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We study the magnon-mediated pairing between fermions on the surface of a topological insulator (TI)
coupled to a ferromagnetic insulator with a tilted mean field magnetization. Tilting the magnetization toward
the interfacial plane reduces the magnetic band gap and leads to a shift in the effective TI dispersions. We
derive and solve the self-consistency equation for the superconducting gap in two different situations, where we
neglect or include the frequency dependence of the magnon propagator. Neglecting the frequency dependence
results in p-wave Amperean solutions. We also find that tilting the magnetization into the interface plane favors
Cooper pairs with center-of-mass momenta parallel to the magnetization vector, increasing 7, compared to the
out-of-plane case. Including the frequency dependence of the magnon propagator, and solving for a low number
of Matsubara frequencies, we find that the eigenvectors of the Amperean solutions at the critical temperature are
dominantly odd in frequency and even in momentum, thus opening the possibility for odd-frequency Amperean

pairing.
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I. INTRODUCTION

Spin fluctuations are one of the proposed mechanisms for
superconductivity in unconventional superconductors [1,2],
for which the phase diagrams often have both antifer-
romagnetic and superconducting regions [3-9], or where
ferromagnetism and superconductivity appear simultaneously
[10-15]. Recently, there have been studies focusing on the
possibility of magnon-mediated superconductivity in het-
erostructures consisting of magnetic insulators and a normal
metal or topological insulator (TI) [16-22], where the elec-
trons couple to magnetic fluctuations at the interface. In TIs
the superconductivity can be between fermions with parallel
momenta, so-called Amperean pairing [23]. It has also been
shown that a coupling to magnons can lead to indirect exciton
condensation [24].

Coupling the magnetic insulator to the TI surface states
[25,26] has a few interesting consequences compared to cou-
pling to the electrons in a normal metal. First of all, the
metallic states are restricted to the surface, locating them close
to the spin fluctuations, ensuring a strong coupling. Moreover,
due to the spin-momentum locking in the TI, the response
to the magnetization is very different compared to a normal
metal. While an exchange field leads to a band splitting and
thus pair-breaking effects for any spin-0 Cooper pairs in a
normal metal, the exchange field in a TI leads only to a
gap and/or shift in the surface state dispersions, but no band
splitting. Hence, the Fermi level only crosses one band, and
the Cooper pairs must necessarily be pseudospin triplets.

In this work we study a TI exchange coupled to a ferromag-
netic insulator (FMI) with a mean field magnetization that can
be tilted toward the plane of the interface between the TI and
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FMI. We derive the gap equation for the static gap, and study
the possibility of both Bardeen-Cooper-Schrieffer (BCS) [27]
type superconductivity and Amperean superconductivity, fo-
cusing on the changes due to the in-plane component of the
magnetization. We also derive the gap equation including the
frequency dependence of the magnon propagator, and solve
these equations including only a few Matsubara frequencies.
Our results show that the eigenvectors are mostly odd in
frequency [28-36], thus showing the possibility for magnon-
mediated odd-frequency Amperean superconductivity.

The remainder of the paper is organized as follows: The
model is presented in Sec. II, as is the derivation of the
effective magnon-mediated action. The general gap equations
are derived in Sec. III, and specifically studied for the static
and frequency-dependent cases in Secs. IV and V. Finally, the
main results are summarized in Sec. VI. Further details re-
garding the derivations and material parameters are presented
in the Appendix.

II. MODEL

A sketch of the system is shown in Fig. 1. We model the
FMI using the Lagrangian

Ly =—b(m) - om — g(Vm)z + A(m - &)2’ ey

where a is the direction of the mean field magnetization,
parametrized by a = sin6x + cos 6z, and A > 0. A general
mean field magnetization including a y component can be
shown to be equivalent to considering only an xz-plane
magnetization by rotating the spin-quantization axis and the
coordinate system. b(m) is the Berry connection, satisfying
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FIG. 1. Sketch of the system consisting of TI coupled to a FMI
with a mean field magnetization tilted in the xz plane by angle 6 with
respect to the z axis. J is the strength of the exchange coupling.

