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Two-dimensional superfluidity in 4He clusters intercalated into graphite
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Motivated by recent technical developments on selective intercalation of inert gases just beneath the surface
graphene of graphite, we perform path-integral Monte Carlo calculations to study structural and superfluid
properties of 4He clusters encapsulated between a bulged surface graphene layer and the graphite (0001)
substrate. The intercalated 4He atoms initially decorate the inner surface of the bulged graphene to form a shell
structure, leaving a void inside it. Then, the additional 4He atoms form a disk-shaped liquid platelet in the
void, which shows finite superfluid response at temperatures below 1 K. The temperature-dependent superfluid
fractions of the platelet follow modified Kosterlitz-Thouless recursion relations, indicating that two-dimensional
superfluidity can be realized in an intercalated 4He system.
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I. INTRODUCTION

Three-dimensional (3D) bulk 4He displays a continuous
increase in the superfluid density as the temperature de-
creases. On the other hand, the superfluid transition of a
two-dimensional (2D) 4He film is characterized by a universal
jump of the superfluid density at the critical temperature. In
the Kosterlitz-Thouless (KT) theory, this jump is explained
by the unbinding mechanism of bound vortex-antivortex pairs
[1,2]. The validity of the KT theory for describing 2D 4He
systems has been borne out by experiments on 4He films
adsorbed on flat substrates such as a Mylar film [3–6] and
subsequently verified by a series of path-integral Monte Carlo
(PIMC) calculations of ideal 4He films [7–9].

Even finite-sized 3D 4He clusters can manifest the su-
perfluid phenomena, which was first predicted in the PIMC
study of Sindzingre et al. [10] and supported later by a
theoretical study based on the quantum-droplet model [11].
Analysis of rotational spectra of impurity molecules embed-
ded into 4He nanodroplets provided unequivocal experimental
evidence for superfluidity in finite helium systems [12–14].
In contrast, there is presently no comprehensive theoretical
and experimental framework to study superfluid properties of
geometrically confined, finite 2D 4He systems. In this work,
we utilize numerical calculations of temperature-dependent
superfluid fractions to develop an appropriate modification of
the KT theory that allows us to analyze the 2D superfluid tran-
sition in an experimentally accessible confined 4He system.

The last decade has witnessed the notable development in
the controlled intercalation that has proven to be a facile tool
to grow the materials in their reduced dimensions such as
the 2D platelet and zero-dimensional cluster [15–17]. Espe-
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cially, the intercalation of the inert gas selectively between
the surface graphene layer and the first subsurface layer of
graphite has recently been achieved, by the incidence of low
(<100 eV) energy ions on a graphite surface [18], allowing
the application of the various surface probes that can investi-
gate the atomic, electronic structures of low-dimensional 4He
systems and their excitations. Thus intercalated 4He systems
serve as a test bed for investigation of the superfluid behavior
in both reduced dimensions and confined geometries, leading
to a deeper understanding of their superfluid origins.

Motivated by these observations, we have performed PIMC
calculations for 4He systems intercalated beneath the graphite
surface to investigate their structural properties and superfluid
response. The system is modeled with 4He atoms being encap-
sulated between the domed surface graphene and the adjacent
flat graphene as depicted in Fig. 1(a). We find that intercalated
4He atoms form a shell structure along with a disk-shaped
liquid 4He platelet inside the shell. The superfluid fractions
of the 4He platelet computed as a function of temperature
are well fitted to modified KT recursion relations, signifying
the 2D nature of its superfluidity. Furthermore, the estimated
vortex core energies and diameters are comparable to the cor-
responding values reported for an extended 2D 4He film [7].
To our best knowledge, this is the first theoretical prediction
of the 2D superfluidity in a finite system.

II. METHODOLOGY

For this study, we assume that only the surface graphene
layer is deformed by the 4He intercalation to form the trun-
cated hemisphere. The height of the truncated hemisphere and
the radius of its projection onto the basal plane are set to be
10 and 20 Å, respectively. This bulged graphene layer exhibits
a shape similar to the graphene nanobubbles formed by 4He
atoms trapped between surface graphene and mica substrate
[19].
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FIG. 1. (a) A contour plot of the potential energy V (x, z) between
deformed graphite layers and an encapsulated 4He atom. Here the z
axis is perpendicular to the graphite surface and goes through the
dome center of the deformed graphene (the upper dotted line). z = 0
is set to be the vertical position of the second topmost graphene
(the horizontal dotted line). The contour plot is presented in the
color scale denoted by the color bar in units of kelvins. (b) One-
dimensional density distribution ρ(z) of N 4He atoms encapsulated
within the graphite layers.

