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We derive a closed equation of motion for the one particle density matrix of a quantum system coupled to
multiple baths using the Redfield master equation combined with a mean-field approximation. The steady-state
solution may be found analytically with perturbation theory. Application of the method to a one-dimensional
noninteracting quantum wire yields an expression for the current that reproduces the celebrated Landauer’s
formula. Nonlinear rectification is found for the case of a mesoscopic three-dimensional semiconductor p-n
junction. The results are in good agreement with numerical simulations obtained using nonequilibrium Green’s
functions, supporting the validity of the Redfield equations for the description of transport.
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I. INTRODUCTION

Open quantum systems present an interesting challenge
for theory. One popular approach relies on a quantum master
equation (QME) and the Born-Markov approximation [1-6].
QMEs can be used to investigate the transport properties
in condensed matter systems, for example, in spin chains
or fermionic or bosonic tight-binding models. The Lindblad
equations, a specific kind of Markovian QME, have been
frequently used [7—15]. The Lindblad equations maintain pos-
itivity of the density matrix (all eigenvalues are non-negative),
but there are difficulties with the definition of the currents
and with thermalization [4,7,13-22]. The Redfield equation
is an alternative QME that, despite not respecting the posi-
tivity of density matrix for some initial conditions [23-25],
may describe the dynamics more accurately [19] since it does
not require further approximation beyond the Born-Markov
approximation such as the secular (or rotating-wave) approx-
imation. The secular approximation is frequently invoked in
derivations of the Lindblad equations but can be problematic
under some circumstances [26] and can break down in the
limit of large system size, especially for gapless systems. A
separate problem for interacting systems is the exponential
growth of the many-body Hilbert space and the dimension of
the density matrix with system size [27-29]. In this paper we
treat interactions in a mean-field approximation to avoid this
problem.

A parallel approach to QMEs employs nonequilibrium
Green’s functions (NEGF) [30-32] that extend the standard
equilibrium formalism [33-35] and provide, in principle, a
systematic approach to deal with out-of-equilibrium quantum
many-body systems. The NEGF approach has been suc-
cessfully applied to a broad variety of phenomena ranging
from electronic transport through semiconductors [36] and
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nanostructures [37] to ultrafast pump-probe spectroscopies of
strongly correlated materials. The combination of NEGF with
dynamical mean-field theory (DMFT) provides [38] a power-
ful tool to describe, for instance, electronic currents through
strongly correlated materials or the time evolution of cold
atoms in optical lattices under sudden quenches. The NEGF
approach is formally exact. In principle it avoids the Born-
Markov approximations. The Kadanoff-Baym equations of
motion [31] describing the time evolution of an open quantum
many-body system are causal and make no assumptions on the
strength of the interactions in the system nor on the strength of
the coupling of the system to the environment. The equivalent
Keldysh formulation of NEGF provides a precise description
of the steady state of an open quantum system in which the
initial electronic correlations are lost. An exact expression
for the stationary current through a system coupled to large
fermionic leads can be obtained [37], making it useful for
benchmarking less computationally intensive methods such as
the Redfield approach discussed below.

Here we examine the validity of the Redfield QMEs for
the study of nonequilibrium properties, especially transport,
of weakly interacting systems. To do this we formulate a
modified Redfield equation (MRE) by dropping the imaginary
Cauchy principal value parts (CPVP) of the dissipator. Within
a mean-field approximation such MRE:s yield a closed equa-
tion of motion for the one-particle density matrix (OPDM),
which can be solved. To test the MRE approach we apply it to
a one-dimensional quantum wire and to a three-dimensional
semiconductor p-n junction, investigate transport analytically
and numerically, and show that the results agree well with
NEGF methods.

The rest of the paper is organized as follows. A brief
introduction to the full Redfield equations is presented in
Sec. ITA with details left to Appendix A. Section IIB

©2020 American Physical Society
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FIG. 1. Schematic of the total system that is made up of the 1D
tight-binding chain and baths (or leads) at each end.

discusses the MRE and the mean-field approximation is made
in Sec. IIC. Section IID briefly discusses the numerical
method used to find the self-consistent solution of MRE and
Sec. ITE discusses the connection between Redfield equations
and Lindblad equations. Section III introduces the NEGF
method we use. Section IV applies the MRE method to dif-
ferent systems, and includes a comparison to results obtained
by NEGF. Conclusions are discussed in Sec. V.

II. REDFIELD EQUATIONS
A. Full Redfield equation

In this section we derive the full Redfield equations. For
concreteness we consider the specific problem of a one-
dimensional tight-binding chain, connected to separate baths
(leads) at each end as shown in Fig. 1. The total Hamiltonian
including the chain and the baths is

Htotal = HS + HéL) + H1§R) + H.S%) + HS(‘?’ (])
where Hg = Hg) + Vs,

N N
HY =15 > (| cip1o +He)+ Y uimi  (2)
i=1 o=1,{ i=1

is the noninteracting system Hamiltonian,
1
Vs = E Z Vi,(f;j.a/ni.anj,a’ 3)
i,j.0,0'

is the interaction,

HY = Ze;{a i fy. a=LorR %)
A0

is the Hamiltonian for the left and right baths, and

HS =3 (T8 £ i + T f2)s
Ao

a=LorR (5

models the coupling between the system and the baths. Op-
erator c;a (ci,s) creates (annihilates) a fermion at chain site i
with spin o, operator ff‘; ( fffa) creates (annihilates) a spin
o fermion in a bath o eigenstate A with eigenenergy €7 ,
= Mg = 4 czqc,»,a is the occupancy operator on site
i, u; is the on-site potential, and V,.;, is the interaction
matrix element. We have set i, =1 if « =L and i, = N if
o = R. In the following for simplicity we suppress the spin
index o unless specified otherwise.

Treating the combination of the two baths and the chain as
a whole, the equation of motion (EOM) for the density matrix

is given by

el Protal
ot

where we have set /i = 1 and in the following.

