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Using finite-temperature determinantal quantum Monte Carlo calculations, we find that the dominant pairing
symmetries in the standard Hubbard model on the honeycomb lattice depend on the electron filling. When
the electron density p is larger than around (.25, the dominant pairing symmetry is the d + id-wave; when
the electron density is low enough (p < 0.25), the dominant pairing symmetry is the p 4+ ip wave. For two
electron densities p = 0.1 and p = 0.4, where the dominant pairing symmetries are p 4 ip wave and d + id
wave separately, we study the effect of two types of hopping inhomogeneities (the plaquette and the quasi-1D
hopping inhomogeneities) on the pairing symmetries. For p = 0.1, the plaquette hopping inhomogeneity drives
the dominant p 4 ip-wave pairing symmetry into the d + id-wave; while the quasi-1D hopping inhomogeneity
almost does not affect the p + ip wave, and arises the f wave, causing the coexistence of p + ip-wave and
f-wave pairing. For p = 0.4, both the plaquette and the quasi-1D hopping inhomogeneities destroy the d + id-
wave pairing symmetry, without causing other pairing symmetry. Our results suggest that the effect of hopping
inhomogeneity on the pairing symmetries is robust and depends on the electron filling. This finding may be
useful for the design of artificial graphene superconductors with different kinds of pairing, especially for the

realization of the d + id-wave, p + ip-wave, or f-wave superconductors at low filling.

DOLI: 10.1103/PhysRevB.102.125125

I. INTRODUCTION

Graphene is among the most interesting novel materi-
als due to its fascinating electronic properties [1]. Undoped
graphene is expected to have a strong correlated effect due
to its massless Dirac fermion spectrum and the nontrivial
two-dimensional honeycomb structure [2]. When doped, more
exotic phases such as magnetism, charge density wave, spin
density wave, and superconducting instabilities are proposed
theoretically [3-11], though many of them have not been
experimentally observed yet. Most of those studies are based
on the standard Hubbard model on the honeycomb lattice,
among which the exploration of the unconventional super-
conductivity is being very actively pursued [12]. So far, most
of the theoretical studies propose the possibility of d + id-
wave superconductivity in doped graphene [6,13-20], with
some other studies suggesting the (co)existence of extended
s-wave, p + ip-wave, and even f-wave pairing symmetries
[6,18,19,21,22]. More recently, the pairing symmetries on
the Hubbard honeycomb lattice as functions of electron fill-
ing, interaction strength, and temperature were systematically
studied using a quantum Monte Carlo algorithm [23], which
also argues a d + id-wave pairing symmetry in most parame-
ter regions. But the pairing symmetries at pretty low electron
filling have not been studied.

On the other side, recently it became possible to fabricate
graphene [24]. This motivates people to seek exotic quan-
tum phases on an inhomogeneous Hubbard honeycomb lattice
[25-28]. A typical inhomogeneous Hubbard model on the
honeycomb lattice is the one with inhomogeneous hopping
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strength, which can be easily realized such as in strained
graphene. So it will be interesting to study how the hopping
inhomogeneity affects the pairing symmetries on the Hubbard
honeycomb lattice. Two types of hopping inhomogeneities
are of great research interests. The first one is the so-called
“plaquette” hopping inhomogeneity, for which several single
hexagons with hopping ¢ are connected by hopping ¢’ to form
the honeycomb structure (cf. Fig. 4). The original idea of
this plaquette hopping inhomogeneity was generated on a
Hubbard square lattice, i.e., a square lattice consisting of a
periodic array of 2 x 2 plaquettes with hopping ¢ connected
by a weaker hybridization ¢’. The presence of inhomogeneous
hoppings introduces many new phases [29]. A key question
is whether some intermediate ¢+’ will cause optimal electron
pairing. Some studies suggest that such an ‘optimal inho-
mogeneity’ does exist [30-32], while some studies give the
negative answer [33,34]. Though the existence of the ‘op-
timal inhomogeneity’ on the Hubbard square lattice is still
controversial, it is worth it to extend such a question to the
honeycomb lattice. Even on an isotropic honeycomb lattice,
the theoretical studies based on the Hubbard or Heisenberg
model predict the formation of the plaquette order [35-38]. So
it will be interesting to see, if we enforce the plaquette struc-
ture, how the properties of the system will be affected. Since
nowadays people can manipulate 2D artificial atomic crystals
easily [24], such a synthetic plaquette honeycomb struc-
ture has already been designed for studying unconventional
superconductivity, electron fractionalization, massless Dirac
quasiparticles and their topological and correlated phases
[5,39-41].
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The second type of hopping inhomogeneity is motivated
from strained graphene, a honeycomb lattice built from zigzag
lines with hopping 7 connected by ¢’ (cf. Fig. 8). In the fol-
lowing we will call this type of hopping inhomogeneity the
quasi-1D hopping inhomogeneity, since the lattice becomes
1D when ¢’ reduces to 0. The quasi-1D hopping inhomogene-
ity is interesting because it can tune the hopping strengths
and can be realized experimentally, such as through nanopat-
terning, molecule-by-molecule assembly, trapping ultracold
atoms on optical lattices, or application of strain [28,40,42].
This inhomogeneous honeycomb lattice geometry can also
be taken as the 1/3-depleted square lattice [28], connecting
directly with the layered nickelates LasNi3Og and La3Ni,Og,
which have been studied recently, both theoretically [43] and
experimentally [44].