Vm X b(m) = m/n"12 [37], where Vi = (O, , 8,,,)‘, Om, ). Here
m is the length of the mean field magnetization along a@. We
have set i = 1 throughout the paper. The Lagrangian of the TI
surface states reads as
Loy = W'lig, —

iUF(O’an - axay) + /L]‘Dz (2)

where ¥ = (Y4, ¥ )T is a vector of spin-up and spin-down
electrons in the TI, v is the Fermi velocity, and u is the chem-
ical potential. The TI and FMI are coupled via the exchange
coupling term

L.=JV'm. oV, 3)

where J is the coupling strength.
We fix the length of the magnetization vector to 772, and thus
write

m = /1 — n?ma + mn, 4
where n is the fluctuation vector perpendicular to a,
n = n(cos 0% — sin62) + n,J. 5)

We assume that n, n, < 1.

We next calculate the Berry connection by generalizing the
leading-order expression b = (Z x n)/2 [16] to a mean field
direction along a:

axn ny cos 0% — ny — n, sin 0%

b="—"r =~ - NG

Hence, to lowest order, we have

Vo xb=—. %)
m

Switching to imaginary time T = it and Fourier transform-
ing,! we get the three contributions to the action:

5, = {[szq o }n( )-n(q)
n= —— @ + i |n(=q) - n(q
pv 112

;’" [n,(—q)n(q) — n(—q)ny(q)]}, 8)

"We use the convention

f('l.', r) = ﬁiv wn;(f(a)n, k)e[k'r_iw”f

for the Fourier transform.

1
Sn =z > W () —iw, — vr(keoy — kyoy) — p]W(k),
k

©)
S, =8I+ 8"

__Im 0 -
= ﬂVZ\y (k)a - oW (k)

(5‘/)2 Z Uik + q)n(q) - oV (k). (10)

Here, we have used the notation g = (£2,,, q) and k = (w,, k)
for bosonic and fermionic Matsubara frequencies and mo-
menta, respectively. We have also kept only leading-order
terms in the fluctuations in the coupling term. Using a more
general model as a starting point, such as the one in Ref. [38],
A could in principle be renormalized to take negative val-
ues, meaning that an antiferromagnetic alignment between the
magnetic fluctuations n could be favored.

A. Integrating out the magnons

To obtain the effective, magnon-mediated interaction be-
tween Dirac electrons, we need to integrate out the magnons.
This can be done by rewriting the full magnon action S, =
Sn +S! by introducing the vectors N(gq) = (n(q), ny(q))T
and

J \IIT(k“‘ )( 0 x in 6 z)qj(k)
i) = mZ( g)(cosbo, — sinfo. >’

BV W (k + q)o, Wik)
(11)

resulting in

5, = {N( )T[ + -2x+—”’”">}N( )
R > I
_N'(=9)j(=9) + j"(@)N(g) }

) .

(12)

Performing the functional integral, we get an additional term
in the TI action:

1 g2 4k — 4,
V7 DI et ()
" (%) + (44 +m)
(13)

In the low-frequency limit, the last term in the numerator
is less singular than the other two terms, and we therefore
neglect it in the following [16]. We therefore get

_ 1 Wq T o
88t = 4/3%; (%)2“}31 @i(—q). (14

where we have defined the magnon dispersion

wq = -4 + ik (15)
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FIG. 2. Plot of eigenenergies in Eq. (23) as a function of k, with
k., = 0 and u = O for different values of 6. Increasing 6 toward 7 /2
reduces the mass gap and shifts the center of the dispersion away
from k, = 0. At r /2 we have a Dirac point located at k, = Jimn/vg.

B. Diagonalization of mean field TI action

We next diagonalize the mean field TI action
- 1 ;
st — —ﬂ—VZ\I/'(k)G"(k)lI/, (16)
k

where we have defined the inverse Green’s function
G (k) = iw, + 1 + Mo, + vek,oy, — ve(ky — K)oy, (17)

where M = Jm cosf and K, = Jm sin6/vg. Diagonalizing
the Green’s function results in

G;' = AG'B = diag(r,, 2_), (18)

where the diagonal entries are

Ay = iwy, +u:|:\/v§k)%+ vi(ky — Ky)? + M2, (19)

and the Green’s function is diagonalized by the matrix

O (S S R
where
sk = vp(ky — K,) + ivpky, (21a)
ne =M+ /|sk|2 + M2, 21b)
e = ry + |sil’. 2le)

The eigenvectors Wy (k) in the helicity basis are given by
a transformation from the spin basis W(k), defined below
Eq. (2), as follows:

) = () = A, @)

where the helicity index is denoted by + or —. The eigenen-
ergies are given by the zeros of the diagonal entries

ex(k) = £ o2 + w2k, — K2+ M2 — . (23)

Hence, M leads to a gap in the dispersion, while K, shifts the
dispersion along the k, axis. This is illustrated in Fig. 2.

