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Phonon density of states in lanthanide-based nanocrystals

Z. H. Li ,1,2 D. Hudry,3,* R. Heid,1 A. H. Said,4 M. D. Le ,5 R. Popescu,6 D. Gerthsen,6 M. Merz ,1 K. W. Krämer ,7

D. Busko ,3 I. A. Howard,3,8 B. S. Richards,3,8 and F. Weber 1,†

1Institute for Quantum Materials and Technologies, Karlsruhe Institute of Technology, 76021 Karlsruhe, Germany
2School of Energy and Power Engineering, Huazhong University of Science and Technology, Wuhan 430074, China

3Institute of Microstructure Technology, Karlsruhe Institute of Technology, 76021 Karlsruhe, Germany
4Advanced Photon Source, Argonne National Laboratory, Lemont, Illinois 60439, USA

5ISIS Facility, Rutherford Appleton Laboratory, Chilton, Didcot, Oxfordshire OX11 0QX, United Kingdom
6Laboratory for Electron Microscopy, Karlsruhe Institute of Technology, 76131 Karlsruhe, Germany

7Department of Chemistry and Biochemistry, University of Bern, 3012 Bern, Switzerland
8Light Technology Institute, Karlsruhe Institute of Technology, 76131 Karlsruhe, Germany

(Received 14 April 2020; revised 17 September 2020; accepted 23 September 2020; published 19 October 2020)

We report a combined inelastic neutron- and x-ray-scattering study of the phonon density of states of the
nano- and microcrystalline lanthanide-based materials NaY0.8Yb0.18Er0.02F4 and NaGd0.8Yb0.18Er0.02F4. While
large (20 nm) nanocrystals display the same vibrational spectra as their microcrystalline counterparts, we find
an enhanced phonon density of states at low energies, E � 15 meV, in ultrasmall (5 nm) NaGd0.8Yb0.18Er0.02F4

nanocrystals which we assign to an increased relative spectral weight of surface phonon modes. Based on our
observations for ultrasmall nanocrystals, we rationalize that an increase of the phonon density of states in large
nanocrystals due to surface phonons is too small to be observed in the current measurements. The experimental
approach described in this paper constitutes a step toward the rationalization of size effects on the modification
of the absolute upconversion quantum yield of upconverting nanocrystals.
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I. INTRODUCTION

Lanthanide (Ln)-based nanocrystals (NCs) are an impor-
tant class of luminescent nanomaterials that can exhibit a wide
range of optical properties (upconversion, downconversion,
and downshifting) [1–3], which are of major interest for po-
tential technological applications [4–7]. In these materials, the
luminescence arises from Ln dopants whose photophysical
properties are intimately linked to intrinsic material charac-
teristics. Among these material characteristics, the phonon
density of states (PDOS) plays an important role in lumines-
cence efficiency and dynamics as it governs the nonradiative
relaxation processes between closely spaced electronic energy
levels (both intra- and interion). For instance, the multiphonon
relaxation pathways of an excited level of a given emitting
center can be modified depending on the available phonon
energies [Fig. 1(a)]. Additionally, phonons play a key role in
controlling energy-transfer processes between different opti-
cal centers (generally defined as donors and acceptors), for
which the corresponding energy levels are not always reso-
nant [Fig. 1(b)]. In such a case, the energy mismatch can be
compensated by the emission or absorption of one or more
phonons by the host lattice.

Theoretical investigations indicate that, at the nanoscale
regime, the PDOS is not only modified from a continuous to
a discrete distribution but also exhibits an energy threshold,
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which shifts to higher energy for smaller NCs [8]. For en-
ergies smaller than the threshold, all phonon modes are cut
off. In the case of Ln-based NCs, cutoff energies ranging
from 8 cm−1 (1 meV) up to 30 cm−1 (3.7 meV) as well as
discrete phonon modes up to 200 cm−1 (24.8 meV) have
been deduced by several groups for a 2.5–20-nm size regime
based on PDOS calculations [9–11]. The phonon confinement
in Ln-based NCs has also been proposed to be responsible
for various optical effects (anomalous hot bands, different
spectral ratio, influence on luminescence efficiency, and mod-
ification of phonon-assisted relaxation and energy transfer
pathways). However, the validity of these interpretations has
been recently questioned [12]. While the impact of phonon
properties is often discussed, the modification of the PDOS of
Ln-based NCs as a function of the size is always derived from
theoretical calculations while experimental measurements of
the PDOS of NCs are still lacking.

Here, we report on the PDOS of Ln-based NCs NaYF4

and NaGdF4 doped with Yb3+ (18 mol %) and Er3+

(2 mol %) and their corresponding bulklike counterparts. The
PDOSs were obtained from inelastic neutron scattering (INS)
and nonresonant inelastic x-ray-scattering (IXS) experiments.
Ab initio lattice dynamical calculations, which show a good
agreement for microcrystalline samples, were used to identify
the element-specific partial PDOS. Our results clearly reveal
that (i) large and slightly elongated NCs (≈20 nm) exhibit
the same vibrational spectra as their corresponding micro-
crystalline counterparts, and (ii) ultrasmall (≈5 nm) NCs are
characterized by an increase of the low-energy PDOS but
do not indicate a phonon confinement gap in the accessible
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FIG. 1. Representative scheme of nonradiative processes: (a) in-
traion multiphonon relaxation, and (b) interions phonon-assisted
energy transfer. Solid-line and wavy- or dashed-line transitions
denote radiative and nonradiative (phonon-induced) processes,
respectively.

energy range E � 3 meV. This is in agreement with another
recent report [12] that indicated that a number of Ln lumi-
nescence effects which had been assigned to the depletion
of phonon modes at low energies [10,13–17] could require
revision. Our measurements likely indicate the presence of
surface phonon modes which have to be discussed with regard
to their impact on the optical properties of Ln-based NCs.