The interaction between a 4He atom and each graphene
layer is described in terms of a laterally averaged one-
dimensional (1D) 4He-graphene potential V1D(lmin) proposed
by Carlos and Cole [20,21] where lmin is the shortest
distance between 4He and graphene. The resulting 4He-
substrate potential energy is displayed in Fig. 1(a). For the
4He - 4He interaction, a well-known Aziz potential [22] is em-
ployed. Because the exact form of thermal many-body density
matrix is not known at a low temperature T , it is described by
a convolution of M high-temperature density matrices with
an imaginary time step τ = (MkBT )−1 in the discrete path-
integral representation [23,24]. We use pair product forms
of the exact two-body density matrices [23] derived at the
high temperature MT , which are found to provide accurate
descriptions for both 4He - 4He and 4He-substrate interactions
with a time step τ−1/kB = 40 K. The accuracy of these density
matrices was also confirmed in the previous PIMC studies for
4He atoms adsorbed on graphene [25] and graphite surfaces
[26]. The simulations are performed under free boundary con-
ditions in all directions and the simulation cell size is set to be
40 × 40 × 20 Å3.

III. RESULTS

Figure 1(b) presents one-dimensional density profiles ρ(z)
as a function of the vertical distance z from the second topmost
graphene layer for different numbers of the intercalated 4He
atoms N . One can observe a sharp peak located at z ∼ 2.7 Å
and, at larger distances, a spread in the 4He density where
the peaks are not distinctly separated. The sharp peak indi-
cates the formation of a 2D structure at the bottom, which
results from the interaction between 4He atoms and the second
topmost graphene at z = 0 Å. Note that this bottom 2D 4He
structure is separated from the underlying flat graphene by
∼2.7 Å, the same as the distance between the first adsorbed
4He layer and the graphite surface [26,27]. The vertical sepa-
ration is also consistent with the previous result of molecular

dynamics simulations for the layered structure of helium bub-
ble trapped between a surface graphene and mica substrate
[19]. For N = 50, ρ(z) vanishes beyond the sharp peak, in-
dicating that the bottom 2D structure is developed first. As
more 4He atoms are intercalated, the additional helium atoms
are expected to form a capping layer beneath the truncated
hemisphere of the surface graphene.

To see the intercalated structures of 4He atoms in more
detail, we present the density distribution projected onto the
r-z plane ρ(r, z), where r represents the distance from the
z axis, for N = 240 in Fig. 2(a). The horizontally aligned
density peaks at z ∼ 2.7 Å represent 4He atoms constituting
the basal plane that corresponds to the sharp peak observed in
Fig. 1(b). The capping layer is developed along the truncated
hemisphere of the surface graphene, which, combined with
the 4He basal plane, forms a shell structure. A similar shell
structure was also predicted to form inside a spherical cavity
[28].

The 2D density distribution ρ(x, y) of 4He atoms in the
basal plane for N = 240 is displayed in Fig. 2(b) where
well-defined peak positions are arranged with the triangular
order, indicating their solidification. The average 4He - 4He
distance in the basal plane is estimated to be ∼3.1 Å, which is
comparable to the range 3.1-3.17 Å reported for the completed
first 4He layer on a flat graphite surface [27,29–32]. This
suggests that the adsorption of 4He atoms in the basal plane
is mainly controlled by their interaction with the underlying
flat graphene layers but affected little by the overlying bulged
graphene.

The development of 4He structures inside the shell is
now investigated with the increasing number of 4He atoms.
The bottom panel of Fig. 2 presents 2D density distributions
ρ(x, y) of inner 4He atoms on top of the basal 4He plane for
N = 240, 270, and 300, where surrounding shell structures
show little difference from each other, nearly identical to the
one presented in Figs. 2(a) and 2(b). From Fig. 2(c), along
with Fig. 2(a), one can see that 4He atoms settled inside the
shell form a quasi-2D helium liquid as evidenced by the disk-
shaped, delocalized density distribution. On the other hand,
distinct density peaks are observed in Fig. 2(d), signaling
solidification of some inner 4He atoms for N = 270. The 4He
atoms inside the shell eventually form a triangularly ordered
structure for N = 300 as displayed in Fig. 2(e). One expects
that physical properties of these inner 4He platelets are dis-
tinct from those of 4He atoms in the shell because the platelet
4He structures mainly result from the 4He - 4He interaction,
not from the 4He-graphite interaction.

