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Finite-temperature thermodynamic properties of spin-1 nematics in an applied magnetic field
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We study numerically the thermodynamic properties of the spin nematic phases in a magnetic field in the
spin-1 bilinear-biquadratic model. When the field is applied, the phase transition temperature initially goes up
and then decreases rapidly toward zero, which is detected by the peak shift in the specific heat. The underlying
mechanism of the reentrant behavior is the entropic effect. In a weak field the high temperature paramagnetic
phase rapidly loses its entropy while the ferroquadrupolar nematic phase remains robust by modifying the shape
of the ferroquadrupolar moment. This feature serves as a fingerprint of generic ferroquadrupolar phases, while it
is not observed for the case of antiferroquadrupoles.
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Introduction. Among symmetry broken phases in solids,
those of higher order multipolar degrees of freedom are hard
to study and have been often referred to as “hidden orders.”
This is because their order parameters are not linearly coupled
to external fields or forces, and thus are extremely difficult
to characterize by the conventional experimental probes, as
well known in heavy fermion examples such as CeB6 [1,2],
URu2Si2 [3,4]. Still, making use of the coupling between
wave function and the crystal lattice distortion, the electronic
quadrupolar orderings in CeB6 are detected by the elasticity
measurements [5]. The elasto-resistivity measurements are
also performed for the clarification of the orbital nematics in
iron pnictide [6].

In quantum magnets, the quadrupolar orderings of local-
ized spins are often referred to as spin nematics. Unlike the
true hidden orders, the quadrupolar spin moments are already
well defined in theories [7]. Nevertheless, the spin nematics
are still “hidden” in the sense that they are often invisible
to local magnetic probes such as neutron scattering or mag-
netic resonances and only show featureless paramagneticlike
responses to a static magnetic field. Efforts to measure the dy-
namical quantities have been made [8–23], e,g., in the nuclear
magnetic resonance [10–14,16,21], and inelastic neutron scat-
tering [17,19], or the electron spin resonance [20,22], while
experiments and theories are difficult to reconcile.

Spin nematics can resort to Landau’s approaches on
second-order phase transitions, where some anomalies are
found in the magnetocaloric and ac magnetic susceptibility
measurements [24–26]. In theories, finite-temperature phase
diagrams of spin-1 nematics at zero field are studied for the
square lattice [27,28] and the triangular lattice [29,30] by the
quantum Monte Carlo (QMC) simulation, and for the trian-
gular lattice by the semiclassical method [31]. However, the
basic information on how the quadrupolar moments of spin-1
respond to a magnetic field, and how they modify the finite
temperature properties remain unexplored.

In this paper, we examine this issue by applying the Monte
Carlo simulations to the spin-1 bilinear-biquadratic (BLBQ)

model, a canonical model for spin nematics. A pure quantum
quadrupole is represented by a director d, a real vector point-
ing perpendicular to the flucuating spin moments, which does
not couple to a magnetic field. However, the imaginary com-
ponent of d relevant to the emergent dipole moment couples
to the field, which modifies the shape of the quadrupole to
those fluctuating in-plane [8]. Since this modification keeps
the spin nematic state robust against the weak field, the tran-
sition temperature goes up slightly and then starts to decrease
against a stronger field. The former behavior reminds us of the
Pomeranchuk effect in 3He [32] whose liquid and solid phases
may roughly correspond to our nematic and paramagnetic
phases, respectively. In fact, the paramagnetic phase rapidly
loses its entropy with an applied field and gives way to the
nematic phase, just like decreasing the pressure in 3He will
transform the solid to liquid by releasing the entropy. The
reentrant effect is a general feature of the ferroquadrupolar
nematic phase as it is observed also in a square lattice, whereas
not in the antiferroquadrupolar phases.