Based on the discussion above, we first extend the study
of the pairing symmetries on the Hubbard honeycomb lattice
into low electron filling, to explore which pairing channel
is dominant in that region. Then we study the effect of the
plaquette and the quasi-1D hopping inhomogeneities on the
pairing symmetries. The rest of the paper is organized as fol-
lows: In Sec. II, we introduce the Hubbard Hamiltonian with
inhomogeneous hopping #’ and outline our quantum Monte
Carlo approach to calculate the effective pairing susceptibility
in different pairing channels. In Sec. III we first calculate the
dominant pairing symmetries at low electron density region,
then study how those two types of hopping inhomogeneities
affect the pairing symmetries. Finally, we summarize the main
conclusion in Sec. I'V.

II. HAMILTONIAN AND METHODOLOGY

The standard model to study the pairing symmetries on
graphene is the Hubbard model on the honeycomb lattice.
With the introduction of the hopping inhomogeneity, this
model Hamiltonian can be written as:
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Here c}; (c,,) are the creation (destruction) operators for
fermions of spin o on lattice site i. U is the onsite repulsive
interaction. p is the chemical potential to tune the electron
density, which is the average number of the total electrons
on a finite lattice. The nearest-neighbor (NN) sites (ij) €
‘P are connected by hopping 7, while (ij) & P denotes NN
sites i, j connected by hopping ¢'. Two types of hopping
inhomogeneities, the plaquette and the quasi-1D hopping in-
homogeneities, are specified in Fig. 4 and Fig. 8 separately.
The interaction term is written into particle-hole symmetric
form, so that u = 0 corresponds to half filling, even with the
presence of the hopping inhomogeneity. We set = 1 to set
the energy scale, while ¢’ varies from O to 1.

Our methodology is the finite-temperature determinan-
tal quantum Monte Carlo (FT-DQMC) [45,46]. In FT-
DQMC, the expectation values of observables (M) =
Tr M exp(—BH) / Tr exp(—BH) are evaluated by discretiz-
ing the inverse temperature B and rewriting the partition
function as a path integral. To integrate out the fermion
degrees of freedom analytically, one needs to do a Hubbard-
Stratonovich (HS) transformation to write the interaction term
of the Hubbard Hamiltonian into the quadratic term; the price
is the introduction of the HS auxiliary field. Then what is
left is the classic Monte Carlo calculation of the auxiliary
field. The product of fermion determinants (one determinant
for each spin species) performs as the weight to sample
the auxiliary field. For most cases, the product of the two
fermion determinants is not guaranteed to be positive for all
configurations, which causes the sign problem [47]. At half
filling, because spatial variations in the hopping do not destroy
particle-hole symmetry, there is no sign problem. But for the
doping case, the sign problem arises and gets worse upon
lowering temperature 7 and increasing interaction strength U,
which will temper our ability to make conclusive statements
about the pairing symmetries at low enough 7'.

