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Band structure of twisted bilayer graphene on hexagonal boron nitride
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The effect of a hexagonal boron nitride (hBN) layer closely aligned with twisted bilayer graphene (TBG) is
studied. At sufficiently low angles between twisted bilayer graphene and hBN, θhBN � 2◦, the graphene electronic
structure is strongly disturbed. The width of the low-energy peak in the density of states changes from W ∼
5–10 meV for a decoupled system to ∼20–30 meV. Spikes in the density of states due to van Hove singularities
are smoothed out. We find that for a realistic combination of the twist angle in the TBG and the twist angle
between the hBN and the graphene layer the system can be described using a single moiré unit cell.
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I. INTRODUCTION

The discovery of insulating behavior at integer filling and
superconductivity in twisted bilayer graphene (TBG) [1–5]
motivated a recent effort in the study of a wide class of van der
Waals heterostructures, displaying moiré patterns on length
scales much larger than the lattice constant of their constituent
layers. The periodicity induced by the moiré can affect sensi-
tively the electronic structure of the material, giving rise to
narrow, almost dispersionless flat bands. The kinetic quench-
ing may favor the interactions between the electrons, paving
the way for the appearance of strongly correlated phases.

So far, transport measurements on TBG have been
performed with the sample either encapsulated between
two hexagonal boron nitride (hBN) clapping layers, see,
e.g., [1,2,6–10], or suspended on a substrate of hBN [11,12].
Recently, it has been observed [13] that the presence of an
additional layer of WS2 between hBN and TBG stabilizes
the superconductivity phase in a range of angles wider than
reported previously. The presence of hBN breaks the in-
plane twofold rotational symmetry (C2), gapping out the Dirac
crossing of monolayer graphene [14–26]. Placing TBG on
top of hBN accounts for two coexisting moiré patterns: that
induced by the mismatch between the lattice constants of
hBN and graphene [27–31], and that induced by the relative
orientation between the two graphene layers of the TBG. If
the hBN is aligned with the adjacent graphene layer and the
relative twist between the two layers of graphene is close to 1◦,
then the two moirés have very similar periods, ∼13 nm, even
if they are not commensurate. This sensitively affects the band
structure of TBG close to charge neutrality (CN). To a first
approximation, it is expected that the breaking of inversion
symmetry induced by the hBN layer gives rise to a gap at
the Dirac point of the TBG, separating two flat conduction
and valence bands, carrying opposite Chern numbers, C =
±1 [32,33]. This analysis may explain the observed anoma-
lous Hall effect at the integer band filling, ν = 3 [8,34,35].
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The existence of flat bands can lead to Chern insulators,
with features similar to those found in the quantum Hall
effect [36,37].

In the following, we assume that the twist angle, θT BG,
in the TBG is fixed to a value near a magic angle, and
study the effect of a hBN layer as function of the angle
between this layer and the neighboring graphene layer, θhBN .
The periodicities of the two moiré patterns described above

are LT BG ≈ dG/θT BG and LG,hBN ≈ dG/

√
θ2

hBN + (dhBN/dG)2,
where dG and dhBN are the lattice constants of graphene and
hBN. The overall structure resembles the arrangement in a
twisted graphene trilayer, or in twisted graphite [38–40]. The
two moiré lattices define a generically incommensurate super-
structure.

Interestingly, a realistic choice of parameters allows us to
define a single moiré unit cell for the whole system. This
possibility permits an accurate study of the electronic prop-
erties. Interaction effects are included using the unrestricted
Hartree-Fock approximation [41]. We analyze the similarities
and differences with the electronic structure of TBG decou-
pled from the substrate, and also with other graphitic systems
which show narrow bands [42].

II. THE MODEL

A sketch of the atomic arrangement to be considered and
of its Brillouin zone (BZ) is shown in Fig. 1. We assume,
as in the continuum model for TBG [43,44], that one side
of the hexagonal Brillouin zone of the superlattice connects
the corners of the Brillouin zones of each pair of layers; see
Fig. 1(b). The positions of the corners of the three Brillouin
zones are

KG,top ≈ 4π

3dG
(nx + θT BGny), KG,bottom = 4π

3dG
nx,

KhBN ≈ 4π

3dhBN
(nx − θhBN ny)

≈ 4π

3dG

(
1 − dhBN

dG
nx − θhBN ny

)
, (1)
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KG,top

KG,bottom

KhBN

FIG. 1. (a) Sketch of the moiré superlattice. The blue and orange points represent the carbon atoms, while the green points refer to the
substrate. (b) The large hexagons represent the BZs of the constituting layers. Their folding gives rise to the mini-BZs represented by the small
black hexagons. In the inset: One side of the mini-BZ connects the corners of the BZs of each pair of layers.