In the Feynman path-integral formalism on which the
PIMC method is based, exchange-coupled Feynman paths that
are comparable to the system size signify superfluidity of a
Bose liquid. In the linear response regime, an estimator of the
superfluid fraction involves the projected area of the Feynman
paths [23],

f s
α = 4m2〈A2

α〉kBT

h̄2Icl
α

, (1)

where Aα is the area of a Feynman path projected onto a plane
perpendicular to the principal axis x̂α and Icl

α is a diagonal
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FIG. 2. (a) Two-dimensional 4He density distribution ρ(r, z) for N = 240 and (b) its bottom-layer density distribution ρ(x, y), along with
two-dimensional density distributions ρ(x, y) of the inner 4He platelets for (c) N = 240, (d) N = 270, and (e) N = 300. The computations
were performed at a temperature of 0.5 K and the length scale is Å. The contour plots are presented in the same color scale denoted by the
color bar (log scales) in the upper right hand corner.

element of the classical moment of inertia tensor. Since it was
first employed by Sindzingre et al. [10] for pure clusters of a
few tens of 4He atoms, this area estimator and its local decom-
positions [33,34] have been successfully applied to investigate
the superfluid responses of various finite 4He systems. We also
investigate the superfluidity of the 4He platelet confined inside
the shell using the superfluid estimator of Eq. (1). For this,
the exchange samplings are implemented only among 4He
atoms inside the shell, which is justified by the fact that 4He
atoms in the shell are strongly bound to the adjacent graphene
surface and their contributions to exchange path samplings are
negligible.

Figure 3(a) shows the superfluid fraction f s of the platelet
at a temperature 0.5 K, with respect to the number Ninner

of 4He atoms in the platelet. For Ninner = 20, the superfluid
fraction is negligible, indicating that the platelet is too dilute
to be in a superfluid state. For 30 � Ninner � 60, however,
the platelet shows substantial superfluid response f s

z to the
rotation around the axis (z axis) perpendicular to the graphite
surface while the superfluid response f s

x,y to the rotation about
the lateral (x or y) directions is significantly suppressed. This
anisotropic superfluid response is consistent with the above
observation that the 4He atoms inside the shell form a disk-

shaped platelet. Negligible superfluid fractions for Ninner > 60
are attributed to the solidification of 4He atoms in the platelet,
which can be seen in Fig. 2. The trend of decreasing superfluid
fraction as the solidification proceeds is also observed in 2D
4He films [8] and 4He layers adsorbed inside a spherical glass
cavity [28].

Figure 3(b) shows the temperature dependence of f s
z

for different values of Ninner. We observe the onset of the
superfluid state below 1 K and the saturation of f s

z to values
less than unity in the limit of T going to 0 K. The saturated
superfluid fractions can be attributed to the confined geome-
tries of the 4He platelets as well as their finite sizes. Note that
the enhanced surface effects in a 2D platelet compared to a 3D
cluster can result in the observed reduction of low-temperature
superfluid fraction; the 4He atoms in the surface region are
less involved in exchange-coupled paths than the atoms in
the interior, while the fraction of the surface atoms is larger
in a 2D platelet than in a 3D cluster. We also find that the
saturated value of f s

z decreases with increasing Ninner, which
can be understood by the solidification of 4He atoms in the
platelet.

Noting that our 4He platelet inside the shell can be consid-
ered as a fragment of an extended 2D film, we analyzed the
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FIG. 3. (a) Superfluid fraction as a function of the number of the
inner 4He atoms Ninner at a temperature of 0.5 K along the vertical
(z) and the lateral (x, y) directions. (b) Superfluid fraction along
the z axis as a function of temperature for different numbers of the
inner 4He atoms. The solid lines represent the fitting lines with the
modified KT recursion relations of Eq. (2) while the dotted lines
denote the universal-jump relation predicted in the KT theory.

temperature dependence of f s
z through the KT recursion rela-

tions that were previously used for finite-size analysis of the
superfluid 4He film [7,9]. In order to reconcile the observed
low-temperature superfluid fraction with the traditional KT
theory, we transform the original KT recursion equations into
integral equations for f s

z and further introduce the physical pa-
rameter σ that corresponds to the zero-temperature (β → ∞)
saturation value of f s

z (β; l ):

f s
z (β; l ) = 1

1
σ

+ 8λρβπ3
∫ l

0 dl ′y(β; l ′)2
,

y(β; l ) = y(β; 0)e
∫ l

0 dl ′[2−2πβλρ f s
z (β,l ′ )], (2)

TABLE I. Fitting parameters estimated with the modified KT
recursion relations. Here, Ec and d represent the vortex core energy
and diameter, respectively, while σ corresponds to the saturated
superfluid fraction.

