PHYSICAL REVIEW B 102, 165108 (2020)
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Using tensor network methods, we perform finite-size scaling analysis to study the parameter-induced phase
transitions of two-dimensional deformed Affleck-Kennedy-Lieb-Tasaki (AKLT) states. We use the higher-order
tensor renormalization group method to evaluate the moments and the correlations. Then, the critical point and
critical exponents are determined simultaneously by collapsing the data. Alternatively, the crossing points of
the dimensionless ratios are used to determine the critical point, and the scaling at the critical point is used to
determine the critical exponents. For the transition between the disordered AKLT phase and the ferromagnetic
(FM) ordered phase, we demonstrate that both the critical point and the exponents can be determined accurately.
Furthermore, the values of the exponents confirm that the AKLT-FM transition belongs to the two-dimensional
Ising universality class. We also investigate the Berezinskii-Kosterlitz-Thouless transition from the AKLT phase
to the critical XY phase. In this case we show that the critical point can be located by the crossing point of the

correlation ratio.
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I. INTRODUCTION

In recent years, coarse-graining renormalization group
methods for the tensor network have become the essential
numerical tools to study classical and quantum lattice models.
One advantage is the ability to study systems in the thermo-
dynamic limit. However, it can be tricky to extract the critical
properties of an infinite system due to the crossover to a mean-
field-like behavior when the system approaches the critical
point [1-3]. There are more complex tensor coarse-graining
methods [4-6], which can be used to extract conformal data
such as the central charge and the scaling dimensions. But
these methods are typically computationally more expensive.
Another standard route to extract the critical properties is
to calculate the physical properties of a finite-size system,
then perform finite-size scaling (FSS) analysis. To the best of
our knowledge, however, tensor network methods have rarely
been used to perform FSS analysis for two-dimensional (2D)
classical systems. A few exceptions include the corner transfer
matrix renormalization group study for 2D classical lattice
models [7], and the tensor-network-based FSS analysis of the
Fisher zeros [8,9]. This is partly due to the lack of an efficient
and accurate method to calculate the higher-order moments
via tensor network methods, while higher-order moments and
their ratios are key ingredients of the FSS analysis. Recently,
an algorithm to calculate higher-order moments via higher-
order tensor renormalization group (HOTRG) was proposed
in Ref. [10]. This motivates us to revisit the route of tensor-
network-based FSS analysis.

In this work we demonstrate that the FSS analysis can be
performed within the tensor network framework in a fashion
that is similar to the Monte Carlo simulations. In particular,
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we study the phase transitions and the critical properties of
the “deformed-AKLT” family of states on a 2D square lattice.
The one-dimensional (1D) Affleck, Kennedy, Lieb, and Tasaki
(AKLT) state [11,12] was originally constructed to under-
stand Haldane’s conjecture [13] for the integer-spin chains.
Later, it became a canonical example for the concept of the
symmetry-protected topological order [14]. It is straightfor-
ward to generalize the valence bond construction of the 1D
AKLT state to higher dimensions. In recent years, the 2D
generalizations of the AKLT states and their parent Hamil-
tonians have been actively investigated to understand the
nature of the symmetry-protected topological order [15-19].
Specifically, the “deformed-AKLT” family of states is a two-
parameter family of states on the 2D square lattice, which
can be obtained by deforming locally the 2D AKLT state.
As one varies the parameters within the parameter space,
the state exhibits parameter-induced phase transitions. It is
known that the phase diagram consists of a disordered AKLT
phase, an ordered Ferromagnetic (FM) phase (or equivalently
a Néel phase), and a critical XY phase [19-21]. We note in
passing that a similar family of states on a 2D honeycomb
lattice has also been studied in the literature [18-20,22]. The
phase diagram also contains a disordered AKLT phase and an
ordered phase. There is also a region in which the correlation
length is extremely large, but there is no XY phase.

Specifically, we use the HOTRG [23] method to coarse-
grain the tensor network and to calculate the correlations as
well as the higher moments [10]. Then we perform FSS anal-
ysis based on the moments, the correlations, and their dimen-
sionless ratios. For the AKLT-FM transition, we are able to de-
termine the critical point and the critical exponents accurately.
Furthermore, the values of the critical exponents confirm that
the transition belongs to the 2D Ising universality class. For
the AKLT-XY transition, we show that the critical point can
be located by the FSS analysis of the correlation ratio.
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The paper is organized as follows. In Sec. II we briefly
describe how to construct higher-dimensional generalization
of the AKLT state and how to construct the deformed-AKLT
family of states on a 2D square lattice. We present our FSS
analysis and the results for the AKLT-FM transition in Sec. III.
Then in Sec. IV we investigate the Berezinskii-Kosterlitz-
Thouless (BKT) transition into the critical XY phase. Finally,
in Sec. V we discuss various aspects of the approaches used
in this work.

