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We have performed ab initio pseudopotential calculations of the structural, electronic, elastic, mechanical,
vibrational, electron-phonon interaction, and superconducting properties of ScRuSi and ZrRhSi. An assessment
of their elastic and mechanical properties reveals that ScRuSi is a ductile compound, while ZrRhSi is a brittle
compound. For both compounds electronic energy bands in the vicinity of the Fermi level originate from the d
states of transition-metal atoms. The Eliashberg spectral function reveals that low-frequency phonon modes due
to coupled motions of transition-metal atoms are more involved in the process of scattering of electrons than
the high-frequency modes due to the vibrations of Si atoms. The average electron-phonon coupling parameter is
calculated to be 0.54 for ScRuSi and 0.84 for ZrRhSi from the integration of the Eliashberg spectral function. It
is found that the relatively weaker electron-phonon interaction in ScRuSi makes its superconducting transition
temperature value (Tc = 3.23 K) considerably lower than that of ZrRhSi (Tc = 10.45 K).

DOI: 10.1103/PhysRevB.102.134508

I. INTRODUCTION

Ternary equiatomic intermetallic T T ′X (T, T ′ = transition
metals; X = boron, carbon, or nitrogen) compounds have
been providing interesting research topics because of their
outstanding structural [1–10] and magnetic [11–21] prop-
erties. These intermetallic compounds usually exist in two
structure forms with equal atomic compositions. They oc-
cur either in the orthorhombic (o) TiNiSi-type structure with
space group Pnma [1] or the hexagonal (h) ZrNiAl-type
structure with space group P6m2 [2]. Both phases of T T ′X
compounds are layer structures. Furthermore, both phases
exhibit superconductivity and hence major attention was paid
towards their superconducting properties [22–31]. Usually,
the superconducting transition temperatures of hexagonal ma-
terials are considerably higher than those of orthorhombic
materials. For example, the superconducting transition tem-
perature (Tc) of h-ZrRuP, h-HfRuP, h-ZrRuSi, and h-ZrRuAs
is about 12 K [22–25,28–30] while the Tc values of o-ZrRuP,
o-ZrRuSi, o-ZrIrSi, o-HfIrSi, o-YIrSi, o-NbRhP, and o-TaRhP
lies between 2 and 5 K [25,27,30]. Therefore, the ZrNiAl-
type structure appears to be suitable for the enhancement of
superconducting temperature. However, it is worth noting that
the compound ZrRhSi with the TiNiSi-type structure is the
particular case with its Tc value of above 10 K [32]. In ad-
dition to this, investigation of low-temperature electrical and
magnetic properties of MoRuP [33] with the orthorhombic
TiNiSi-type structure reveals that this compound becomes a
superconductor at 15.5 K, which is the highest Tc value among
all the ternary equiatomic intermetallic T T ′X compounds.
Heat capacity and electrical resistivity measurements [34]
indicate that o-YRhAl exhibits superconductivity with a Tc

value of 0.9 K. Furthermore, o-MgPtSi has been discovered
to display superconductivity with a Tc value of 2.5 K [35].

In recent years, research has concentrated on the discov-
ery of Sc-including T T ′X -type superconductors because Sc
is close to Zr and Hf with respect to atomic radius and
constitutes many similar structures [36,37]. Additionally, Sc
shows a superconducting transition above ∼60 GPa, which
reaches 20 K at 107 GPa [38,39]. In 2016, Okamoto and
co-workers reported that h-ScIrP becomes a superconductor
at 3.4 K by using electrical resistivity, magnetization, and
heat capacity measurements of polycrystalline samples pre-
pared by a solid-state reaction method [40]. On the basis of
heat capacity data in a zero magnetic field, this compound is
proposed to be a weakly coupled Bardeen-Cooper-Schrieffer
superconductor [40]. Moreover, their electronic structure cal-
culations [40] reveal that the electronic states of ScIrP near
the Fermi level are dominated by the Sc 3d and Ir 5d states.
In the same year, powder x-ray diffraction experiments [41]
showed that ScRhP crystallizes in the hexagonal ZrNiAl-type
structure. Furthermore, resistivity, magnetization, and heat ca-
pacity data [41] reveal that h-ScRhP shows superconductivity
with a Tc value of 2 K which is lower than that of its 5d analog
h-ScIrP [40]. In 2017, the physical property measurements of
o-ScRuSi indicated that this material becomes a superconduc-
tor at 3.1 K [42].

On the theoretical side, there has been a great deal of
interest in the study of structural and electronic properties
of ternary equiatomic intermetallic T T ′X compounds due
to their superconducting properties. The extended Huckel
tight-binding model [43] is used to investigate the electronic
properties of h-ZrRuP and o-ZrRuP. The value of the den-
sity of states at the Fermi level [N (EF )] is reported to be
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0.21 and 0.29 states/eV atom for h-ZrRuP and o-ZrRuP,
respectively [43]. Although the Tc value of o-ZrRuP is four
times smaller than that of h-ZrRuP, its N (EF ) value is larger
than that of h-ZrRuP. This result signals that the high Tc

difference between them cannot be explained in terms of
their N (EF ) values. The electronic structure calculation has
been realized on h-ZrRuX (X = P, As, Si) by using the full-
potential linearized augmented plane-wave method within the
local-density approximation [44]. This calculation reveals that
electronic states near the Fermi level for all these supercon-
ductors are dominated by the d states of Ru atoms [44].
The electronic properties of h-MoRuP, o-MoRuP, h-ZrRuP,
and o-ZrRuP have been investigated by using the method of
orthogonalized linear combinations of atomic orbitals [45]. A
critical assessment of their electronic structures [45] suggests
that h-MoRuP might possess a Tc in excess of 20 K. In 2015,
ab initio pseudopotential calculations were performed for the
structural, elastic, and mechanical properties of the ternary
silicides ScT Si (T = Co, Ni, Cu, Ru, Rh, Pd, Ir, Pt) by Sebehi
and co-workers [46]. According to this theoretical study [46],
the ScT Si (T = Ru, Pd, Pt) compounds behave in a ductile
manner, while the ScT Si (T = Co, Ni, Cu, Rh, Ir) compounds
behave in a brittle manner.