C. Magnon-mediated interaction

We now rewrite the effective action in Eq. (14) in terms of
the Dirac fermions defined by Eq. (22), assuming that © > M

and thus restricting the problem to only considering the v
fermions. This results in (see Appendix A for details)

2

Jm
1BV) q%l D(q)Axx(q)

8St = —

x Yy K+ k—uy®E), @24

where we for notational simplicity have dropped the subscript
+ on the fields v, and defined the magnon propagator

_ @q
D(q) = @27 T (25)

and the scattering form factor Apk(q) = Aﬁ,k(q) +
A (@) + Ay, (@), with
cos? + 1

X [sk/slt—qu/+qu + sks;:/+qu/rk7q]» (26)

Aﬁ/k(Q) =

sin” @
/MK Nk —qNK’ nk/+q

* * *
X [sk/sksk,+qsk7q — SK'Sk g kTk—q

Af(/k((I) =

— SkSk—q"K K +q T TkTk—q"K "K' +q

— WSk k- ~ Sk 1 qSk—q K Tkl @7
cos 6 sin 6@

N

* *
X [skrsksqurkr +q T SkSw Sy +q"k—q

* * * *
+ sksk_qsk,+qur -+ sk/sk,+qsk_qu
— SKTK +q"kTk—q — SkTk—q"K' "K' +q
* *
= Sq W TKTk—q — Sk_qTK/K rkr+q]. (28)

The first expression is the same expression as was analyzed in
Refs. [16,19], except it now has a 6 dependence and an overall
multiplicative factor of 2 when 6 = 0. This term is, however,
always nonzero. The other two expressions were not present
in Refs. [16,19], as they both require an x component in the
mean field magnetization. The last expression also requires a
finite z component. Hence, we may have differences in the
pairing depending on the angle of the mean field direction,
which will be analyzed after calculating the gap equations for
the system.

III. GAP EQUATIONS

Including the symmetrized magnon-mediated interaction
in the action, we get the following effective action for the +
fermions:

1 . 1
Se= 7y Xk: VROV K) + s > Vir(g)

kK .q
WS (K Sy (k4 3),
(29)
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with the symmetrized interaction
2 -

J
Ver(q) = — T’"[D(k/ — k) Ag(K . Kk)

—D(k' + k)Aq(K', —Kk)]. (30)
For notational simplicity we have defined
Aq(K' k) = Ak+g,_k+%(k/ — k). (31)

We have also relabeled the momenta to allow for a finite
center-of-mass momentum q for the Cooper pairs, which is
necessary for Amperean pairing. Moreover, since the mini-
mum of the dispersion is shifted away from k = 0 for nonzero
0 there is also the possibility of BCS Cooper pairs with
finite center-of-mass momentum, i.e., a Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state [39,40]. As such, the system has
some similarities to two-dimensional normal metal systems
with Rashba spin-orbit coupling coupled to a Zeemann field
with an in-plane component, leading to a shift in the disper-
sion and thus the possibility of a FFLO state [41-46].

We now perform a Hubbard-Stratonovich decoupling [47]
by introducing bosonic fields ¢, and ‘f’; (see Appendix B for
details), resulting in the functional integral

Z= / Dy Dy e / Dy Dy, e, (32)

where we have the fermionic action containing the coupling
to the bosonic fields

r_ L t
NS BV 2 {w (k)4 (k) (k)

X [rr(ct el )

i EAWA TSR | ]
+ v (k+ ) (<k+ 3 ) e } (33)
and the additional bosonic action

S5 = =BV Y @l ()Vir(@)] g (k). (34)
q.k'k

Before proceeding any further, we will assume that the mean
field bosonic field is of the form

9q(k) = 384,080, 080(k). (35)
|

This effectively restricts the analysis to only consider
Cooper pairs with one common center-of-mass momentum. In
general, these will couple to Cooper pairs with other center-
of-mass momenta. However, since any interaction between
them does not conserve momentum, the couplings are likely
to be small, and we therefore focus on only one Q in the
following.