II. EXPERIMENT

The samples β-NaY0.8Yb0.18Er0.02F4 and β-
NaGd0.8Yb0.18Er0.02F4 will be hereafter referred to simply as
NaYF4 and NaGdF4, respectively. The doping by 18 mol %
Yb3+ and 2 mol % Er3+ was optimized for the upconversion
emission of the materials. Both crystallize in the hexagonal
space group P6̄ (no. 174) with Z = 1.5, i.e., Na1.5Ln1.5F6 per
unit cell (Fig. 2) [18,19]. This structure is characterized by
crystallographic sites with half occupation of Na (red-white)
as well as a site half-randomly occupied by 50% Na and
50% Ln (red-blue) [20]. The microcrystalline samples were
prepared according to a method previously described by
Krämer and co-workers [21]. Highly monodisperse and
nonagglomerated core NCs were prepared by a nonaqueous
method as reported by Hudry and co-workers [22]. Two

FIG. 2. Hexagonal unit cell for Na1.5Y1.5F6 (no. 174, a = b =
5.915 Å, c = 3.496 Å) where the sites with partial Y (blue) and Na
(red) occupation have been marked graphically.

different sizes were investigated: isotropic ultrasmall NCs
(5.0 ± 1.2 nm—the size standard deviation is given as 3σ )
and slightly anisotropic large ones (long axis: 28.6 ± 3.6;
short axis: 21.0 ± 3.0) NCs were obtained. While we were
able to synthesize large NCs for both NaYF4 and NaGdF4,
ultrasmall NCs could be only obtained for NaGdF4. Indeed,
ultrasmall hexagonal NaYF4 NCs are difficult to obtain
without codoping with Gd. In our attempts to synthesize
ultrasmall NaYF4 NCs, only the cubic phase was stabilized.
Note that to prevent the agglomeration of individual NCs,
oleic acid (a long alkyl chain carboxylic acid with the formula
C17H33COOH) is used as a stabilizing agent. Thus, although
analyzed as dry powders, all NC samples contain oleate (i.e.,
the corresponding carboxylate of oleic acid) ligands, which
passivate the surface of the NCs.

The IXS experiments were carried out at the HERIX
spectrometer [23] of the 30-ID beamline at the Advanced Pho-
ton Source, Argonne National Laboratory. All measurements
were performed at room temperature. The incident energy was
23.72 keV [24] and the horizontally scattered beam was ana-
lyzed by a set of diced spherical silicon analyzers (reflection
12 12 12) [25]. The full width at half maximum (FWHM)
of the energy and wave-vector space resolution was about
1.7 meV and 0.066 Å−1, respectively. In general, different |Q|
values were investigated with one of the nine equally spaced
analyzer/detector pairs and, hence, the results coming from
different analyzers had to be normalized for the efficiency
of the individual analyzers. The efficiencies of the analyzers
were obtained by measuring the scattering of a piece of plastic
with each analyzer positioned at the same scattering angle.
We investigated powdery microcrystalline and NC samples of
NaY0.8Yb0.18Er0.02F4 and Na Gd0.8Yb0.18Er0.02F4 with differ-
ent crystal sizes of 5 nm, 20 nm, and >1 µm. Experiments
were done with an unfocused beam size of 2 mm × 0.5 mm
in order to sample a large sample volume providing a random
distribution of crystalline orientations. All powdery samples
(microcrystalline and NCs) were sandwiched in between two
kapton foils taped to a 0.3-mm-thick piece of stainless steel
featuring a 5 mm × 3 mm central hole. The lattice constants
of microcrystalline NaYF4 are a = b = 5.915 Å and c =
3.496 Å of the hexagonal unit cell, space group P6̄. The cor-
responding lattice constants of NaGdF4 are a = b = 6.021 Å
and c = 3.585 Å in the same unit cell as NaYF4. Constant
momentum scans were performed for energy transfers from
−10 to 70 meV and the typical counting time was about 45 s
per point. Different absolute values of the momentum transfer
|Q| were investigated from 3.98 to 7.04 Å−1, corresponding to
the scattering angles 19◦ � 2� � 33.8◦.

INS experiments were performed at the MARI time-
of-flight chopper spectrometer located at the ISIS neutron
scattering facility, Rutherford Appleton Laboratory [26]. The
microcrystalline NaYF4 powder (3 g in total) was intro-
duced in a standard thin-walled aluminium container. The
same empty container was used as a reference and the
corresponding spectrum was subtracted from the raw data.
Measurements were done at room temperature using the rep-
rate multiplication mode providing incident energies Ei = 75,
20, and 9 meV. Since the |Q| coverage with Ei = 9 meV is
small, we only analyzed data with Ei = 20 and 75 meV. The
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neutron-weighted PDOS was deduced by standard procedure
within the MANTID program [27].

III. THEORY

Lattice dynamics calculations reported in this paper were
performed in the framework of density functional perturba-
tion theory (DFPT) within the mixed-basis pseudopotential
method [28,29] for stoichiometric NaYF4. Scalar-relativistic
norm-conserving pseudopotentials of Vanderbilt type were
constructed for Na, Y, and F [30], treating the 4s and 4p semi-
core states of Y as valence states. The mixed-basis scheme
uses a combination of local functions and plane waves for the
representation of the valence states [28], which allows for an
efficient treatment of the fairly deep norm-conserving pseu-
dopotentials. Local basis functions of p and d type at Na sites,
of s and p type at F sites, and of s, p, and d type at Y sites were
supplemented by plane waves up to a kinetic energy of 20 Ry.
For the exchange-correlation functional, the local-density ap-
proximation in the parametrization of Perdue and Wang [31]
was applied. Brillouin-zone integrations were performed by
k-point sampling in conjunction with the standard smearing
technique [32] employing a Gaussian broadening of 0.2 eV.

In the calculation, the structure with the partially occupied
sites (see above and Fig. 2) was approximated by an ordered
1 × 1 × 2 superstructure doubling the cell along the c axis.
Hexagonal lattice parameters were a = b = 5.915 Å and c =
3.496 Å, i.e., experimental ones [33]. The atomic positions
were relaxed within the a-b plane, while the positions along
c were kept fixed to the experimentally observed values [33].
Hexagonal 6 × 6 × 8 meshes corresponding to 288 k points
in the full Brillouin zone were used for structural optimization
as well as for the calculation of dynamical matrices on a 2 ×
2 × 2 hexagonal mesh. Phonon frequencies and eigenvectors
at arbitrary points in the Brillouin zone were then obtained by
Fourier interpolation of these dynamical matrices.

IV. RESULTS

A. Calculated phonon density of states

DFPT calculations were done for stoichiometric NaYF4

only because of the well-known problems including f electron
states in this technique. The chemical substitution was not in-
cluded since the necessary huge unit cell would have rendered
lattice dynamical calculations impossible. Hence, results for
lattice dynamical properties for both NaY0.8Yb0.18Er0.02F4

and NaGd0.8Yb0.18Er0.02F4 were obtained based on the cal-
culations for stoichiometric NaYF4 for which we adjusted the
average atomic mass and scattering cross sections for the rare-
earth site according to the chemical substitution levels. In the
following, we again write NaYF4 and NaGdF4 for simplicity.

