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Higher-energy triplet-pair states in polyenes and their role in intramolecular singlet fission
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Probing extended polyene systems with energy in excess of the bright state (1 1B+
u /S2) band edge generates

triplets via singlet fission. This process is not thought to involve the 2 1A−
g /S1 state, suggesting that other states

play a role. Using density matrix renormalization group (DMRG) calculations of the Pariser-Parr-Pople-Peierls
Hamiltonian, we investigate candidate states that could be involved in singlet fission. We find that the relaxed
1 1B−

u and 3 1A−
g singlet states and 1 5A−

g quintet state lie below the S2 state. The 1 1B−
u , 3 1A−

g , and 1 5A−
g states are

all thought to have triplet-pair character, which is confirmed by our calculations of bond dimerization, spin-spin
correlation, and wave function overlap with products of triplet states. We thus show that there is a family of
singlet excitations (i.e., 2 1A−

g , 1 1B−
u , 3 1A−

g , . . . ), composed of both triplet-pair and electron-hole character,
which are fundamentally the same excitation, but have different center-of-mass energies. The lowest energy
member of this family, the 2 1A−

g state, cannot undergo singlet fission. But higher-energy members (e.g., the
3 1A−

g ) state, owing to their increased kinetic energy and reduced electron-lattice relaxation, can undergo singlet
fission for certain chain lengths.

DOI: 10.1103/PhysRevB.102.125107

I. INTRODUCTION

Current commercially available solar cell technology is
impeded by the Shockley-Queisser limit, which means that
higher-energy photons are not efficiently utilized for electric-
ity generation [1]. When a high-energy photon is absorbed,
the energy greater than the device’s band gap is lost as heat.
There are a number of different ways to better utilize the solar
spectrum, one such option is singlet fission.

Singlet fission is a process in which a singlet exciton gener-
ated by photoexcitation evolves into two separate triplets [2].
Many polyene systems have been shown to exhibit this phe-
nomenon [3–13]. If the two separate triplets have energy
greater than or equal to the band gap of a photovoltaic carrier
material, they can each generate a free electron-hole pair in
the carrier material [14].

Singlet fission is often assumed to involve three processes
or steps. The first step is state interconversion from the initial
photoexcited state to a singlet state with triplet-pair character.
After state interconversion the triplet pair is coherent and
correlated. In the next step, the triplets migrate away from one
another; this process can be described as a loss of electronic
interaction. During this step, which is spin allowed, the triplets
retain their spin coherence forming a geminate triplet pair in
an overall singlet state. The final step involves the loss of
spin coherence and leads to two independent triplets (or a
nongeminate triplet pair) [15]. This step is not spin allowed
and is expected to be slower than the preceding steps. Mar-
cus and Barford have recently investigated this step using a
Heisenberg spin chain model. They show how spin-orbital
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coupling and dephasing from the environment determines this
process [15].

Polyene systems are often modeled as having C2h symme-
try [16–24]. In this framework, the first excited singlet state
S1 has the same symmetry as the ground state 1 1A−

g , and is
therefore optically inactive. The strongly optically absorbing
singlet state is the 1 1B+

u state. Although this is not generally
the second excited singlet state in polyenes, it is typically
labeled S2. In polyenes some low-energy excited states have
multiple triplet excitation character [23]. This is the case for
the 2 1A−

g state, which is sometimes considered as a bound pair
of triplet excitations [16–23].

In polyene systems it remains unclear if singlet fission
proceeds via the 2 1A−

g state, a vibrationally hot variant of
the 2 1A−

g state, or a different state [5,6,10]. It is also unclear
whether singlet fission in polyene type materials is an inter-
or intramolecular process [6,25,26]. It has been observed
that in long isolated chains no singlet fission occurs after
photoexcitation at the band edge. Instead, the system relaxes
nonradiatively via the 2 1A−

g state. The S2 to S1 transition
occurs via internal conversion between the two potential
energy surfaces [27], taking place on a timescale of 100s
of fs [5,6,10]. Upon excitation with energy in excess of the
band edge, however, triplets are detected, with isolated triplet
signatures appearing in transient absorption spectroscopy
measurements [5,6]. The occurrence of these triplet signals
is attributed to singlet fission. Experiments suggest that this
mid-band excited singlet fission does not proceed via the
2 1A−

g state. It is claimed that there are two relaxation path-
ways: one to the ground state (which proceeds via the 2 1A−

g

state) and a different singlet fission pathway with no 2 1A−
g

involvement [5,6], as illustrated in Fig. 1.
If singlet fission in polyenes does not involve the 2 1A−

g
state, but does require excess energy to overcome a barrier,
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FIG. 1. Schematic of potential relaxation pathways from the bright state in polyenes.

it can be asked do any higher-energy states contribute? Upon
vertical excitation it has been found that the 1 1B−

u and 3 1A−
g

states exist above the 1 1B+
u , although as the chain length

increases the 1B−
u energy falls below the 1 1B+

u [23,28]. It is
also thought that the 1 1B−

u and 3 1A−
g states have triplet-pair

character [23].
In addition to the singlet triplet-pair state, a quintet triplet-

pair fission intermediate 5(T1T1) has been observed in acene
materials [29–31]. Spin mixing is possible between the
1(T1T1) and 5(T1T1) states [32], meaning the quintet could be
involved in the singlet fission process or offer an alternative
relaxation pathway for the excited molecule.

