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Radiative heat flux through a topological Su-Schrieffer-Heeger chain of plasmonic nanoparticles
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We investigate the radiative heat transport along a Su-Schrieffer-Heeger chain of InSb nanoparticles. We show
that in the topological nontrivial phase, the edge modes dominate the radiative heat transport despite their strong
localization at the edges of the finite chain due to a long-range coupling of the first and last particles. We further
discuss the scaling laws of the heat transfer with respect to the chain length for the longitudinal and transversal
band and edge modes and conclude that both types of modes obey the same scaling law.
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I. INTRODUCTION

The advent of many-body theories for describing nanoscale
radiative heat transfer in plasmonic and phonon-polaritonic
systems on the basis of fluctuational electrodynamics [1–5]
opened up the way for a plethora of studies ranging from
the investigation of ballistic, diffusive, and sub- and su-
perdiffusive transport regimes in many-body systems [6–10]
to investigations of dynamical control of heat fluxes, ther-
mal relaxation dynamics, transistors and logic gates working
with thermal radiation [11–18], and the application of
the many-body theory in the thermal discrete dipole ap-
proximation [19,20]. Recently, in particular, the impact of
nonreciprocity [21–24] in many-body systems has triggered
the discovery of astonishing effects like persistent heat cur-
rents and heat fluxes [25–28], persistent spins and angular
momenta of the thermal near and far field [28,29], giant mag-
netoresistance [30,31], the Hall effect for thermal radiation
for magneto-optical materials [32,33], and dynamical control
via magneto-optical surface waves [34]. Finally, it was re-
cently shown that there is a radiative anomalous Hall effect in
topological Weyl semimetals [35] and that the energy transfer
in nanomechanical vibrational lattices and the radiative heat
transfer between graphene nanotriangles can be understood
by the topological Su-Schrieffer-Heeger (SSH) model [36,37].
Apart from these few examples the near-field radiative
heat flux in topological many-body systems remains largely
unexplored.

In this work, we study such topological systems by investi-
gating the radiative heat transfer through a SSH chain made of
plasmonic InSb nanoparticles (NPs), as sketched in Fig. 1. In
such plasmonic chains, the transversal and longitudinal modes
each form typically two bands of band modes separated by a
band gap which depends on the parameter β. As is typical
for the SSH model, in the topological nontrivial phase where
β > 1 two topological protected edge modes appears in the
band gap when chains of finite length are considered [38–42]
which are due to the symmetric and antisymmetric coupling
of the edge modes on the A and B sublattices. Naively, one
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might expect that these edge modes do not contribute to the
radiative heat transfer along a very long SSH chain but that
the radiative heat transfer in this case is largely due to the
band modes. This expectation can be made by analogy with
the radiative heat transfer between two semi-infinite materials
separated by a vacuum gap. In this situation the radiative heat
flux is dominated by propagating waves when the distance
between semi-infinite materials separated by a vacuum gap
is larger than the thermal wavelength λth, which is approxi-
mately 10 μm at room temperature. Now, if the semi-infinite
materials separated by a vacuum gap support surface waves
in the infrared, then there will be a coupling of these surface
waves when the interfaces are approached at distances much
smaller than λth. This coupling via the evanescent fields of
the surface waves provides a new heat flux channel which can
lead to near-field heat fluxes which are orders of magnitude
larger than the blackbody value, as predicted theoretically and
demonstrated experimentally [17,18,43]. By this analogy, one
might expect that the edge modes on the A and B sublattices
of the SSH chain can couple and lead to a large heat flux
when the chain length is small. On the other hand, for very
long SSH chains this evanescent coupling of the edge modes
should become weak, and therefore, the heat flux might be due
to the propagating modes, which are the band modes. Here, we
demonstrate that contrary to this naive expectation, the edge
modes dominate the radiative heat transfer along the SSH
chain for chains with arbitrary length so that even for SSH
chains which are much longer than the thermal wavelength
λth the heat flux by the edge modes is more important than
that by the band modes. Our work is organized as follows.
In Sec. II we review the mode structure and the topological
trivial and nontrivial phases of a SSH NP chain. In Sec. III
we provide the fundamental relations for the radiative heat
flux and the material properties of the NPs needed for the
numerical evaluations. The numerical results are discussed in
Sec. IV, and the general conclusions are given in Sec. V.