II. MODEL AND METHOD

Our starting point is a generalized AKLT state on an
arbitrary lattice, which admits a tensor network state repre-
sentation. Consider a lattice with coordination number g. First
we put a virtual spin-1/2 state at the end of each link. Then
we project the ¢ virtual spin states on each vertex onto the
subspace of spin-g/2 with the projector

P ZCY >S],S2,...,Sq|, (1)
where s; = :ti and s =), s5; € [-4,..., 1] are the virtual

and physical spin index in their S* basis, respectively, and c;
are the Clebsch-Gordan coefficients. Next we put a bond state
|w) on each link [ of the lattice, where the bond states |w) is
one of the Bell states

%) =|+3,+3)+ =3, —3)

7) =|+3.43) = [-3. —3) =1 ®0%Ig"),
lyt) =|+1 -3+ |-3. +3) =1®c%lp"),
W) =+ 1) - L) =1eiclpt). @

Here 0%, 0”, and o are Pauli matrices. The spin-g/2 AKLT
state is then defined as

‘IJAKLT( )> QP Q) lw). 3

veV lelL

To construct the “deformed-AKLT” family of states, we apply
the following diagonal, spin-flip invariant deformation:

q/2 an
D@ = ) —tlssl. @)
s=—q/2 S

where s is the physical spin index. The resulting family of
states can hence be expressed as

‘mmg, a)> =R Da@P), Rlwy. )
veV

leL

We note in passing that on a bipartite lattice one may
change from one bond state to another by applying a SU (2)
on-site transformation U, and U to all of the sites in sublat-
tices A and B, respectively. Due to the SU(2) invariance of
the projector P, this is equivalent to performing the transfor-
mation to every bond state, i.e., |w) — (Uy)"? ® (Up)"/?|w).
Thus, given the physical data from any bond state, we may
produce the corresponding information for another bond state.
Consequently, the location and the nature of the parameter-
induced transition is the same regardless of the particular |w)

used on a bipartite lattice. This equivalence was discussed and
numerically confirmed by the authors or Refs. [18,19].

In this work we focus on the spin-2 AKLT state and
the deformed spin-2 AKLT family of states on a 2D square
lattice. Following the recipe above they can easily be con-
structed by setting g = 4. Furthermore, the deformation
matrix reads D(d) = dlag( JT’ 1, ﬁ, j—%). This results
in a two-parameters famlly of states, while the AKLT point
corresponds to (az, aj, ag) = (v/6, v/3/2, 1). It is known that
there are parameter-induced phase transitions as on tunes one
of the as within the parameter space [19,21]. The AKLT
point is inside the gapped, disordered phase with symmetry-
protected topological order and we will denote this phase
as the AKLT-phase. In the limit of a, — oo the state enters
a symmetry broken phase and becomes Néel or ferromag-
netic ordered depending on the particular bond state used.
In this work we use | ™) as the bond state, resulting in a
uniform tensor network. In this case, the symmetry-broken
phase corresponds to a ferromagnetic (FM) phase with spon-
taneous uniform magnetization (S¢) in the z-direction. It was
conjectured in Ref. [21] that this order-disorder transition cor-
responds to two simultaneous Ising transitions. The conjecture
is based on the simulation for a system of 30x30 sites. The
critical exponent 7 is estimated to be %, which is twice the

exact Ising exponent }‘. The transition is further explored in
Ref. [19]. By using tensor network renormalization (TNR), it
is found that the central charge ¢ = % and the conformal tower
obtained by TNR matches the Ising conformal field theory
(CFT).