Although several calculations [43–45] have been made
on the structural, elastic, and electronic properties of ternary
equiatomic intermetallic T T ′X compounds, theoretical stud-
ies on their lattice dynamics and electron-phonon interaction
were totally overlooked in the literature until 2016. In 2016,
Tütüncü and co-workers [47] researched electron-phonon in-
teraction in o-MgPtSi. This theoretical study [47] reveals
that MgPtSi is a conventional phonon-mediated compound
with a medium electron-phonon coupling strength of 0.707.
In the same year, the electron-phonon interaction properties
of h-ScIrP were analyzed by using the first-principles calcu-
lation method [48]. This theoretical work [48] reveals that
the spin-orbit coupling makes a considerable impact on the
electron-phonon interaction of this superconductor due to a
large nuclear charge of the Ir atom since the strength of this
effect depends proportionally on the square of the atomic
number Z4. Very recently, Baǧcı and co-workers [49] have
studied electron-phonon interaction in both phases of ZrRuP
in order to explain why the Tc value of o-ZrRuP is consider-
ably smaller than that of h-ZrRuP. This ab initio study [49]
indicates that the lattice of o-ZrRuP is harder than that of
h-ZrRuP which makes its electron-phonon coupling param-
eter (0.57) much smaller than the corresponding value of 1.25
for h-ZrRuP. Consequently, the Tc value of o-ZrRuP becomes
much smaller than that of h-ZrRuP.

The motivation for this work is to discern the electronic
and phonon structures, and relative strength of the electron-
phonon coupling in contributing to bulk superconductivity
in a newly discovered superconductor o-ScRuSi via compar-
ison with its isostructural compound of o-ZrRhSi through
ab initio pseudopotential calculations. In addition, strain-
stress calculations [50] have been executed in order to obtain
elastic properties of investigated superconductors. The av-
erage electron-phonon coupling parameter and logarithmic
average of phonon frequency have been presented from the
calculation of Eliashberg spectral functions. Using these
quantities and the Migdal-Eliashberg approach [51,52], the

Tc values of ScRuSi and ZrRhSi are computed and compared
with experimentally reported values.

II. METHOD

Our ab initio calculations have been performed in the
framework of density functional theory by using the QUAN-
TUM ESPRESSO simulation package [53,54]. The general-
ized gradient approximation (GGA) in the Perdew-Burke-
Ernzerhof scheme [55] is used to obtain the exchange and
correlation potential. The ion-electron interaction is mod-
eled by using norm-conserving pseudopotentials [56] while
a plane-wave cutoff energy of 60 Ry is utilized to spec-
ify the number of plane waves in expansion. The valance
configuration of atoms has been considered as Zr(5s24d2),
Sc(4s23d1), Rh(5s24d7), Ru(5s24d6), and Si(3s23p2). Dur-
ing the structural optimization, the crystal structure has been
totally relaxed by the help of the Broyden-Fletcher-Goldfrab-
Shanno minimization method [57], in which total energy
has been minimized by changing the lattice parameters and
atomic positions. Self-consistent solutions of the Kohn-Sham
equations [58] have been approached by using a set of
Monkhorst-Pack special k points [59]. Integration over the
Brillouin zone for structural properties has been executed by
using special k points produced with (6×6×6) Monkhorst-
Pack mesh while a denser (24×24×24)-k mesh is used for
the calculation of electronic properties.

Vibrational properties of both superconductors have been
investigated within the framework of self-consistent density
functional perturbation theory [53,54]. For the phononic cal-
culations, integration over the Brillouin zone was executed
by using a special set of 64 special k points. As phononic
calculations are computationally much more demanding than
electronic calculations, we first calculated eight dynamical
matrices on the 2×2×2 Monkhorst-Pack grid. Then, they
were Fourier-transformed into real space and thus the force
constants were determined, which were used to establish
phonon frequencies for any q points.

The combination of the Migdal-Eliashberg theory [51,52]
and the linear response theory [53,54] has been used for
the calculation of electron-phonon interaction in the studied
compounds. Within the Migdal-Eliashberg approach [51,52],
the Eliashberg spectral function, expressed in terms of phonon
linewidth γq j , has the following form:

γq j = 2πωq j

∑
knm

∣∣gq j
(k+q)m;kn

∣∣2
δ(εkn − εF )δ(ε(k+q)m − εF ),

(1)

where the electron-phonon matrix element gq j
(k+q)m;kn is ob-

tained self-consistently by the linear response theory [53,54].
Then, the Eliashberg spectral function [α2F (ω)] has the fol-
lowing form:

α2F (ω) = 1

2πN (EF )

∑
q j

γq j

h̄ωq j
δ(ω − ωq j ), (2)

where N (EF ) refers to the electronic density of states per atom
and spin at the Fermi level. The electron-phonon coupling
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FIG. 1. The layer crystal structure of ZrRhSi (or ScRuSi) with an
orthorhombic TiNiSi-type form. This structure includes layers which
are filled with Zr (or Sc), Rh (or Ru), and Si atoms.

constant is given by the following form:

λq j = γq j

π h̄N (εF )ω2
q j

. (3)