Spin-1 bilinear-biquadratic model. We deal with the spin-1
BLBQ model on the triangular and square lattices in a mag-
netic field;

H =
∑
〈i, j〉

[JŜi · Ŝ j + K (Ŝi · Ŝ j )
2] − h

N∑
i=1

Ŝz
i , (1)

where Ŝi is the spin-1 operator on site-i with i = 1–N , and
J , K , and h denote the Heisenberg (bilinear) and biquadratic
(BQ) interactions, with the magnetic field applied parallel to
the z axis, respectively. Hereafter, J and K are normalized as
J2 + K2 = 1.

Semiclassical approaches using the variational method re-
vealed that in the absence of a magnetic field, the ground
state of Eq. (1) has a ferroquadrupolar (FQ) order for K/J <

tan−1(−2) with J > 0, or K < J � 0 for the triangular lat-
tice, and K < J < 0 for the square lattice [8,33,34], which
agree qualitatively well with those from the fully quantum
approaches. When a magnetic field is applied along the z-axis,
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the FQ state acquires a small but finite magnetic moment
along the z-axis while retaining its quadrupolar moment in the
xy-plane. It then finally turns into a fully polarized magenetic
phase at h = z(J − K ), where z is the coordination number
[8,33,35,36].

Monte Carlo method with semiclassical SU(3) approxi-
mation. We employ the semiclassical SU(3) approximation
combined with classical Monte Carlo methods [sSU(3)-MC]
[31]. The wave functions are approximated by the direct prod-
uct form of the one-body wave functions as

|�〉 =
N⊗

i=1

|ψi〉, |ψi〉 =
∑

α=x,y,z

di,α|α〉i, (2)

where di,α is the complex coefficient satisfying |d i| = 1. The
time-reversal invariant basis states |α〉 are given as

|x〉 = i(|+1〉 − |−1〉)√
2

, |y〉= |+1〉 + |−1〉√
2

, |z〉 = −i|0〉,
(3)

where |n〉 (n = 0,±1) is the spin-1 state with Sz = n. The en-
ergy evaluated using this wave function, EsSU(3) = 〈�|H|�〉,
is given as

EsSU(3) =
∑
〈i, j〉

[J|d∗
i · d j |2 + (K − J )|d i · d j |2]

+ ih
N∑

i=1

(d∗
i × d i )

z + const. (4)

A set of parameters {di,α}i=1,...,N is updated by the stan-
dard classical MC sampling with the canonical ensemble of
exp (−βEsSU(3)), where β = (kBT )−1 is the inverse temper-
ature. The spin moment whose z component appears in the
Zeeman term of Eq. (4) is given explicitly as

Si = 〈ψi|Ŝi|ψi〉 = −i

⎛
⎜⎜⎝

d∗
i,ydi,z − d∗

i,zdi,y

d∗
i,zdi,x − d∗

i,xdi,z

d∗
i,xdi,y − d∗

i,ydi,x

⎞
⎟⎟⎠. (5)

The spin quadrupolar operator, Q̂αβ
i = Ŝα

i Ŝβ
i + Ŝβ

i Ŝα
i −

2S(S + 1)/3δαβ , is a rank-2 traceless symmetric tensor, and
its vector representation for five linearly independent comp-
onents, Q̂i = (Q̂x2−y2

i , Q̂3z2−r2

i , Q̂xy
i , Q̂yz

i , Q̂zx
i ), is generally

applied, which are evaluated as

Qi = 〈ψi|Q̂i|ψi〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−(|di,x|2 − |di,y|2)

− 1√
3
(2|di,z|2 − |di,x|2 − |di,y|2)

−(d∗
i,xdi,y + d∗

i,ydi,x )

−(d∗
i,ydi,z + d∗

i,zdi,y)

−(d∗
i,zdi,x + d∗

i,xdi,z )

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (6)

Our simulation is performed on the lattice of N = L × L, with
L = 12–36 and L = 8 − 32 for the triangular and square lat-
tices, respectively, under the periodic boundary condition. We
combine the conventional Metropolis method with single spin
rotations and replica exchange method [37], taking averages
over the independent initial configurations using the jackknife

resampling. Each run consisting of 106–107 MC steps for
thermalization and measurements, respectively.