In this paper we present our calculations of the properties
of the key excited states of polyenes, i.e., the 2 1A−

g , 1 1B+
u ,

1 1B−
u , and 3 1A−

g singlet states, the 1 5A−
g quintet state, and

the 1 3B−
u triplet state. We use the Pariser-Parr-Pople-Peierls

(or extended Hubbard-Peierls) model to describe interacting
π electrons coupled to the nuclei, which is solved using the
density matrix renormalization group (DMRG) method. We
investigate the relaxed geometries of these states within a
soliton framework. Excitations in polyene systems contain
spin-density wave, bond-order excitations, and charge density
waves. The interplay between these contributions leads to a
myriad of phenomena [17]. To gain insight into the nature
of the higher-energy excited states, we characterize the states
using the spin-spin correlation function, and triplet-pair and
electron-hole projections. We also investigate the optical tran-
sitions from these key states.

As we explain in the Discussion, we postulate that the
3 1A−

g state (or another member of the “2Ag family”) is
the spin-correlated 1(T · · · T ) state, sometimes referred to
as the geminate triplet pair, observed in the singlet fission
process in polyenes. We find that the energetic conditions
for a candidate singlet fission state is only met in sufficiently
long chains described by a model that contains both electron-
electron and electron-nuclear interactions. Using our model
parameters, we tentatively predict that singlet fission is only
possible in single polyene chains comprising 20 or more
carbon atoms.

The paper is organized as follows. In Sec. II we introduce
the Pariser-Parr-Pople-Peierls model. In Sec. III we discuss
the results of our vertical and relaxed energy calculations.
Section IV describes the solitonic structure of the geometri-
cally relaxed excited states. In Sec. V we analyze the spin-spin
correlation of these states. In Sec. VI we also characterize the
states via their electron-hole and spinon wave functions, and
their overlap with products of triplet states. In Sec. VII we
relate our work to experimental results via a calculation of the

excited state absorption spectra. Finally, we discuss our results
and conclude in Sec. VIII.

II. PARISER-PARR-POPLE-PEIERLS MODEL

We use the Pariser-Parr-Pople-Peierls (PPPP) model to
treat the π electrons of the conjugated system. This model
includes both long-range electronic interactions and electron-
nuclear coupling. It is defined as [17]

HPPPP = HPPP + Hel-ph + Helastic, (1)

where HPPP is the Pariser-Parr-Pople (or extended Hubbard)
Hamiltonian, defined by

HPPP = − 2t0
∑

n

T̂n + U
∑

n

(
Nn↑ − 1

2

)(
Nn↓ − 1

2

)

+ 1

2

∑
n �=m

Vn,m(Nn − 1)(Nm − 1). (2)

Here T̂n = 1
2

∑
σ (c†

n,σ cn+1,σ + c†
n+1,σ cn,σ ) is the bond order

operator, t0 is the hopping integral for a uniform, undistorted
chain, U is the Coulombic interaction of two electrons in
the same orbital, and Vnm is the long-range Coulombic re-
pulsion. We use the Ohno potential given by Vnm = U/[1 +
(Uεrrnm/14.397)2]1/2, with bond lengths rnm in Å.

Hel-ph is the electron-phonon coupling, given by

Hel-ph = 2α
∑

n

(un+1 − un)T̂n − 2αW
∑

n

(un+1 − un)

× (Nn+1 − 1)(Nn − 1), (3)

where α is the electron-nuclear coupling parameter and un

is the displacement of nucleus n from its undistorted po-
sition. Through this term changes in bond length cause
changes in the hopping integrals and the Coulomb interac-
tions. Due to the rapid decay of the density-density corre-
lator, (Nn − 1)(Nm − 1) with distance, only changes in the
Coulomb potential to first order are considered. Therefore,
W = Uγ r0/(1 + γ r2

0 )3/2, where γ = (Uεr/14.397)2 and r0 is
the undistorted average bond length in Å.

The elastic energy of the nuclei contributes through Hph,
defined as

Hph = α2

πt0λ

∑
n

(un+1 − un)2 + �
∑

n

(un+1 − un), (4)

where λ = 2α2/πKt is the dimensionless electron-nuclear
coupling parameter and K is the nuclear spring constant. � is
a Lagrange multiplier which ensures a constant chain length.
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FIG. 2. Vertical excitation energy of low-lying singlet and quintet states. Also shown is twice the vertical excitation energy of the triplet
for chain lengths N/2. N is the number of C atoms. The inset shows the energies in the asymptotic limit.

The requirement that the force per bond vanishes at equi-
librium gives a self-consistent equation for the bond distortion
via the Hellmann-Feynman theorem, namely

(un+1 − un) = πtλ

α
(� − 〈T̂n〉 + W 〈D̂n〉), (5)

where D̂n = (Nn − 1)(Nn+1 − 1) is the nearest neighbor
density-density correlator. We follow a parametrization of the
PPP Hamiltonian by Mazumdar and Chandross for screened
polyacetylene [33], namely U = 8 eV, εr = 2, and t0 =
2.4 eV. We use the electron-nuclear coupling constants of
Barford and co-workers, namely, λ = 0.115 and α = 0.4593
eV Å−1 [18].

For a fixed set of nuclear coordinates we solve the PPPP
model using the DMRG method [18,34,35]. DMRG is a
highly accurate and robust computational method for gapped,
one-dimensional quantum lattice models. Being variational,
its accuracy is systematically improvable by increasing the
Hilbert space size. Extensive convergence tests on the ap-
plication of the DMRG method to the excited states of the
PPPP model have previously been published [16,36–38]. For
the current calculations we typically retained over 400 states
per block. In addition, when investigating possible energy
crossovers between pairs of excited states, we compute these
states using the same reduced density matrix (i.e., in the same
truncated Hilbert space). The relaxed geometries are found via
an iterative application of Eq. (5).