where nx and ny are unit vectors along the x and y axes,
and we have expanded the exact expressions to lowest order,
θT BG, θhBN , dhBN/dG − 1 � 1. In order for the two moirés to
have the same unit cell, we need the vectors KG,top − KG,bottom

and KG,top − KhBN to have the same length, and to make an
angle equal to (2π )/3. These two conditions imply that

θT BG ≈
√

θ2
hBN +

(
dhBN

dG
− 1

)2

,

θhBN

θT BG
= 1

2
. (2)

For a fixed value of dhBN/dG these equations are satisfied
when

θT BG ≈ 2θhBN ≈ 2√
3

(
dhBN

dG
− 1

)
. (3)

For dG = 2.46 Å, dhBN = 2.50 Å, and dhBN/dG − 1 ≈ 0.017
we obtain θT BG � 1.05◦. This number is reasonably close to
the twist angles where TBG shows a nontrivial phase diagram.
The twist of hBN, θhBN ≈ 0.52◦, is close to perfect alignment.
The presence of a unique moiré pattern in hBN/TBG
heterostructures is consistent with recent scanning-tunneling-
microscopy (STM) maps [12], where, in some samples, only
the moiré pattern identified by the TBG appears.

III. RESULTS

We model the Hamiltonian of the TBG within the low en-
ergy continuum model, see [43–46], accounting for the lattice
relaxation through the difference between the interlayer hop-
pings between the AA and the AB sublattices [46]. A detailed
analysis of the lattice relaxation within the continuum model
of the TBG can be found in [47]. The effect of the hBN is
included by means of an effective periodic potential acting
on the nearest graphene layer [31,48], which also accounts for
the effects of lattice relaxation. In what follows we refer to the
parametrization of such potential as given in the Ref. [49]. A

detailed description of the model is given in the Supplemental
Material [50].

We first study the arrangement described by the angles
θT BG = 1.05◦ and θhBN = 0.52◦, where a single moiré unit
cell describes the system, as shown in Fig. 1. Note that three
different stacking configurations of the twisted system can be
identified; see the Supplemental Material [50], Figs. S3 and
S4. The three stackings differ in the relative arrangement of
layers which are second-nearest neighbors. As shown below,
the three geometries lead to different electronic structures.

The band structure and density of states (DOS) per unit
cell of the hBN/TBG are shown in the Fig. 2 (black lines),
and compared to that of the TBG (red dashed lines). Ac =√

3L2
T BG/2 is the area of the moiré unit cell. The presence

of the substrate strongly affects the spectrum of the TBG.
The flat bands at CN of the TBG become dispersive in the
hBN/TBG stack, acquiring a finite bandwidth of ∼6–8 meV,
which is almost twice that of the TBG. As a consequence,
the peak in the DOS of the TBG at CN is strongly smoothed
and also split in the hBN/TBG, giving rise to an insulating
structure with a small band gap, which is due to the breaking
of C2 induced by the hBN layer. This symmetry breaking
also gives rise to a finite Berry curvature whose integral in
the mini-BZ results in the valley Chern numbers (see the
Supplemental Material [50]) indicated in each panel of Fig. 2.
The effect of a self-consistent Hartree potential away from
CN is shown in Figs. 3 and 4, where even with smoothed
peaks in the DOS, the Fermi level is quite close to the van
Hove singularities [51]. The Chern numbers of these bands
are shown in the Supplemental Material [50]. It is worth men-
tioning that Chern numbers of up to C = 3 are obtained. The
effect of the exchange term at the neutrality point is analyzed
in the Supplemental Material [50]. As in the absence of a
substrate [51,52], the bands are significantly distorted by the
Hartree potential.

Generic values of the twist angle between hBN and TBG
cannot be described by a simple moiré unit cell. This is, for
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FIG. 2. Band structure of TBG on top of hBN for (a) AAA, (b) CAA, and (c) BAA stacking. The red dashed lines show the energy bands and
DOS of the TBG decoupled from the substrate. The bands are computed in the K valley and the corresponding Chern numbers are provided.
The Chern numbers of the K ′ valley have opposite sign.

example, the case for perfect alignment: θhBN = 0◦. Because
of the lack of commensuration, we cannot define a crystal
momentum. In order to study the energy spectrum, we project
the perturbation induced by the hBN on the low-energy states
of the TBG and solve a dual lattice in the reciprocal space
of the TBG, as detailed in the Supplemental Material [50].
The scheme follows closely continuum models for a graphene
monolayer on hBN, where the perturbation due to the hBN
layer is projected onto the graphene Dirac cone. An infinite
number of minibands emerge, induced by the periodicity of
the potential due to the hBN layer. In a similar manner, the
TBG bands are replicated and coupled in our calculation.
A similar method has been recently used in the Ref. [53]
for studying the quasicrystalline electronic spectrum of the
noncommensurate 30◦ TBG.