The integration of the Eliashberg spectral function gives
the values of average electron-phonon coupling constant λ and
logarithmically averaged frequency ωln:

λ =
∫ ∞

0

α2F (ω)

ω
dω, (4)

ωln = exp

(
2λ−1

∫ ∞

0

dω

ω
α2F (ω) ln ω

)
. (5)

Finally, the superconducting critical temperature can be
estimated using the Allen-Dynes modified McMillan for-
mula [60–62]:

Tc = ωln

1.2
exp

(
− 1.04(1 + λ)

λ − μ∗(1 + 0.62λ)

)
. (6)

The above equation is reported to be highly accurate for su-
perconductors when the value of the average electron-phonon
coupling parameter is less than 1.5 [60–62]; it has success-
fully characterized the superconducting properties for many
compounds indeed. In the above equation, μ∗ refers to the
screening Coulomb pseudopotential, usually taking a typical

value between 0.10 and 0.13 [61,62]. In our calculations, its
value is set to 0.11.

III. RESULTS

A. Structural and electronic properties

Both intermetallic superconductors are reported to crystal-
lize in the orthorhombic TiNiSi-type crystal structure which
is displayed in Fig. 1. As can be appreciated from this figure,
the orthorhombic phase of both compounds is constituted by
layers which are filled with T (Zr or Sc), T ′ (Rh and Ru),
and Si. The primitive unit cell of orthorhombic TiNiSi-type
crystal structure contains 12 atoms with Wyckoff positions
of 4(c) (xT , 1/4, zT ) for four T (Sc or Zr) atoms, 4(c) (xT ′ ,
1/4, zT ′) for four T ′ (Ru or Rh) atoms, and 4(c) (xSi, 1/4, zSi)
for Si atoms. Consequently, the orthorhombic TiNiSi-type
crystal structure of both studied compounds is shaped by
three lattice parameters (a, b, and c) and six inner coordinates
(xT , xT ′ , xSi, zT , zT ′ , and zSi). Full structural optimization is
achieved by following the procedure described in our previ-
ous papers [63]. The determined values of lattice parameters,
inner coordinates, bulk modulus, and its pressure derivative
for ScRuSi are presented in Table I together with those of
ZrRhSi. For comparison, existing experimental [32,42] results
and previous theoretical [46] results are also included in this
table. The maximum variation of calculated lattice parameters
from their corresponding experimental values [32,42] is less
than 1.5% for both intermetallic superconductors while the
calculated inner parameters of ScRuSi are comparable with
their experimental [42] results and their previous GGA [46]
results. Unfortunately, we could not reach any experimental
results for the inner coordinates of ZrRhSi. Furthermore, no
experimental or theoretical results are available for the values
of B and B′ of both intermetallic superconductors.

The energy band dispersion of ScRuSi is displayed in
Fig. 2(a). It is a three-dimensional metal since at least one
dispersive band crosses the Fermi level. Figure 2(b) presents
the total, and s, p, and d partial density of states (DOS) at
the Sc, Ru, and Si atomic sites. The lowest four bands lying
between −9.7 and −7.7 eV originate from the hybridization
of Si 3s states with Ru 5p, Ru 4d , Sc 4p, and Sc 3d states and
are separated by a gap of 2.8 eV from the near-Fermi valence
bands. In the energy window from −4.9 to −2.8 eV, the
intensity patterns of the partial DOS of Ru 4d and Si 3p states
are similar, indicating these states are strongly hybridized
between each other over this energy range. This implies
the existence of covalent bonding in ScRuSi. Ru 4d states

TABLE I. The calculated values of lattice parameters, internal parameters, bulk modulus (B), and its pressure derivative (B′) for
orthorhombic ScRuSi and ZrRhSi and their comparison with corresponding experimental data and corresponding previous theoretical results.

Compound a (Å) b (Å) c (Å) (xT , xT ′ , xSi) (zT , zT ′ , zSi) B (GPa) B′

ScRuSi 6.7007 4.1241 7.1064 (0.00236, 0.15788, 0.29714) (0.68455, 0.06209, 0.38694) 149.3 4.01
Experimental [36] 6.6192 4.0972 7.0491 (−0.00061, 0.15778, 0.29412) (0.68610, 0.05978, 0.38662)
Experimental [42] 6.6222 4.1001 7.0446 (−0.00121, 0.15925, 0.29148) (0.68441, 0.05922, 0.39004)
GGA [46] 6.650 4.160 6.980 (−0.00665, 0.15720, 0.29410) (0.68660, 0.06130, 0.38840)

ZrRhSi 6.5903 3.9466 7.4938 (0.01898, 0.14857, 0.27719) (0.68273, 0.06495, 0.38285) 182.3 4.84
Experimental [32] 6.5491 3.9181 7.4592
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FIG. 2. (a) The calculated electronic band structure of ScRuSi
along the most important axes of symmetry in the Brillouin zone of a
simple orthorhombic lattice. The Fermi level is set to 0 eV. (b) Total
and partial electronic density of states for ScRuSi. (c) The effect of
spin-orbit coupling (SOC) on the near-Fermi electronic structure of
ScRuSi.

constitute prominent DOS peaks between −2.8 and −0.5 eV.
The electronic states in the vicinity of the Fermi level, which
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FIG. 3. (a) The calculated electronic band structure of ZrRhSi
along the most important axes of symmetry in the Brillouin zone of a
simple orthorhombic lattice. The Fermi level is set to 0 eV. (b) Total
and partial electronic density of states for ZrRhSi.