The sSU(3)-MC considers only the leading terms of the
cumulant expansion of the partition function [31], which nev-
ertheless incorporates an amount of quantum and thermal
fluctuations far beyond the simple mean-field calculation [38].
In fact, Eq. (2) describes well the nematic ground states of
spin-1 BLBQ models [8,33,34]. At finite temperature, the
stochastic MC averages further allows us to include the spatial
fluctuation effect intrinsic to the second order phase transition.
In the same context, the sSU(3)-MC has distinct advantages
over the simple classical approximation which treats the spin
moments as vectors [39]; in our case the vector d i represents
the quantum quadrupole or the local quantum entanglement
which orders by the BQ interaction, whereas the same interac-
tion in the classical method favors the collinear spin orderings
[31].

An artifact of adopting the formally classical Hamiltonian
Eq. (4) is the lack of quantum condensation at low tempera-
ture; the T 2-dependent specific heat characterizing the lowest
energy excitations of three-colored Schwinger bosons of the
spin-1 BLBQ model [8,33,40] is not observed [41]. However,
in the temperature range of our focus, such behavior is easily
wiped out by the thermal fluctuations and the collective be-
havior of quadrupoles become dominant, where the validity
of Eq. (4) shall be recovered. In fact, the previous QMC
calculations show that the specific heat deviates from T 2 at
T ∼ Tc/2 [29,30].

Ferroquadrupolar phase. We first present the finite-
temperature properties of the FQ states. Fig. 1(a) shows the
T –h phase diagram for the triangular lattice at (J, K ) =
(0,−1) where the ground state has a FQ ordering. We de-
termine the transition temperature Tc as the peak position of
the specific heat C/N ; Fig. 1(b) shows the temperature depen-
dence of C/N in various magnetic fields. The peak position
first slightly shifts to higher temperature and at h � 1 starts
to move rapidly toward lower temperature. We compare the
results of L = 12 and 36 to show that the finite size effects are
small enough, where Tc is always slightly lower and the peak
height increases for larger L for all values of h we examined.
To understand this reentrant behavior of Tc, we analyze the
T dependence of the entropy density s̃(T, h) and the energy
density e(T, h) in a weak field as shown in Figs. 1(c) and
1(d) [41]; s̃(T, h) does not change much with h for the FQ
phase. In contrast, the paramagnetic phase rapidly loses its
entropy with h since the magnetic moment starts to align in
the same direction. Since h gives a nearly constant shift in the
energy e(T, h) common to both phases, which is dominated
by the Zeeman term, the reentrant behavior is understood as
an entropic effect.

Figures 1(e) and 1(f) show the magnetic susceptibilities of
the spin component perpendicular and parallel to the magnetic
field, χ⊥ = (χ x + χ y)/2, and χ z, respectively, where χα =
βN (〈(Sα )2〉 − 〈Sα〉2). One finds that χ z starts to develop a
small peak at Tc when h is applied, indicating that the finite
magnetic moment is induced along the z-axis. The value of χ⊥
remains almost featureless, but a small structure appears at the
same position as χ z for larger L. The magnetization 〈Sz〉 does
not depend much on T and its value in the FQ phase is in good
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FIG. 1. Results of the sSU(3)-MC simulations on the triangular
lattice at (J, K ) = (0, −1). (a) T -h Phase diagram. Squares, circles,
and triangles are the peak positions of the specific heat estimated
by the Gaussian kernel approximation in L = 12, 24, 36 samples, re-
spectively. (b) Temperature dependence of the specific heat C/N for
the various values of magnetic field h in L = 12 (open) and 36 (solid)
samples. (c), (d) Temperature dependence of the entropy s̃(T, h) and
energy e(T, h) per site in an L = 24 sample. (e), (f) Temperature de-
pendence of the magnetic susceptibilities perpendicular and parallel
to the magnetic field for the various values of h, in L = 12 (open) and
36 (solid) samples. The inset in (f) is the temperature dependence of
the averaged magnetization density for L = 12.

agreement with the ground state ones, m = h/[6(J − K )] =
h/6 (see inset of Fig. 1(f)) [8,33].