To look at the pairing symmetries, we calculate the pairing
susceptibilities of the above Hamiltonian:
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Here o means the different pairing channels; in this paper
we consider the NN extended s-wave, NN d + id-wave, and
NN p + ip-wave pairing symmetries, and the next-nearest-
neighbor (NNN) d + id-wave, NNN p + ip-wave and NNN
f-wave pairing symmetries. f, is the form factor of the «

. ; i(I—1)2
pairing function, fn.es(8) =1, fanaria(8) = DT,

((I—1) 2 e, i 2
Sanprip(81) = DT, Srnnavia(§) =D,

AN pip(8) = €3 fann (8) = 7 The vectors
8; denote different pairing connections and N; is the
normalization parameter, so with NN pairing, [ =1, 2, 3,
N; = 3, while for NNN pairing, [ =1,2,3,4,5,6, N; = 6.
€, equals O (1) for sites on the A (B) sublattice. In Eq. (3),
+ and — denote triplet and singlet states, respectively. Our
calculations are for finite inverse temperature 8 = 1/7T and
on finite lattice size Ny = L x L x 2.

To extract the effective pairing vertex [48], we
also need to calculate the bare pairing susceptibility
Xo using FT-DQMC. For the calculation of J,, the
terms cifl(r)cjl(O) cltT(r)cM(O) ) that appear in x4
in Eq. (2) are replaced by the decoupled contributions
( j'i(r)c 1(0) ) c;T(r)cM(O)) The effective pairing
susceptibilities are then given as ™ = x, — %o When x¢T
is positive, it signals a favorable pairing symmetry in the «
channel, while a negative x&f means the « pairing channel is
unfavorable.
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FIG. 1. Effective pairing susceptibilities x " as functions of elec-
tron density p, on a 6 x 6 x 2 lattice, U = 2 and B = 12. With the
decrease of p, the dominant pairing channel changes from d + id
wave to p + ip wave.

II1. RESULTS

A. The homogeneous case

We start from the homogeneous hopping case ' =1 =1,
where the pairing symmetries on the honeycomb lattice are
extensively studied from the intermediate to high electron
density region, and it’s generally accepted that the d + id-
wave pairing is the dominant pairing symmetry. Here we
extend the study to the low-filling region, from p = 0.4 to
p = 0.1. The effective pairing susceptibilities x°% as func-
tions of electron density p are shown in Fig. 1, for L = 6,
U =2, and B =12. It is clear that when electron density
is relatively high (p 2 0.25), the dominant pairing is d + id
wave; when the electron density is low enough (p < 0.25), it
is interesting that the dominant pairing symmetry switches to
p + ip wave. We clarify that in all the cases considered in this
paper, the effective extended s-wave pairing susceptibility is
always negative (and its absolute value is much larger than the
data in other pairing channels), meaning the extended s-wave
pairing is always unfavorable. So we will not show the data of
extended s-wave pairing, to make the plots more readable. As
can be seen from Fig. 1 and the other figures in this paper, the
behavior of the NN d + id (and p + ip) pairing symmetries
always agree with the NNN ones. So in the following, we will
ignore the notation NN or NNN.

The results shown in Fig. 1 depend on the linear finite
lattice size L, the finite temperature 7, and the interaction
strength U. So we need to consider whether our results depend
qualitatively on the values of those parameters. We look at
this problem for p = 0.4 and p = 0.1 which correspond to the
dominant d 4 id wave and dominant p + ip wave separately.
We first look at the finite temperature effect by lowering the
value of T. One needs to note that the relationship between
electron density p and chemical potential w is sensitive to
the parameters such as 7, U, or . So when the parameters
change, we need to tune the chemical potential to keep the
electron density fixed. When the temperature is high, x° in
all pairing channels is close to 0, suggesting the quantum
effect is ignorable due to high temperature. With the decrease
of T', as shown in Fig. 2, it is clear that the dominant effective
pairing susceptibilities increase and diverge when T is low
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FIG. 2. Ona 6 x 6 x 2 lattice and U = 2, effective pairing sus-
ceptibilities x°" as functions of temperature T, for (a) p = 0.4 and

(b) p = 0.1. With the decrease of 7', the dominant pairing suscepti-
bility diverges significantly.

enough (d + id wave for p = 0.4 and p + ip wave for p =
0.1), while the unfavorable effective pairing susceptibilities
become negative significantly (p + ip wave and f wave for
p =04, d+id -wave and f wave for p = 0.1). This result
suggests that we need a relatively low T, then the value of
T doesn’t change the conclusion qualitatively. So the result
shown in Fig. 1 stands qualitatively for all low 7', and in the
following, we will use a suitable § = 12.