mostly consist of Sc 3d and Ru 4d states, are important for
superconductivity since Cooper pairs in the BCS theory are
formed by electrons which have energies close to the Fermi
level. The DOS at the Fermi level [N (EF )] for ScRuSi is
estimated to be 9.848 states/eV, with Sc, Ru, and Si electronic
states contributing 37%, 43%, and 20%, respectively. Distinc-
tively, Sc 3d and Ru 4d states contribute almost equally to
the value of N (EF ) within 32% and 33%, respectively. This
confirms that Sc 3d and Ru 4d states may play a crucial role in
the formation of the superconducting state for ScRuSi. Finally
the effect of spin-orbit coupling (SOC) on the near-Fermi
electronic bands of ScRuSi is shown in Fig. 2(c). This figure
clearly shows that the energy changes of electronic bands due
to SOC, however, remain small, in particular at the Fermi
level. Also the N (EF ) value when the SOC is considered is
calculated as 9.910 states/eV which differs 0.6% from the
corresponding value calculated without SOC. Therefore, we
do not consider this coupling in our further calculations.

The energy band dispersion of ZrRhSi is illustrated in
Fig. 3(a). This material also shows a metallic character with
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FIG. 4. Electronic charge density contour plot in the x-z plane at y = 0, and comparison of the electronic charge density plots (a) along the
Rh-Zr and Rh-Si bonds for ZrRhSi (the minimal and maximal values of the charge density are respectively 0.00024 and 0.43250) and (b) along
the Ru-Sc and Ru-Si bonds for ScRuSi (the minimal and maximal values of the charge density are respectively 0.00048 and 0.32730).

at least one dispersive band crossing the Fermi level along
all, except the R-T, considered symmetry directions. The total
and partial DOS for ZrRhSi are displayed in Fig. 3(b). The
valence DOS region splits into two obvious parts separated
by a gap of 2.5 eV: the lower band extending from −10.1
to −8.0 eV and the upper part of chemical importance from
−5.5 eV up to the Fermi level. Therefore, the transition-metal
bandwidth of ZrRhSi is 0.6 eV larger than that of ScRuSi. This
result is expected because both transition metals of ZrRhSi
have 4d electrons rather than 3d electrons. The lower part of
the valence DOS region contains only one peak at −8.2 eV,
which is mainly composed of Si 3s states with considerable
contributions from the p and d states of both transition-metal

atoms. Several interesting peaks exist in the second part of
the valence DOS region. In particular, the peak at −5.1 eV
mostly originates from significant hybridization between Rh
4d and Si 3p states, which signals a strong covalent interaction
between these atoms. The features between −4.5 and −0.8 eV
are contributed by Rh 4d states with smaller contribution from
the remaining electronic states. N (EF ) is 8.474 states/eV, with
the percentage contributions from Zr, Rh, and Si atoms being
roughly 49%, 33%, and 18%, respectively. The two largest
contributions to the value of N (EF ) come from the 4d states
of Zr atoms (roughly 46%) and the 4d states of Rh (roughly
29%). Therefore, in light of BCS theory, we can consider Zr d
electrons as most efficient in the formation of a superconduct-
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ing state for ZrRhSi. Although the Tc value of ZrRhSi (10.3 K)
is considerably higher than that of ScRuSi (3.1 K), its N (EF )
value is smaller than that of ScRuSi. Eventually, the difference
in their Tc values cannot be related to the difference in their
N (EF ) values. Therefore, a sound explanation of this large
Tc difference between the studied superconductors definitely
needs phonon and electron-phonon interaction calculations on
them. Although we do not show it in Fig. 3, the effect of SOC
on the near-Fermi electronic bands of ZrRhSi is small.

To explain the bonding characteristics of ScRuSi and Zr-
RhSi, we have shown an electronic charge density contour
plot in the x-z plane at y = 0, and comparison of the electronic
charge density plots along the Rh-Zr and Rh-Si bonds for
ZrRhSi [Fig. 4(a)] and along the Ru-Sc and Ru-Si bonds
for ScRuSi [Fig. 4(b)]. The plots in Figs. 4(a) and 4(b) con-
firm ionic bonding between Zr(Sc) and Rh(Ru) and covalent
bonding between Rh(Ru) and Si atoms. These charge density
plots provide a clear evidence of the ionic-covalent admixture
bonding character within both studied compounds. Also, both
materials’ bonding shows similar characteristics which could
be decided by the electronic charge density contour plot.

The Brillouin zone high-symmetry points and the cal-
culated Fermi surface (FS) sheets of ZrRhSi and ScRuSi
compounds are presented in Fig. 5, which are obtained by
using the XCRYSDEN software [64]. The left and right columns
correspond to the FS sheets for ZrRhSi and ScRuSi, respec-
tively. In Fig. 5(b), one can see four FS sheets for the ZrRhSi
compound. While the first two sheets show similar features
with each other, the other two sheets are also similar to each
other. The first FS forms nesting along the 	-S direction
while the second FS shows a more complex feature along
	-X and 	-Z directions. Both third and fourth FS sheets look
like open-top hats and have nesting features along the 	-R
direction. On the other hand, the ScRuSi compound has five
FS sheets and the first FS is barely formed by a tangential
electronic band to the Fermi energy level. The second and
third FS sheets have complex nesting properties that suggest
that both of these have both hole and electron pocket features.
Similar to ZrRhSi, the fourth and fifth sheets are similar to
each other with some minor differences. These sheets look
like waving sheets which have nesting features along the 	-Z
direction. We can deduce that the charge transport for both
compounds is managed by both electrons and holes that could
lead to a multiband superconductivity.