The calculated generalized PDOS for NaYF4 is shown in
Fig. 3(a) (solid line) along with the corresponding partial
PDOS for Na, Y, and F (broken lines) including a broadening
of 1.7 meV which reflects the typical energy resolution of
our IXS experiments. The neutron-weighted PDOS [Fig. 3(b)]
was calculated as

∑
k

σk
mk

gk , where gk is the partial PDOS
of element k and σk and mk are the corresponding neutron-
scattering cross section and atomic mass. Furthermore, we

computed the x-ray weighted PDOS for NaYF4 [Fig. 3(c)] by
using the corresponding x-ray-scattering cross sections.

While the neutron-weighted PDOS shows a similar energy
dependence as the generalized PDOS, the x-ray weighted
PDOS is much more dominated by vibrations of the rare-earth
ions [green dashed line in Fig. 3(c)] because of their large
number of electrons. Hence, INS will allow us to observe the
PDOS in NaYF4 over the full energy range of the one-phonon
cross section. Complementarily, IXS yields a clear picture of
the low-energy phonons of the rare-earth ions.

Figure 3(d) shows the full calculated momentum-energy
IXS spectrum for NaYF4. To this end we performed IXS
phonon structure factor calculations on a regular three-
dimensional grid with spacing of 0.05 × 2π

a , 0.05 × 2π
b , and

0.05 × 2π
c along the three axes of the reciprocal unit cell.

Individual phonons for a particular wave vector Q were
simulated by resolution-limited peaks using the calculated
structure factors to scale the peak amplitudes. Subsequently,
phonon intensities for wave vectors with the same absolute
size |Q| were averaged. This was done in bins of 0.06 Å−1

in |Q| corresponding to the momentum resolution of our IXS
measurements. Importantly, the calculated |Q|-averaged IXS
intensity [red dashed line in Fig. 3(c)] is practically identical
to the x-ray weighted PDOS [solid black line in Fig. 3(c)].
Please note that the intensities shown in Fig. 3(d) include cor-
rections for the x-ray-scattering cross section, the atomic form
factor, the |Q|2 dependence of phonon intensities, the Bose
factor at room temperature, and the factor energy−1. Hence,
these intensities are directly comparable to background sub-
tracted inelastic x-ray spectra [see Fig. 5(c) below]. More
details on the determination of the averaged IXS intensity are
given in Appendix A. Our result shows that IXS data averaged
over such a broad range in momentum space can be directly
compared to the x-ray weighted PDOS and, hence, will be
presented as such in the following Sec. IV C on IXS results.

B. Inelastic neutron scattering

Experimentally, INS is the standard method used to probe
the PDOS. In our study however, the strong neutron absorp-
tion of Gd renders neutron scattering in NaGdF4 practically
impossible. Moreover, the NCs can only be prepared as highly
monodisperse NCs in small quantities (≈50–100 mg), which
is not sufficient for INS experiments. More importantly, even
if problems regarding the quantity of NCs can be overcome
by designing appropriate scale-up synthesis protocols, as-
prepared NCs are stabilized by organic ligands (oleates) that
introduce a large number of hydrogen atoms, thus producing
a significant and problematic background. Consequently, INS
experiments were only performed on microcrystalline NaYF4

whereas IXS experiments were performed on microcrystalline
and NC samples both for NaYF4 and NaGdF4. It is worth
noting that the two techniques yield complementary results
in that the PDOS probed by neutrons is largely dominated by
light element (F) vibrations whereas the x-ray cross section
naturally highlights the partial PDOS of heavy elements such
as rare earths.

The neutron-weighted PDOS with Ei = 20 meV (black
circles) and 75 meV (orange squares) for microcrystalline
NaYF4 is compared to our calculations in Fig. 4 [34]. The
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FIG. 3. (a) Calculated generalized PDOS for NaYF4 (solid line) and partial PDOS (broken lines) for Na (purple), Y:Yb:Er (green), and F
(blue). The calculation was done for stoichiometric NaYF4. Subsequently, the average atomic mass for Y0.8Yb0.18Er0.02 was used to simulate
the chemical substitution of the real compound. The legend applies also for (b) and (c). (b) Neutron-weighted PDOS is generated from the
partial PDOS for element k multiplied by the factor of σk

mk
(see text). (c) The x-ray weighted PDOS is generated from the partial PDOSs [see (a)]

multiplied by the x-ray scattering cross section. The red-dashed line denotes the corresponding |Q| average of the results shown in panel (d). (d)
Color-coded contour map of IXS phonon intensity in NaYF4 for a large range in energy transfers vs wave vectors |Q|. Calculated intensities
are directly comparable to background subtracted inelastic IXS data [see Fig. 5(c)] in that they include corrections for the x-ray-scattering
cross section, the atomic form factor, the |Q|2 dependence of phonon intensities, the Bose factor at room temperature, and the factor energy−1.
A broadening of 1.7 meV simulates the experimental energy resolution. Intensities at E > 40 meV are close to zero and, therefore, not shown.

FIG. 4. Neutron-weighted PDOS of NaYF4 obtained with inci-
dent neutron energies of Ei = 20 meV (circles) and 75 meV (squares)
in comparison to ab initio lattice dynamical calculations (solid line)
including the one- and two-phonon PDOS. The partial PDOS are
shown as well. The energy scale of the calculation was scaled by a
factor of 1.08 and an average broadening of 1.7 meV (FWHM) was
applied (see text).

calculated one-phonon neutron-weighted PDOS (orange solid
line) and the corresponding partial PDOS of the elements
(dashed lines) are plotted on top of the two-phonon contri-
bution (dash-dotted line), which is considered by convoluting
the calculated one-phonon PDOS with itself. Here, the energy
values of the calculation were scaled by a factor of 1.08
in order to match the high-energy cutoff observed by INS.
The one-PDOSs were scaled to the experimentally observed
area whereas the two-PDOS was matched to the observed
intensities at E � 63 meV. The comparison (see Fig. 4) shows
that our calculations yield a good description of the PDOS of
NaYF4.