III. VERTICAL AND RELAXED ENERGIES

The calculated vertical excitation energies (using the re-
laxed ground state geometry) for the lowest energy singlets are
shown in Fig. 2. For short chains we see the usual energetic or-
dering of 2 1A−

g < 1 1B+
u < 1 1B−

u < 3 1A−
g [23,39]. For chain

lengths greater than 26 sites the vertical 1 1B−
u energy becomes

lower than the 1 1B+
u energy, while at chain lengths greater

than 46 sites the 3 1A−
g vertical energy falls below the 1 1B+

u
energy.

The 1 5A−
g quintet state, however, remains above the bright

state at all chain lengths. Its energy converges to twice the
triplet energy evaluated at half the chain length, implying that
it corresponds to an unbound triplet pair. This assumption will
be confirmed by an analysis of the bond dimerization and
spin-spin correlation in the following sections [40].

The inset of Fig. 2 shows that the vertical energies of the
2 1A−

g , 1 1B−
u , and 3 1A−

g states converge to the same value in
the asymptotic limit, being ∼0.3 eV lower than the vertical
quintet state. This result indicates that these vertical singlet
states are different pseudomomentum members of the same
family of excitations, as described in more detail in Sec. VI.
They have different energies because of their different center-
of-mass kinetic energies, which vanishes in the long-chain
limit.

Turning now to the relaxed energies, as shown in Fig. 3
we find that the relaxed 2 1A−

g state is always lower in energy
than the relaxed 1 1B+

u state. For chain lengths greater than
10 and 20 sites the 1 1B−

u and 3 1A−
g states, respectively, also

fall below the 1 1B+
u state. The quintet state undergoes a

considerable geometry relaxation compared to the 1 1B+
u state

and its energy falls below the bright state for N > 16.
Comparing the vertical and relaxed energies, we find that

between 10 and 26 sites the vertical 1 1B−
u state lies above the

vertical 1 1B+
u state, but the relaxed 1 1B−

u state is below the
relaxed 1 1B+

u state; and similarly for the 3 1A−
g state between

20- and 46-site chains. Thus our calculations suggest that
there might exist internal conversion pathways to these states
from the optically excited 1 1B+

u state. In addition, if spin
mixing is allowed relaxation pathways could also involve the
1 5A−

g quintet state. Based on the experimental observations
that certain relaxation pathways becoming available only for
mid-band or higher excitation [5,10], these pathways are
likely to have a barrier.

The 2A−
g state is found to be a bound state compared to

two free (relaxed) triplets. While endothermic singlet fission is
possible [41,42], this state is unlikely to be involved in singlet
fission and instead offers an alternative relaxation pathway, as

125107-3



VALENTINE, MANAWADU, AND BARFORD PHYSICAL REVIEW B 102, 125107 (2020)

FIG. 3. Relaxed excitation energy of low-lying singlet and quintet states. Also shown is twice the relaxed excitation energy of the triplet
for chain lengths N/2. N is the number of C atoms. The inset shows the energies in the asymptotic limit.

has been observed experimentally [5,6]. Similarly, for realistic
chain lengths (i.e., up to approximately 50 C atoms) the
relaxed 1 1B−

u energy lies below the relaxed energy of two free
triplets, while the relaxed 3 1A−

g energy lies above them for all
chain lengths. As for the vertical calculation, for the relaxed
states we find that E (1 5A−

g ) ≈ 2 × E (1 3B−
u [N/2]).

We note that the relaxation energies increase as 3 1A−
g <

1 1B−
u < 2 1A−

g . (For example, at 50 C atoms the relaxation
energies of the 3 1A−

g , 1 1B−
u , and 2 1A−

g states are 0.87, 1.04,
and 1.27 eV, respectively, while the relaxation energy of the
1 5A−

g state is 1.36 eV). We do not have clear explanation
for this trend, but speculate that it is associated with the
smaller triplet-pair components of the higher-energy momen-
tum states at shorter chain lengths, as shown in Table I.

Consequently, unlike the vertical energies, the relaxed en-
ergies of the 2 1A−

g , 1 1B−
u , and 3 1A−

g states do not converge

TABLE I. Table of the square of overlaps |〈Tl ⊗ Tr | 	〉|2 for the
vertical 2 1A−

g , 1 1B−
u , and 3 1A−

g states. Tr and Tl are calculated for a
6-site chain (the superscript indicates the Sz eigenvalue of the state,
T1 and T2 corresponds to the 1 3B−

u and 1 3A−
g triplets, respectively),

while the state 	 is calculated for a 12-site chain.

|〈Tl ⊗ Tr | 	〉|2v
Tl Tr 2 1A−

g 3 1A−
g 1 1B−

u

T 0
1 T 0

1 0.134 0.020 –
T +1

1 T −1
1 0.134 0.020 –

T −1
1 T +1

1 0.134 0.020 –
T 0

1 T 0
2 0.010 0.012 0.022

T 0
2 T 0

1 0.010 0.012 0.022
T +1

1 T −1
2 0.010 0.012 0.022

T −1
2 T +1

1 0.010 0.012 0.022
T +1

2 T −1
1 0.010 0.012 0.022

T −1
1 T +1

2 0.010 0.012 0.022
T 0

2 T 0
2 – 0.015 –

T +1
2 T −1

2 – 0.015 –
T −1

2 T +1
2 – 0.015 –

Total 0.462 0.177 0.132

to the same value in the asymptotic limit, and indeed they
saturate for N � 50. This energy saturation occurs because
of self-localization of the solitons, which is a consequence of
treating the nuclei as classical variables and can be corrected
by using a model of fully quantized nuclei [17,36] In practice,
however, in realistic systems disorder will also act to localise
excited states [43].