On the other hand, near a, = a; = 0 there is a finite region
in which the state is in an XY phase with divergent correla-
tion length. It was theorized by the authors or Ref. [19] that
in the continuum limit, the system can be described by the
compactified-free-boson CFT, which has central charge ¢ = 1.
Consequently, the phase transition between the XY phase and
the AKLT phase is of BKT type. In that work, TNR and
loop-TNR were used to evaluate the central charge ¢ and the
coupling g. The phase boundary is then estimated by locating
the position at which the central charge ¢ or the coupling g
drops sharply below 1 or 4, respectively. In Fig. 1(a) we sketch
the phase diagram based on the known results in the literature
[19]. To study the AKLT-FM transition we fix a; = V6 and
vary a; across the phase boundary. We also study the limiting
case of a; = 0 while we vary a, across the phase boundary. It
is expected that in this limit the universality class is different
from 2D Ising model [19]. Finally to study the AKLT-XY
transition we fix a; = 0.5 and vary a, across phase boundary.
In Fig. 1(a) we also sketch the lines of these three scans.

The spin-2 deformed AKLT states naturally admit a tensor
network state (TNS) representation

|\W(@) = Z {Tr(A'A2...A". ..

51,82,000,80

MS1, 82, cvny Siy...), (6)

where AL, .. is a rank-5 local tensor on site-i with a physical
index s; and four virtual bond indices i1, 0o, 13,04 € [0, 1]. tTr
denotes the tensor trace over all the virtual bond indices. In
this work we consider finite systems with periodic boundary

condition, and the tensor A is site independent. Specifically,
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FIG. 1. (a) Phase diagram of the deformed spin-2 AKLT family
of states. Black circles correspond to the phase boundaries reported
in Ref. [19]. Red dashed lines correspond to the three scans of
the parameters performed in this work. Red crosses correspond to
the estimated critical points from this work. (b) Second moment
(mf_) as a function of a; with a, = /6 near the AKLT-FM tran-
sition. (c) Second moment (m?) as a function of a, with a; = 0.5
near the AKLT-XY transition. The linear system sizes are L = 64,
128, 256, 512.

the nonzero elements of the A tensor are
Az 1111 =A_2,0000 = a2,
A 1110 =Ar 1101 = Ay1011 = Ao = di,
A_1,0000 =A—1,0010 =A—1,0100 = A—1,1000 = @1,
Ao, 1100 =Ao,1001 = Ag,0011 = a0,
Ao,0110 =Ao,0101 = Ao, 1010 = do- (7
The norm squared of such a TNS is given by
(W) = {Tr(T'T?--- T - - ), 8)
where the local doubled tensor T' on site-i is obtained by
contracting the physical indices of A" and (A")*:
Téi,i;),(iﬂp,(i;ié),(iu;) = ZAi,»ilizgu X (Ai,i;i;igi;)*' ©
Si

It is convenient to treat double tensor T! as a rank-4 tensor,
with a compound index (ii’) € [0, 1,2, 3] on each leg. In
other words, the bond-dimension for each leg is 4. It is also
straightforward to express the expectation value of operators
as a tensor trance. For example,

(W[5 | W) = (Tr(THTT3 ... T ), (10)

where

lz __ i Qlz i *
T = ZA.v;ili2i3i4 X 8% x (Asii’li’zigi;) J (1)

Si

and similarly for T??. Due to the spin-flip symmetry, in the
FM phase |W(a)) is a superposition of both possible ordered
states, and the magnetization is strictly zero. One can apply a
very tiny symmetry-breaking field to induce a nonzero magne-
tization, but one has to numerically take the zero field limit to
obtain the spontaneous magnetization. In this work, we will
use the second and fourth moments of the magnetization to
characterize the ordered phase. These even moments can pick
up nonzero value in the absence of the external field.

In general, performing exactly the tensor trace in two and
higher dimensions is exponentially difficult. There are, how-
ever, many approximation schemes which scale down the cost
to the polynomial of cutoff bond dimension. These include,
for example, corner transfer matrix (CTMRG) [7,24], tensor
renormalization group (TRG) [25], higher-order tensor renor-
malization group (HOTRG) [23], and so on. In this work we
mainly use HOTRG. While HOTRG is often used to study
the system in thermodynamic limit, here we focus on the
finite-size system with linear size L = 2N+l where N is the
number of HOTRG steps. We note in passing that the accuracy
of the HOTRG is determined by the cutoff dimension Dey. In
the following we set Dqy; = 50 unless mentioned otherwise.
To ensure that this cutoff dimension is large enough for the
calculations in this work, we monitor how the value of the
measured quantity changes as we increase D.,. We find that
the measured quantity converges quickly and smoothly when
Dy > 20. We estimate the finite D, induced error by com-
paring the results from D.,; = 50 and 60, using parameters
that are close to the phase boundary. In general, the estimated
errors are smaller than the symbol size in our plots and they
will not affect the reported fitting results.