II. MODE STRUCTURE AND ZAK PHASE

We consider a bipartite chain of identical spherical
isotropic NPs with a lattice constant d and the spacing be-
tween NPs A and B of a unit cell of t = βd/2, as depicted in
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FIG. 1. Sketch of the bipartite SSH chain of spherical NPs along
the x axis with lattice constant d and t = βd/2.

Fig. 1. The induced polarizations pAi and pBi of NPs A and B
in the ith unit cell at frequency ω due to all other NPs can be
expressed as

pi = k2
0

∑
j �=n

αG(xi, x j )p j, (1)

where i and j run over all NPs Ai, Bi, A j, and B j; k0 = ω/c
is the vacuum wave number; and c is the light velocity in
vacuum. The vacuum Green’s function [44]

G(xi, x j ) = G‖(xi − x j )ex ⊗ ex

+ G⊥(xi − x j )[ey ⊗ ey + ez ⊗ ez], (2)

with

G‖(xi − x j ) = eik0|xi−x j |

4π |xi − x j | (a + b), (3)

G⊥(xi − x j ) = eik0|xi−x j |

4π |xi − x j |a, (4)

and

a = 1 + ik0|xi − x j | − 1

k2
0 |xi − x j |2 , (5)

b = 3 − 3ik0|xi − x j | − k2
0 |xi − x j |2

k2
0 |xi − x j |2 , (6)

expresses the dipole field at positions xi generated by the NP
at position x j , and α is the polarizability tensor of the NPs.

As discussed in detail in Refs. [40–42], for an infinite SSH
chain using the Bloch theorem this equation can be brought
into the form of a simple eigenvalue equation:

Mν

(pν,A

pν,B

)
= 1

α

(pν,A

pν,B

)
, (7)

with

Mν =
(Mν,AA Mν,AB

Mν,BA Mν,BB

)
(8)

and

Mν,AA = Mν,BB = k2
0

∑
j∈Z, j �=0

Gν ( jd )eνeikx jd , (9)

Mν,AB = k2
0

∑
j∈Z

Gν ( jd + t )eikx jd , (10)

Mν,BA = k2
0

∑
j∈Z

Gν ( jd − t )eikx jd (11)

FIG. 2. (a) Longitudinal and (b) transversal eigenmodes de-
termined by det(Mν − 1

α
1) = 0 of an infinite chain of InSb

nanoparticles with radius R = 100 nm and lattice constant d = 1 μm
for β = 0.7, 0.8, and 1.0.

for the two polarizations perpendicular and parallel to the
chain ν =⊥, ‖.

The eigenmodes of the infinite SSH chain are determined
by det(Mν − 1

α
1) = 0 which form typically, for each polar-

ization ν, two bands, as can be seen in Fig. 2. Due to the
symmetry the bands with β = 1 + x and β = 1 − x for a
given value x are the same, and for β = 1 both bands merge
into a single band; that is, the band gap is closed. In order to
reveal the topological features of the SSH chain, one can focus
on the quasistatic regime k0d � 1 (and then also k0t � 1)
where the quantities Gν become real valued. Then the matrix
Mν can be expressed in terms of the Pauli matrices σx,y,z, as
any two-band Hamiltonian, as (ν =⊥, ‖)

Mqs
ν = gν,01 + σ · gν, (12)

with gν,0 = Mqs
ν,AA = Mqs

ν,BB and real-valued gν =
(gν,x, gν,y, gν,z )t , with gν,x = (Mqs

ν,BA + Mqs
ν,AB)/2, gν,y =

(Mqs
ν,BA − Mqs

ν,AB)/2i, and gν,z = 0. Obviously, g0 breaks
the chiral symmetry, but this is only a trivial symmetry
breaking [41]. The chiral symmetry is reinforced for the
matrix Hqs := M

qs
ν − gν,01, for which σzH

qsσz = −Hqs. This
chiral symmetry property is still present in the full retarded
regime. Hence, the bipartite NP chain is, indeed, a SSH chain
and exhibits a topological phase transition with respect to β.
The topological phase can be quantified by the Zak phase of
one of the two bands for each polarization ν, which can be
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expressed in our system by [41]

γν = i

4
ln

(
Mqs

ν,AB

Mqs
ν,BA

)∣∣∣∣
kx=π/d

kx=−π/d

. (13)

In the topologically trivial case γν = 0, and in the topologi-
cally nontrivial case γν = π . Typically, for a plasmonic NP
SSH chain γν = 0 for β � 1, and γν = π for β > 1 for both
polarizations ν, as shown in Refs. [40–42]. As a consequence,
for a finite SSH NP chain there will be two topologically
protected edge modes (for even N) in the band gap for β > 1
which do not exist for β � 1 [38–42].