B. Elastic and mechanical properties

We have employed the strain-stress approach [50] for
the investigation of elastic properties for both studied su-
perconductors. The symmetry of simple orthorhombic lattice
produces nine independent elastic constants, viz., C11, C12,
C13, C22, C23, C33, C44, C55, and C66. Their calculated values
for both superconductors are listed in Table II, together with
previous GGA results [46] for ScRuSi. Generally, our results
are in agreement with those in [46] except the value of C66

which we calculate to be more than two times larger. This
large difference signals that experimental studies are certainly
required for the elastic properties of ScRuSi.

FIG. 5. (a) The high-symmetry points of simple orthorhombic
structure, and the calculated three-dimensional Fermi surface sheets
of (b) ZrRhSi and (c) ScRuSi compounds.

For an orthorhombic lattice, the mechanical stability crite-
ria [65] are

Cii > 0 (i = 1, 6), C11 + C22 − 2C12 > 0, (7)

C22 + C33 − 2C23 > 0, C11 + C33 − 2C13 > 0, (8)

C11 + C22 + C33 + 2C12 + 2C13 + 2C23 > 0. (9)
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TABLE II. The estimated values of single crystal elastic constants and three Cauchy pressures (C12-C66, C13-C55, C23-C44) (in GPa) for
orthorhombic superconductors ScRuSi and ZrRhSi.

Superconductor C11 C12 C13 C22 C23 C33 C44 C55 C66 C12-C66 C13-C55 C23-C44

ScRuSi 233 91 96 226 151 223 73 61 85 6 35 71
GGA [46] 227 98 111 220 156 222 79 66 36 62 45 77

ZrRhSi 304 124 110 284 136 315 119 115 122 2 −5 17

Our calculated elastic constants for both superconductors sat-
isfy the above stability criteria, indicating their mechanical
stability in the orthorhombic TiNiSi-type crystal structure. As
can be seen from Table II, there are three Cauchy pressures
for the simple orthorhombic lattice: C12-C66, C13-C55, and
C23-C44 [66]. They can be used to define the bonding character
of compounds. If their values are all positive, compounds
are inclined to constitute bonds of metallic nature. Table II
shows that the Cauchy pressures for ScRuSi are all posi-
tive, signaling stronger metallic bonding in it as compared to
ZrRhSi.

The bulk modulus (B), shear modulus (G), Young’s
modulus (E ), and Poisson’s ratio (σ ) can be derived by
using the elastic constants and the Voigt-Reuss-Hill (VRH)
approach [65,67–69]. Their calculated values for both super-
conductors are presented in Table III, together with previous
GGA results for ScRuSi [46]. Our calculated value of BH for
ScRuSi is coherent with the GGA value in [46] since its value
is independent from the value of C66. However, our values of
GH and E for ScRuSi are larger than the values in [46] since
they both depend on the value of C66. Although we could not
find any experimental results for the mechanical properties of
both compounds, the BH values compare very well with the
values obtained from total energy calculations (see Table I).
In addition to the three Cauchy pressures, the ratio of bulk to
shear modulus (BH/GH ) [70] can be utilized to specify duc-
tility or brittleness of a compound. If its value is greater than
its limit value of 1.75, the compound has ductile character;
otherwise it acts in a brittle manner. According to Table III,
ScRuSi is a ductile superconductor while ZrRhSi is a brittle
superconductor. Furthermore, the Poisson ratio [71] is also
used to predict the brittleness and ductility. A Poisson ratio
tha is larger (smaller) than the limit value of 0.26 represents
ductile (brittle) nature. The ductile character of ScRuSi is also
confirmed by its Poisson ratio, while the corresponding value
for ZrRhSi signals its brittle character. Even though both ma-
terials show similar bonding characteristics, the elastic nature
could be related by the bonding strength which can be seen
from the electronic charge density contour plot in Fig. 4.

Significant elastic anisotropy may give rise to microcracks
in compounds [72]. Consequently, elastic anisotropy is a main

quantity to improve compound durability. Several anisotropic
indexes can be utilized to define elastic anisotropy. In this
work, the universal anisotropic index (AU ) and the percent of
anisotropy indexes (AB and AG) are preferred. Their values can
be derived from the following equations:

AU = 5
GV

GR
+ BV

BR
− 6 � 0, (10)

AB = BV − BR

BV + BR
, (11)

AG = GV − GR

GV + GR
. (12)

Large deviation of these parameters from zero signals the
anisotropic character of a compound. As shown in Table III,
the AB values of both superconductors are smaller than their
AG values, signaling that they are weakly anisotropic in bulk
modulus. However, as can be seen from Table III, the dif-
ference between GV and GR values for both superconductors
is larger than the corresponding difference between BV and
GB values for them. Therefore, this difference considerably
influences the value of AU , which is a much better pointer
for mechanical anisotropic properties. The bigger the value
AU is, the stronger the anisotropy of the compound is. There-
fore, according to Table III, ScRuSi exhibits much stronger
anisotropic character than ZrRhSi.

C. Phonons and electron-phonon interaction

The zone center optical phonon modes of both supercon-
ductors can be classified by the irreducible representation of
the point group D2h. The group theory predicts the following
symmetries of the zone center optical phonon modes:

	(D2h) = 6Ag + 3B1g + 6B2g + 3B3g

+ 3Au + 5B1u + 2B2u + 5B3u,

with all of them being singly degenerate. Using the po-
larization vectors, we define the symmetry of zone center
optical phonon modes for both superconductors. Their cal-
culated frequencies and electron-phonon coupling parameters

TABLE III. The estimated values of isotropic bulk modulus BVRH, shear modulus GVRH, Young’s modulus E (all in GPa), BH/GH ratio,
Poisson’s ratio (σ ), the universal anisotropic index (Au), and percent anisotropy (AB, AG) for orthorhombic superconductors ScRuSi and ZrRhSi.