III. AKLT-FM TRANSITION

In this section we study the AKLT-FM transition and
demonstrate that the critical point and the critical exponents
can be determined accurately using tensor network methods
based FSS analysis. We start from the AKLT point and vary
a; across the phase boundary as shown in Fig. 1(a). Two
approaches are used to estimate the critical point and the
critical exponents. Both approaches rely on the finite-size
scaling hypothesis, which states that near a continuous phase
transition a quantity Q shall scale as

Q(a, L) = L® fl(a — ac)L™'], 12)

where a is the tuning parameter, a, is the critical point, ¢y, ¢
are the critical exponents, and f is the scaling function. In the
first approach, the critical point a. and the critical exponents
c1, ¢ are estimated simultaneously by collapsing the data of
Q from various a and L. In this work, we use the the kernel
method proposed in Ref. [26] to perform the scaling analysis.
In the second approach we first use the crossing point of the
dimensionless quantities to determine the critical point, then
we use the finite-size scaling at the critical point to estimate
the critical exponents. Since a dimensionless quantity Q shall
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scale as
O(a,L) = fl(a — a-)L"'],

one finds O(a.,L) = f(0) and data from different sizes
should cross at the critical point a.. However, if the correction
to the scaling is not negligible the crossing point will drift as
L increases. In this case a better estimation of the critical point
can be obtained by extrapolating the crossing points.
Consider the kth moment of the uniform magnetization in
the x, y, z directions: (mxy i = ((& 72 2;877%)"). These mo-
ments can be calculated via HOTRG by using the procedure
proposed in Ref. [10]. Since there is no magnetic order in the
AKLT phase one has (mx v = 0. On the other hand in the
) # 0 and (m y) = 0. Near the phase

transition the kth moment (m

(13)

FM phase one has (m
Z) shall scale as

(mt)a, L) = L™ fil(a — ac)L'],

where § is the standard critical exponent associated with the
magnetization m « (a — a.)? and f; is the scaling function.
In particular, we calculate the second moment (m?) and the
fourth moments (m*). Furthermore, we consider the Binder
ratio of the fourth moment and the square of second moment,
U, = (m*)/(m?)?. Since it is dimensionless it shall scale as

(14)

4
&"2))2 = ful(a —a)L'"].

In Fig. 1(b) we plot the second moment (mf) near the

AKLT-FM transition. We fix a, = /6 and vary a; across
the phase boundary. We observe that the second moment
becomes nonzero around a; ~ 0.9. Furthermore, the transi-
tion becomes sharper as system size increases, indicating a
second-order phase transition in the thermodynamic limit. In
Figs. 2(a), 2(c), and 2(e) we show (m?), (m?), and Binder
ratio U, near the critical point. By using the kernel method
to collapse the data from different sizes we estimate the
critical point and critical exponents. In Figs. 2(b), 2(d), and
2(f) we show the rescaled data and we observe that the
data collapse very well. For the critical point, we find a, ~
0.894(6), 0.894(7), 0.894(8), respectively, from (m?), (m?),
and U,. We also find 1/v &~ 1.0(1), 1.0(1), 1.0(2), where v
is the exponent associated with the correlation length &
(a — a.)™". Furthermore, we find 28/v ~ 0.2(6) from (mg)
and 48/v ~ 0.5(2) from (m?). The estimated critical points
obtained with different quantities are very close to each other,
and the values of the exponent are consistent with the expected
2D Ising universality class.

Next we consider the spin-spin correlation function in the
X, y, and z directions,

o= Dl

Us(a, L) =

15)

xyz
r,+r

(16)

For finite system near the critical point, there are two length-
scales: system size L and correlation length &. In general
ground the following scaling form with two scaling variables
is expected:

C™3(r) = [r|" P> h, , (r/L, L/§), (17)
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FIG. 2. (a) Second moment (m?), (c) forth moment (m?), (e)

Binder ratio U, as a function of a; for L = 64, 128, 256, 512. (b),
(d), (f) Rescaled (m?), (m}), and U, as a function of (a; — a.)L'".
Inset of (e): Crossing points a.(L) of U,(L) and U,(2L) as a function
of 1/L.