C. Inelastic x-ray scattering—bulk material

While the neutron cross sections are similar for the differ-
ent atomic species within NaYF4, the x-ray-scattering cross
section for a given atom is strongly correlated with the number
of electrons. Therefore, the IXS results are dominated by scat-
tering from the heavy atoms vibrating at low energies. In order
to follow the PDOS as function of the size, IXS experiments
were performed on microcrystalline and NC samples for both
NaYF4 and NaGdF4.
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FIG. 5. (a) Color-coded contour map of raw IXS data for microcrystalline NaYF4 over a large range in energy transfer, −10 meV �
E � 70 meV, vs wave vectors |Q|, 3.98 Å−1 � |Q| � 7.04 Å−1. (b) Raw data at fixed |Q| = 5.97 Å−1 (circles). The elastic scattering was
approximated by the resolution function (solid line including constant background). Subtraction yields the inelastic spectra (squares). (c) Full
energy-momentum range of inelastic spectra taken at 16 different position in |Q| (indicated by vertical dotted lines).

IXS raw data were acquired over a large momentum
range from 3.98 to 7.04 Å−1, e.g., for microcrystalline NaYF4

[Fig. 5(a)]. A typical scan for |Q| = 5.97 Å−1 is shown in
Fig. 5(b) (black circles). The elastic scattering was approxi-
mated by the experimentally determined resolution function
and a constant background (black solid line). In general, mul-
tiphonon contributions are present as well. We discuss this in
detail in Appendix B and conclude that such contributions
are small and should not significantly affect our analysis of
the low-energy phonons. In fact, the best match with the
experimental data was achieved employing only a constant
background for the IXS raw data as shown in Fig. 5(b). The
approximated function was subtracted from the raw data to
obtain the inelastic-scattering intensities [orange squares in
Fig. 5(b)] for energies E � 3 meV. The resulting inelastic
spectra reveal an intense band of phonons around 9 meV
[Fig. 5(c)]. Finally, the inelastic spectra were |Q|-averaged in
analogy to calculations [see dashed red line in Fig. 3(c)] and,
thus, represent the x-ray weighted PDOS (see discussion in
Sec. IV A).

The investigated |Q| values as well as the data analysis
is the same for all compounds investigated by us with IXS.
Hence, we discuss in the following only properties of the
thus obtained x-ray weighted PDOS, which is shown for
microcrystalline NaYF4 and NaGdF4 in Figs. 6(a) and 6(b),
respectively. Here, the scattered intensities have been cor-
rected for the phonon thermal occupation factor for x-ray
energy-loss scattering n + 1 where n is the Bose factor n =
1/(eE/kBT − 1) with the phonon energy E and the temperature
T . As discussed in Sec. IV A, we compare the experimental
result to the calculated x-ray weighted PDOS [solid lines in
Figs. 6(a) and 6(b)]. The energy axis was scaled by 1.08
as deduced from the comparison of the calculations with
the INS data (see Fig. 4). We find that the broad peaks at
10–15 meV for NaYF4 [Fig. 6(a)] and NaGdF4 [Fig. 6(b)]
are well explained by the calculations. Thus, the analysis of
both the neutron and x-ray experiments on microcrystalline
samples shows good agreement with the same ab initio lat-
tice dynamical calculation. The two experimental probes are
complementary in that the different cross sections for neutrons
and x ray highlight vibrations of F atoms at E � 20 meV and

vibrations of the heavy rare-earth elements at E � 20 meV,
respectively. This sensitivity of IXS to the scattering from
the rare-earth elements makes it ideal to investigate the vi-
brational properties of the optically active atomic species in
Ln-based NCs.

FIG. 6. X-ray weighted PDOS (squares) for (a) NaYF4 and (b)
NaGdF4 in comparison to corresponding calculations (solid lines).
The energy-integrated areas of the calculated results were normalized
to the experimental ones. The broken lines show the calculated partial
x-ray weighted PDOS of different elements. The energy scale of the
calculation was scaled by 1.08, an average broadening of 1.7 meV
(FWHM) was applied and the factor 1/E in the phonon cross section
was taken into account. Experimental data were corrected for the
Bose factor.
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FIG. 7. High-angle annular dark-field scanning transmission
electron microscopy (HAADF STEM) images (top) together with
their corresponding size distribution histograms (bottom) of (a), (b)
small and (c), (d) large NaGdF4 NCs. Bright regions in (a), (c) result
from NCs stacked on top of each other.

D. Inelastic x-ray scattering—nanocrystalline material

In the case of NaGdF4, both isotropic ultrasmall (5.0 ±
1.2 nm) and slightly anisotropic large (long axis: 28.6 ±
3.6; short axis: 21.0 ± 3.0) NCs were obtained. The corre-
sponding high-angle annular dark-field scanning transmission
electron microscopy images and size distribution histograms
are shown in Fig. 7 and prove the high quality of the as-
synthesized NCs. The synthesized NaYF4 NCs display similar
size distributions as the large anisotropic NaGdF4 NCs.

The IXS data taken on NC samples were processed in the
same manner as the data for the microcrystalline samples.
The resulting x-ray weighted PDOS data sets are shown in
Fig. 8(a) and compared to their corresponding microcrys-
talline counterparts. A quantitative comparison of the signal
strength for the various samples was not possible due to the
different quantities of material sampled by the x-ray beam.
Thus, the observed x-ray weighted PDOSs were normalized
to have the same area in the energy range E � 20 meV.

As shown in Fig. 8(a), there is no detectable change of the
vibrational properties between the microcrystalline materials
(green squares) and the large slightly anisotropic NCs both
for NaGdF4 and NaYF4 (orange circles). On the contrary,
there is a clear increase of the x-ray weighted PDOS at low
energies E � 15 meV in the case of ultrasmall NaGdF4 NCs
[red triangles, Fig. 8(a)]. The differences between nano- and
microcrystalline samples are highlighted for the low-energy
range in Figs. 8(b) and 8(c).

Before addressing the implications with regard to the
physics of nanocrystals, we need to discuss possible extrinsic
sources of additional scattering in NCs. One possibility is
additional scattering due to the presence of the oleate ligands,

FIG. 8. (a) X-ray weighted PDOS for NaYF4 and NaGdF4 sam-
ples with data in green referring to bulk powder samples. All data
are corrected for the Bose factor. Data in orange denote results for
20-nm NCs [see Figs. 7(c) and 7(d)]. Data for 5-nm NaGdF4 NCs
[see Figs. 7(a) and 7(b)] are shown in red. Data for NaGdF4 are offset
vertically for clarity (zero indicated by the dashed horizontal line).
The data were normalized to have the same energy-integrated in-
tensity for E � 20 meV. (b), (c) Difference between x-ray weighted
PDOS for nano- and microcrystalline samples for (b) NaGdF4 and
(c) NaYF4. For the former we also show the difference between the
two nanocrystalline samples.

which are not present in the microcrystalline samples. How-
ever, we do not expect a detectable impact of the oleate
ligands, bonded at the surface of the NCs, for two reasons.
First, the oleate ligands mostly contain light atoms (H and
C) and the PDOS obtained from IXS experiments are mostly
sensitive to heavy elements. Second, large anisotropic NCs
are also stabilized by the exact same ligands (with a quantity
two to three times smaller) but no change with regard to the
PDOS of the microcrystalline samples (with no stabilizing
ligands) is observed. Thus, one can exclude an increase of
inelastic scattering due to ligands larger than the statistical
error bar and the observed increase at low energies cannot be
attributed to scattering by oleate ligands. Another possibility
is that the multiphonon contribution is different in NC samples
compared to microcrystalline ones. Here, we show in the
Appendix B that multiphonon scattering is weak in general
and cannot explain detectable changes at low phonon energies
of E � 10 meV.