IV. SOLITON STRUCTURES

In the even N polyene ground state, nuclei are dimer-
ized along the chain, with a repeated short-long-short bond
arrangement. Electronically excited states lower their to-
tal energy by distorting from the ground state geometry.
In some cases, the ground state bond alternations is re-
duced or reversed over sections of the chain. The change of
dimerization is characterized by domain walls called solitons
[17,18,44–47]. In neutral chains with an even number of sites,
each soliton (S) is associated with an antisoliton (S̄).

Solitons in linear conjugated systems are of two types:
radical or ionic. For a radical soliton associated with cova-
lent states the nuclei distortion is centered around a radical
unpaired spin (or a spinon); the soliton has a net spin but
is neutral. For an ionic soliton, however, the distortion is
associated with an unoccupied or doubly occupied site, so has
Sz = 0 but is charged [17,46].

To investigate the solitonic structure of the excited singlet
and quintet states, we calculate the staggered, normalized
bond dimerization δn of their relaxed geometries, defined
as

δn = (−1)n (tn − t̄ )

t̄
, (6)

with tn = t0 + α(un+1 − un) and t̄ being the average of tn. For
the ground state δn ≈ 0.085, across the chain with the bond
dimerization being slightly larger at the ends of the chain.

The lowest lying triplet state 1 3B−
u is a two-soliton state

(i.e., SS̄) with each soliton being associated with a radical
spin, residing towards the ends of the chain. On the other hand,
the 2 1A−

g , 1 1B−
u , and 1 5A−

g states are four-soliton states.
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(a)

(b)

FIG. 4. The staggered bond dimerization δn for a chain of 54
sites, of the (a) 2 1A−

g , 1 5A−
g , and 1 3B−

u (for N = 26) states and
(b) 1 1B−

u and 3 1A−
g states.

Figure 4(a) presents the staggered bond dimerization
for the 2 1A−

g and 1 5A−
g states, implying that the soliton

arrangement is SS̄SS̄. The 1 5A−
g bond dimerization strongly

resembles that of two triplets residing on either half of the
chain, suggesting that this state consists of two spatially
separated triplets. The bond dimerization of the 2 1A−

g state is
well known [18,23,24,44,45,47]: the solitons are more bound,
indicating that the 2 1A−

g state is a bound triplet pair. These
observations are quantified by fitting the bond dimerization of
the 2 1A−

g and 1 5A−
g states by [47]

δn = δ0

[
1 + tanh

(
2n0a

ξ

){
tanh

(
2(n − nd − n0)a

ξ

)

− tanh

(
2(n − nd + n0)a

ξ

)
+ tanh

(
2(n + nd−n0)a

ξ

)

− tanh

(
2(n + nd + n0)a

ξ

)}]
, (7)

where ξ is the domain wall width, 2n0 is the separation of the
soliton and antisoliton within a SS̄ pair on either side of the
chain, while 2nd is the separation of the pairs.

The bond dimerization of the 1 1B−
u state, shown in

Fig. 4(b), can be explained by the soliton arrangement of
SSS̄S̄. Its bond dimerization fits the equation

δn = δ0

[
1 + 1

2
tanh

(
2n0a

ξ

){
tanh

(
2(n − nd − n0)a

ξ

)

+ tanh

(
2(n − nd + n0)a

ξ

)
− tanh

(
2(n + nd − n0)a

ξ

)

− tanh

(
2(n + nd + n0)a

ξ

)}]
, (8)

FIG. 5. The solitonic arrangement of the 1 5A−
g (Q), 1 1B−

u , and
2 1A−

g states, and also illustrating the definition of n0 and nd .

where 2n0 is the separation of the soliton and soliton within a
SS pair (and likewise of the antisoliton and antisoliton within
a S̄S̄ pair), while 2nd is the separation of these pairs. The
solitonic arrangement, and the definition of n0 and nd are
illustrated in Fig. 5.

We are unable to fit the 3 1A−
g state bond dimerization to

either Eqs. (7) or (8). As we will see in Sec. VI A, there
are many different triplet-pair contributions to the 3 1A−

g state
causing a complicated bond dimerization.

The fitted parameters n0, nd , and ξ , for three four-soliton
states are plotted in Fig. 6 against inverse chain length. In
Fig. 6(a) we see that the coherence length ξ converges with
chain length for all states.

The rapid convergence of n0 with chain length for the 2 1A−
g

state, shown in Fig. 6(b), implies that the solitons within a
SS̄ pair are more strongly bound compared to other states.
For the 1 5A−

g state, the change in n0 with chain length N
resembles that of the 1 3B−

u state for a chain of half-length
N/2, indicating that the 1 5A−

g state has significant T1-T1

character with two tripletlike excitations occupying either side
of the chain. n0 converges as a function of N for the 1 1B−

u
state, implying that the solitons (antisolitons) within a SS (S̄S̄)
pair are bound.