where 7 is the anomalous dimension and Ay, . are the
scaling functions. In particular, we calculate the correla-
tion at maximum distance: Cpx(L) = C**[(L/2,L/2)] and
half of maximum distance: Cpafmax (L) = CYY[(L/4, L/4)].
In passing we note that the correlation at maximum and
half-maximum distance can be calculated efficiently using
HOTRG. In a conventional second-order phase transition
where the correlation length diverges as a power law & o 77,
one has

Conax, hatfimax (@, L) = L™ P72 h o atmax[(@ — @)LV, (18)

where limax, haifmax are scaling functions and D is the dimension
of the system. In addition, we consider the dimensionless
correlation ratio R of Cyx(L) and Chaifmax (L), which should
scale as

Cinax(a, L)
Chalfmax (a7 L)

with some scaling function /.

In Figs. 3(a), 3(c), and 3(e) we show Ciax (L), Chatfmax (L),
and the correlation ratio R as a function of a;, while in
Figs. 3(b), 3(d), and 3(f) we show the rescaled data. By col-
lapsing the data we find a, =~ 0.894(7), 0.894(7), 0.894(8),
and 1/v =~ 1.0(1), 1.0(1), 1.0(4), respectively, from Cp,x (L),
Chaifmax (L), and R. We observe again that the estimated critical
points are highly consistent with each other as well as the
results from moments and Binder ratio. Furthermore, from
both Cpax (L) and Chaifmax (L) we find n & 0.2(5). These values
are again consistent with the 2D Ising universality class.

Now we move on to the second approach. In this approach,
we first use the crossing point of the dimensionless quantities

R(a,L) = = hg(tL'"), (19)
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FIG. 3. (a) Cpux(L), (¢) Chammax(L), (e) correlation ratio R as
a function of a; for L = 64, 128, 256, 512. (b), (d), (f) Rescaled
Crmax (L), Chaifmax (L), and R as a function of (a; — a.)L'". Inset of
(e): Crossing points a.(L) of R(L) and R(2L) as a function of 1/L.

U, and R to estimate the critical point. We then study the
finite-size scaling of various quantities at the critical point to
estimate the corresponding exponents. In the inset of Fig. 2(e)
we plot the crossing points a. g, (L) of U(L) and U(2L) as a
function of 1/L. We observe that a. ¢, (L) decreases mono-
tonically as L increases. By fitting the finite-size crossing
points to a power-law function a.y,(L) = a. + bL* we find
a. ~ 0.894(8). In the inset of Fig. 3(e) we plot the crossing
points a. g(L) of R as a function of 1/L. In this case we find
that the crossing points of R do not drift much and we estimate
a. ~ 0.894(8) by the crossing point of the largest size. In
passing, we note that these results are highly consistent with
the results from the first approach.

After locating the critical point, the values of the critical
exponents can be estimated by studying the finite-size scaling
of various quantities at the (estimated) critical point. At the
critical point the kth moment shall scale as

(mf)a = ac,L) o "/, (20)
while the correlation function shall scale as

Cmax, halfmax(a = d, L) X LD72+']' (21)

[

1

In(Q(ac))

2 3 4
In(L)

ot
[N

FIG. 4. (a) In(Q) as a function of In(L), where Q = (m?), (m?),
Cinax> Chaifmax- Finite-size scaling at critical point. (b) ln(%) as a
function of In(L), where Q = U, and —R.

Finally, the critical exponent v can also be estimated by the
derivates of the dimensionless quantities at the critical point

dU(a, L)

" o L'V, (22)

and similarly for —dR/da. Here we obtain the slope via nu-
merical differentiation.

In Fig. 4 we plot the log of the above-mentioned quan-
tities as a function of In(L). We use data from L =64, 128,
256, 512 to perform the liner fit and the slop of the fitted line
is the corresponding exponent. In the figure, we also show
data from smaller sizes with L = 4, 8, 16, 32 and deviation
from the liner fit is clearly observed. From the fitting we
find 28/v ~ 0.2(6) from (m2) and 48/v ~ 0.5(3) from (m).
For the exponent 1, we find n &~ 0.2(7) from both Cyax(L)
and Cpyifmax(L). Finally, from dU,/da and —dR/da we find
1/v =~ 0.9(9) and 1.0(3). All these values are consistent with
the 2D Ising universality class.