To obtain the EOM for the reduced density matrix of the
system ps = Trpporal, the usual approach is to make the Born-
Markov approximation to trace out the degrees of freedom of
the baths [3,5]. The approximation assumes that the coupling
between system and baths is weak, that the baths are too large
to be affected by the system, and that the baths retain no
memory of past history. A detailed derivation and discussion
may be found in Appendix A and the final result is

= —i[Hal, Protall, (6)

dps
dt

where L(ps) is called the “dissipator”:

= —i[Hs, ps] + L(ps), (N

L(ps) = — Y _{[F*(Q)+ iF*' (Q)] x [c,, [ci, ()] ps]

o,
+ [HY(Q) — iH ()] % [¢] . ¢;, (Q)ps] +Hee).
®)
Here
Fo(Q) = aN*(Q)f*(Q),
Fel(Q) = lP/DO do @)
T Jow @—K
©)

H*(Q) = aN*(Q)[1 — ()],

HY(Q) = lP/DO do @)

T Joew w— 2

NE(Q) =), IT¥*8(Q — €5 ) is the density of states for
bath e, and f*(Q2) = 1/(e~*/kT" 4 1) is the Fermi-Dirac
distribution function. 7% and pu* are the temperature and the

chemical potential of the bath «, respectively. The eigenoper-
ators A(S2) are defined by

AQ) = Z M(e)ATI(e), (10)

€' —e=Q

where T1(e) = ), |€;){e;| is the projection operator onto the
subspace spanned by all the eigenstates with energy €. When
the system is noninteracting, [ci(Q)] = Z,\(Mi)ciaghg and
ci(Q) = >, (ilA)cade, o, where |A) are the system eigenstates.

Though Eq. (7) and Eq. (8) are derived without further
approximation beyond Born-Markov, it is well known that
the Redfield equation may violate the positivity of the density
matrix in some circumstances and does not necessarily give
the Gibbs distribution at equilibrium. Nevertheless, dropping
the imaginary CPVP in Eq. (8) yields a modified Redfield
equation that does give the Gibbs distribution at equilibrium,
as expected when the system-bath coupling is small enough
that QMEs are reliable. It is worth mentioning that in general
the system may deviate substantially from the Gibbs distribu-
tion if the system-bath coupling is strong [39-41]. To see this
first note that

[Hs, A(R2)] = —QA(L2). a1
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Application of the Baker-Campbell-Hausdorff identity yields
(@] e = e ()] (12)

and
e ei(Q)e ™ = ePRei(Q). (13)

Substituting the equilibrium thermal distribution p;; =
e PHs /Tr(ePHs) into Eq. (8), combined with Eq. (12) and
Eq. (13), and dropping all CPVPs, shows that L(p,,) = 0 if
the bath chemical potential is set to zero, which means the
left hand side of Eq. (7) also vanishes because Hy commutes
with p;,. The recovery of the equilibrium thermal distribution
thus motivates discarding the CPVP that appears in Eq. (8) as
discussed in more detail in Sec. II B.

B. Modified Redfield equation for the OPDM

Single-particle operators that are bilinear in the fermion
creation and annihilation operators are often of greatest in-
terest, and for such observables the full density matrix using
Eq. (7) and Eq. (8) is not needed. Therefore, in the following
we focus on the OPDM defined as

Pl = (ejei) = Tr(cjeip). (14)

For a noninteracting system coupled to the bath by a single
fermion operator as in Eq. (5), the EOM for the OPDM can
be closed. Multiplying both sides of Eq. (7) by c}ci and taking
the trace yields

dpm

—i[h, p(l)]+z (1) (l) JOlP

+ iP, (R*p" — F*') + Hee.}, (15)

where h =), |A)e;(A| is the system Hamiltonian in first-
quantized form, ,0(1) =Y, [A) f¥(€x)(A| is the OPDM of the
system with the temperature and chemical potential of bath
a, P, = |ig){iy| is the projection operator that projects onto
site iy, and J¢ = 7 >, IA)N%(€,)(A| is a matrix related to the
spectral density of bath . F*/ =Y, [A)F*/(¢;)(A| and K% =
Zx |A)VP f dw Nﬂ(’e") (A| are two matrices arising from the
1mag1nary CPVPin Eq (8). In the wideband limit 7 N%(¢;) =
J®, and K¢ is nearly proportional to the identity matrix. The
additional Lamb shift Hamiltonian, which is often neglected,
is given by His = — ), P, K®. The Lamb shift term has its
origin in the interaction between system and baths, analogous
to the energy shift of electrons due to their interaction with
the quantized photon “bath” of quantum electrodynamics.
We also neglect it in what follows. Further neglecting the
[P, F @ term that also has its origin in the CPVP yields a
much simpler equation for the OPDM:

dp(l)
dt

= —ilh, PV1+ ) s o’ = p" B} (16)

It is then obvious that the OPDM of the steady state given
by Eq. (16) when the system is only connected to one bath
a is just p!, which implies that Eq. (16) gives Gibbs state
at equilibrium, consistent with the analysis of Sec. I A. Equa-
tion (16) is the central result that will be used in this paper. The
generalization to the three-dimensional case with translational

invariance in two of the three dimensions is straightforward
and only slight modifications are required. For more details
and further discussion see Appendix B.

We now discuss the decision to drop the CPVPs in Eq. (8)
and Eq. (15). Reference [42] observes that the CPVPs come
from the renormalization of the system Hamiltonian. By ig-
noring the CPVPs, the steady state given by the Redfield
equation due to single bath is the Gibbs distribution. In the
context of the Lindblad equations, the CPVPs nearly cancel
out with the remainder being the Lamb shift (see Sec. IIE)
that is often ignored.