The distances between soliton pairs nd are shown in
Fig. 6(c). Again, for the 2 1A−

g state there is rapid convergence
in the separation of these pairs. In contrast, both the 1 5A−

g and
1 1B−

u states do not show convergence, with the pair separation
increasing as the chain length increases. For the 1 5A−

g state
nd ≈ N/4, again indicating that the pairs are unbound. We
also observe that for chains of more than ∼50 carbon atoms nd

increases more quickly for the 1 1B−
u state than for the 1 5A−

g
state. As shown in the inset of Fig. 3, this deviation coincides
with the relaxed energy of the 1 1B−

u state being higher than
the 1 5A−

g state for N � 50, implying that at large chain
lengths the triplets in the relaxed 1 1B−

u state are unbound with
respect to pairs of relaxed triplets. The solitons (or spinons) in
the 1 1B−

u state are not “free,” however, as n0 converges with
chain length. (We note that the triplets in the relaxed 3 1A−

g
state are unbound with respect to pairs of relaxed triplets for
all chain lengths because, as we saw in Sec. III, the electron-
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(a)

(b)

(c)

FIG. 6. The fitted parameters, (a) ξi, (b) n0, and (c) nd plotted
against inverse chain length for the four-soliton states 2 1A−

g , 1 5A−
g ,

and 1 1B−
u . For comparison, in (a) the 1 3B−

u n0 for length N/2, in
(b) the 1 3B−

u coherence length ξ for length N/2 is plotted, and in
(c) the curve nd = N/4 is plotted.

lattice relaxation energy decreases with increasing kinetic
energy, causing a crossover of the 3 1A−

g and 1 5A−
g energies).

V. SPIN-SPIN CORRELATION

In addition to the bond dimerization, further insight
into the radical (spinon) character of the triplet-pair states
is obtained via the spin-spin correlation function Snm =
〈Sz

nSz
m〉. A positive/negative spin-spin correlation value

indicates a ferromagnetic/antiferromagnetic alignment be-
tween a pair of spins.

The spin-spin correlations for the relaxed 1 3B−
u state are

shown in Fig. 7(a). We see that the radical soliton/antisoliton
of the triplet state localize towards the end of the chain and
there is a long-range spin-spin correlation between them. The

solitons are delocalized over a small region well described by
the coherence length ξ .

Figure 7(e) shows the spin-spin correlation for the relaxed
1 5A−

g state. We see three correlations between neighboring
solitons and antisolitons, and three further long-range correla-
tions. This correlation pattern is consistent with two unbound
triplets, i.e., four solitons positioned along the chain as pre-
dicted from Eq. (7) and presented in Fig. 4(a). A schematic
of the soliton interactions that lead to these six correlations is
shown in Fig. 7(f).

Figure 7(b) shows Snm for the 2 1A−
g state. It is difficult to

discern correlations between individual solitons, because the
correlations overlap each other. However, along the antidiago-
nal m = (N − n), long-range correlations between sites ≈ 10
and ≈ 40 can be seen. Overall, the spin-spin correlations of
the 2 1A−

g state further confirm its bound triplet-pair character.
The triplets are bound in the middle of the chain, and individ-
ual solitons contributing to the triplets cannot be identified.
Snm for the relaxed 1 1B−

u state shows correlations similar to
3 1A−

g , but with much more delocalized correlations along the
antidiagonal.

VI. EXCITED STATE WAVE FUNCTIONS

The low-lying singlet dark states, i.e., 2 1A−
g , 1 1B−

u , and
3 1A−

g , have negative particle-hole symmetry and are some-
times characterized as being “covalent” or of predominately
spin-density-wave (SDW) character [48]. In contrast, the opti-
cally allowed 1 1B+

u state has positive particle-hole symmetry
and is characterized as being “ionic” or of electron-hole
character [49].

In practice, however, the “multiexcitonic” 2 1A−
g , 1 1B−

u ,
and 3 1A−

g states have both covalent and ionic character. In
addition, as we saw in Sec. III, the vertical energies of these
states converge to the same value as N → ∞ (see the inset of
Fig. 2), suggesting that they are related. In this section we de-
scribe the multiexcitonic character of these states and explain
how they are members of the same family of excitations. We
first discuss the triplet-pair components of these states before
describing their excitonic wave functions.

A. Triplet-triplet overlap

By comparing the excitation energy of the low-energy
singlets of polyenes with the excitation energy of the in-
dividual triplets, it has been suggested that the triplet-pair
combinations that contribute to each state are [23,27]

2 1A−
g ≡ T1 ⊗ T1,

1 1B−
u ≡ T1 ⊗ T2,

3 1A−
g ≡ T2 ⊗ T2,

(9)

where T1 ≡ 1 3B−
u and T2 ≡ 1 3A−

g .
To quantify the triplet-pair character of the 2 1A−

g , 3 1A−
g ,

and 1 1B−
u singlet states we compute their overlap with triplet-

pair direct product wave functions. We calculate the vertical
excited state wave functions for a chain of 12 sites. Then,
by calculating the triplet states for a chain of 6 sites and
taking the direct product of different pairs of triplets, we can
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Four Solitons

3 Nearest  
Neighbour  

Correlations

2 Next Nearest  
Neighbour  

Correlations

1 End to End 
Correlation

Six Distinct Possible Correlations

{

{

{

FIG. 7. The spin-spin correlations for the relaxed (a) 1 3B−
u , (b) 2 1A−

g , (c) 1 1B−
u , (d) 3 1A−

g , and (e) 1 5A−
g states. (f) A schematic of the

correlations from the four spin radicals (or spinons) of the 1 5A−
g state. (Note that the values of Snm for n = m to n = m ± 4 are larger than

scale provided. The scale presented is used to emphasize the long-range correlations).