A small shift of the PDOS in NCs can also originate from
a change of the lattice constants, which we have investigated
using lab-based x-ray diffraction, the results of which are
described in detail in Appendix C and Fig. 13. Refining the
obtained patterns for microcrystalline and 5-nm NaGdF4, we
find an increase of the unit-cell volume of about 1.3%. Using
1.5 as a typical value for the Grüneisen parameter, we would
expect a general phonon softening of 1.9% because of the
softer lattice in 5-nm NaGdF4. We replot the x-ray weighted
PDOS for microcrystalline NaGdF4 in Fig. 9 along with that
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FIG. 9. Comparison of x-ray weighted PDOS for bulk (squares)
and 5-nm NaGdF4 (triangles) where the energy axis for the latter
was scaled by 1.02 in order to compensate the effect of the lattice
softening (see text). Data were normalized to the same area.

of 5-nm NCs. However, the energy values of the latter are up-
scaled by 1.9% in order to compensate the expected softening
because of the larger unit cell. The comparison shows that the
x-ray weighted PDOS of the nanocrystalline sample is still
significantly larger at small energies. Hence, a general phonon
softening because of the larger unit cell cannot explain our
results.

Our results indicate that the additional spectral weight in
the PDOS of ultrasmall NaGdF4 NCs peaks at energies of
4–6 meV [Fig. 8(b)] which lies well below the lowest-energy
peak of microcrystalline NaGdF4 [see Fig. 6(b)]. This could
indicate that primarily low-energy acoustic phonons soften
reflecting a reduction of the speed of sound in NCs. Gener-
ally, intense acoustic-phonon branches emanate at scattering
angles with strong Bragg scattering, e.g., at |Q| = 5.6 Å−1

[see Fig. 5(a)]. Thus, one would expect a particularly strong
effect close to such momentum transfers. However, we find
that the effect of increased spectral weight in the IXS data
in ultrasmall NaGdF4 NCs is evenly distributed over a large
region in momentum space. Therefore, softening of acoustic
phonons is also unlikely the origin of our observation.

V. DISCUSSION

Theory predicts two effects in NCs: A phonon confine-
ment gap purely related to the size of the NCs should
appear [8] and the PDOS of NCs should feature enhanced
tails at the low- and high-energy limits [35]. Indeed, the
latter effects have been observed by nuclear-resonant inelas-
tic x-ray scattering (NRIXS) of 57Fe in several studies on
transition-metal nanoparticles [36–39]. Nonresonant scatter-
ing techniques were recently applied to PbS (INS) [40] and
PbTe NCs (IXS) [41]. The neutron-scattering study revealed
a strong increase of low-energy phonons (� 5 meV) in PbS
NCs with diameters of � 8.2 nm. On the other hand, the IXS
study on PbTe NCs (1.7–2.6 nm) did not report an enhanced
PDOS compared to the bulk material, although an indepen-
dent assessment is difficult since no raw data are shown [41].

A phonon confinement gap has not yet been identified
experimentally in NCs and we see no sign of a phonon state
depletion in our inelastic spectra on NaGdF4 down to phonon
energies of 3 meV (Fig. 8) in agreement with a recent study
of high-resolution emission spectra in 10–20-nm size NaYF4

NCs [12]. Indeed, in their work van Hest and co-workers
demonstrated that signatures in emission spectra, which were
previously assigned to phonon confinement, are simply due to
sample heating induced by the laser excitation source. These
signatures vanish for low laser power and the emission spectra
were identical to those obtained for microcrystalline samples.

Ortigoza and co-workers have theoretically identified soft-
ened phonon modes similar to our observations as primarily
tidal and torsional modes of atoms in the outermost positions
of the NCs close to or at the surface [35]. In a different
study, ab initio molecular simulations explained experimen-
tally observed softened phonon energies in PbS nanoparticles
via surface phonon modes as well [40]. The relative spectral
weight of such surface modes should naturally increase with
decreasing NC size since the share of low-coordinated sur-
face atoms increases strongly (as particle size decreases, the
ratio of surface atoms to inner atoms increases). In order to
assess the increase of the volume of the surface region Vsurface

compared to the total particle volume Vtotal, we consider a
spherical particle with radius r and a thickness � of the
surface region. Hence, rs−v = Vsurface

Vtotal
= 1 − [(r − �)/r]3. In

the limit of a very thin surface region, � � r, rs−v increases
as the particle radius decreases, i.e., by factors of 50 and 200
for r = 20 and 5 nm, respectively, compared to a particle with
1-μm diameter. This increase of a factor of 4 between 20- and
5-nm NCs explains that we observe the enhancement of the
PDOS only in 5-nm and not in 20-nm NaGdF4 NCs because
the maximum of the enhancement is only —two to three times
larger than the scatter in the data [Fig. 8(b)]. If we consider a
thicker surface region, the difference becomes smaller, e.g.,
3.9 for � = 1.0 Å. But even with � = 6 Å, i.e., the value of
the largest of the lattice parameters, rs−v increases by a factor
of 3.3 from 20- to 5-nm NCs and, thus, rationalizes that we
do not see the enhanced PDOS in the larger NCs. From the
discussion above we conclude that soft surface phonon modes
are the most likely origin of the enhanced PDOS observed for
ultrasmall NaGdF4 nanocrystals.

It has been shown that the surface of NCs plays a crucial
part for the photon upconversion emission intensity via the
surface quenching effect. According to Wang et al. [42], the
strongly reduced emission intensity in NCs (Fig. 10) is due to
an increased number of optically active sites that are located
at or near from the surface and for which the excitation energy
can be easily quenched because of surface defects, impurities
and ligands. The authors [42] demonstrated that the emission
intensity of NaGdF4:Yb:Tm NCs can be increased by more
than two orders of magnitude simply by coating the NCs with
a protecting (optically inactive) shell, which is one of the most
efficient methods to boost the upconversion efficiency.