We now consider the existence and uniqueness of the
steady state solution of Eq. (16). For the steady state, from
Eq. (16) we obtain

Ap{ + p AT +ZJ°‘ {oV. P} =0, (17)

with A = —ih — ), J*P;,. This equation is of the Lyapunov,
or more generally, Sylvester form. For a unique solution to
exist, A and —A", or h—i)_  J*P, and h+i)  J*P,, are
forbidden to have common eigenvalues [43]. This is equiva-
lent to requiring u; # uj Vi, j, where y; is the ith eigenvalue
of h—iY) ", J*P,. The condition is violated when the system
has disconnected parts because then the Hamiltonian /4 can be
block diagonalized in the subsystem basis. Numerical solu-
tions of Eq. (17) also become challenging if u; ~ u’; for some
i, j despite the formal existence of a unique solution.

In some instances it is possible to treat J* = J in Eq. (17)
as a small parameter and obtain a perturbative solution. The
solution should be valid for small systems with large spacing
between energy levels such as semiconducting quantum dots
because the expansion parameter is J divided by energy level
spacing; see Appendix D. Insight into the structure of MRE
comes from the lowest-order solution to the OPDM in the
eigenenergy basis:

Z (pa)uu( )/A/L
2P up
This equation says that the density matrix of the system is

simply a superposition of the density matrices set by the
different baths.

(pdlag) (18)

C. Mean-field approximation

For a general system with interaction, it is not possi-
ble to obtain closed EOM for the OPDM, the quantum
analog of the classical Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) hierarchy problem. Following the approach
taken in Refs. [44.,45], our strategy here is to treat the sys-
tem Hamiltonian in a mean-field approximation, as then the
system is a collection of independent particles with some self-
consistently determined parameters. In Egs. (15) and (16), the
full Hamiltonian 4 is replaced by the mean-field Hamiltonian
hMF and ,Oé]) becomes ,Oa MF Z)LMF p‘MF)fa(eA F) )\MF|
where |Ayr) and €MF are the eigenstates and eigenenergies
of the mean-field Hamiltonian Hy,r at each instant time. The
parameters of the mean-field Hamiltonian implicitly depend
on p{(r). The mean-field approximation can also be made
from the outset prior to the derivation of the Redfield equation.
As the Markov approximation assumes that p(¢) does not
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change appreciably over the memory time scale of the baths,
the same final result is obtained.

D. Numerical technique

We briefly discuss the numerical technique used to find the
nonequilibrium steady state of the MRE within the Hartree
mean-field approximation. The calculation is carried out in the
real-space position basis. First, an initial choice for the mean-
field Hamiltonian Ayr is made. Next hyg is used to obtain
oV as described in Sec. IIC and the corresponding initial
OPDM p(l) is found with the use of Eq. (17). The calculation
is carried out with a Lyapunov equation solver. The OPDM
and the mean-field Hamiltonian are then repeatedly updated
using pV = (1 — e)p(l) +€pD, where 0 < € < 1is asmall
parameter that controls the rate of updating, and p\" is the
solution to the Lyapunov equation

Ap + pVAT —|—Z]"‘ {oV, P} =0, (19)

with operator A, determined by the OPDM from the previ-
ous step, o, ;. The procedure continues until the change in
the OPDM and the mean-field Hamiltonian is smaller than a
predetermined threshold; at that Pomt a good approximation
to the self-consistent solution pg’ is at hand. One possible
obstruction can occur when, as already noted in Sec. IIB,
u; ~ u; at an intermediate step. Such a situation may arise
if the on-site potential in space varies too much, and can be
avoided by setting € to be small and making a careful choice of
the initial Hamiltonian. For example, the initial Hamiltonian
used in Sec. IVB has an electrostatic potential that varies
smoothly across the junction as in a textbook model of a p-n
diode.

E. Connection with Lindblad equations

In this section we briefly discuss the connection between
the Redfield equations and the more widely used Lindblad
equations. The Lindblad dissipator is given by [3]

Lips) =) (LkpsL,i -

k

1 .
E {L];Lkv pS}) s (20)

where L; is called the Lindblad operator. Depending on
whether or not the Lindblad operators are local in space, the
Lindblad equations are sometimes classified as local Lindblad
equations [8—12] or global Lindblad equations [13,14], and
their validity in different circumstances is still under investi-
gation [46,47].

To derive the global Lindblad equation with Lindblad op-
erator L ~ c; or ¢, typically requires the use of the so-called
secular (or rotating-wave) approximation and omits all the
terms with Q # Q' in Eq. (A12) because Q=201 ogcillates
rapidly in the interaction picture and average to zero at the
coarse-grained time scale tg >> 1/min{|Q2 — Q'| # 0}, where
min{|Q — Q'| # 0} is the smallest nonzero value. However,
the treatment inevitably becomes problematic in the thermo-
dynamic limit of large system size, for example, in a metal,
as the energy level spacing is infinitesimally small and time-
scale separation breaks down. Such global Lindblad equations
also raise some difficulty in defining the current and it is

necessary to include a fictitious current between partitions
that are not directly coupled to ensure that the current obeys
continuity. To derive the global Lindblad equation from the
Redfield equations, Eqgs. (7) and (8), operators c;, are replaced
by ¢;,(£2) and c;fa by [ciu(Q)]"' in Eq. (8). Consequently, the
projection operators P;, in Eq. (15) are also replaced by P, =
ZA [A)|(ix|A)[>(X| and thus all the off-diagonal elements of
P;, in the energy eigenbasis are ignored. The substitution leads
to the decoupling of the diagonal and off-diagonal elements
of the OPDM in energy eigenbasis, and since [13,},7 Fel=0,
the standard global Lindblad equation in terms of OPDM is
obtained:

dp” ) “[(o) = p1), P
— =il + s, p ]+ZJ (o ). B},
(21)
where h; g = — Za 15,-HK°‘ is again the Lamb shift Hamilto-

nian, due to the interaction between system and reservoirs.
The local Lindblad equation with Lindblad operator L ~
cT or ¢;, can be arrived at by an alternative approximation.
For the chain, if the hopping between sites is weak compared
to the memory time of the bath tz, namely #5753 < 1, to
a good approximation the local operators evolve solely due
to the local Hamiltonian, namely U (¢’ — t)c OUGEINE
e i (0=t )cT Inserting this equation into Eqs (A6) and (A7)
after transformmg back to the Schrodlnger picture, or alterna-
tively replacing [c;, (22)]7 by ¢, » i, (§2) by ¢;, in Eq. (8), leads
to the following local Lindblad equation for the OPDM:

dp' ; &) af () _ ()
7=—l[h+thv,0 ]+2a:1 {(o" = p"), P, }
(22)
where the Lamb shift Hamiltonian is /&g =