The quasi-band-structures, obtained by varying the mo-
mentum k in the BZ of the TBG, and the DOS are shown
in the Fig. 5 for different orientations between the hBN and
graphene, and θT BG = 1.05◦. The black and red hexagons
show the two different BZs of the TBG and of the hBN/G,
respectively. The red lines refer to the band structure and the
DOS of the unperturbed TBG, which also includes the long-
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FIG. 3. Self-consistent bands of AAA-stacked hBN/TBG ob-
tained for (a) negative and (b) positive filling. The horizontal dashed
lines represent the Fermi energies.

wavelength staggered potential induced by the hBN, weakly
breaking the C2 symmetry of graphene (see the Supplemental
Material [50]). As is evident, the hBN strongly affects the
spectrum close to CN at small angles, θhBN < 1◦, where the
moiré identified by the TBG and that identified by the sub-
strate of hBN have similar periods. In contrast to the narrow
bands of the TBG, the hBN/TBG exhibits a broad structure,
with a bandwidth of approximatively 30 meV, which can even
overlap with the higher energy bands. This is for example the
case of θhBN = 0.52◦, Fig. 5(b), which is close to commen-
suration. In addition, the band broadening at CN lowers the
DOS of the hBN/TBG as compared to the sharp van Hove
singularity of the TBG, which has been cut out of the energy
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FIG. 4. DOS corresponding to the bands shown in Fig. 3 for
(a) negative and (b) positive filling. The vertical dashed lines rep-
resent the Fermi energies.

155136-3



CEA, PANTALEÓN, AND GUINEA PHYSICAL REVIEW B 102, 155136 (2020)

(a) θhBN=0°

Γ K M K' Γ M
−200

−100

0

100

200

en
er
gy

(m
eV

)

0 0.5 1 1.5
DOS (meV−1AC−1)

(b) θhBN=0.52°

Γ K M K' Γ M
−200

−100

0

100

200

en
er
gy

( m
eV

)

0 0.5 1 1.5
DOS (meV−1AC−1)

(c) θhBN=1.2°

Γ K M K' Γ M
−200

−100

0

100

200

en
er
gy

(m
eV

)

0 0.5 1 1.5
DOS (meV−1AC−1)

(d) θhBN=2°

Γ K M K' Γ M
−200

−100

0

100

200

en
er
gy

( m
eV

)

0 0.5 1 1.5
DOS (meV−1AC−1)

FIG. 5. Quasi-band-structure and DOS of the noncommensurate hBN/TBG. The black and red hexagons show the two different BZs of
the TBG and of the hBN/G, respectively. The red lines refer to the band structure and the DOS of the unperturbed TBG.

scale in the central panels of Fig. 5. In general, the high-energy
spectrum is barely affected by the hBN. Upon increasing θhBN ,
the bandwidth at CN gradually shrinks, while the DOS gains
intensity and the central bands further separate from the rest
of the spectrum. At θhBN = 2◦ the effect of the hBN is almost
completely negligible and we recover the narrow-band feature
of the TBG, except for a constant gap. Even though we are
using a small value of the staggered potential, � = 3.62 meV,
as given by Ref. [49], we checked that our results remain
valid in a wide range of values of �. The details are shown
in the Supplemental Material [50], where we report the case
of � = 40 meV.

It is worth noting that bandwidths of the order of 10–
30 meV, like those reported here, are comparable to the
electrostatic interactions. On the other hand, the smoothing
of the DOS induced by the substrate is expected to reduce the
role of the electronic interactions as compared to the case of
the TBG decoupled by the substrate.

Finally, we show plots of the changes in the charge den-
sity distribution induced by the substrate in the Supplemental
Material [50]. The sixfold symmetry of the TBG is reduced

to threefold, in the case where the two moirés coincide. We
expect a lower symmetry in the general case. These results
are in agreement with the reduced symmetry observed in STM
experiments [54].

IV. CONCLUSIONS

We have analyzed the effect of a nearly aligned hBN
substrate on the low-energy bands of a TBG. We find the
existence of two regimes: (i) For large angles, θhBN � 2◦, the
TBG is effectively decoupled from the substrate, and only the
average gap due to the breaking of inversion symmetry needs
to be taken into account. (ii) For small angles, θhBN � 2◦, the
periodic potential with zero average over the unit cell induced
by the substrate significantly alters the DOS, so that a model
based on flat bands does not describe adequately the system.
In this regime, the van Hove singularities are smoothed out,
and the width of the peak near the Dirac energy increases from
W ∼ 5–10 meV for a decoupled TBG to W � 20–30 meV
for a well-aligned hBN/TBG stack. This peak overlaps with
higher energy bands. In addition, the gap expected from the
lack of inversion symmetry becomes filled with states which
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arise from the nonuniform part of the perturbation due to the
substrate.

In a counterintuitive fashion, the effect of the alignment be-
tween TBG and the substrate is similar to the effect of strong
disorder on the flat bands. Subtle features, such as van Hove
singularities, will be suppressed. Presumably, Shubnikov–de
Haas oscillations and Landau levels at low magnetic fields will
be suppressed as well.
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