One can argue that the enhanced PDOS observed for the
ultrasmall core NCs (no protecting shell) might exacerbate
the surface quenching effect by facilitating the energy migra-
tion process toward surface quenching sites. The calculated
increase of the relative volume of the surface region rs−v

(factor of 40–50 depending on �) is of similar magnitude
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FIG. 10. (a) Emission spectra and (b) power dependent absolute
upconversion quantum yield (UCQY) of microcrystalline NaYF4

(black) compared to large NaYF4 (red) and NaGdF4 nanocrystals
(blue) as well as ultrasmall NaGdF4 nanocrystals (green).

to the observed decrease of the absolute quantum yield in
20-nm NaYF4 compared to its microcrystalline counterpart
(factor of 20) (Fig. 10). While the correlation between energy
dissipation and surface phonons is intriguing, we empha-
size that experimentally we could not observe an increased
spectral weight of surface phonon modes in 20-nm NCs
(see Fig. 8). Consequently, it remains uncertain whether the
surface phonons in Ln-based NCs can be considered as a
main factor that could account for reduced upconversion
efficiency.

VI. CONCLUSION

In summary, we report an IXS scattering study of the
vibrational properties in Ln-based NCs backed up by INS
measurements and DFPT calculations for their corresponding
microcrystalline counterparts. We demonstrate that IXS yields
a good measure of the PDOS in the investigated materials
and detect a clear increase of the low-energy PDOS but only
for NCs as small as 5 nm which is most likely related to
surface phonon modes. We show schematically that the re-
duced relative volume of the surface region in 20-nm NCs
can explain the unchanged IXS spectra—compared to those of
microcrystalline samples—but emphasize that more detailed
experiments are needed to assess the role of surface phonon
modes with respect to the optical properties of Ln-based NCs.
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APPENDIX A: CALCULATED IXS INTENSITIES

Figure 3(d) shows the full calculated IXS spectrum for
NaYF4 over a wide range in phonon energy and momentum.
Importantly, the |Q|-averaged intensity derived from these
data shows very good agreement with the properly weighted
PDOS [red dashed and black solid lines in Figs. 3(c), 11(e),
and 11(f)]. Hence, IXS data taken over the same energy
momentum range can be directly compared to the calculated
PDOS.

In the following, we describe the procedure to calculate
data such as shown in Figure 3(d). Based on our ab initio
calculations we performed phonon structure factor calcula-
tions on a regular three dimensional grid with spacing of
0.05 × 2π

a , 0.05 × 2π
b , and 0.05 × 2π

c over all Brillouin zones
with 3.98 Å−1 � |Q| � 7.04 Å−1. For each fixed wave vec-
tor Q phonons were simulated by resolution-limited peaks
using the calculated structure factors to scale the peak am-
plitudes. Subsequently, phonon intensities for wave vectors
with the same absolute size |Q| were averaged in bins of
|Q| = 0.06 Å−1. Some exemplary data for wave vectors with
|Q| = 5.99 Å−1 are shown in Fig. 11(a) (broken lines) along
with the corresponding intensity averaged over all Q values
with this absolute size (solid line). Results for four different
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FIG. 11. (a) Calculated phonon intensities at different Q vectors
with |Q| = 5.99 Å−1 (broken lines) as well as the intensity summed
over all calculated Q vectors with the same |Q| = 5.99 Å−1 and
normalized by the number of Q vectors (solid line). (b) Averaged IXS
phonon intensities for different values of |Q|. (c), (d) Averaged IXS
phonon intensities at |Q| values corresponding to the experimentally
investigated ones (dotted lines) and the |Q| averaged ones for bulk
(c) NaYF4 and (d) NaGdF4. (e), (f) Comparison of the |Q| averaged
phonon intensities (red lines, same as in middle row) and the x-ray
weighted PDOS for bulk (e) NaYF4 and (f) NaGdF4 (dotted lines).
Note that all results in this figure include the Bose factor.

|Q| values are shown in Fig. 11(b). The complete data set
is given in Fig. 3(d). These results include the |Q|-dependent
x-ray scattering cross section, the Bose factor for room tem-
perature and the factor energy−1 in the phonon scattering
intensities in order to simplify comparison with experimental
data shown in Fig. 5(c).

The data calculated for the 16 |Q| values which we investi-
gated experimentally [see vertical dotted lines Fig. 5(c)] were
used to generate the |Q|-averaged data sets. The individual
(broken lines) and averaged data (solid lines) are shown for
NaYF4 and NaGdF4 in Figs. 11(c) and 11(d), respectively. Fi-
nally, |Q|-averaged data are compared to the respective PDOS
calculations including the same factors (|Q|-dependent x-ray
scattering cross section, Bose factor, energy−1) for NaYF4

[Fig. 11(e)] and NaGdF4 [Fig. 11(f)].

APPENDIX B: MULTIPHONON CONTRIBUTION
TO X-RAY WEIGHTED PDOS

In comparison to INS on time-of-flight spectrometers,
there are two factors which complicate the determination of
a multiphonon contribution to the experimentally observed

FIG. 12. X-ray weighted PDOS (squares) for (a), (b) microcrys-
talline NaYF4 and (c), (d) ultrasmall NaGdF4 NCs including the
constant background, i.e., only the resolution-limited elastic line
was subtracted from the raw IXS data (differently to results shown
in Fig. 6). The finite intensity at E � 65 meV, i.e., above the
limit of the one PDOS determined by INS, is subdivided into an
experimental background (dark-orange shaded) and a two-phonon
contribution (light-orange shaded) with (a), (c) 90% and (b), (d)
100% of the intensity at E � 65 meV assigned to the experimental
background. The two-phonon contribution is calculated from the cal-
culated x-ray weighted one PDOS (see Fig. 6) convoluted with itself
while the experimental background corresponds to a constant value
for the raw IXS data which is here shown including a correction for
the thermal occupation factor n + 1 for comparability. Solid lines are
the corresponding one PDOS on top of the combined background
scaled to match the low-energy peak.

PDOS with IXS: (1) An experimental determination the
background (comparable to an empty-can measurement in
INS) for all analyzer positions would be very time consuming
and was not possible in the allocated IXS beam time. (2) The
dominant scattering by the heavy atoms, i.e., Y/Gd/Yb/Er,
yields a peak in the x-ray weighted PDOS at fairly low en-
ergies (see Fig. 6). Correspondingly, the peak in the, e.g.,
two-phonon contribution appears at energies where the one
PDOS is not yet zero.