In order to integrate out the fermions, we rewrite the action
using the vector

Wo(k) = (1//T(Iifl(ckj— Q))’ (36)

where Q = (0, Q), leading to

s = _2;3;\/ Xk: wh(k+ %)Qél(k)\yg(k + %) (37

where we have defined the inverse Green’s function matrix

Y
Go'(k) = (MH D) A )

By kel 9)
Integrating out the fermions, we finally get the effective action
for the bosonic fields

(38)

1% .
Se= = 20 A1 Agh)
k'k

1 _
—ETrln(—ng). 39)

The gap equation follows from using the saddle-point ap-
proximation [47]

9% _ o)
§Aq(p)
resulting in
ﬂ 'I' ’ —1 —_— M
. kz AU WVip( D] = 2detg§1(l7)7 @b

where detGy' (k) = —hy (k+ Q/2)r i (—k + Q/2) —
|[Aq(k)[>. Multiplying both sides with V,(Q)/BV and
summing over p, we get

ALK Wier(Q)

2
Ayk) = — ,
o) BV 2 [iw), — € (K') — Eq(k")][iw), — €§ (k') + Eq(k")]

Y
), K

where we have defined

er(K+3) e (K +3)

€K = ; L@
’ Q . Q
ey = = +2) +2€+( KD s
’ ! 2
Eq(k) = [\ + 1AW (45)

(42)

(

It is important to point out that since we have included only the
Yy states in the analysis, the gap equation is for pseudospin
triplets, the “spin” in this case being the helicity index + or
—. The physical spin is not a good quantum number because
of the spin-orbit coupling in the system. Therefore, following
the symmetry analysis in, e.g., Ref. [36], the gap function has
to be odd in w, and even in k, or even in w,, and odd in k.

We will now treat the gap equation in two different ways:
(1) We neglect the frequency dependence of the magnon
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propagator in Eq. (25) [12,13,19,24] and study the static limit,
and (2) we use an approach similar to the Eliashberg equations
[48-50], solving the gap equations directly including only a
low number of Matsubara frequencies.

IV. FREQUENCY-INDEPENDENT SOLUTION
In the static limit, we set the frequency to zero in the
magnon propagator,
1
D(g) — D(q) = —, (46)
Wq

such that the interaction now only depends on the momenta
Vi (@) = Vi (q). Hence, there is no longer a free frequency
in the gap equation, and we can perform the remaining Mat-
subara sum, resulting in

2
Mg = = 2 Ka@AeK)xo(K),  (47)
k/

with
1 [ B(eg (k) + Eq(k))
tan
4Eq(K)) 2
B(eg (k) — EQ(k))}
) ,

xo(k) =

— tanh

(48)

where 8 = 1/kgT. Since the surface states are pseudospin
triples, and we have neglected the frequency dependence,
Aq(k) must now be an odd function of k [36], which is evi-
dent also from the interaction. For simplicity, we now define
K = (0, K,), and let Q = 2K + 2P, such that the center of the
Fermi surface is at the origin when P = 0 independent of the
angle 6.

A. BCS pairing

We first study the case P = 0, which resembles the reg-
ular BCS pairing case with circular Fermi surface. Now,
€9k (k) = 0 for all k, and the temperature-dependent factor in
the gap equation simplifies to

Jox (k) = ——— tanh PEEE).

2Bk (k) 2 “

which is peaked at the minima of E,k, at Fermi momenta

vpkp = /2 — M?. Instead of solving the gap equation di-
rectly, we write the linearized gap equation [51]

/ dk/ / /
Al &) = — 2V CK) Aok (K )y ps f —k xox (K'),

2
(50)
which can be written as an eigenvalue problem
nAxk(K) = —(2Vik CK) Aok (K')) ks, (5D

where FS denotes an average over the Fermi surface. The
critical temperature is then proportional to e~¢/", where 7 is
the highest positive eigenvalue [51], and ¢ is some constant.