-, P/l dw N (‘”)P, and p{" = f%(u;,)I. Another way to
arrive at this result is to notice that, in the simple model bath,
the bath relaxation time is of order 1/kgT if the reservoir is
in the wideband limit [19], and the temperature scale kT is
much larger than the bandwidth of the chain 2¢g. In this limit
all of the system energy levels may be considered to be the
same and Eq. (22) follows directly from Eq. (15).

III. NONEQUILIBRIUM GREEN’S FUNCTION APPROACH

We review the Keldysh NEGF formalism used later. For
concreteness again consider the one-dimensional chain de-
scribed in Sec. IT A. The main expressions needed to describe
transport are described. Similar expressions for the three-
dimensional case can be found in Appendix C.

In the stationary state that we are interested in, time-
dependent Green’s functions G(z,t’) are a function only of
the time difference t — ¢/, so the Fourier transform can be
expressed in terms of a single frequency: G = G(w). The
Green’s functions of the chain coupled to the baths needed to
evaluate observables can be obtained from Dyson’s equation:

2 w)] 7,
G~ () = G ()2~ ()G (),

where G"*=(w) and X"“ = (w) denote the retarded, advanced,
and lesser Green’s functions and self-energies, respectively,

G w) = [a) +in— Hg -

(23)
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that describe the coupling of the chain to the baths. The self-
energies read
X (w) = Fi(I 8181 + J%8indjn),
(24)
i) = 27 ()i dj1 + IR R (@)8ind w1,

where we again take the wideband approximation for the leads
so that J* = wN%(€;) is energy independent. The particle
current in terms of the Green’s function is well known and
given by [37]

*d
j=atst [ - el @)
o 2T
and the occupation along the chain reads
. [ dw
(n;) = —iG;(0) = —1/ —Gj(w). (26)
oo 2T

The occupation along the chain can be obtained from Eqgs. (23)
and (24) and Eq. (26):

©d
(ni) =2 / ﬁ[JLf%w)!G;l(w)P

+ IR R (@) Gy ()] 7

Within the Hartree approximation we could in principle obtain
all of the Green’s functions by solving Eqs. (23) and (27) iter-
atively, but a more accurate and efficient numerical evaluation
of Eq. (27) can be achieved [48] by splitting the integration
into the equilibrium and nonequilibrium contributions:

() = ) =+ ("),

(28)
() = )+ (),
where the equilibrium part reads
* dw
(%) = — / —ImGj(0)f* (). (29)
o T

while the nonequilibrium contributions are

*d
(") = I f U@ = fr@| Gy @),

*©d
() = - f @) - PG @] G0

Here, we evaluate the equilibrium contribution using Mat-
subara sums. From the definition of the Matsubara Green’s
function we find

(2% = G(07) = % 3 G

2 . 1
== Z ReGY (iw,) + > (3D

@, 20

where G}, 5 (iwy) is the Matsubara Green’s function evalu-
ated with the chemical potential of either lead, ;1 = . The
w, = 0 contribution in the last Matsubara sum is weighted by
a factor 1/2. The integrals appearing in the nonequilibrium
part of the occupation as well as in the current Eq. (25) are
performed using Gaussian quadrature.

It is enlightening to illustrate the connection between MRE
and NEGF here. QME can also be formally derived using

the Keldysh diagrammatic technique, by carefully picking
certain relevant diagrams [49]. Here we make the connection
from the perspective of the Kadanoff-Baym equation [31].
The equation of motion version of the Keldysh formalism, as
introduced by Kadanoff and Baym, leads to an equation for
G=(t,t") which reads [36]

i(d, + 0)G=(t,1') — [H. G=(t,1)]
= fdtl[E’(t,tl)G<(t1,t’)+2<(t,t1)G“(t1,t’)

—G'(t,t)T=(t;,1") — G=(t,1)T 1, 1) (32)

in matrix form. Note that, in order to solve for G<(¢, t’), the
time dependence of G"“(¢, t') is also needed. This dependence
can be generally obtained by solving the Dyson equation of
motion in integro-differential form for G™“(¢,¢'). We now
apply the above expression (32) to the same noninteracting
one-dimensional tight-binding model used before. Equation
(32) above simplifies in the stationary regime in which not
only the baths (which are in equilibrium) but also all the
Keldysh Green’s functions depend only on the time difference
G(t,t') = G(t —t’). After Fourier transforming the Green’s
functions and setting ¢ = ¢’ we obtain

—i Y (H) )+ o (HY),; = isupl)
k k

1
_JRSiNP;V]j) - p,'(ll)JLSjl - pi(N)]RajN

dw

—2i / 2 i@ G (@) + T )i Gy (@)]

d
—2i / %[Gﬁ (WL fr(@)81 + Giy()rfr(@)dn],

(33)

where we have used the definition: (cj'cj) = —iG;-(t, 1) =

p{}). Note that, for noninteracting electrons in the absence of

baths, the retarded and advanced Green’s function can be ex-
pressed in terms of the eigenvalues and eigenvectors {e;, |1)}
of the system Hamiltonian H. g as

.
G =P D i DA 1750 ).