We next examine the field-dependence of the quadrupolar
moments. In the ground state, the magnetic field confines the
d-vector within the xy-plane, namely, |�〉 = ⊗N

i=1 |d i〉 with
|d i〉 = dx |x〉 + dy |y〉. This is because h couples to d∗

x dy −
d∗

y dx but not with dz [see Eq. (4)] [8,33]. When d is real, a
pure quadrupole is formed O(2)-symmetric about the director
d, as shown in the first column of Fig. 2(a). At h �= 0 the
emergent imaginary component of d will distort it by shifting
its fluctuation center toward the +z-direction [33] [see the
second and third columns of Fig. 2(a)].
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FIG. 2. (a) Spin-component distributions for the states at T = 0
in a magnetic field where d ∈ R (bold line) is pointing in the y
direction. The lower panel is the view in the x-direction. (b), (c) Tem-
perature dependence of (b) Q̄2

in and (c) ¯Q2
out [Eq. (7)] in the L = 12

triangular lattice. The inset in (c) is the enlarged view in the small
¯Q2
out region. (d) Spin-component distributions for the states evaluated

by the sSU(3)-MC at T �= 0 and h = 0, 1, 4 in L = 12 triangular
lattice, viewed perpendicular to the z-axis. The upper/lower panels
belong to the paramagnetic/FQ phases. Since the calculation does not
break the O(2) symmetry about the z-axis, the quadrupolar moments
of T = 0.2 ones are the averages of those of the symmetry broken
ones with its director pointing in a particular direction, which is also
consistent with the Mermin-Wagner theorem.

The relationship between d and the shape of the quadrupole
is understood more clearly from Eq. (6) as follows; when
dz is zero so do 〈Qyz〉 and 〈Qzx〉, while 〈Qx2−y2〉 and 〈Qxy〉
which consist only of x and y elements of d can respond to h.
Based on this consideration, we define two kinds of squared
quadrupolar moments,

Q̄2
in = 1

2 [(Qx2−y2
)2 + (Qxy)2],

(7)
¯Q2
out = 1

2 [(Qyz )2 + (Qzx )2],

where we straightforwardly find Q̄2
in �= 0 and ¯Q2

out = 0 at
T = 0 and h �= 0.

Temperature dependences of Q̄2
in and ¯Q2

out are shown in
Figs. 2(b) and 2(c). In a weak field, Q̄2

in first increases and
then at around h � 1 starts to decrease with h. Whereas, ¯Q2

out
takes a small but finite value at small h and T �= 0 because
of the thermal flucuation, and becomes ¯Q2

out = 0 at T = 0.
Notice that the apparently large values of ¯Q2

out at h = 0 occur
simply because the moments are decoupled to the spatial co-
ordinate. Once the field increases to h � 1, ¯Q2

out is suppressed
to zero for all temperatures. These results indicate that there
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FIG. 3. (a) T -h phase diagram and (b) the T -dependence of C/N
for the square lattice at K/J = 2 with J, K < 0.

is a crossover at h ∼ 1 from the low-field regime with a
robust quadrupolar moment to the high field regime where
the quadurupolar moment is rapidly suppressed with field. It
apparently links with the reentrant behavior of Tc at h � 1.
Such particular field-dependence of the quadrupolar moment
is visualized in Fig. 2(d). Compared to the ones at T = 0, the
quadrupoles at h = 1 and T = 0.2 have a gourd-shape which
indicates that d cants slightly off the xy-plane to maximize the
fluctuation.

Remarks. The geometry of the lattice does not seem to play
any intrinsic role. As shown in Figs. 3(a) and 3(b), we also
perform a similar calculation for the square lattice at K/J = 2
with J, K < 0 [43], finding a reentrant behavior at h � 0.25
[41].