We then check the finite size effect by varying the value
of L. Figure 3 shows the effective pairing susceptibilities
x°T in all pairing channels for several lattice sizes L = 6, 8,
10, and 12. x° at B = 12 exhibits clear finite size effect.
With the increase of the lattice size, the absolute values of
x°" in all pairing channels decrease. However, this finite size
effect doesn’t affect the repulsiveness or attractiveness of the
effective pairing susceptibilities x°, i.e., the favorable or
unfavorable pairing symmetries can be obtained from any of
the finite lattice sizes. So in the following, we only show the
data for one lattice size L = 6.
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FIG. 3. Effective pairing susceptibilities x°" as functions of in-

verse linear lattice size 1/L, for U =2, g =12, (a) p = 0.4 and
(b) p = 0.1. The finite size effect of x° is obvious, but the repul-

siveness or attractiveness of x°f is not affected.
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FIG. 4. Lattice geometry for the plaquette Hubbard model, a
2D honeycomb lattice built from plaquettes of strong hopping ¢
connected by weaker hopping ¢'.

For the homogeneous Hubbard model on honeycomb lat-
tice at half filling, there is a semimetal to antiferromagnetic
Mott insulator transition at U ~ 3.76. However, as has been
studied previously [19,20], the pairing symmetries are not
highly sensitive to the ground state, i.e., the dominant pairing
symmetry is unchanged for different interaction strengthes U .
We will see that this argument still stands with the presence of
hopping inhomogeneities (Fig. 6 and Fig. 9).

In the following, we will focus on the two electron densities
p =0.1 and p = 0.4, for which the dominant pairing sym-
metries in the homogeneous hopping case are d + id wave
and p + ip wave separately. Our purpose is to look at how the
inhomogeneous hopping affects the dominant pairing symme-
tries, for both the plaquette case and the quasi-1D case.

B. The plaquette case

The plaquette type of hopping inhomogeneity is shown in
Fig. 4. The solid lines denote the standard hopping strength

t =1, while the dashed lines mean the weaker hopping
1.0 1.0
A
f\//J 0.5 1 0.5
—=— B=8

4 —o— =12
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v B=14 —v—B=16
0.0 \ (a) The plaquette case (b) The quasi-1D case 0.0

0.0 0.5 0.0 0.5 1.0
t' t'

FIG. 5. The average sign (S) as a function of ' on a 6 x 6 x 2
lattice, U = 2, p = 0.4 and several temperatures, for both (a) the pla-
quette case and (b) the quasi-1D case. The decrease of ¢’ apparently
worsens the sign problem.
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FIG. 6. Effective pairing susceptibilities x " as functions of ¢/, on
a6 x 6 x2lattice, B =12, p =0.1, for (a) U =2 and (b) U = 4.
With the decrease of ¢/, the dominant pairing changes from p + ip
wave to d + id wave.

strength ¢ which varies from 1 to 0. Our purpose is to look
at how the plaquette hopping inhomogeneity affects the domi-
nant pairing symmetries (d + id wave for p = 0.4 and p + ip
wave for p = 0.1).

For the FT-DQMC calculations of the Hubbard model
away from half filling, the sign problem appears. When the
electron density is low, the sign problem is not very severe.
However, the hopping inhomogeneity worsens the sign prob-
lem, as shown in Fig. 5. Normally for the imaginary-time
measurements, we need to have the average sign (S) be larger
than 0.3, to make sure the numerical accuracy is controllable.
With the decrease of the temperature, the value of (S) de-
creases as expected. For § = 12 which is used for most of
the simulations, the worst sign problem is shown in Fig. 5(a)
for " = 0, which is slightly larger than 0.3. So all the data in
this paper is accurate within error bars.