generate states that have triplets on either half of the chain.
The square overlap of the triplet-pair wave functions with the
2 1A−

g , 3 1A−
g , and 1 1B−

u states are presented in Table I.
The 2 1A−

g state, while primarily consisting of T1 ⊗ T1

components, also contains some T1 ⊗ T2 character. The 1 1B−
u

state consists exclusively of T1 ⊗ T2, as only these combi-
nations are symmetry allowed. The 3 1A−

g state, rather than
primarily having T2 ⊗ T2 character, has both T1 ⊗ T1 and
symmetry allowed combinations of T1 and T2 components
in its wave function. Indeed, the sum of the T1 ⊗ T1 and
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T1 ⊗ T2 components has a larger amplitude than the T2 ⊗ T2

character. Since the 3 1A−
g state has character from each of the

triplet-pair combinations, the sum of these contributions lead
to the complicated staggered bond dimerization and spin-spin
correlation, discussed in Secs. IV and V.

B. Triplet-pair bound states

In the previous section we saw that higher-energy cova-
lent states are composed of linear combinations of higher-
energy triplet states. In this section we quantify how to
construct bound triplet-pair states from free triplet-pair states.
To do this it is convenient to assume translationally invari-
ant systems. We also assume a dimerized antiferromagnetic
ground state, from which bound triplet-pair excitations are
predicted [50,51].

Suppose that a†
k1

and a†
k2

create triplet excitations (or more
precisely, bound spinon-antispinon pairs [51]) with wave
vectors k1 and k2. Then a free triplet-pair excitation is

|k1, k2〉 = |K − k′/2, K + k′/2〉 = a†
k1

a†
k2

|GS〉 , (10)

where 2K = (k1 + k2) is a the center-of-mass wave vector,
k′ = (k1 − k2) is the relative wave vector, and |GS〉 represents
the dimerized antiferromagnetic ground state.

A bound triplet-pair excitation is a linear combination of
the kets {|k1, k2〉}, namely

|�n(K )〉 =
∑
k′,K ′

�n(k′, K ′) |K ′ − k′/2, K ′ + k′/2〉 , (11)

where �n(k′, K ′) is the triplet-pair wave function in k space
and n is the principal quantum number. K is a good quantum
number for the bound state (although k′ is not), hence

�n(k′, K ′) = ψn(k′)δ(K ′ − K ) (12)

and thus

|�n(K )〉 =
∑

k′
ψn(k′) |K − k′/2, K + k′/2〉 . (13)

Fourier transforming �n(k′, K ′) gives the real-space triplet-
pair wave function

�̃n,K (r, R) = ψ̃n(r)	̃K (R), (14)

where the center-of-mass wave function is the Bloch state

	̃K (R) = 1√
N

exp(iKR) (15)

and R is the center-of-mass coordinate. ψ̃n(r) is the relative
wave function with r being the T -T separation.

Equation (13) indicates that the bound triplet-pair state
is constructed from a linear combination of free triplet-pair
states with different k1 and k2, subject to a definite center-
of-mass wave vector (and momentum). These states form a
band, whose bandwidth is determined by their center-of-mass
kinetic energy. A bound triplet pair is unstable to dissociation
(or fission) if its kinetic energy is greater than the triplet-pair
binding energy.

C. Exciton wave functions

We now describe the exciton wave functions of the low-
energy states of linear polyenes, using a real-space repre-

sentation. The excitation of an electron from the valence
band to the conduction band in semiconductors creates a
positively charged hole in the valence band. In conjugated
polymers, the electrostatic interaction between the two create
a bound electron-hole pair, termed an exciton. Assuming the
“weak-coupling” limit, excitons in conjugated polymers are
described by an effective H-atom model [17,52,53] or by
a mapping from a single-CI calculation [54]. An excitation
from the valence band to the conduction band can thus be
characterized by an effective particle model [17]. In the real-
space picture, an exciton is described by the center-of-mass
coordinate of the exciton R and the relative coordinate r [17].
r is a measure of the size of the exciton. The electron-hole
coordinate r is associated with the principal quantum number
n [17,52,53], while the center-of-mass coordinate is associ-
ated with the center-of-mass quantum number j.

We denote an exciton basis state by |R + r/2, R − r/2〉.
The exciton creation operator S†

rR creates a hole in the valence-
band orbitals at (R − r/2) and an electron in the conduction-
band orbitals at (R + r/2), i.e.,

|R + r/2, R − r/2〉 = S†
rR |GS〉 , (16)

where |GS〉 is the ground state in this basis.
To investigate the electron-hole nature of the excited states,

we express an excited state |�〉 as a linear combination of the
real-space exciton basis {|R + r/2, R − r/2}〉:

|�〉 =
∑
r,R

�(r, R) |R + r/2, R − r/2〉 . (17)

�(r, R) is the exciton wave function and is given by the
projection of the excited states on to the ground state

�(r, R) = 〈GS|SrR|�〉. (18)

The calculated vertical exciton wave functions for the
1 1B+

u , 1 1A+
g , 2 1A−

g , 1 1B−
u , and 3 1A−

g states of chain of L =
102 are illustrated in Fig. 8. The nodal patterns of �(r, R)
indicate that the 1 1B+

u and 1 1A+
g states have components

belonging to the n = 1 family of (even-parity) excitons with
center-of-mass quantum numbers j = 1 and 2, respectively.
This confirms the well-known result that the 1 1B+

u state (or
S2) is the lowest energy member of the band of Frenkel
excitons [17].