In Table I we summarize the values of the estimated critical
point. The label X indicates that the results are obtained from
the crossing point analysis. In Table II we summarize the
values of the exact and estimated critical exponents. The label
a. indicates that the results are obtained from the finite-size
scaling at the critical point. We observe that for both methods
used in this section, the estimated critical points are highly
consistent with each other. Furthermore, the estimated critical
exponents are highly consistent with the expected 2D Ising
universality class. This demonstrates that the tensor-network-
based FSS analysis can be used to determine precisely the
critical point as well as the critical exponents for a second-
order phase transition.

It is worth mentioning related results in the literature. In
Refs. [21,22] the authors studied the deformed AKLT states
on the honeycomb and square lattices, respectively. By fitting

TABLE I. Summary of the estimated critical point. (X indicates that the results are obtained from the crossing point analysis.)

mg mg U2 Cmax Chalfmax R U2 (X) R(X)
a. 0.894(6) 0.894(7) 0.894(8) 0.894(7) 0.894(7) 0.894(8) 0.894(8) 0.894(8)
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TABLE II. Summary of the exact and estimated critical exponents.

2D ISiIlg mg mf (ac ) m? m? (ar ) UZ Cmax Cmax (ac ) Cha]fmax Chalfmax (ac ) R % ac % ac
1/v 1 1.0(1) - 1.0(1) - 1.02) 1.0(1) - 1.0(1) - 1.0(4)  0.909) 1.03)
28/v 1/4 0.2(6)  0.2(6) - - - - - _ _ _ _ _
4B/v 1/2 - - 0.5(2)  0.5(3) - - _ _ _ _ _ B
n 1/4 - - - - - 02(5) 02(7)  0.2(5) 0.2(7) - - -

the critical correlation function for a finite-size system, they
showed that the critical exponent  was consist with %, which
is twice the exact Ising exponent }‘. In Ref. [20] the authors
studied these states on honeycomb and square lattices. By
studying the magnetization, they showed that the critical ex-
ponent 8 is consistent with the Ising exponent 1/8 for the case
of the honeycomb lattice, but no exponent is reported for the
case of the square lattice. We note that in Refs. [20-22] the au-
thors only checked the consistency between their results and
the expected theory. No procedure was taken to estimated the
value of the exponents. In Ref. [18] the authors studied these
states on the honeycomb lattice. By using the Chen-Gu-Wen
X ratio [27] and the scaling method in Ref. [28], they found
v ~ 1.01 for the AKLT-FM transition. In Ref. [19] the authors
studied these states on the square lattice. They used TNR to
estimate the central charge ¢ and use the asymptotic behavior
of ¢ to locate the critical point of the AKLT-FM transition.
However, no exponent related to this transition was reported.
From the above-mentioned results we observe that the critical
exponents of this transition are less studied in the literature. In
contrast, our work provides a comprehensive study on these
exponents.

It was pointed out in Ref. [19] that as a; — 0 the central
charge ¢ becomes 1. As a result, in this limit the AKLT-FM
transition cannot belong to the 2D Ising universality class.
To study the phase transition in this limit we fix a; = 0 and
vary a, across the phase boundary. We then apply the above-
mentioned finite-size scaling analysis to estimate the critical
point and exponents. The detail of the finite-size scaling anal-
ysis is presented in the Appendix A. From the data collapse
and the crossing points of U, and R we find a. ~ 1.779(6),
which is consistent with the result in Ref. [19]. Furthermore,
the exponents obtained are clearly different from the expo-
nents of the 2D Ising model. This confirms that the transition
at a; = 0 does not belong to the 2D Ising universality class.

IV. AKLT-XY TRANSITION

In this section we study the AKLT-XY transition. In
Ref. [19] it was theorized that in the critical XY phase the
system was described by the compactified-free-boson CFT
with central charge ¢ = 1 and the phase transition between
the XY phase and the AKLT phase was of BKT type. In
that work, TNR and loop-TNR were used to evaluate the
central charge ¢ and the coupling g. The phase boundary was
estimated by locating the position at which the central charge
c or the coupling g drops sharply below 1 or 4, respectively. In
this work, we will use tensor-network-based finite-size scaling
analysis to investigate the AKLT-XY transition. In general it is
difficult to accurately determine the phase boundary of a BKT
transition. Inside the XY phase the correlation length diverges

in the thermodynamic limit, while it grows exponentially as
one approaches the XY phase. In this case the correlation ratio
reads

Cinax(a, L)
Chalfmax (a’ L)

Due to the divergence of the correlation length, the correla-
tion ratio in the XY phase becomes /g(0). Consequently data
from different sizes should collapse within the XY phase, in
contrast to cross at the critical point for a second-order phase
transition. In Refs. [29,30] it was proposed and tested that the
correlation ratio was better than the Binder ratio in locating
the BKT transition due to the cancellation of the logarithmic
corrections [31].