In both Eqs. (1) and (4), the continuous symmetry exists,
in which case a bulk finite-temperature phase transition is
prohibited by the Mermin-Wagner theorem [44]. However, the
specific heat shows a peak at Tc not only in our case but in the
previous QMC calculations, which indicates the development
of an intrinsic quasi-long-range ordering [45]. The growth
of correlation length at Tc, even if it does not diverge, will
drive the system to a long-range ordering once we stack the
two-dimensional layer and include the interlayer coupling,
which is the situation expected for the actual material systems.

Antiferroquadrupolar phase. Finally, we briefly discuss
the finite-temperature properties and field dependence for the
antiferroquadrupolar (AFQ) phase. In the ground state of the
triangular lattice, the AFQ is realized at 0 < J < K [8–10].
The quadrupolar moments form a three-sublattice structure
described by |�〉 = ⊗N/3

i=1 (|d iA〉 ⊗ |d iB〉 ⊗ |d iC〉), where iγ
(γ = A, B, C) denotes the lattice sites with sublattice indices.
At h �= 0 and T = 0, the spatial direction of d iγ is fixed, and
two of three components, |d iA〉 = |x〉 and |d iB〉 = |y〉, behave
similarly to the d-vector of the FQ phase in a magnetic field,
i.e., dx and dy become complex numbers, while |d iC〉 = |z〉
remains real [8]. Figure 4(a) shows the T –h phase diagram; Tc

decreases with increasing h, which can be detected clearly by
the temperature dependence of the specific heat in Fig. 4(b)
for the different values of h in L = 12 and 36 samples. Al-
though the quadrupoles on the A- and B-sublattices behave
similar to that of the FQ phase, the difference lies in that they
do not acquire a finite dz and continue pointing within the
xy-plane. In fact, the slight increase in Tc at small h is not

FIG. 4. (a) T -h phase diagram and (b) the T -dependence of C/N
for the triangular lattice with L = 12 (open) and 36 (solid). The
antiferroquadrupolar phase at K/J = 2 with J, K > 0 is studied [42],
where A and B-sublattices gradually develop a magnetic moment
similarly to that of the aforementioned FQ phase at T = 0. In the
higher-field range of h = 3/

√
5 ≈ 1.34 to 3(1 − 1/

√
5) ≈ 1.658 a

2/3 plateau phase appears, where the |d iC 〉 = |z〉 remains and the
spins on A and B sublattices are fully polarized.

observed in the case of AFQ. This is because the correlation
between the quadrupoles of different sublattices do not allow
the directors to cant off the original angle. The reentrant Tc is
thus not observed for translational symmetry breaking AFQ
ordering.

Conclusion. We disclosed the slight reentrant behavior of
the paramagnetic-to-ferroquadrupolar spin nematic transition
temperature in a weak magnetic field. Although both phases
develop almost the same amount of magnetic moment by the
field, only the nematic phase remains robust by modifying the
shape of the quadrupolar moment toward the in-plane direc-
tion, and the counterpart paramagnet rapidly loses its entropy.
One finds a common feature in 3He in that the entropies of
solid and liquid phases comes from the weakly interacting
spin-1/2 nuclei and the condensed liquid of spins, respec-
tively, although in their case the two phases are separated by
the first order transition. If we regard the enthalpy +PV as
our Zeeman term, − 〈Sz〉 h, the Pomeranchuk effect (3He is
cooled by tracing the solid-to-liquid transition temperature in
applying the pressure) would explain our increase of Tc with h.
In both cases, the decrease of relative entropy per unit (volume
or spin) of solid to liquid plays a crucial role to raise Tc. A
similar field reentrant phase diagram is found in the UUD
plateau phase of the triangular lattice quantum magnet, where
a large quantum fluctuation supported by the geometrical frus-
tration shall play a similar role to our quadrupolar fluctuation
[46]. We thus conclude that the present phenomenon not only
serves as a clue to explore elusive nematic phase, but adds to
the list of universal entropic effect intrinsic to the physics of
quantum liquid versus paramagnet.
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