Similarly, the 2 1A−
g , 1 1B−

u , and 3 1A−
g states have compo-

nents belonging to the n = 2 family of (odd-parity) excitons
with center-of-mass quantum numbers j = 1, 2, and 3, re-
spectively. Thus, the single electron-hole components of the
2 1A−

g , 3 1A−
g , and 1 1B−

u states belong to the same fundamental
excitation. We note, however, that the electron-hole weights
for these states are five times smaller than for the 1 1B+

u and
1 1A+

g states.

D. The 2Ag family

As we have shown, the 2 1A−
g , 1 1B−

u , and 3 1A−
g states

have both triplet-pair and electron-hole components. For a
translationally invariant system their vertical excitations can
be expressed as

|�(K )〉 = aT T (K ) |�T T
m (K )〉 + ae-h(K ) |�e-h

n (K )〉 , (19)
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(a)11B+
u (n= 1, j= 1) (b)11A+

g (n= 1, j= 2)

(c)21A−
g (n= 2, j= 1) (d)11B−

u (n= 2, j= 2)

(e)31A−
g (n= 2, j= 3)

FIG. 8. Exciton components obtained from Eq. (18). n and j are the exciton principal and center-of-mass quantum numbers, respectively.

where |�T T
m (K )〉 is given by Eq. (13) and |�e-h

m (K )〉 is given
by the Fourier transform of Eq. (17). Both components are
labeled by the same center-of-mass quantum number K , but
the principal quantum numbers for the triplet-pair (m) and
electron-hole (n) components are different, being 1 and 2,
respectively.

Equation (19) conveys the concept that the 2 1A−
g , 1 1B−

u ,
and 3 1A−

g states are the three lowest-energy members of
the same set of fundamental vertical excitations which are
distinguishable only by their center-of-mass momentum [55].

VII. ABSORPTION SPECTRA

As the low-energy states have triplet-pair components, we
might expect their absorption spectra to resemble that of the
1 3B−

u and 1 3A−
g triplet states. We calculated the approximate

spectra of the 2 1A−
g , 3 1A−

g , 1 1B−
u , 1 5A−

g , 1 3B−
u (T1), and

1 3A−
g (T2) states for N = 26 using the expression

I (E ) =
∑

i

|〈i | μ̂ | 	〉|2δ(Ei − E	 − E ), (20)
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(a)

(b)

FIG. 9. Absorption spectra calculated using Eq. (20) of the
(a) 2 1A−

g , 3 1A−
g , and 1 1B−

u states and (b) 1 5A−
g , 1 3B−

u (T1), and 13A−
g

(T2) for a 26-site chain.

where the sum is over states with opposite particle-hole and C2

symmetry to the state |	〉. (Ei − E	 ) is the energy difference
between state i and state 	, μ̂ is the transition dipole operator,
and |〈i | μ̂ | 	〉|2 is square of the transition dipole moment
between states i and 	.

As shown in Figs. 9 and 10, for all of the triplet-pair states,
the maximum absorption occurs within ∼0.5 eV of the 1 3B−

u
maximum absorption. Given that the 2 1A−

g state is considered
to be a bound triplet pair, we might expect that the maximum
absorption energy to be higher than the triplet state, as a
photoexcitation would need to overcome the binding energy
of the triplet, in addition to having enough energy to excite a
triplet state. However, the maximum absorption of the 2 1A−

g

state is found to be lower than the 1 3B−
u state, in agree-

ment with experimental observations in carotenoids [56]. The
2 1A−

g state also has an absorption in the near infrared part
of the spectrum, which can be attributed to the 2 1A−

g →
1 1B+

u transition. The near infrared absorption of a bound
triplet pair, which has also been predicted in acene materials
by Khan and Mazumdar as a signature of electron-electron
interactions [57], has been observed in a number of singlet
fission materials [58–60].

The 1 5A−
g quintet state exhibits a single absorption with

energy closest to the triplet maximum absorption over all
chain lengths and whose intensity most closely matches the
1 3B−

u absorption. Comparing the 1 1B−
u to the triplets, for

each triplet absorption there is a corresponding redshifted
absorption in the 1 1B−

u spectra, also indicating that despite
being a bound state, absorption are lower in energy compared
to individual triplets.

Due to the mixed triplet-pair character of the 3 1A−
g state

there are many different absorptions. As for the 2 1A−
g state,

(a)

(b)

FIG. 10. Absorption spectra calculated using Eq. (20) of the
(a) 2 1A−

g , 3 1A−
g , and 1 1B−

u states and (b) 1 5A−
g , 1 3B−

u (T1), and
1 3A−

g (T2) for a 54-site chain.

the 3 1A−
g state has a lower energy absorption in the infrared

to yellow portion of the spectrum.
We note that although our calculated transition energy

from the 1 5A−
g state coincides with our calculated T -T ∗

transition energy (i.e., ∼2.56 eV for the 26-site chain) this
energy is over an eV higher than the observed T -T ∗ tran-
sition energy in conjugated polyenes [6,10]. We explain
this discrepancy to the failure of the Mazumdar and Chan-
dross parametrization of the PPP model to correctly esti-
mate the solvation energy of weakly bound excitons and
charges [33]. The T ∗ state is expected to be the n = 2
(charge-transfer) triplet exciton, whose solvation energy is
over an eV larger than predicted by the parametrized PPP
model [61].