III. RADIATIVE HEAT FLUX

A. Heat flux formula

We want to study the radiative heat flux through a finite
SSH chain of N isotropic NPs. In this case the topological
properties of the infinite SSH chain persist, but the eigenmode
frequencies and dipole moments [45] need to be determined
directly from Eq. (1). The general expression of the radiative
mean power absorbed by NP i at temperature Ti due to the
heat flow from all other NP j at temperatures Tj can be deter-
mined within the approach of fluctuational electrodynamics
and reads [18]

Pi =
∑
j �=i

∫ ∞

0

dω

2π
h̄ω[n j − ni](2T j→i,⊥ + T j→i,‖)

=
∫ ∞

0

dω

2π

[
2P⊥

i (ω) + P‖
i (ω)

]
, (14)

where ni/ j = 1/[exp(h̄ω/kBTi/ j ) − 1] are the bosonic mean
occupation numbers at temperatures Ti/ j and T j→i,ν is the
transmission coefficient from particle j to i for the polariza-
tion ν. When omitting the negligible radiation correction, it
can be written as [18]

T j→i,ν = 4
Im(α)2

|α|2 T−1
ν,i j

(
T−1

ν

)†

i j, (15)

introducing the N × N matrices

T ν,i j = δi j − (1 − δi j )k
2
0αGν (xi − x j ). (16)

Note that these expressions have been derived within the
dipole approximation, which is valid only as long as the radii
R of the NPs are much smaller than the wavelength so that
k0R � 1 and t > 4R and d − t > 4R, ensuring that the dis-
tance between adjacent NPs is at least four times larger than
the radii of the NP. Since the heat flux is approximatively pro-
portional to R6, it is desirable to consider radii that are as large
as possible and still conform with the dipole approximation in
order to have a large heat flux. Here, we choose d = 1 μm
with values for β from 0.7 to 1.3 so that the interparticle
distances are between 350 and 650 nm. In this case with
R = 100 nm the constraints of the dipole model are, to very
good approximation, fulfilled. For larger radii the multipolar
contributions will start to have an important impact [46–49].

B. Material properties

In the following we consider spherical InSb NPs with ra-
dius R with a polarizability in the quasistatic limit (Rk0 � 1)

given by

α = 4πR3 ε − 1

ε + 2
. (17)

Furthermore, we are using only the dominant electronic part
of the optical response modeled by the Drude permittiv-
ity [50],

ε = ε∞

(
1 − ω2

p

ω(ω + i�)

)
, (18)

with the effective mass m∗ = 7.29 × 10−32 kg, the density
of the free charge carriers n = 1.36 × 1019 cm−3, the di-
electric constant for infinite frequencies ε∞ = 15.68, and
the damping constant � = 1 × 1012 s−1. The resonance fre-
quency of the localized plasmonic modes in the InSb NP is,
with these parameters, ωLP = ωp

√
ε∞/(ε∞ + 2) = 1.752 ×

1014 rad s−1; that is, it clearly lies in the infrared regime
around λth ≈ 10 μm, which is relevant for thermal radi-
ation around room temperature. We emphasize that other
models like the Drude-Lorentz model describing the phonon-
polaritonic material response of materials like SiC, SiO2, etc.,
in the infrared will also lead to results similar to those of the
Drude model.

IV. NUMERICAL RESULTS

In Fig. 3 the spectral power Pν
N (ω) received by the last

NP is shown for an SSH chain of 20 InSb particles, where
only the first particle is heated up to 310 K with respect to
all other particles at room temperature, i.e., 300 K. It can be
nicely seen that for the topologically trivial case β < 1 the
heat flux of the longitudinal modes is mainly due to the band
modes in the lower-frequency band, whereas the heat flux
of the transversal modes is mainly due to the band modes
in the higher-frequency band. In the topologically nontrivial
case β > 1 the dominant contribution for Pν