Superconductor BV BR BH GV GR GH E BH/GH σ Au AB AG

ScRuSi 150.86 149.70 150.28 66.78 60.98 63.88 167.23 2.350 0.314 0.48330 0.00386 0.04539
GGA [46] 155 53 142 2.94 0.346

ZrRhSi 182.69 182.53 182.61 106.77 103.82 105.29 264.96 1.734 0.258 0.14294 0.00044 0.01401
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TABLE IV. Frequencies (ν in THz), electron-phonon coupling parameters (λ), and eigencharacters of zone center optical phonon modes
for ScRuSi with the orthorhombic TiNiSi-type structure. The notations of I, R, and S refer to infrared active, Raman active, and silent modes,
respectively. Dominant vibrated atoms in that frequencies are shown with bold text.

Mode ν λ Eigen characters Mode ν λ Eigen characters

Au (S) 3.857 0.006 Sc+Ru+Si B1u (I) 3.876 0.021 Sc+Ru+Si
Ag (R) 3.944 0.022 Sc+Ru+Si B1g (R) 4.421 0.034 Sc+Ru+Si
B3u (I) 4.433 0.009 Sc+ Ru +Si B3g (R) 4.434 0.012 Sc+Ru+Si
B2g (R) 4.538 0.031 Sc+ Ru +Si Ag (R) 4.957 0.021 Ru+Si
Ag (R) 5.108 0.016 Sc B2g (R) 5.314 0.031 Sc+Ru+Si
B3u (I) 5.503 0.008 Sc+Ru+Si B1u (I) 5.534 0.012 Sc+Ru+Si
Au (S) 5.621 0.006 Sc B1g (R) 5.808 0.016 Sc+Ru+Si
B2u (I) 5.917 0.005 Sc+Ru B3u (I) 5.978 0.009 Sc+Ru+Si
B2g (R) 5.989 0.032 Sc+Ru+Si Ag (R) 6.152 0.016 Sc+Ru+Si
B1u (I) 6.431 0.019 Sc+Ru B3g (R) 6.539 0.009 Sc
B2g (R) 7.224 0.012 Sc B1u (I) 8.665 0.009 Sc+Si
B3u (I) 8.806 0.010 Sc+Si Ag (R) 8.844 0.010 Sc+Si
B2g (R) 9.104 0.018 Sc+Si B3u (I) 10.411 0.004 Sc+Ru+Si
B1u (I) 10.416 0.006 Sc+Ru+Si Ag (R) 10.537 0.004 Sc+Ru+Si
B2g (R) 10.549 0.012 Si Au (S) 10.567 0.001 Si
B3g (R) 10.612 0.009 Ru+Si B2u (I) 11.030 0.004 Sc+Ru+Si
B1g (R) 11.057 0.003 Ru+Si

with defined symmetries and the dominant additives from the
atomic species are presented in Tables IV and V for ScRuSi
and ZrRhSi, respectively. As can be derived from these ta-
bles, the average value of zone center phonon frequencies (ν)
amounts to 7.036 THz for ScRuSi and 6.776 THz for ZrRhSi.
These results reveal that the ν value of ZrRhSi is softer that the
corresponding value of ScRuSi. On the other hand, the total
value of the zone center electron-phonon coupling parameter
λ for ZrRhSi equals 1.568, which is much larger than the
corresponding value of 0.437 for ScRuSi. Consequently, our
zone center phonon calculations reveal that electron-phonon
interaction in ScRuSi is much weaker than that in ZrRhSi,
which makes, using the Allen-Dynes modified McMillan

formula [see Eq. (6)], its Tc considerably lower than that of
ZrRhSi.

The phonon band dispersion of ScRuSi is illustrated in
Fig. 6(a). The phonon spectrum is divided into three appar-
ent regions by two phonon band gaps of 1.2 and 1.0 THz:
a low-frequency band (LFB) (0–7.2 THz), a mid-frequency
band (MFB) (8.4–9.1 THz), and a high-frequency band (HFB)
(10.1–11.4 THz). These bands contain 24, 4, and 8 phonon
branches, respectively. Analyzing the partial phonon DOS
in Fig. 6(b), one can observe that, as anticipated, Si as the
lightest in this superconductor dominates at high frequencies.
The MFB and HFB regions of the DOS are correlated almost
completely to Si. However, a considerably smaller Si additive

TABLE V. Frequencies (ν in THz), electron-phonon coupling parameters (λ), and eigencharacters of zone center optical phonon modes
for ZrRhSi with the orthorhombic TiNiSi-type structure. The notations of I, R, and S refer to infrared active, Raman active, and silent modes,
respectively.