TABLE I. Material parameters used unless otherwise stated.

hvg 0.4 eV nm [57]
" 0.2 eV [58]

a 0.4 nm [57]
Jm 10 meV [59,60]
K 0.03 meV nm? [61]
Ak 0.01 nm~2

Assuming M < pu, we get for the scattering form factor
Ak(K', K) ~ —e Hi 1 —sin? 0 sin gy sin ). (52)

The expression in the square brackets never changes sign, but
introduces anisotropy in k space. Hence, for ¢y = ¢y, the
interaction Vi (2K) is always positive as long as the easy-axis
parameter A > 0 [see Eq. (1)], giving the wrong overall sign
in order for a nontrivial solution of the gap equation to be
possible. To verify this, we solve Eq. (51) numerically as a
function of A using the parameter values in Table I, resulting
in the eigenvalues shown in Fig. 3 for tilt angle & = 0. The
figure shows that n is very small for positive values of A.
We also calculated the eigenvectors, which were randomly
fluctuating for positive A. For other tilt angles, the results are
qualitatively the same. Hence, we conclude that BCS pairing
is not possible in the static limit for A > 0. For A < 0 we
find finite eigenvalues n and smooth eigenvectors, meaning
that the system has a superconducting instability in this case,
the reason being that the magnon propagator, and thus the
interaction potential, now can change sign. This is consistent
with the results in Ref. [19]. In systems where A < 0 and
6 # 0 1is possible, this would lead to FFLO Cooper pairs with
momentum 2K. However, for the present system, we have
assumed that A > 0, thus, we do not find a solution to the gap
equation in the BCS-type case.

B. Amperean pairing

As has been shown in previous work [16,19,22], it is possi-
ble to get a superconducting instability where the Cooper pairs
reside on the same side of the Fermi surface, and the Cooper

7\./1( [nm—ﬂ 0.01 0.02

-0.01 0

FIG. 3. Plot of solutions to the eigenvalue problem (51) as a func-
tion of A for = 0 and J = 0.01eV nm>. We see that the eigenvalues
are very small for A > 0, indicative of the gap equation not having
solutions. For A < 0, however, we get finite eigenvalues, meaning
that the gap equation has solutions for negative A.
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FIG. 4. Plot of the logarithm of 4T xq (k) with Q = 2K + 2P for
P = (kg, 0), kg7 =5 x 10~*eV, and Aq = 0. The white areas are
outside the range of the color bar. The red lines indicate kf + k7 =+
2kykp = 0.

pairs thus have a finite center-of-mass momentum of 2kg.
In the present case, this means setting Q = 2K + 2P, where
|P| = kg. In the limit T — 0, x (k) quickly drops off to zero
when the €5 ,p(K) term in the tanh terms dominates over the
€5k op(K) term in the A = 0 limit, i.e., approximately when

ki 4+ kT % 2kjkp > 0, (53)

where k; (k) is perpendicular to (parallel with) P [23] (see
Fig. 4). Even inside this region, we see that x (k) is largest
for small |K|. In the limit |Kk|, |K’| < |P| the form factor to
lowest order is

v2kZ(1 — sin® ¢p sin® @) + M? sin” 6
M? + vikk

Ark40p(0,0) = , (54)

a plot of which is shown in Fig. 5. The figure shows that
as 0 increases toward m /2, the isotropy in the xy plane is
broken, and pairing of particles with P pointing along the x
axis becomes increasingly more favored. Importantly, the sign

—

S Akip T ° Akyp T C Akiop

p/Jm

FIG. 5. Plot of Ayx2p(0, 0) for different tilt angles 6 as a func-
tion of ¢p and chemical potential p. The pairing is zero for u < M =
Jm cos 6 since we have no Fermi surface in this case.

is opposite compared to the BCS case studied above. Solv-
ing the linearized gap equation numerically in the Amperean
pairing case as a function of tilt angle 6 for different orienta-
tions of P = kg(cos ¢p, sin ¢p), we get the results shown in
Fig. 6(a). As expected from Fig. 5 the critical temperature
decreases when 0 increases toward 7 /2 when ¢p = 7 /4 and
7 /2 compared to ¢p = 0. For ¢pp = 0, the critical temperature
increases for increasing 6, meaning that Amperean supercon-
ductivity might be easier to detect in a system where the FMI
magnetization lies in the interface plane. It must be noted
that the change in 7. due to changes in J [see Fig. 6(b)]
is quite large for J ~ 0.01eVnm?, and might explain the
rather large relative increase in 7, for ¢p = 0 when tuning the
magnetization into the plane. Figures 6(c) and 6(d) show
the real and imaginary parts of the eigenvector, showing that
the eigenvector is odd in k. The eigenvector is similar to that
obtained in Ref. [22] for a topological insulator coupled to an
antiferromagnetic insulator.