(34)
Substituting this expression into Eq. (33) leads to an equation
equivalent to Eq. (15) that was obtained within the MRE
approach without neglecting the CPVPs [note that we have
implicitly assumed K% = 0 in Eq. (24)]. Therefore, our MRE
approach effectively ignores the direct contribution from the
system-bath coupling to G"*“(w) in Eq. (33). A similar ar-
gument shows that the implementation of the mean-field
approximation within MRE is equivalent to replacing all the
explicit self-energies in Eq. (32) with the mean-field self-
energies plus the system-bath self-energies given by Eq. (24),
and only keeping the self-consistent mean-field self-energies
in Eq. (23). Note that, due to the wideband approximation, the
instantaneous self-energy X7 (¢, t") o« 8(t — '), which when
substituted into Eq. (32) leads to local-in-time dynamics. Non-
Markovian dynamics may, however, arise as a result of the
edge singularities present in generic fermionic baths [50].
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IV. APPLICATION TO SPECIFIC SYSTEMS

To test the MRE we apply the formalism to two specific
model systems: a one-dimensional quantum wire and a three-
dimensional rectifying p-n junction. The approach is tested by
comparison to the NEGF method.

A. One-dimensional ballistic transport in noninteracting
metallic quantum wire

We first study the simplest case of a noninteracting chain of
spinless fermions that is connected to reservoirs at each end as
shown in Fig. 1. Though simple and standard, the toy model
provides a nontrivial test of the recovery of ballistic transport
physics. The system Hamiltonian is given by Eq. (2) and for
simplicity we set u; =V 5.j, = 0 and J* = J. Equation (16)
shows that, as the system approaches the steady state, in real
space the OPDM obeys

) 1 ) 1 )
lts(p2n+l 1 +,0,(”)L pn+1n+1) J(p() Pr )2n,1’ (35)

with particle current j equal to

200 ), GO

where 1 < n < (N — 1)/2. For the uniform chain, we expect
that the interior density p{!) asymptotically approaches a fixed
value pp,. Likewise péL)H = (cTcz,,H) should be small when
n >> 1. Summing over n on both 51des of Eq. (35), keeping the

imaginary parts, and dropping pm , when m > 3 yields

j==its(py}} = pia) =

. 22
j = 2t5Im pj!] = 7 =5 () — op). (37)
Similarly we have
j=its(on2in = oyn-) =21 (0 =)y 39
and
: 0 25 . )
Jj= 2tsIm PNnN—1 = _T(I)NN pb)v (39)

where we use the fact that a system at equilibrium has no
current. Combining Eqgs. (36), (37), (38), and (39) we obtain

e

2 (40)
and
: J
J=sz/t§((/0£1)), = (08w )- (41)
Alternatively we may write Eq. (41) as
j= 1+J2/ zg:l"(E)[f (E) — fRE)
_ J = Legy _ ¢R
= 1+J2/t§/_ dENE)I(E)[f(E) — fH(E)]
J/ls o
1+J2/t / dE\/1— E*/43[fH(E) — fR(E)],
(42)

o NEGFU=001)  12}j/J
« MRE(J=0.01) e oncrere
---- Analytic(J=0.01) o~
© NEGFU=05) 08 et
e MRE(J=0.5) o
oo AnalyticJ=05) .| #°
gﬁ’
A v
6 4 -2 4 2 4 6
o5
’:D; -04
,,/'g /./
® —Co-G- 6G- - & * ’Q -08
@.
o Co-G e @~
-1.2fF
(a)
0.52
0s1s — NEGF
1 — MRE
0.51H
0.505 H
S 05f pvév
0.495 |
0.49}
0.485}
0.48 : : ' ' .
0 20 4 60 80 100
1
(b)

FIG. 2. (a) Current-voltage -V curve of the one-dimensional
conducting quantum wire for different J, calculated by NEGF, MRE,
and Eq. (42). (b) Occupancy profile when J = 0.1 and V = 2, cal-
culated by NEGF and MRE methods. Voltage is defined as V =
uR — uk. For all plots the parameters chosen are t = 1, T = 0.1,
N =100, and uf 4+ put =0.

where T'(E) = [(1|E)|> = 2(1 — E?/4t3)/(N + 1), N(E) =
N/Q2mts,/1 — E2/412) is the density of states of the sys-
tem, and we have assumed a thermodynamic limit. As the
Redfield equations are based on the weak-coupling assump-
tion [20], care must be taken in using Eq. (42) when J is
large. Equation (40) can be interpreted with Landauer bal-
listic transport as Eq. (42) is similar to Landauer’s formula
ju= [ dE[f*(E) — fR(E)]/2n for only one conducting
channel [51]; however, different energy levels contribute dif-
ferently to the current and the total current is suppressed by
a factor of ~J/(1+ J?/t2). This difference originates from
the fact that the system-bath interface in our model can reflect
electrons that travel from the system to the bath. Figure 2(a)
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D(¢) (arb. unit)
(b)

FIG. 3. (a) Lattice structure of the three-dimensional semicon-
ductor. (b) Density of states D(¢) in this model.

shows excellent agreement between numerical results ob-
tained by MRE, NEGF, and the analytic formula of Eq. (42).
As shown in Fig. 2(b), the occupancy determined by MRE and
NEGF differs at the boundary of the system but in the bulk of
the system the difference between two methods is negligible.
The reason for the difference will be briefly discussed in
Sec. V. These results suggest that MRE is reliable for the
investigation of transport properties in the thermodynamic
limit.

B. Semiconductor p-r junctions under dc bias

Next we consider an idealized textbook version of a
rectifying junction to check whether or not the MRE can
reproduce a highly nonlinear response. The three-dimensional
face-centered-cubic (fcc) tight-binding model we employ is
illustrated in Fig. 3.