Mode ν λ Eigen characters Mode ν λ Eigen characters

B2g (R) 3.599 0.292 Zr+Rh+Si Au (S) 3.713 0.008 Zr+Rh+Si
Ag (R) 3.785 0.317 Zr+Rh+Si B1u (I) 4.148 0.009 Zr+Rh+Si
B1g (R) 4.287 0.059 Zr+Si B3u (I) 4.306 0.071 Zr+Si
Ag (R) 4.308 0.097 Zr+Rh+Si Au (S) 4.654 0.005 Zr+Rh
B3g (R) 4.779 0.031 Zr+Rh+Si B3g (R) 4.862 0.037 Zr+Rh+Si
B2g (R) 4.994 0.033 Zr+Si B3u (I) 5.079 0.018 Zr+Rh+Si
B1g (R) 5.114 0.032 Zr+Rh+Si Ag (R) 5.173 0.072 Zr+Rh+Si
B2u (I) 5.188 0.032 Zr+Rh Bg (R) 5.289 0.116 Zr+Rh+Si
B1u (I) 5.546 0.020 Zr+Rh+Si B3u (I) 5.546 0.005 Zr+Rh+Si
B2g (R) 5.594 0.046 Zr+Rh+Si B2g (R) 6.211 0.036 Zr+Rh
B1u (I) 6.416 0.007 Zr+Rh B1u (I) 9.144 0.018 Si
B1u (I) 9.301 0.017 Rh+Si Ag (R) 9.482 0.040 Si
B2g (R) 9.589 0.036 Si B3u (I) 9.669 0.013 Si
B3u (I) 9.749 0.023 Zr+Si Ag (R) 10.459 0.021 Si
Au (S) 10.483 0.002 Si B2g (R) 10.510 0.021 Zr+Rh+Si
B3g (R) 10.569 0.023 Si B2u (I) 10.813 0.005 Si
B1g (R) 11.239 0.006 Si

134508-8



FIRST-PRINCIPLES CALCULATIONS OF PHYSICAL … PHYSICAL REVIEW B 102, 134508 (2020)

0 2 4 6 8 10 12
Freqeuncy (THz)

0

4

8

12

16

20

24

D
en

si
ty

 o
f 

S
ta

te
s 

(S
ta

te
s/

T
H

z) Total
Sc
Ru
Si

0

2

4

6

8

10

12

F
re

qu
en

cy
 (

T
H

z)

(b)

(a)

XΓ S Γ Z U Γ R T Γ Y

FIG. 6. (a) The calculated phonon spectrum of ScRuSi along the
most important axes of symmetry in the Brillouin zone of a simple
orthorhombic lattice. (b) Total and partial phonon density of states
for ScRuSi.

is observed in the LFB region. Ru, as the heaviest element,
dominates the lower frequencies below 4.7 THz. In the entire
region from 4.7 to 5.6 THz, a strong Sc-Ru hybridization is
present, while the contribution of Sc to the lattice vibrations
is the strongest between 5.6 and 7.2 THz.

The phonon band dispersion of ZrRhSi is depicted in
Fig. 7(a). Although the electronic structure of ZrRhSi is sim-
ilar to that of ScRuSi, its phonon structure is different from
that of ScRuSi. The phonon spectrum of ZrRhSi is divided
into two apparent regions rather than three apparent regions
as observed for ScRuSi. The first region extends from 0 to
6.4 THz with 3 acoustic and 21 optical branches, while the
high-frequency region lies between 8.9 and 11.6 THz with
12 optical phonon branches. In the low-frequency region,
strong coupling exists between low-frequency optical phonon
branches and three acoustic phonon branches. The total and
partial phonon DOS displayed in Fig. 7(b) suggest that dif-
ferent from ScRuSi, since the masses of Zr and Rh atoms
are closer to each other, a strong hybridization between their
atomic vibrations exists in the whole low-frequency region
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FIG. 7. (a) The calculated phonon spectrum of ZrRhSi along the
most important axes of symmetry in the Brillouin zone of a simple
orthorhombic lattice. (b) Total and partial phonon density of states
for ZrRhSi.

of DOS. In agreement with ScRuSi, the partial DOS shows
a dominance of Si atoms in the high-frequency region.

For the orthorhombic system, the acoustic phonon veloc-
ities in different directions are connected to elastic constants
by the following formulas [73]:

Along the 	-X ([100]) direction,

V [100]
LA =

√
C11/ρ, V [001]

TA1
=

√
C55/ρ, V [010]

TA2
=

√
C66/ρ.

(13)

Along the 	-Y ([010]) direction,

V [010]
LA =

√
C22/ρ, V [100]

TA1
=

√
C66/ρ, V [001]

TA2
=

√
C44/ρ.

(14)

Along the 	-Z ([001]) direction,

V [001]
LA =

√
C33/ρ, V [100]

TA1
=

√
C55/ρ, V [010]

TA2
=

√
C44/ρ.

(15)
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FIG. 8. The Eliashberg spectral function α2F (ω) (red lines) and
the frequency dependence of average electron-phonon coupling pa-
rameter λ (blue lines) for ScRuSi.

Having calculated the values of VTA1 , VTA2 , and VLA from
the related phonon spectrum, the related elastic constants are
obtained from the above formulas. We have to mention that
the average values obtained from the different formulas are
utilized for C44, C55, and C66. Therefore, the values of C11, C22,
C33, C44, C55, and C66 for ScRuSi (ZrRhSi) are found to be 236
(284), 257 (256), 191 (290), 62 (115), 61 (110), and 82 (110)
GPa. These values are compatible with their corresponding
values calculated from the stress-strain method calculations
(see also Table II). In particular, the derived value of C66 from
the phonon spectrum is almost equal to its value of 85 GPa
obtained from the stress-strain method calculations (see also
Table II). This agreement supports the accuracy of our GGA
calculations.

The Eliashberg spectral function [α2F (ω)] and the fre-
quency dependence of the average electron-phonon coupling
parameter for ScRuSi are presented in Fig. 8. A comparison
of this spectral function with the corresponding phonon DOS
shows that the former one is enhanced relative to the latter
one in the LFB. This signals that acoustic phonon branches
and low-frequency optical phonon branches of ScRuSi couple
strongly with electrons at the Fermi level. Consequently, they
constitute 84% (0.4536) of λ. This large additive arises from
their vibrational patterns since they are mainly characterized
by the coupled motion of transition-metal atoms, which dom-
inate energy states in the vicinity of the Fermi level with their
d states. However, Si-related vibrational modes in the MFB
and the HFB contribute about 16% (0.0864) to λ. This small
additive from Si-related vibrations can be linked to the factor
1
ω

in the integral formula [see also Eq. (4)]. At the end, the
total value of λ is calculated to be 0.54 for ScRuSi from the
integration of α2F (ω) [see again Eq. (4)]. This small value
reveals that the electron-phonon interaction in ScRuSi is of
weak strength.