We first look at the electron density p = 0.1, where the
dominant pairing symmetry is p 4+ ip wave for the homo-
geneous hopping " =¢. As shown in Fig. 6(a) for U = 2,
the p + ip-wave (d + id-wave) effective pairing susceptibility
at ¢’ = 1 is positive (negative). With the decrease of ¢, the

value of X;.ffip reduces and becomes negative at ¢’ ~ 0.6, while
eff

Xd+iq behaves in the opposite direction. The results suggest
that the plaquette type of hopping inhomogeneity suppresses
the p + ip-wave pairing and enhances the d + id-wave pair-
ing symmetry. For ¢’ < 0.6, the dominant pairing channel
switches from p + ip wave to d + id wave. When ¢’ reduces
to 0, the system is broken into a collection of disconnected
hexagons, which is equivalent to a six-site 1D system with
periodic boundary condition. Even for finite but small enough
t', the system would behave more like 1D, so one might expect
a dimensional crossover from 2D to 1D when ¢ reduces,
as has been previously studied focusing on the magnetic
properties based on the anisotropic square Hubbard model
[49-51]. The pairing symmetries on 1D systems will be quali-
tatively different from those on the 2D systems. However, due
to the complexity of the imaginary-time measurement x and
the sign problem in DQMC calculations, it is difficult to judge
numerically whether there is a dimension crossover and its

125125-4



SUPERCONDUCTING PAIRING SYMMETRIES OF THE ...

PHYSICAL REVIEW B 102, 125125 (2020)

—e—NN d+id
—a— NN p+ip
—v— NNN d+id

, NNN p+ip
-0. 0=0.4 NNN f

00 02 04 06 08 1.0
t'

L=6
U=2
B=12

FIG. 7. Effective pairing susceptibilities x°T as functions of ', on

a6 x 6 x 2 lattice, B =12, p = 0.4, and U = 2. With the decrease
of ¢/, the dominant d + id-wave pairing vanishes, with no other
pairing channels aroused.

effect on the pairing information. On the other hand, our
numerical calculations for all ¢’ are in the same way, just
the value of ¢’ varies, so the data at ' = 0 in Fig. 6 (and
similarly in Fig. 7, Fig. 9, and Fig. 10) may not reveal the
true pairing in a 1D system. We still present the data at ¢’ = 0
but use dashed lines to connect the data points for #' = 0.1 and
t" = 0. InFig. 6(b), we change the value of U to be 4, which
gives qualitatively the same result with U = 2, supporting the
argument that the pairing symmetries are not sensitive to the
interaction strength U, even with the presence of the hopping
inhomogeneity. Then for the electron density p = 0.4, where
the dominant pairing symmetry is d + id wave for the homo-
geneous hopping ¢ = t, we check how the plaquette type of
hopping inhomogeneity affects the pairing symmetry. Since
we have proven the choice of the value of U does not affect
the results qualitatively, here we only choose one interaction
strength U = 2. The data in Fig. 7 show that the dominant
d + id-wave pairing symmetry is suppressed by the decrease

FIG. 8. Lattice geometry for the quasi-1D Hubbard model, a
2D honeycomb lattice built from zigzag line of strong hopping ¢
connected by weaker hopping ¢'.

fam)
=
-0.14 -0.1
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p=0.1 $ NNN f
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0.0 02 04 06 08 00 02 04 06 08 1.0
t' 3

FIG. 9. Effective pairing susceptibilities x° as functions of ¢/,

ona6 x 6 x2lattice, 8 =12, p=0.1,for(a) U =2 and (b) U =
4. With the decrease of ¢/, the dominant p 4 ip wave is almost not
affected, while the f wave arises slowly, causing the coexistence of
p + ip-wave and f-wave pairing.

of ¢/, with no other pairing symmetries aroused. This means
that, for p = 0.4 and small enough ', there is no pairing
symmetry that persists with the plaquette type of hopping
inhomogeneity.