Hopping is turned on only between nearest-neighbor sites
and thus connects sublattice A to B. To open a semiconducting
gap, alternating on-site energies of +A are assigned to the
two sublattices. Because the system has translational invari-
ance along the two transverse directions, for each different
wave vector k = (ky, k,) the three-dimensional problem is
described by an effective 1D tight-binding ladder model, as
sketched in Fig. 4. The one-dimensional Hamiltonian is

hy = — Z[tz(CzACH-I,B + CZBCH-].A)
+lgclacip+Hel+ D Almia —nip), (43)

i

with 7, = 21, cos(k,) + 21, cos(k,) and we have indicated in-
dex k implicitly. To model p-n junctions the positive charge
background must be included as well as the long-range
Coulomb interaction as these ingredients are necessary to
model the depletion layer of a standard semiconductor p-
n junction. Here we make the Hartree approximation with

A B A B A B
Bath L t"zy‘ . ‘ ‘ .- I:I:I Bath R
77777 B A B A B A

FIG. 4. Effective one-dimensional tight-binding model with lad-
der geometry. The hopping matrix element 7,, depends on k, and k,.

a mean-field Hamiltonian that ignores correlation and ex-
change:

1
HYF=>" szRR/(mR/,a — EﬁR/>nR,a, (44)

R#R' o

where ngr denotes the charge of the positive charge back-
ground at site R and Vgg' = ‘RY—"R,‘ is the Coulomb interaction.
We have restored the index of spin o for clarity and take
advantage of spin rotational symmetry. For an intrinsic semi-
conductor without doping, the system is at half filling, so we
set ig' = 1 for all R’. By tuning 7ig: to be slightly above or
below unity we can model either a n-doped or a p-doped
semiconductor. Due to the translational symmetry along x and
y directions, it is possible to further simplify the Hamiltonian
to

HMF

int Z ZVI} (<nJU -

iR, o

)ni,Rl,a, (45)

where i, j are the indices labeling the coordinate of site along
z direction, R labels the coordinate along x and y direction,
(jo) ={(njac+njpes)/2, and \7ij ~ —4xVpli — j|, which
is obtained by approximately replacing Y g, Vrr' With an inte-
gral and ignoring the overall energy shift term. Transforming
Eq. (45) to k space we obtain the effective 1D interaction
Hamiltonian for each different k:

i ~ <nk’ 'a) 1
hlnl _ Vz s Js _ = P50 46
k Z ’(Z N,N, 2”’)”“ (46)

i,j,8,0 kK’

where N, and N, are the number of unit cells along x and
y direction, respectively, s is the index labeling sublattices
A and B, and (ny j,) = (nk,jac + Nk jBo)/2. By setting 7;
differently on the left and right halves of the ladder, a semi-
conductor p-n junction can be modeled.

The corresponding MRE of the OPDM for the 3D system
is

PO
Y o= A Y P @D
o s
where
=D k)T geap) (k. Bl. (48)
o.p
P = Z [k 1) £ (e ) (K, - (49)

Here |k, A) is the eigenstate of Ay + h}f‘ and Py ;, s projects
onto state |K, iy, s). Note that here we have assumed the
generalized spectral density defined in Appendix B is
N¥(K;iy, A iy, A) = N“(k; iy, B; iy, B) = J and vanishes oth-
erwise. Solving Eq. (47) self-consistently yields the OPDM of
the nonequilibrium steady state.

The I-V curves of the p-n junction obtained from the
essentially exact NEGF and MRE are shown in Fig. 5(a).
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FIG. 5. (a) Current-voltage /-V curve of the three-dimensional semiconductor p-n junction from the MRE and NEGF methods. (b) Excess
negative charge per site along the z direction under different biases as calculated with MRE. (c) The electrostatic potential energy profile
along the z direction under different bias calculated with MRE. The bias voltage is defined as V = u® — u* and puf + u* =0 is chosen
to maintain charge neutrality. For all the plots the parameters are chosen as Ny = N, = 8, N, = 70 (number of unit cells along z direction),
T =03,V =0.02,J =0.5, n g = 0.974 (1.026) [number of background charge on left (right) side], and t, = ¢, = ¢, = A = 1. Note that,
for the MRE results, oscillating charge within the four unit cells closest to the boundaries is excluded from the calculation of the electrostatic
potential. We have checked that this does not affect the results appreciably.

There is only a small difference between the two approaches,
providing support for the MRE. The I-V curves are similar
to those of a textbook semiconductor p-n junction and show
clear rectification. From Fig. 5(b) and Fig. 5(c), we see that the
size of the depletion region changes when the bias changes as
expected. However, since there is no disorder or dissipation
mechanism in the bulk of the system, the transport is ballistic
everywhere except at the p-n interface and the carriers are
in a highly out-of-equilibrium state everywhere. This con-
trasts with textbook descriptions of macroscopic p-n junctions
where the carriers are in a quasiequilibrium state away from
the p-n interface and a recombination current is important in
the vicinity of the junction. We also note from Fig. 5(c) that
the shift in the electrostatic potential at the baths does not
exactly equal the external bias. This difference is due to the
absence of disorder and dissipation in our model.

V. CONCLUSION

In this paper, we derive the Redfield equation of mo-
tion for the one-particle density matrix. By ignoring the

Cauchy principle value parts (CPVPs) and making a mean-
field approximation, we obtain a closed equation (16) that
can be efficiently solved numerically. Application to the one-
dimensional metallic quantum wire system shows that the
approach captures the essential ballistic transport physics and
leads to the Landauer current formula. One difference with
the nonequilbrium Green’s function (NEGF) approach is ap-
parent in the occupancy near the boundary with the baths.
The difference has two sources: (1) correlations between the
system and bath, which are neglected in general quantum
master equations, may be important near the system-bath in-
terface and (2) the CPVPs that we ignore are localized near
the boundaries. Nonetheless, for mesoscopic and macroscopic
systems, transport appears to be only minimally affected
[see Fig. 2(a)]. Application of the modified Redfield equa-
tion (MRE) to three-dimensional semiconductor p-n junctions
yields a good match between the MRE and NEGF I-V curves
with strong rectification as expected (see Fig. 5). There are
slight differences between our results and those of textbook
p-n junctions, as discussed in Sec. IV B. MREs serve as an
alternative method for the investigation of transport in the
inhomogeneous heterostructures [52,53].
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MREs may be better suited to describe transport in
mesoscopic systems than the Lindblad equations, as the mi-
croscopic derivation of the Lindblad equations requires either
a secular approximation, which breaks down, or a high-
temperature limit. The range of validity of MREs can be
explored by direct comparison to NEGF (see Sec. III), show-
ing that the two methods are closely related and in fact almost
equivalent in the weak system-bath coupling limit. For mean-
field approximations MRE is more numerically efficient than
NEGF as it avoids summations over frequency and the need to
solve complicated integro-differential equations. Positive def-
initeness of the density matrices is not guaranteed for MRE:s,
however, and positivity needs to be checked on a case-by-case
basis.