For systems with a finite in-plane component of the magne-
tization, the system no longer has many degenerate solutions
for all the possible choices of the vector P. The highest 7
will be for P = (%kg, 0), and hence we expect the system to
condense to either or both of these P vectors. Although con-
densing with P = (%kg, 0) is equally probable, there is still
an overall shift 2K in the center-of-mass momentum, meaning
we always have a net shift in the Cooper pair center-of-mass
momentum.

V. FREQUENCY-DEPENDENT TREATMENT

We next solve the gap equations including the frequency
dependence of the gap function and magnon propagator. In
this way we allow for both even-frequency/odd-momentum
solutions, and odd-frequency/even-momentum solutions. The
latter has, to our knowledge, not been considered in the con-
text of Amperean pairing in other works. Writing out the
interaction potential in Eq. (42), we get

2 _
A (i k) = Jﬁ—";’ Z Z

o, K Y
yor Ak, yK)AY (i), K')

X . . . . _1°
liwy, — z1lliw, — 221liw), — Zf Mliw, — z,]

(55

where y = %1, and the poles are given by
212 = €(K') £ E(k), (56a)
= yio, £ 2. (56b)

To find 7, we linearize the above gap equation, and define
the indices N = 2n + 1 and M = 2n’ 4 1, and the temperature
parameter t = wkgT, such that the Matsubara frequencies can
be written w, = Nt and ], = Mt. For notational simplic-
ity, we also define A(T)(N k) = Aa(iwn, k). Inserted into the

125429-6



POSSIBLE ODD-FREQUENCY AMPEREAN ...

PHYSICAL REVIEW B 102, 125429 (2020)

S [@
S
S 4
& op
<, T
& + w/4
E ol F /2
0 71"/4 i 7r'/2
[
or
10° f()
= 1
Q
; 1072
-
K
107*
1072 107! 10°
J [eV nmz]

0
kz/kF

FIG. 6. (a) Plot of 7. normalized to that at ¢p = 0 and § = 0 for J = 0.01eV nm>. We see that as the tilt angle 6 increases, the critical
temperature is no longer the same for different P: It decreases for 6 increasing toward 7 /2 for ¢p = 7 /4 and 7 /2, as we would expect from
Fig. 5. For ¢p = 0 it actually increases for increasing 8. We use a momentum cutoff of 3k for k, and k. (b) Plot of 7. as a function of J
normalized to the value of 7, at J = 1eV nm?, showing a very sharp decrease in the critical temperature for J < 0.01eV nm?2. The error bar
shows the sample standard deviation for five calculations of 7.. (c), (d) Show the real and imaginary parts of the eigenvector A at T, for ¢p = 0,

6 = 0, and clearly shows that the eigenvector is odd in k.

linearized equation, we get

J*m
AH(N, k) = — Z
MK
AGM, k')
[Mt +ie, (K + Q)] [Mt —ie (- K +9)]
[ ok Aok, K)
(M — N2 + Qo g )?

_ ogadoK, k) ]
(M + N)th + (Zwkr+k)2 ’

X

(57)

Including a finite number N,, of positive Matsubara frequen-
cies, and N reciprocal lattice points k, we can write this as
a matrix equation A = M(t)A, where M(t) is a (2N, Nx) X
(2N,Nx) matrix. Hence, the critical temperature is given by
the value of # such that the highest eigenvalue of M is 1.

Since we did not find any BCS-type solutions, except for
A < 0 in the frequency-independent treatment above, we will
focus only on Amperean pairing. Solving the eigenvalue prob-
lem numerically for the Amperean case with Q = 2K + 2P,
P = (kg, 0) for & = 0, we find the dependence on coupling J
as shown in Fig. 7(a) for N, = 1, 2, and 3. The critical temper-
ature does not change significantly by increasing the number
of Matsubara frequencies included in the calculation. The
reason for this is that this is not a strong coupling calculation,
and thus the renormalization of the fermion propagator is not
included. Hence, the largest eigenvalues of M are given by
M = N = +£1, and necessarily do not change when including
more frequencies.