In the following we preset our results for the AKLT-XY
transition. Specifically, we fix a; = 0.5 and vary a, across
the phase boundary. Similar to the study of the AKLT-FM
transition, we evaluate the second and forth moments, the cor-
relation functions at maximum and half-maximum distance as
well as the dimensionless Binder ratio and correlation ratio.
In Fig. 1(c) we plot the second moment of the magnetization
in the x-direction (m?) as a function of a,. We observe that
as ap decreases (mf) becomes nonzero. However, for a fixed
a, the value of (m?) decreases monotonically as system size
increases, indicating that in the thermodynamics limit one
has (m?) = 0. Furthermore, we checked that (m?) = (m}) and
(mzz) = 0 within this parameter regime. Qualitatively, these
results are consistent with a BKT transition.

In Fig. 5(a) we plot the Binder ratio U, as a function
of a, near the phase boundary. We find that curves from
different sizes never cross. Furthermore, they do not merge
in the XY phase either. As a result, one cannot use Binder
ratio to locate the BKT transition point. In Fig. 5(b) we plot
the correlation ratio R as a function of a,. In this case the
curves from different sizes do cross each other. However, they
do not collapse in the XY phase. A similar phenomenon was
observed in Ref. [32], in which the correlation ratio was used
to study the BKT transition of the generalized XY model.
The nonmerging suggests that for this BKT transition, the
correction to FSS is extremely large. To better estimate the
critical point, we plot the crossing point a. g(L) of R(L) and
R(2L) as a function of 1/1In(L) in the inset of Fig. 5(b). We
observe that all data fall nearly on a straight line. By linear
fitting we find a, &~ 1.0(3), which is consistent with the phase
boundary estimated in Ref. [19].

We also evaluate the spin-spin correlation function C*(r) =
(S*(0, 0)S*(r, r)) near the phase boundary, as shown in
Fig. 5(c). In the thermodynamic limit the spin-spin correla-
tion function should decay as a power law r~" in the XY
phase, while it should decay as r~"e¢~"/¢ in the AKLT phase.
Furthermore, it was hypothesized in Ref. [19] that n = 1/4

R(a,L) = = hg[L/§(a)]. (23)
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FIG. 5. (a) Binder ratio U, as a function of a,. (b) Correlation
ratio R as a function of a,. Inset: Crossing point a. of R(L) and R(2L)
as a function of 1/1In(L). (c) Correlation function C*(r) with various
a,. (d) Fitted n as a function of a,.

at the AKLT-XY phase boundary. To better estimate n, we
study a system with linear size L = 2048 with a larger cutoff
bond-dimension in HOTRG, D, = 56. Without assuming the
precise location of the critical point, we fit data to both decay
forms mentioned above. We find that the second form always
fits the data well. In contract, the first form fits well only when
the system is sufficiently inside the XY phase. However, when
the first form fits well, the fitted value of n is very close to
one obtained by second form. In Fig. 5(d) we plot 1 obtained
by the second form as a function of a,. We observe that n
decreases almost linearly as it approaches the XY phase. Fur-
thermore, we find that n =~ 1/4 at the estimated a., consistent
with the finding in Ref. [19].

V. SUMMARY AND DISCUSSION

In this work we present a tensor-network-based finite-size
scaling analysis on the parameter-induced phase transitions
of the deformed AKLT family of states on 2D square lat-
tice. In particular we use HOTRG to evaluate the moments,
the correlation functions, and their dimensionless ratios on a
finite-size system. We then use conventional FSS techniques
to estimate the critical points and exponents. Two approaches
are used. In the first approach, we estimate the critical point
and exponent simultaneously via data collapse. In the second
approach the critical point is first located by the crossing
point of the dimensionless quantities. The finite-size scal-
ing of various quantities at the estimated critical point is
then used to estimate the corresponding exponents. For the
AKLT-FM transition, we show that both the critical point and
critical exponents can be estimated accurately. Furthermore,
the estimated critical exponents are highly consistent with the
expected 2D Ising universality class. We also study the limit-
ing case of a; = 0 and confirm that the AKLT-FM transition
in this limit is not Ising-like. For the more elusive BKT-type
AKLT-XY transition, we demonstrate that the crossing point
of the correlation ratio can be used to locate the critical point

with reasonable accuracy. We also estimate the critical expo-
nent n by fitting the spin-spin correlation function and show
that n becomes 1/4 at the phase boundary as expected by the
theory proposed in Ref. [19].