From INS we know that the one PDOS extends to energies
just above 60 meV (see Fig. 4). Hence, the IXS intensities
at E � 65 meV are due to an experimental background and/or
multiphonon contributions. We illustrate different scenarios in
Fig. 12. We note that for the data shown in Fig. 12 only the
resolution-limited elastic line without a constant background
[see Fig. 5(b)] was subtracted from the raw IXS data which
then were processed to obtain the x-ray weighted PDOS.
Hence, we find finite values at E � 65 meV, which we
can assign to the experimental background or a multiphonon
contribution.

If we assign 90% of the signal at high energies to constant
background we cannot achieve a good match of the one PDOS
on top of the combined background with the experimental
data [Figs. 12(a) and 12(c)]. The agreement is improved when
we consider only a constant background and no multiphonon
contribution [Figs. 12(b) and 12(d)]. Hence, we estimate that
two-phonon scattering contributes 5% or less of the signal at
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FIG. 13. X-ray-diffraction (XRD) patterns of microcrystalline
(black dots, left-hand scale) and 5-nm NaGdF4 (red circles, right-
hand scale). Lines show the respective Rietveld refinement with the
refinement parameters given in the table. Atomic positions for the
refinement of 5-nm NaGdF4 were fixed to the values obtained for
the microcrystalline compound. The black solid line at negative val-
ues (left-hand scale, offset −500) shows the difference between the
observed and calculated XRD pattern for microcrystalline NaGdF4.
The angular range 43.2◦ � 2� � 45.5◦ shows the presence of a
small secondary phase and has been excluded in the refinement. The
refined size of the NCs is d = 4.1 nm and is in reasonable agreement
with our results from STEM.

high energies and, thus, does not significantly contribute to the
main peak in the PDOS of the investigated materials. In order
to present a clear analysis, we decided to present our results

considering only a constant experimental background for the
raw IXS data as illustrated in Fig. 5(b).

APPENDIX C: XRD PATTERNS OF MICROCRYSTALLINE
AND ULTRASMALL NANOCRYSTALLINE NaGdF4

X-ray powder-diffraction patterns were obtained at room
temperature (25 °C) in Bragg-Brentano geometry using a
D2Phaser diffractometer from Bruker (30 kV–10 mA) with
a copper anticathode (Kα1 and Kα2) and are shown for micro-
and 5-nm NaGdF4 in Fig. 13. The data were acquired with
2.5° primary and secondary Soller slits, a fixed divergence
slit (either 1 or 0.2 mm for nanocrystals and microcrystals,
respectively), a nickel Kbeta filter, and the Lynxeye detector.

A full structure refinement was done for microcrystalline
NaGdF4 using FULLPROF [43]. The corresponding lattice pa-
rameters, atomic positions, and occupation numbers, which
are consistent with published data [18–20], are given within
Fig. 13. When fixing the occupation of the Gd, F1, and F2
sites to 100%, we find a half-occupied Na1 site and a 1:1
occupational disorder between Na and rare-earth atoms on the
Na2 site. The 57% occupation of this site with Gd results from
the fact that only Na-Gd disorder was taken into account for
the refinement and, consequently, reflects that Gd is partially
(∼20%) replaced with the heavier rare earths Yb and Er. The
peaks in the angular range 43.2◦ � 2� � 45.5◦ come from an
unidentified secondary phase which was not included for the
refinement. By comparing its intensity with the intensities of
the Bragg peaks of NaGdF4 we estimate that the contribution
of the secondary phase to the volume fraction must be less
than 10%. The Rietveld pattern fitting [44] for the sample
of ultrasmall NaGdF4 NCs was performed with fixed atomic
positions and occupation numbers because of the broad
peaks.

The refinements of the data reveal an increase of the lat-
tice parameters in nanocrystalline NaGdF4 (see Fig. 13 inset)
corresponding to a volume change of 1.27%.
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[11] A. Bednarkiewicz, M. Mączka, W. Strek, J. Hanuza, and M.
Karbowiak, Chem. Phys. Lett. 418, 75 (2006).

[12] J. J. H. A. van Hest, G. A. Blab, H. C. Gerritsen, C. de Mello
Donega, and A. Meijerink, J. Phys. Chem. C 122, 3985 (2018).

[13] B. M. Tissue, Chem. Mater. 10, 2837 (1998).
[14] G. K. Liu, X. Y. Chen, H. Z. Zhuang, S. Li, and R. S. Niedbala,

J. Solid State Chem. 171, 123 (2003).
[15] S. Schietinger, L. d. S. Menezes, B. Lauritzen, and O. Benson,

Nano Lett. 9, 2477 (2009).
[16] Y. V. Malyukin, A. A. Masalov, and P. N. Zhmurin, Phys. Lett.

A 316, 147 (2003).
[17] L. Liu, E. Ma, R. Li, G. Liu, and X. Chen, Nanotechnology 18,

015403 (2006).
[18] D. M. Roy and R. Roy, J. Electrochem. Soc. 111, 421 (1964).
[19] J. H. Burns, Inorg. Chem. 4, 881 (1965).
[20] A. Aebischer, M. Hostettler, J. Hauser, K. Krämer, T. Weber,

H. U. Güdel, and H.-B. Bürgi, Angew. Chem. Int. Ed. 45, 2802
(2006).

[21] K. W. Krämer, D. Biner, G. Frei, H. U. Güdel, M. P. Hehlen,
and S. R. Lüthi, Chem. Mater. 16, 1244 (2004).

[22] D. Hudry, D. Busko, R. Popescu, D. Gerthsen, I. A. Howard,
and B. S. Richards, J. Mater. Chem. C 7, 7371 (2019).

[23] A. H. Said, H. Sinn, T. S. Toellner, E. E. Alp, T. Gog, B. M. Leu,
S. Bean, and A. Alatas, J. Synchrotron Radiat. 27, 827 (2020).