VIII. DISCUSSION AND CONCLUSIONS

By calculating the relaxed energies of the singlet states of
conjugated polyenes, we find that the 1 1B−

u and 3 1A−
g states

lie below the bright 1 1B+
u state at experimentally relevant

chain lengths. This implies that these states could be involved
in relaxation pathways, particularly if systems are excited with
energy higher than the band edge. In addition, we find that the
energy of the relaxed 1 5A−

g state on a chain of N C atoms
is twice the energy of the relaxed triplet state on a chain of
N/2 C atoms, so if spin mixing were allowed this state could
represent an intermediate unbound triplet-pair state for the
singlet fission process.

An analysis of the bond dimerization of the relaxed ex-
citations indicates that the 2 1A−

g is a four-soliton state, as
previously found [45]. The 1 5A−

g and 1 1B−
u states are also

found to be four-soliton states. Both of these states seem to
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consist of repelling soliton pairs, with the bond dimerization
of the 1 5A−

g resembling two 1 3B−
u triplets occupying either

side of the chain. The 3 1A−
g state bond dimerization is more

complicated due to the mixed triplet-pair combinations that
contribute to this state.

The spin-spin correlation function offers another way to
visualize the soliton structure. This again indicates that the
2 1A−

g is a bound triplet pair. We also find that the 1 5A−
g

and 1 1B−
u states show long-range spin correlations, which

correspond to the staggered bond dimerization.
The calculated absorption spectra indicate that the 1 5A−

g
state most closely resembles the triplet absorption, although
the 1 1B−

u and 3 1A−
g states also absorb at a similar energy.

Recent pump-push-probe experiments by Pandya et al. excited
the 2 1A−

g state (push) after being generated from the relax-
ation of the initially photoexcited state [62]. As the 2 1A−

g state
has 1(T1T1) character, the excited push state is expected to be
of 1(T1T ∗) character. Relaxation from this state was found to
involve a state with spatially separated, but correlated triplet
pairs. We predict that this state is either the 1 1B−

u or 3 1A−
g

state [62].
We further analyzed the triplet-pair nature of the 2 1A−

g ,
3 1A−

g , and 1 1B−
u states by calculating the overlap of these

states with half-chain triplet combinations. The T1 ⊗ T1 na-
ture of the 2 1A−

g and T1 ⊗ T2 nature of the 1 1B−
u state was

confirmed, while the 3 1A−
g state has a mixture of T1 ⊗ T1,

and symmetry allowed T1 ⊗ T2 and T2 ⊗ T2 contributions.
The higher-energy triplet-pair contributions to these singlet
states was rationalized by a k-space analysis. We also showed
that the electron-hole excitation components of the 2 1A−

g ,
1 1B−

u , and 3 1A−
g states belong to the same n = 2 family of

excitons with center-of-mass quantum numbers j = 1, 2, and
3, respectively.

One of the aims of this work has been to identify a singlet
state in polyenes that is intermediate between the initially
photoexcited singlet state S2 and the final nongeminate pair
of triplet states. Such a state should satisfy the following
conditions:

(1) It should have significant triplet-pair character.
(2) Its vertical energy should lie above the vertical en-

ergy of S2, but its relaxed energy should lie below the
relaxed energy of S2. Such conditions imply the possibil-
ity of an efficient interconversion from S2 via a conical
intersection.

(3) Its relaxed energy should lie slightly higher than twice
the relaxed energy of the triplet state, so that fission is poten-
tially fast and exothermic.

For our choice of model parameters we find that: the 2 1A−
g

state only satisfies condition (1); the 1 1B−
u state satisfies con-

dition (1), conditions (2) for 10 < N < 26, but not condition
(3); the 3 1A−

g state satisfies condition (1), conditions (2) for
20 < N < 46, and condition (3) for all N . Thus, the 3 1A−

g

state would appear to be a candidate intermediate state for
longer polyenes, but such a state does not exist for shorter
carotenoids.

We should be cautious, however, about making a predic-
tion about the precise intermediate state, as owing to using
semiempirical parameters our calculated excitation energies
are only expected to be accurate to within a few tenths of an
eV. Our key conclusion, therefore, is that there is a family
of singlet excitations (the 2 1A−

g family), composed of both
triplet-pair and electron-hole character, which are fundamen-
tally the same excitation (i.e., have the same principal quan-
tum numbers), but have different center-of-mass energies. The
lowest energy member of this family, the 2 1A−

g state, cannot
undergo singlet fission. But higher-energy members, owing
to their increased kinetic energy and reduced electron-lattice
relaxation compared to two free triplets, can undergo singlet
fission for certain chain lengths.

Based on energetic considerations, we are able to conclude
that there are candidate triplet-pair states that might undergo
singlet fission in polyenes only because our model contains
both electron-electron and electron-nuclear interactions, and
we are able to compute these energies for long chains. As
Fig. 2 indicates, no vertically excited state satisfies both
conditions (2) and (3).

A mechanism for singlet fission in molecular aggregates
composed of short polyenes has been proposed by Aryanpour
and co-workers [21]. This mechanism, involving interchain
polaron pairs and intrachain excitons, is similar in spirit to
the widely recognised mechanism for singlet fission in acene
materials. This might be a competing mechanism in polyene
aggregates to an intrachain process.

We are currently investigating the dynamics of intercon-
version to the 2 1A−

g family from S2 using time-dependent
DMRG. It is tempting to assign the 3 1A−

g state (or one of
its relatives) as the geminate triplet pair, often denoted as
1(T · · · T ). Noting that each component of a nongeminate
triplet pair might reside on different chromophores on the
same chain or on different chains, a possible mechanism
to explain how 1(T · · · T ) undergoes spin decoherence to
become a nongeminate pair is described in the recent paper
by Marcus and Barford [15].
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