The MRE approach introduced here seems to be limited, in
practice, to weakly interacting systems that are adequately de-
scribed by a mean-field approach. At the mean-field level, the
set of MREs decouple, forming a closed system of equations
that can be solved. Blind application of MREs to strongly
interacting systems would, in principle, require the solution
of an infinite hierarchy of equations that couple correlation
functions at different orders. This closure problem may be
avoided by truncating and solving the hierarchy of MREs
through coupled cluster expansions up to a desired order in the
interaction [54]. Truncated Redfield equations have already
been used for analyzing charge transport through 1D chains
with interacting spinless fermions and thermal conduction
through XXZ spin chains [45] yielding promising results.
It may be possible to study transport through 3D strongly
correlated systems via the MREs in the limit of infinite di-
mensions by analogy to the NEGF 4+ DMFT approach which
neglects nonlocal spatial correlations. These theoretical routes
are beyond the scope of our present work and deserve further
exploration.
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APPENDIX A: MICROSCOPIC DERIVATION OF THE
REDFIELD EQUATION

Here we provide a heuristic derivation of the Redfield
equation. For a more rigorous derivation see, for examyle,
Ref. [5]. It is usually convenient to treat Hgg = ) _, Hég as
an interaction and work in the interaction picture. Then the

von Neumann equation becomes

w = —ilHg (), Pl ()], (A1)

where
Hig(t) =U'(t,0)HS,U(t,0), (A2)
Ploat(t) = U1, 0)pa (DU 1, 0), (A3)

- 1] (1! ’ ’o, .
where U(t, 1) = e T S s+ Hp (Ol is the evolution op-

erator, Hiy is the system-bath coupling Hamiltonian in the
Schrédinger picture, 7 is the time-ordering operator, p3 | is
the total density matrix in the Schrodinger picture, and ini-
tially o1 (0) = ps(0) ® pe(0). With Eq. (A1) one can obtain

1 t
ptlotal(t) = ptlotal(o) + ; / dtl [HS{B(II)’ ptlotal(o)]
0

1 t n
+3 / dn f diy[Hip(th), [Hip(12), piya()]]-
0 0
(A4)

Assuming that the coupling between bath and system is weak
and the bath evolves only slowly (the Born approximation)
the density matrix can be written as pl ,(t) ~ p§(t) ® pg(0);
therefore, after tracing out the degree of freedom of bath and
taking derivative with respect to ¢, Eq. (A4) becomes

d,OI ! ’ Ao / /
s _Z/O dr'([ei, (0, €+ (2,1 pb()]

+ [eL ), ¢, 1)py(H] + He),  (AS)
where
Cr .ty = YL T OR Oyl ¢, (a6)
s
¢ty = YO )y, ), (AT)

A

where we have used the fact that (f)p = ( ff‘T) g =0 and
(...)p denotes the average value taken with respect to the
bath. Here we will assume that the system time scale tg is
much larger than the baths’ relaxation time scale 7z so that at
time scale 73 < 7 < 75 the dynamics of the coarse-grained
density matrix of the system becomes local in time, which
is known as the Markov approximation. The evolution of
the system does not depend on its history and the bath is
memoryless. Therefore, we can replace all the ,og(t’) by ,oé(t)
in Eq. (AS5) and extend the lower limit in the integrand of
Eq. (AS) to —oo. Introducing the concept of eigenoperator
defined in Eq. (10), one can easily show that

M e, (@) e = ¥ e @] (A8)
eiHSt’cia(Q)e—iHSt’ — e—iQt’cia(Q)‘ (A9)

Using the fact that
(IO )y = 500 (€5), (A10)
(FEO T, = e 1 = ()] (A1)
and the definition of spectral density N%(Q2) =

>, IT#28(2 — €), one can obtain

5= > {IFUQ) +iF ()]

o2,
x [c, (). [, ()] pfle’ @
+[H*(Q) — iH* (Q)]
x [[ei, (@, i, (2)ple ™" L Hel). (A12)
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Transforming back to the Schrddinger picture one obtains
Eq. (7) and Eq. (8).

APPENDIX B: GENERALIZATION OF THE REDFIELD
EQUATION TO THREE DIMENSIONS

For a three-dimensional system, we generalize the system-
bath Hamiltonian to

Hyg' =) (Tix f¥
LRy

cR +H.c.), a=LorR, (B1)

where R, in general denotes the coordinate, and other de-
grees of freedom (such as orbital) of the state connected
to bath «. Similar calculations yield a formula analogous
to Eq. (AS):

d 1
B ¥ [l R R
d a, Ry, R,
+ [, (). C*(t.1': Ry R)p5(t)] + He.),  (B2)
where

Co (e, 13 R, RY) = D T T (AT O 7)) yek, @),
A
(B3)
Co(t, iR, RY) = Y T T (£ (1) yer, (1),
A
(B4)

We could define the generalized spectral density
o)=Y TrTg 8w
A

and another calculation that includes a transformation back to
the Schrodinger picture yields the three-dimensional Redfield
equation in real space:

N*(Rqy, Ry —€)  (BS)

dpg .
d_ts = _l[H57 IOSS]
- > {[F*Ra. R, Q) +iF (R, R}, Q)]
o, Ry R}, Q |
dp
d[S = HS’ IOS