Ninner: 30 40 50 60

Ec (K) 1.66(6) 1.79(5) 1.29(7) 1.34(6)
d (Å) 7.15(8) 7.19(6) 8.55(8) 6.90(8)
σ 0.61(4) 0.50(4) 0.39(3) 0.37(3)

where y(β; 0) = e−βEc , l = ln L
2d , and λ = h̄2

2m . [Note that the
fugacity y(β; l ) exponentially approaches zero as T → 0 K].
Values of σ < 1 indicate a departure from the well-known
superfluid transition of an extended 2D 4He film [7,9]. The fit-
ting parameters Ec and d correspond to the vortex core energy
and the core diameter, respectively, while the system length
scale L is set to be 25 Å, the diameter of our disk-shaped 4He
platelet. The best-fit parameters Ec, d , and σ are summarized
in Table I. The estimated values of Ec and d for our system
are consistent with the corresponding values predicted for the
extended 4He film [7,9], indicating a similar vortex unbinding
mechanism of the superfluid transition in these systems. More
specifically, while our estimated values of Ec are comparable
to 2.18 ± 0.04 K [9] and 2.7 ± 0.2 K [7] predicted for the 4He
film, our vortex diameters are close to 8.8 ± 0.5 Å reported in
Ref. [9], rather than 3.7 ± 0.4 Å of Ref. [7], for the 4He film.

The solid lines in Fig. 3(b) indicate that the least-squares
fits of the computed f s

z to the KT recursion relations consis-
tently describe the temperature dependence of the superfluid
behaviors for all Ninner. This confirms the 2D nature of super-
fluidity of our 4He platelet encapsulated by graphite layers.
Based on the KT theory for the 2D superfluidity, we now
estimate the critical temperatures for the superfluid transitions
of our 4He platelets. The dashed lines in Fig. 3(b) represent the
universal jump relations of fs(T −

c ) = 2mkBTc

h̄2πρ
, whose intersec-

tions with the fitted curves determine the critical temperatures
of the superfluid transitions. Note that the same procedure was
used to determine the critical temperature of a 4He film from
the PIMC superfluid fraction data which also exhibited the
smeared-out transition due to the finite sizes of the simulation
cells [7–9], similar to our PIMC data shown in Fig. 3(b). The
estimated critical temperatures are found to be in the range of
0.51 K (Ninner = 30) ∼ 0.62 K (Ninner = 60), which is slightly
lower than the transition temperatures of 0.65 to 0.90 K pre-
dicted for extended 4He films [7–9]. This discrepancy results
from the suppressed low-temperature superfluidity due to the
finite size of our 4He platelet, which makes its superfluidity
more vulnerable to thermal fluctuation than that of the ex-
tended 2D system.

Despite the discoidal shape of the 4He platelet inside the
shell, its density distribution shows a sizable spread along
the vertical direction compared to that at the basal plane as
shown in Fig. 2(a). Thus, it is remarkable that superfluidity
of the 4He platelet is well described by a simple modification
to the KT theory for the 2D superfluid transition, indicating
that the vertical atomic motions contribute little to the vortex
nucleation, binding, and unbinding. According to the torsional
oscillator experiments of Nyeki et al. [35] as well as Crowell
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and Reppy [36,37], the superfluid transition in the second
4He layer on graphite is not characterized by the KT theory.
On the other hand, the superfluid response of the third 4He
layer on graphite was described by a broadened KT transition,
analogous to superfluid properties of our 4He platelets. The
4He platelet neighbors both the 4He capping layer and the
4He basal plane. The presence of the capping layer weakens
effective coupling of the 4He platelet to the underlying basal
plane. This might be a reason why the superfluid behavior of
our 4He platelet is similar to that of the third 4He layer on
graphite, rather than the second 4He layer.

IV. CONCLUSION

We have investigated the structural properties and su-
perfluid response of 4He platelets intercalated beneath the
graphite surface. Our PIMC calculations indicate that 4He
intercalation proceeds with the formation of the shell struc-
ture composed of adsorbed 4He atoms, which is followed by
the growth of a finite-size 2D 4He liquid platelet inside the
shell. Furthermore, the superfluid state of the 4He platelets
at moderate densities below 1 K is well described by a low-
temperature modification of the KT theory, indicative of 2D

superfluidity in a finite system. Our proposed system consist-
ing of 4He atoms intercalated beneath the graphite surface
allows the application of various surface probes and opens the
possibility of exploring 2D nanoscale superfluidity at tunable
helium densities by manipulation of the intercalated atoms.
We therefore expect this system to serve as a facile test bed
for analysis of superfluidity of a finite 2D 4He platelet.
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