C. The quasi-1D case

The second type of hopping inhomogeneity we considered
is shown in Fig. 8; the decrease of the value of ¢’ will drive
the honeycomb lattice into individual 1D chains, so we call it
the quasi-1D hopping inhomogeneity. For the electron density
p = 0.1 where the dominant pairing symmetry is p + ip wave
when ¢ = ¢, we show in Fig. 9(a) the effect of the quasi-1D
hopping inhomogeneity on the pairing symmetries for U = 2.
The dominant p 4 ip-wave pairing symmetry is almost un-
affected by the decrease of ¢/, in the meantime, the f-wave
effective pairing susceptibility becomes positive, suggesting

0.00
-0.04+..
. )
R
L=6 |——NNd+id
-0.08 U=2 [—~—NNptip
12 —+— NNN d+id
p= NNN p-ip|
p=0.4 NNN f
'O. 12 T T T T
0.0 0.2 0.4 o 0.6 0.8 1.0

FIG. 10. Effective pairing susceptibilities x°T as functions of

t’,ona6x6x2 lattice, B =12, p =0.4, and U = 2. With the
decrease of t', the dominant d + id-wave pairing vanishes, and no
other pairing channels appear.
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that the quasi-1D hopping inhomogeneity causes the coexis-
tence of the p 4 ip-wave and the f-wave pairing symmetries.
The U = 4 data shown in Fig. 9(b) are qualitatively the same
with U = 2, which again suggest that the pairing symmetries
on the honeycomb lattice are not sensitive to the interaction
strength U, similar to the homogeneous hopping case [20] and
the plaquette hopping inhomogeneity case discussed above.
For the electron density p = 0.4, we find that the dominant
d + id-wave pairing symmetry at t’ = ¢ is suppressed by the
decrease of ¢/, and no other pairing symmetries are aroused, as
shown in Fig. 10. This is similar to the effect of the plaquette
hopping inhomogeneity shown in Fig. 7. This result suggests
that when the dominant pairing symmetry in the homogeneous
case is d + id wave, there will be no pairing symmetry when
the quasi-1D hopping inhomogeneity becomes strong enough.

IV. CONCLUSIONS AND DISCUSSIONS

In this paper, we first extend the previous study of the
pairing symmetries on the Hubbard honeycomb lattice into
the low electron filling region. Our unbiased FT-DQMC sim-
ulations reveal that for electron densities larger than around
0.25, the dominant pairing symmetry is d + id wave; while
for smaller electron density (o < 0.25), the dominant pairing
symmetry is p + ip wave.

Then we study the effect of the plaquette hopping inho-
mogeneity and the quasi-1D hopping inhomogeneity on the
pairing symmetries. When the dominant pairing symmetry
at t =1’ is d + id wave, both the plaquette hopping inho-
mogeneity and the quasi-1D hopping inhomogeneity destroy
the d + id wave, without causing other pairing symmetry.
When the dominant pairing symmetry at t =1t is p+ip
wave, the plaquette hopping inhomogeneity destroys the p +
ip wave and drives the dominant pairing symmetry into the
d +id wave, while the quasi-1D hopping inhomogeneity
almost does not affect the p+ ip wave, and arises the f

wave, causing the coexistence of p 4 ip-wave and f-wave
pairing.

The understanding of the physical mechanism of the
pairing and its evolution with hopping inhomogeneities is
quite challenging. It was argued that the d + id-wave pairing
normally arises from doping an antiferromagnetic insulator,
while the ferromagneticlike spin correlations are favorable
for the p + ip-wave pairing. In that sense, for p = 0.4 where
the electron density is not too low, the (short-range) antiferro-
magnetic order is supposed to be built and the homogeneous
system exhibits d 4 id-wave pairing. Then the onset of
the hopping inhomogeneities (both the plaquette and the
quasi-1D) suppresses the antiferromagnetic order and hence
suppresses the d + id-wave pairing. For p = 0.1, the system
is supposed to harbor ferromagnetic order and hence exhibits
p + ip-wave pairing. However, due to the fact that the electron
density is very low, the order in the system may be very weak
and fragile, so the effect of the hopping inhomogeneities on
the magnetic order and the pairing symmetries may be hard to
predict. Our study reveals that the hopping inhomogeneities
have strong effect on the pairing symmetries on the Hubbard
honeycomb lattice and may be useful for the design of
artificial graphene superconductors with different pairing
symmetries, especially for the pursuit of the d + id-wave,
p + ip-wave, or f-wave superconductors at low electron
fillings.
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