Sn and Pb).

Group 7: Mn, Tc, and Re

Figure 17 shows the phonon band structures of Mn, Tc,
and Re. The bHC and bSQ structures are dynamically stable
in these elements, whereas the bSQ structure is metastable.

Group 8: Fe, Ru, and Os

Figure 18 shows the phonon band structures of Fe, Ru,
and Os. These have the bHC and bSQ as dynamically stable
structures, while the bSQ is a metastable structure. Magnetic
effects change the dynamical stability of bSQ Fe, as shown in
Sec. III C.

Group 9: Co, Rh, and Ir

Figure 19 shows the phonon band structures of Co, Rh,
and Ir. These elements in the bHC and bSQ structures are
dynamically stable, while the bSQ structure is metastable.
Magnetic effects change the dynamical stability of bSQ Co,
as shown in Sec. III C.

Group 10: Ni, Pd, and Pt

Figure 20 shows the phonon band structures of Ni, Pd,
and Pt. These elements in the bHC and bSQ structures are
dynamically stable, while the bSQ is a metastable structure.

FIG. 25. The time evolution of u for an Al atom in a unit cell of
Bh AlCu.

FIG. 26. The phonon band structure of Bh CuZn.

Group 11: Cu, Ag, and Au (noble metals)

Figure 21 shows the phonon band structures of Cu, Ag,
and Au. The HX and bHC structures are dynamically stable.
The former result (the stability of HX) is consistent with the
previous calculations [12–14]. Cu is dynamically stable in
the form of bSQ structure and is the only element having no
imaginary frequencies in all 2D structures. bSQ Ag is more
energetically stable than HX Ag, while the former and the
latter are dynamically unstable and stable, respectively.

Group 12: Zn, Cd, and Hg

Figure 22 shows the phonon band structures of Zn, Cd, and
Hg. For Zn and Cd, the HX and bHC structures are dynam-
ically stable, while for Hg the bSQ structure is dynamically
stable. Cd in the bSQ structure are more energetically stable
than that in the HX structure. bSQ Hg is a semiconductor with
an energy gap of 1 eV within GGA-PBE.

Group 13: Al, Ga, In, and Tl

Figure 23 shows the phonon band structures of Al, Ga, In,
and Tl. For all the elements, the HX structure is unstable. The
bHC and bSQ structures are dynamically stable in Al only.
The stability for Ga, In, and Tl in the trilayer structures is
investigated in Sec. III B.

Group 14: Sn and Pb

Figure 24 shows the phonon band structures of Sn and Pb.
Sn and Pb have the bHC as a dynamically stable structure. The
bSQ Pb is a metastable phase.

APPENDIX B: 3D ALLOYS

The optimized lattice constants (a, c) of ordered alloys
are as follows. For AlCu alloys, (a, c) = (2.787, 4.077) Å
for Bh structure (c/a = 1.463) and (2.900, 3.202) Å for
L10 structure (c/a = 1.104); and for Bh CuZn, (a, c) =
(2.676, 4.211) Å, i.e., c/a = 1.574. In order to investigate
the temperature effect on the dynamical stability of ordered
alloys, the ab initio molecular dynamics (MD) simulations for
Bh AlCu and CuZn alloys are performed using QE code [25].
The ionic temperature is controlled via the velocity scaling
and increased from 500 K up to 3000 K with an increment
of 500 K. A 2×2×2 supercell with 16 atoms is considered.
The Newton’s equation is integrated by using Verlet algorithm
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with a time step of 0.967 fs (20 a.u.) and up to 2.0 ps (2100
MD steps).

Figure 25 shows the time-evolution of the displacement
vector u = (ux, uy, uz ) from the equilibrium position of an Al
atom in a unit cell of Bh AlCu at T = 2500 K: The oscillation
amplitude is about 0.4 Å that is smaller than the lattice con-
stant a = 2.787 Å. Above T = 3000 K, no scf convergence is

obtained after some MD steps, since the atoms deviate from
the equilibrium position largely.

Figure 26 shows the phonon band structure of Bh CuZn. No
imaginary phonon frequencies are observed, indicating that
Bh CuZn is dynamically stable at T = 0 K. However, no scf
convergence is obtained during the MD calculations assuming
2×2×2 supercell.
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