@ Ky gl R

+[H*(k RV, R!, Q) —

where Q2 =e(k;, Ak, ) is implied. We may also obtain
the EOM for the OPDM. Ignoring the dependence of
N*(ky;R!, RV, Q@) on Q and neglecting all CPVPs, following
Sec. IIB we obtain

Ao
—— =—ilh, P14+ > [(n) —

(€]
7 p"V)Pc, o +Hel,
o,k

(B14)

iH (k ;R R, )] x [cf

x [cr, . [cr, ()17 03]
+[H*(R),, Ry, Q) — iH* (R}, Ry, Q)]

x [cg. - cry (Q)p§] + He.}, (B6)
where, for example,
F*(Rq, R, Q) = 7N (Rq, R}, Q)f*(Q), (B7)
al / 1 *© Fa(RouR(;’ w)
F“(Ry, Ry, Q) = =P do———,  (BY)
T J_wo w— Q
and a similar definition holds for H%(R., R), ) and

H*(Ry, R}, Q). To simplify the above equation, we as-
sume that the whole model, including both baths and system,
has translational invariance along the transverse direction
and there is no interaction. We separate R, into two parts:
Rl, which represents the coordinate of the unit cell in the
transverse direction, and R! along the junction. Due to the
translational invariance in transverse direction, all functions
depend only on the difference R;- — RY and we can define the
Fourier transform for a general function g(x,;x)) = gRE —
R, x))

g (kpsxy) = Y ™™g (x5 x)) (B9)
X1
and its inverse
e KX g% (k1))
o= F R gy

- NNy

where N, and N, are the number of unit cells in x and y direc-
tion, respectively. Translational symmetry also means that the
energy eigenstates can be labeled by the transverse momen-
tum k; and the longitudinal index Ak, . Therefore, we have

—ik -RY
(@@= ) ~—— (ke JRYel . (BID
é(kL,)»kJ_)=Q Xy
and
Z ekLRy
CR, = Cx, R (B12)
o VNN

Substituting these equations into Eq. (B6) and summing over
R;- and Ry yields

= 2 D AIFURLRLRY, Q)+ iF (kus RE RY. 1 x [6y, gy e, P51 % (hic IRY)

w gL Ca, 05] X (Ry 12, ) + Hee.}, (B13)
[
where
pﬂ)a :Z|kL’)»kL)fa[E(kl,)»kL)](kL,inl (B15)
)‘M
and
Poo= Y wN*(Gky,RL, Rk, RY)(ky, RLL. (B16)
RLRY
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APPENDIX C: GENERALIZATION OF NEGF
TO THREE DIMENSIONS

With the same assumption and notations as in Appendix B
the Green’s functions describing the system can now be ex-
pressed as Ggi gr (K, @) due to translational invariance in the
x — y direction. The Dyson equations for the Keldysh Green’s
functions of the chain coupled to the baths now read

GH(ky, @) = [0+ in —h(ky) — =" (@),
G kL, ) =Gk, 0)Z~(0)G (KL, ®), (ChH

where the self-energies of the chain due to the coupling to the
baths are given by

Tpi (@) = Fi Z ZJQ‘SR”.RLL(SR"/.RE’

a=L.R gl

ZEI,R\I/(C‘)) =2i Z Z-’afa(w)SRH,RJL‘SRW,RJL’

a=L,R RJ:‘(

(C2)

where we have again made the wideband approximation for
the baths.

In the three-dimensional model, the occupations along the
junction read

. .y
) = ———3 / 2 Gh k@) (C3)

NN, e oo 2

The occupations are again split into equilibrium and nonequi-
librium contributions. The equilibrium part reads

,e 1 * d r o
<nRi\ q) == Z/; wImGRH,RH ki, 0)f“(w)

o T

NN, 4
11 0"

— _ iw, G#u ka.n» C4
ﬁNxNylge (0 ( ),

1 ZO, [(pzx)uu(Pin )uw + ([)la )uw (pa)ww - p,?u(Pia )uw - (RD( )uwpl(l))w]

while the nonequilibrium contribution is
2J% /°° dw
R,neq R L
(") = v @) = fH@)]
RI, ) NN, kZ oo 27
1L RR

2
El

X |G;HaR1Hq (kJ_7 C())

2Jk * d
(nget) = > / ﬁ[ﬁ(w)—ﬁe(wn

NN, i
kile_

- 2
X |GR”’RE(kL, )| (C5)

Finally, the expression for the particle current through a unit

cell becomes
1 *®d
w2 ¥ [ S~ fee)

xiVy KL R!’R‘I‘e —

j=2JkR

, 2
x |GRLR£(1<L, o). (C6)

APPENDIX D: PERTURBATIVE SOLUTION TO THE
REDFIELD EQUATION FOR THE OPDM

Consider a system that may have some degeneracies and
obeys Eq. (16). If the system-bath coupling J is small, or in
other words J « €, — €g for any a # f that ¢, # €g, we can
expand p = p° +Jp' +J%p? +--- and solve the equation
order by order. To zeroth order, it is easy to show that the
OPDM (" is block diagonalized in the energy eigenbasis and
each block corresponds to a degenerate space. To first order,

0=—ilh p'1+ ) (0w P} = 0" P}, (DD

where we have used the shorthand P = ), P, . We may also
write the above equation in block matrix form:

PP+ Pualpy =2 Y (PP, D (D2)

and

“ i(eu -

, foruz# w, (D3)

where indices u and w label the blocks corresponding to different degenerate eigenspaces. Working in the eigenbasis that
diagonalizes P in each block, as long as P does not have opposite eigenvalues, one can solve for p° in each degenerate eigenspace

leading to

20— 2Za pa(Pia)ij.
Y Pjj + P

(D4)

In particular, if there is no degeneracy, Eq. (D4) becomes Eq. (18).
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