We also calculate the eigenvalues A(N, k) at 7, when solv-
ing the matrix equation. Under particle exchange, we must

have A(N, k) = —A(—N, —k) [36] which means the eigen-
vectors can be written in the form

A(N,Kk) = A (N, k) + Ay(N, k), (58)

where A/, is even/odd in the frequency index N. Hence, we
have

A(N,K) + A(—N, k)
2 9
A(N, k) —ZA(—N, k)’ (59)

AN, k) = (59a)

Ay(N, k) =

where A/, necessarily is odd/even under k — —k. Numeri-
cally, we normalize the eigenvectors such that

No
1=% Z Z|A(2n+1,k)|2

n=—N, Kk

N,
1 w
=5 2 2 UAQn+ LKP +1A,2n+ LK),
n=-—N, k

(60)

For an index N, we define the weighting function for odd-
or even-frequency pairing

wi(N) = é > AJ(N.K)AN, k)
k
= é D AN KIAW, k) + AN, k)]
k

1
= 2 AW B = wi(=N), (61)
k
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FIG. 7. (a) Plot of the critical temperature for different couplings J and N,, normalized to that at J = 1eV nm? and N,, = 1. (b) Plot of the
total weight W; for odd- (solid) and even- (dashed) frequency solutions as a function of J for different N,. For the entire range of couplings,
the eigenvectors are dominantly odd in frequency. For both plots we see that there is no significant difference between the plots for different
N,. (c) Plot of T, normalized to that at ¢p = 6 = 0 and (d) the total weight W; as functions of tilt angle 6 for different P orientations for
J = 107'eV nm? and N, = 1. The error bars show the sample standard deviation for 5 runs with momentum cutoff k.

where i = e/o, and the total weight for each symmetry is
defined as

Ny
Wi= > wi@n+1). (62)
n=—N,
Hence, we must have
Ny
1= Z [w.2n+1)+w,2n+ D] =W, +W,. (63)
n=—N,

A plot of W; is shown in Fig. 7(b), and shows that the
odd-frequency part of the eigenvectors dominates the even-
frequency part. Hence, this points to the possibility of
magnon-mediated odd-frequency Amperean pairing, which
is consistent with the fact that pairing at finite momentum
has been shown to stabilize odd-frequency superconductivity
[30-32]. Moreover, the reason odd-frequency solutions are
favored might be understood from the fact that s-wave solu-
tions allow for a finite gap close to k = 0, corresponding to
a maximum of the first term in Eq. (5§7). The even-frequency
p-wave solution, however, has to be zero at k = 0, and thus
gets a much smaller contribution from these areas of k space.

Again, we see negligible change when increasing N,,.
Figure 8 shows the effects of increasing the number of
momentum-space grid points on the critical temperature and
weights W;, showing that 7. converges quickly for the given
parameter values. For lower couplings J (not shown), the
convergence is slower due to the increasing sharpness of
the potential when the temperature decreases. However, the
qualitative picture still remains the same independent of the
number of grid points, namely, that the odd-frequency solu-
tion dominates.

Figures 7(c) and 7(d) show the critical temperature and
weight functions W; as functions of tilt angle 6 for different
orientations of P for J/ = 10~'eV nm?. The overall  depen-
dence is similar to that in Fig. 6(a), which is expected since

the 6 dependence of T is determined by the scattering form
factor. Compared to Fig. 6(a) the changes in 7, are somewhat
less pronounced due to the fact that 7, changes less rapidly
as a function of pairing strength in this case, as seen when
comparing Figs. 7(a) and 6(b).

VI. SUMMARY

We have derived and solved the gap equation for magnon-
mediated superconductivity in a TI/FMI bilayer for a

)

Ng

FIG. 8. (a) Plot of the critical temperature and (b) weights W; as
functions of the total number of grid points N, used in the numerical
calculation, for ¢p = 6 = 0,J = 0.1 eV nm?, and momentum cutoff
kg. The critical temperature is normalized to the value at the highest
number of grid points. The figures show an average over five runs,
with the error bars showing the sample standard deviation. The
deviation in the number N is due to the way the number of grid
points is set by the adaptive Python library [52].
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general magnetization direction. Neglecting the frequency
dependence of the magnon propagator, we found that only
Amperean-type pairing was possible for easy-axis anisotropy
coupling A > 0. Tilting the magnetization toward the interface
plane led to an overall shift in the Cooper pair center-of-mass
momenta, and an increase in 7. for Cooper pairs with P
parallel to the magnetization vector.