165409-10

https://doi.org/10.1021/cr020357g
https://doi.org/10.1021/cr4001594
https://doi.org/10.1039/C5NR08477F
https://doi.org/10.1002/adma.201901430
https://doi.org/10.1002/smll.201804969
https://doi.org/10.1088/1361-6528/ab4f36
https://doi.org/10.1002/advs.201500437
https://doi.org/10.1149/2.0221601jss
https://doi.org/10.1103/PhysRevB.61.3396
https://doi.org/10.1021/nl0255303
https://doi.org/10.1016/j.cplett.2005.11.090
https://doi.org/10.1021/acs.jpcc.7b11171
https://doi.org/10.1021/cm9802245
https://doi.org/10.1016/S0022-4596(02)00195-0
https://doi.org/10.1021/nl901253t
https://doi.org/10.1016/S0375-9601(03)01142-3
https://doi.org/10.1088/0957-4484/18/1/015403
https://doi.org/10.1149/1.2426145
https://doi.org/10.1021/ic50028a025
https://doi.org/10.1002/anie.200503966
https://doi.org/10.1021/cm031124o
https://doi.org/10.1039/C9TC01567A
https://doi.org/10.1107/S1600577520002854


PHONON DENSITY OF STATES IN LANTHANIDE-BASED … PHYSICAL REVIEW B 102, 165409 (2020)

[24] T. S. Toellner, A. Alatas, and A. H. Said, J. Synchrotron Radiat.
18, 605 (2011).

[25] A. H. Said, H. Sinn, and R. Divan, J. Synchrotron Radiat. 18,
492 (2011).

[26] A. D. Taylor, M. Arai, S. M. Bennington, Z. A. Bowden, R.
Osborn, K. Andersen, W. G. Stirling, T. Nakane, K. Yamada,
and D. Welz, in Proceedings of the Eleventh Meeting of
the International Collaboration on Advanced Neutron Sources
(ICANS-XI) KEK, edited by M. Misawa, M. Furusaka, H.
Ikeda, and N. Watanabe (National Laboratory for High Energy
Physics, Tsukuba, Japan, 1990), Vol. 11, p. 705.

[27] O. Arnold, J. C. Bilheux, J. M. Borreguero, A. Buts, S. I.
Campbell, L. Chapon, M. Doucet, N. Draper, R. Ferraz Leal,
M. A. Gigg, V. E. Lynch, A. Markvardsen, D. J. Mikkelson, R.
L. Mikkelson, R. Miller, K. Palmen, P. Parker, G. Passos, T. G.
Perring, and P. F. Peterson et al., Nucl. Instrum. Methods Phys.
Res., Sect. A 764, 156 (2014).

[28] S. G. Louie, K.-M. Ho, and M. L. Cohen, Phys. Rev. B 19, 1774
(1979).

[29] S. Baroni, S. de Gironcoli, A. Dal Corso, and P. Giannozzi, Rev.
Mod. Phys. 73, 515 (2001).

[30] D. Vanderbilt, Phys. Rev. B 32, 8412 (1985).
[31] J. P. Perdew and Y. Wang, Phys. Rev. B 45, 13244

(1992).
[32] C. L. Fu and K. M. Ho, Phys. Rev. B 28, 5480 (1983).
[33] D. Hudry, A. M. M. Abeykoon, E. Dooryhee, D.

Nykypanchuk, and J. H. Dickerson, Chem. Mater. 28, 8752
(2016).

[34] F. Weber et al., Phonon Density of States in Photon Upconvert-
ing NaY0.8Yb0.18Er0.02F4, STFC ISIS Facility, https://doi.org/
10.5286/ISIS.E.RB1990222-1 (2019).

[35] M. A. Ortigoza, R. Heid, K. P. Bohnen, and T. S. Rahman,
J. Phys. Chem. C 118, 10335 (2014).

[36] A. Seiler, P. Piekarz, S. Ibrahimkutty, D. G. Merkel, O. Waller,
R. Pradip, A. I. Chumakov, R. Rüffer, T. Baumbach, K.
Parlinski, M. Fiederle, and S. Stankov, Phys. Rev. Lett. 117,
276101 (2016).

[37] S. Stankov, Y. Z. Yue, M. Miglierini, B. Sepiol, I. Sergueev, A.
I. Chumakov, L. Hu, P. Svec, and R. Rüffer, Phys. Rev. Lett.
100, 235503 (2008).

[38] B. Roldan Cuenya, J. R. Croy, L. K. Ono, A. Naitabdi, H.
Heinrich, W. Keune, J. Zhao, W. Sturhahn, E. E. Alp, and M.
Hu, Phys. Rev. B 80, 125412 (2009).

[39] B. Roldan Cuenya, L. K. Ono, J. R. Croy, K. Paredis, A. Kara,
H. Heinrich, J. Zhao, E. E. Alp, A. T. DelaRiva, A. Datye, E. A.
Stach, and W. Keune, Phys. Rev. B 86, 165406 (2012).

[40] D. Bozyigit, N. Yazdani, M. Yarema, O. Yarema, W. M. M.
Lin, S. Volk, K. Vuttivorakulchai, M. Luisier, F. Juranyi, and
V. Wood, Nature (London) 531, 618 (2016).

[41] C. Shi, A. N. Beecher, Y. Li, J. S. Owen, B. M. Leu, A. H. Said,
M. Y. Hu, and S. J. L. Billinge, Phys. Rev. Lett. 122, 026101
(2019).

[42] F. Wang, J. A. Wang, and X. G. Liu, Angew. Chem. Int. Ed. 49,
7456 (2010).

[43] J. Rodríguez-Carvajal, Physica B 192, 55 (1993).
[44] H. Rietveld, J. Appl. Crystallogr. 2, 65 (1969).

165409-11

https://doi.org/10.1107/S0909049511017535
https://doi.org/10.1107/S0909049511001828
https://doi.org/10.1016/j.nima.2014.07.029
https://doi.org/10.1103/PhysRevB.19.1774
https://doi.org/10.1103/RevModPhys.73.515
https://doi.org/10.1103/PhysRevB.32.8412
https://doi.org/10.1103/PhysRevB.45.13244
https://doi.org/10.1103/PhysRevB.28.5480
https://doi.org/10.1021/acs.chemmater.6b04140
https://doi.org/10.5286/ISIS.E.RB1990222-1
https://doi.org/10.1021/jp409956e
https://doi.org/10.1103/PhysRevLett.117.276101
https://doi.org/10.1103/PhysRevLett.100.235503
https://doi.org/10.1103/PhysRevB.80.125412
https://doi.org/10.1103/PhysRevB.86.165406
https://doi.org/10.1038/nature16977
https://doi.org/10.1103/PhysRevLett.122.026101
https://doi.org/10.1002/anie.201003959
https://doi.org/10.1016/0921-4526(93)90108-I
https://doi.org/10.1107/S0021889869006558