The Eliashberg spectral function in Fig. 9 for ZrRhSi
shows the electron-phonon interaction in this material is much
stronger than that in ScRuSi. In agreement with ScRuSi, low-
frequency phonon scattering of electrons plays a significant
role in the transition from the normal state to the supercon-
ducting state for ZrRhSi. In particular, phonon modes in the
low-frequency region form 86% (0.7224) of λ, while phonon

0 2 4 6 8 10 12
Frequency (THz)

0.0 0.0

0.1 0.1

0.2 0.2

0.3 0.3

0.4 0.4

0.5 0.5

0.6 0.6

0.7 0.7

0.8 0.8

0.9 0.9

1.0 1.0

F(ω)α2

F
(ω

)
α2

λ

λ

FIG. 9. The Eliashberg spectral function α2F (ω) (red lines)
and the frequency dependence of average electron-phonon coupling
parameter λ (blue lines) for ZrRhSi.

modes in the high-frequency region contribute about 14%
(0.1176) to λ. The integration of α2F (ω) [see Eq. (4)] gives
the value of λ to be 0.84 for ZrRhSi, which is considerably
larger than the corresponding value of 0.54 for ScRuSi. Con-
sequently, ZrRhSi is a phonon-mediated superconductor with
intermediate electron-phonon coupling strength rather than
with weak electron-phonon coupling strength as observed for
ScRuSi.

The Eliashberg spectral function integrates [see Eq. (5)]
the logarithmically averaged frequency ωln value of 227.12
and 213.35 K for ScRuSi and ZrRhSi, respectively. Then,
when we insert the calculated values of λ and ωln into the
Allen-Dynes modified McMillan formula [(see Eq. (6)], the
value of Tc is found to be 3.23 K for ScRuSi and 10.45 K
for ZrRhSi. These values accord very well with their mea-
sured values of 3.1 and 10.3 K [32,42]. Finally, it will be
necessary to make a comparison as regards superconductiv-
ity between ScRuSi and its isostructural compound ZrRhSi
by analyzing their electronic and phonon structures. Before
making any discussion, we have to remark that there are
three main factors which affect the value of Tc for BCS-
type superconductors. These factors are the electronic DOS
at the Fermi level [N (EF )], the logarithmic average phonon
frequency (ωln), and the strength of the electron-phonon cou-
pling parameter (λ). As regards the electronic structure, the
value of N (EF ) decreases from 9.848 to 8.474 states/eV when
our material is changed from ScRuSi to ZrRhSi. This change
influences the value of λ because λ is directly connected to the
change in N (EF ) due to the McMillan-Hopfield expression
(λ = N (EF )〈I2〉

M〈ω2〉 ) [60], where N (EF ) represents the density of

states at the Fermi level, 〈I2〉 gives the averaged square of
the electron-phonon matrix element, 〈ω2〉 depicts the averaged
square of the phonon frequency, and M refers to the mass
involved. Although harder phonon frequencies give rise to
larger ωln values for ScRuSi, they reduce the value of λ ac-
cording to the McMillan-Hopfield expression. In this way, the
λ value of 0.54 for ScRuSi becomes smaller than the value of
0.84 for ZrRhSi. Eventually, the Tc value of 3.23 K for ScRuSi
becomes significantly lower than the corresponding value of
10.45 K for ZrRhSi.
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IV. SUMMARY

In this theoretical study, we have aimed to discuss
the characteristic features of the superconductivity in the
newly discovered superconductor ScRuSi via comparison
with its isostructural compound of ZrRhSi by investigating
their structural, electronic, elastic, mechanical, phononic, and
electron-phonon interaction properties in detail. The calcu-
lated lattice parameters of both studied compounds agree
very well with their measured values. The calculated elastic
constants of both studied compounds meet the stability cri-
teria of an orthorhombic lattice, indicating their mechanical
stability in the orthorhombic TiNiSi-type layer structure. An
examination of their Cauchy pressures signals stronger metal-
lic bonding in ScRuSi as compared to ZrRhSi. Our results
indicate that ScRuSi is ductile, while its isostructural ZrRhSi
is a brittle compound.

The energy bands in the vicinity of the Fermi level arise
from the d states of transition-metal atoms. Although their
electronic structures are similar to each other, their phonon
structures are different from each other. For both com-
pounds, low-frequency phonon modes constitute more than
80% of the average electron-phonon coupling parameter. This

large contribution has been related with the origin of these
phonon modes because they arise from the coupled motion of
transition-metal atoms, which dominate energy bands in the
vicinity of the Fermi level with their d states.

Finally, the calculations give the value of 0.54 for ScRuSi
which is smaller than the value of 0.84 for ZrRhSi. The value
of the average electron-phonon coupling parameter is found to
be 0.54 for ScRuSi and 0.84 for ZrRhSi. These results indicate
that while both compounds are phonon-mediated supercon-
ductors, the weaker electron-phonon interaction in ScRuSi
makes the superconducting transition temperature of ScRuSi
considerably lower than that of ZrRhSi. The superconducting
transition temperature is estimated to be 3.23 K for ScRuSi
and 10.45 K for ZrRhSi, which are in excellent coherence
with their experimental values of 3.1 and 10.3 K, respec-
tively. Finally, we strongly believe that this study can provide
theoretical guidance for future investigations on the ternary
equiatomic intermetallic compounds.
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