N (ω) is for ν =‖
and ν =⊥ given by the two edge modes which have nearly
degenerate frequencies close to ωLP = 1.752 × 1014 rad s−1

and are therefore lying in the gap between the two bands.
In Fig. 4 we show PN (ω) from Fig. 3 for the two values
β = 0.7 and 1.3 separately to clearly demonstrate the band
mode dominated heat flux in the trivial phase with β = 0.7
and the edge mode dominated heat flux in the nontrivial phase
with β = 1.3, where for the two longitudinal edge modes
ωem,‖ ≈ 1.7495 rad/s and for the two transversal edge modes
ωem,⊥ ≈ 1.7493 rad/s. Note that due to the large damping in
the InSb NPs the modes are very broad and also broad band
modes add to the edge mode dominated heat flux. By reduc-
ing the damping constant � the contribution of the different
modes would, of course, become much more narrow band,
which would allow for a better discrimination of band and
edge modes.

Now, in order to make the impact of the edge modes on
the heat flux along the NP chain more obvious, we show in
Fig. 5 the power received by each NP along the SSH chain for
a chain of 12 NPs and β = 1.3. In Fig. 5(a) we plot Pν

n (ωmax)
(n = 1, . . . , 12) at the frequency ωmax ≈ ωem, where Pν

N (ω)
has its maximum within the band gap region. In Fig. 5(c) we
show the corresponding eigenvalues of the dipole moments
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FIG. 3. Pν
N (ω) (a) for the longitudinal modes (ν =‖) and (b) for

the transversal modes (ν =⊥) using N = 20 InSb NPs with radius
R = 100 nm and lattice constant d = 1 μm, where the temperature
of the first NP is T1 = 310 K and all other NPs have temperatures
Tj = 300 K ( j = 2, . . . , N). The blue dots are the real parts of the
complex eigenfrequencies of the chain modes determined by Eq. (1).

from Eq. (1) for the edge modes. In this dipole moment dis-
tribution a clear zigzag behavior can be seen which is due to
the fact that there is a sublattice symmetry in the SSH model
forbidding transitions between the lattices of the A NPs and
B NPs. Due to the retardation and dissipation in our model,
there is a small excitation of the B NPs as well when the
A NPs are excited, as can be nicely seen in Fig. 5(c). The
same trend as for the dipole moment distribution can also
be seen in the distribution of the spectral power received by
the different NPs in Fig. 5(a). This agreement between the
dipole moment distribution of the edge states and the spectral
power distribution is even much clearer when the dissipation
of the InSb particles is reduced. In Figs. 5(b) and 5(d) we show
these distributions for the edge modes by choosing a reduced
damping � = 1011 s−1. In Figs. 5(b) and 5(d) the coupling of
the edge mode at the first particle A and the last particle B can
be nicely seen. In particular the excitation of the last NP in the
SSH chain by the edge modes is responsible for the large edge
mode heat flux Pν

N received by the last NP in the SSH chain,
as observed in Fig. 3.

Finally, we want to study the dependence of the band and
edge mode contributions to the heat flux on the length of
the SSH chain. To this end, we plot in Fig. 6 the spectral
power Pν

N (ω) received by the last particle normalized to the
maximum value for N = 20 and N = 500 corresponding to

FIG. 4. PN (ω) for the longitudinal modes (ν =‖) and for the
transversal modes (ν =⊥) for β = 0.7 and 1.3. The vertical dashed
line is at the edge mode frequencies ωem,⊥ ≈ ωem,‖ ≈ 1.493 ×
1014 rad/s, which practically coincide for the two transversal and
longitudinal edge modes. The parameters are the same as in Fig. 3.
The horizontal line divides the diagram into the topological trivial re-
gion with Zak phase γν = 0 for β � 1 and the topological nontrivial
region with Zak phase γν = π for β > 1.

two different chain lengths l = d (N/2 − 1) + βd/2. First of
all, we note that the relative contribution of the band modes
does not change much as a function of the chain length.
Obviously, in the topological phase the relative edge mode
contribution at ωem = 1.743 × 1014 rad/s is fully invariant to
the chain length, and the normalized “shape” of the edge
mode spectrum is the same for the longitudinal and transversal
contributions. We find that the normalized profiles of Pν