Some comments are now in order. Typically the tensor
network method is used to evaluate quantities in the ther-
modynamics limit, where spontaneous symmetry breaking
can happen. However, contracting exactly the 2D tensor net-
work is exponentially difficult, and certain cutoff on the
bond-dimension has to be implemented to keep the calcula-
tion manageable. This effectively induces an upper limit on
the correlation length. Consequently, near the critical point,
where the correlation length diverges, the tensor network
method may fail to capture the true critical behavior but show
mean-field-like behavior [3]. In this work we take a different
approach. We use tensor network methods to evaluate physical
quantities in a finite-size system. We look for system sizes,
which are large enough to show scaling behavior, but small
enough so that physical quantities evaluated via HOTRG are
accurate enough. We then employ conventional FSS analysis
to extract the critical point and the critical exponents. Our
results show that this approach is feasible, opening new di-
rections in using the tensor network method to study critical
properties.

To the best of our knowledge, tensor-network-based FSS
analysis is not widely used in the literature. One of the reasons
is that an efficient algorithm to calculate higher-order mo-
ments for a 2D tensor network was not proposed until recently
[10], while higher-order moments and their dimensionless
ratio are essential quantities to be used in conventional FSS
analysis. By using the above-mentioned algorithm, we are
able to perform FSS analysis based on moments and accu-
rate results are obtained. Furthermore, we also demonstrate
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that one can perform FSS analysis based on correlations at
different distances and their dimensionless ratio. Since it is
relatively straightforward to evaluate correlations using tensor
network methods, it is very interesting to explore potential
applications in this direction.

Finally, we would like to point out potential generalizations
in the future. Recently, several new renormalization schemes
of tensor networks are proposed. For example, the core-tensor
renormalization group (RG) [33], the anisotropic TRG [34],
and the triad RGs [35]. The main motivation is to reduce
the scaling of the algorithm in terms of the cutoff and physi-
cal dimensions, and higher-dimensional calculations become
feasible. It would be very interesting to use these schemes
to perform tensor-network-based FSS on higher-dimensional
systems. Furthermore, due to the nature of the HOTRG, it is
cumbersome to reach systems with linear sizes that are not a
power of 2. On the other hand, methods such as core-tensor
RG can reach any system size with the same effort. We expect
that an even better FSS analysis can be achieved by accessing
more sizes in the scaling regime.
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APPENDIX: AKLT-FM TRANSITION AT a; = 0

In this Appendix we present our results for the AKLT-
FM transition at a; = 0. In this case, we vary a, across the
phase boundary and perform the FSS analysis developed in
Sec. III. In Figs. 6(a), 6(c), and 6(e) we plot (m?), (m;‘), and
U, as a function of a,. By collapsing the data we find a, ~
1.779(6) and 1/v = 1.5(0), 1.5(0), 1.4(9) from (mz), (m?)
and U, respectlvely Furthermore, we find 28/v ~ 0.3(2)
from (m Z) and 48/v ~ 0.6(4) from (m ;‘), respectively. In
Figs. 6(b), 6(d), and 6(f) we plot the rescaled data and ex-
cellent collapse is observed. In Fig. 7 we plot the original
and the rescaled Cpax, Chaifmax, and R as a function of a,
and L'V (ay — a.), respectively. Here we find a, ~ 1.779(6)
and 1/v = 1.4(7), 1.4(8), 1.4(2) from Cpax, Chalfmax, and R,
respectively. Furthermore, we find n & 0.2(7) from C,,x and
Chaifmax- From the crossing of U, and R we also find a, &
1.779(6). Finally, in Fig. 8 we plot the log of various quan-
tities at the estimated critical point. Here we observe a larger
deviation from the scaling for smaller sizes data. By fitting
the data for L > 64 we find 28/v ~ 0.3(4), 48/v ~ 0.6(8),
n ~ 0.3(3), v & 1.4(9). We observe that the results are highly
consistent with each other. However, the estimated critical
exponents are clearly not the one for the 2D Ising model. This
confirms that the transition does not belong to the 2D Ising
universality class.
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