Including the frequency dependence of the magnon
propagator, we found that odd-frequency, even-momentum
solutions to the gap equations dominated, thus leading to
odd-frequency Amperean pairing. If odd-frequency pairing
is found in such a system, it is an example of a natu-
rally occurring odd-frequency superconductor, in contrast to
odd-frequency pairing due to superconductors coupled to
magnetic or spin-orbit-coupled materials [53-55]. This pos-
sibility should be further investigated by performing a strong
coupling Eliashberg calculation, where also the frequency-
dependent renormalization of the fermion propagator is taken
into account. In addition, there are many other properties
that should be calculated, such as the Meissner response [56]
and the transport properties of the system, which might yield
interesting results.

1 Skl k+q + S5, 7
— +q k+q'k
PirqonBic = ST \ SkSktq — Tk
NkNk+q \Sk3k+q k’k+q
Pero P = i SkTk+q — sl’;+qu
+qO Pk = ——
qay /NkNk+q \SkSk+q + TkTk+q
A A — 1 SkSkq — Tklktq
k+qO0zlk = ———
/MkNk+q \ ~SkTk+q — Sk+q7k
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APPENDIX A: DETAILS OF THE CALCULATION
OF THE MAGNON-MEDIATED INTERACTION

We rewrite the effective action in Eq. (14) in terms of the
Dirac fermions defined by Eq. (22). We first get

J(@)
_ Z (\pl(k + @)Pcrq(cos O, — sin 00,)P,) npi(k)>
B4 WL (k + q)Pirqoy Py W (k) ’
(AD)

and performing the matrix calculations results in

* K
skSk+q — rkrk+q
* s
—SkTk+q — Sk+q’k

% ok
“SkSk+q — TkTk+q

* ’
— S k+q T Sk+q7k

* x
—SkTk+q — Sk+qu
—Sk+qSk + "kTk+q

We will now assume that the chemical potential & > M > 0, meaning that the Fermi level will lie in the + fermion band, and
hence only the positive-helicity fermions will be free to interact. We therefore keep only the upper diagonal term in the above

matrices, resulting in

](Q)Zﬁ—v ~ N

We therefore get, dropping the + subscript on the fields,

J?m

Jm Z Yl (k + @)y (k) ((Skrk+q + S5 "%) €08 0 — (SKkS) 4 — TkTkq) SIN 9>. (A2)

I(SkTk+q — Sk1q"k)

08T = —
TI 4BV

(k' Tk — (k'
0 ZD<q)‘/’( + @y k — Qv )y (k)
¥ & T T

* * 2 * * *
X [(SkSk_q"k+q"k + skskurqurrk,q)(cos 04+1)+ (skrsksk/+qsk7q — S8k 4"k k—q

* * * s 2
— SkSk—q"K Tk +q T TkTk—q & Tk +q — SK'SkTK +q k—q — sk,+qsk_qu/rk) sin” 6

* * * * * *
— (sk/sksqurkurq + SkSK'Si/ 1q"k—q + SkSk—qSK'—q 'K + SK'SK 1qSk—q 'K

— Sk Tk +q kT k—q — SkTk—q" K TK'+q — sl”;,+qurrkrk_q — slt_qurkrrk/+q) cos O sinf] (A3)
L Y D@ A @V K + v (k= 9y )y (K) (A4)
=" 1Gvy 2 Kk ,

where D(q) and Ay (g) are defined in the main text.
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APPENDIX B: HUBBARD-STRATONOVICH DECOUPLING

We perform a Hubbard-Stratonovich decoupling [47] by using the identity

1= / Dy, Dy, exp [ﬁv > ol (k’)[vk/m)r‘qoq(k)}.

Rescaling the bosonic fields ¢,
1

Qs (k) = @i (k) + GV

1 q
k) > 040+ ; Vi@ (—p+ 2

we get

BY D @ik V(@) g (k) — BV D 0b (k) Veer(@)] ™ oy (k)

q.k' k q.k' .k

+ ﬁiv > [ejw (— +

q.k

Hence, we arrive at the functional integral given in Eq. (32).

(B1)
q.k'k
Y (p+3)v (—p+ )V @ (B2)
;
oo+ 9).
() roson o+ 2o (1]
Dve@w(—k+3)w(e+3). @4

APPENDIX C: MATERIAL PARAMETERS

Unless otherwise stated, we have used the parameter values presented in Table 1.
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