N (ω)
are equivalent for all choices of N as long as N is larger
than 8. That means we can conclude that the chain length
dependences of the band and edge modes are the same. In
Fig. 7 it can be seen that the heat flux for longitudinal edge
modes scales as 1/l4, whereas for the transversal edge modes
it scales as 1/l2. We find the same scaling laws for the band
modes. Furthermore, we can see from Fig. 6 that even for
chains with N = 500, which corresponds to a total length of
about 250 μm ≈ 25λth, the edge modes dominate the radiative
heat transfer. This is a peculiar feature because, naively, one
would expect that the edge modes cannot contribute for long
chains. On the other hand, since the edge mode and band mode
contributions obey the same scaling law for the heat flux with
respect to the chain length, we can conclude that both heat flux
channels provided by band and edge modes are equivalent for
the radiative heat flux. Hence, even though the edge modes are
confined to the edges of the chain, as can be seen in Fig. 5(d),
the heat flux through the chain by the edge mode coupling
gives the major heat flux channel for any chain length.

To understand the nature of the coupling, it suffices to
realize that for both the edge and band modes the coupling
is dictated by the dipole-dipole coupling in G⊥(xN − x1) for
the transversal modes and G‖(xN − x1) for the longitudinal
modes. For k0|xN − x1| = k0l  1, which is easily fulfilled
for d = 1 μm and chains with more than 20 particles, and
λ ≈ λth we are in the retarded regime and have G⊥(xN −
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FIG. 5. Modulus of (a) Pν
n (ωmax) at each NP position n = 1, . . . , 12 normalized to Pν

1 (ωmax) at the maximum frequency ωmax ≈ ωem of
the power received by the last particle in the band gap. (b) Pν

n (ωem ) at each NP position n = 1, . . . , 12 normalized to Pν
1 (ωem ), choosing a

reduced damping � = 1011 s−1 at the edge mode frequency ωem. (c) and (d) The real parts of the corresponding complex eigenvalues for the
dipole moments to (a) and (b) of the SSH chain. N = 12, R = 100 nm, d = 1 μm, β = 1.3, T1 = 310 K, and Tj = 300 K ( j = 2, . . . , 12).

x1) ∝ 1/l and G⊥(xN − x1) ∝ 1/l2. The transmission coef-
ficient T1→N , ν ∝ |Gν (xN − x1)|2 in Eq. (15) connecting the
first and last NPs then scales as 1/l2 for the transversal modes
and 1/l4 for the longitudinal modes regardless of whether the
modes are band or edge modes. Hence, the fact that the edge
modes contribute to the heat flux through a long chain can be
traced back to the retarded dipole-dipole coupling of the first
and last particles.

FIG. 6. Normalized spectral power Pν
N (ω) for longitudinal and

transversal modes for N = 20 and N = 500 with the edge mode reso-
nances at ωem,⊥ ≈ ωem,‖ ≈ 1.493 × 1014 rad/s (vertical dashed line).
R = 100 nm, d = 1 μm, β = 1.3, and T1 = 310 K, and all other NPs
have temperatures Tj = 300 K ( j = 2, . . . , N).

V. CONCLUSION

We have discussed the radiative heat flux along an SSH
chain of InSb NPs. We have found that in the topological
phase the radiative heat flux along a SSH NP chain can be
dominated by the contribution of the edge modes. This is an
unexpected effect because the edge modes at both ends of the
chain are not allowed to propagate. One can argue that they

FIG. 7. Spectral power Pν
N (ωem ) at the edge mode frequency

ωem for longitudinal and transversal modes as a function of the
chain length l . Furthermore, curves for a pure 1/l2 and 1/l4 de-
pendence are included to show the power law scaling of Pν

N (ωem ).
Here R = 100 nm, d = 1 μm, β = 1.3, T1 = 310 K, and Tj = 300 K
( j = 2, . . . , N).
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can still couple via their evanescent fields, and in analogy to
coupled surface modes they can contribute to the radiative
heat flux. However, we find that despite the strong confine-
ment of the edge modes there is long-range coupling between
the first and last NPs in the SSH chain due to the inclusion
of retardation in our model, which is the reason for the edge
mode dominated heat flux for any chain length. This peculiar
effect of the dominance of the edge modes shows that the
topological edge modes are not excluded from radiative heat
transfer but, on the contrary, can serve as an important heat

flux channel along an SSH chain in its topological phase. Our
work lays the foundation for future investigations of near-field
radiative heat transfer in topological systems.
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