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For an overdamped particle moving over a two-dimensional periodic substrate under combined dc and ac
drives, a series of steps can appear in the velocity force curves that are known as Shapiro steps. Here we show
that for skyrmions driven over a two-dimensional periodic obstacle array with a dc drive and an ac drive that
is either parallel or perpendicular to the dc drive, the system exhibits numerous transverse and longitudinal
synchronization dynamics due to the Magnus force. These phenomena originate in interactions between two
different types of phase-locking effects: Shapiro steps and directional locking. In some cases, the skyrmion Hall
angle is constant but longitudinal Shapiro steps appear, while in other regimes the skyrmion Hall angle can
either increase or decrease with increasing dc drive during the phase locking as the skyrmion locks to different
symmetry directions of the obstacle lattice. For a transverse ac drive, we find that strong Hall angle overshoots
can occur in certain locked phases where the skyrmion is moving at an angle that is considerably larger than the
intrinsic Hall angle. For the strongest Magnus force, the phase-locking effects are reduced and there are larger
regions of disordered dynamics. We show that the skyrmion Hall angle can be controlled by fixing the dc drive
and changing the amplitude of the ac drive.
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I. INTRODUCTION

Systems with multiple interacting frequencies are known
to exhibit various nonlinear dynamical effects such as syn-
chronization or phase locking [1,2]. Such phenomena arise
across a wide range of fields ranging from coupled pendula
[3] to biological systems [4]. One of the simplest examples
of a system that can exhibit phase locking is an overdamped
particle on a periodic substrate under a combined dc and ac
drive, where there can be resonances between the ac driving
frequency and the frequency of the oscillations generated by
the motion of the particle over the periodic substrate. These
resonance effects create a series of steps in the velocity force
curves since the particle remains locked to a specific velocity
over an interval of the external drive to remain in the resonant
state. One of the first systems where such resonant steps were
observed was Josephson junctions, where so-called Shapiro
steps appear in the current-voltage response [5,6]. Many sys-
tems that exhibit phase locking can be described as effectively
one-dimensional, and locking dynamics have been studied for
Josephson junction arrays [7], incommensurate sliding charge
density waves [8,9], vortices in type-II superconductors with
one-dimensional (1D) [10–12] and two-dimensional (2D) pe-
riodic substrates [13,14], driven Frenkel-Kontorova models
[15], frictional systems [16], and colloids moving over 1D
periodic substrates [17–19]. Even in the 1D case, a variety
of additional phenomena such as fractional locking can arise
when additional nonlinear effects come into play.

Particles moving over a periodic 2D substrate exhibit many
of the same phase locking effects as 1D systems, but the
additional degrees of freedom available in 2D make it possible
to align the ac drive perpendicular to the dc drive. In this
case, new phase-locking effects that are distinct from Shapiro
steps can appear that are known as transverse phase locking,
in which the step widths generally grow with increasing ac
amplitude [20,21] rather than oscillating with increasing ac
amplitude as in Shapiro steps. For 2D substrates, it is also
possible to have biharmonic ac drives applied both parallel
and perpendicular to the dc drive, which generate a circular
motion of the driven particle. Here, an increasing dc drive
produces chiral scattering effects that result in phase locked
regions in which the particle motion is both transverse and
longitudinal to the dc drive direction [22,23].

In most of the above systems, the dynamics is overdamped;
however, in some situations nondissipative effects such as
inertia can arise [24]. Another type of nondissipative effect
is a gyro-coupling or Magnus force, which creates velocity
components that are perpendicular to the forces experienced
by the particle. In a 1D system, a Magnus force has no effect;
however, in 2D systems it can strongly modify the dynam-
ics. Magnus forces can be significant or even dominating
for skyrmions in chiral magnets [25–28], where the ratio of
the Magnus force to the damping term can vary from 0.1
to 10. Skyrmions can interact with pinning sites, be set into
motion readily with an applied current, and exhibit depinning
thresholds [27,29–34]. One of the most prominent effects of
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the Magnus force is that the skyrmions move at an angle with
respect to the applied driving force, which is known as the
skyrmion Hall angle θsk [27,35,36], as has been observed in
simulations [37–40] and experiments [41,42]. The Magnus
force strongly modifies the interaction of the skyrmion with
a substrate by creating spiraling motions of skyrmions that
are in a trapping potential [42–48]. The pinning or defects
produce a strong drive dependence of the skyrmion Hall angle,
which starts off near zero just at depinning and increases
with increasing skyrmion velocity before saturating to the
intrinsic value at high drives. This effect was first observed in
simulations of skyrmions interacting with periodic or random
disorder [38–40,44,49,50] and was then found in experiments
[41,42,51–54]. The drive dependence arises due to a side jump
effect when the skyrmion scatters off a pinning site [38,44].
For random disorder, θsk increases smoothly with increasing
drive; however, for a periodic substrate a guiding effect occurs
which causes the skyrmion motion to become directionally
locked to specific symmetry directions of the substrate over
a range of drives, producing a quantized skyrmion Hall angle
[38,55]. There are a number of proposals on how to create
localized skyrmion pinning sites, which can be attractive or
repulsive [56–59], and there are now experimental realizations
of skyrmion phases in periodic substrates [60] and supercon-
ducting vortices interacting with skyrmions [61], making it
feasible to create tailored 2D pinning arrays of attractive or
repulsive obstacles with which skyrmions can interact.

Skyrmions moving over a 2D substrate under dc and ac
drives are expected to exhibit a variety of new synchronization
effects not observed in overdamped systems. In numerical
work examining dc and ac driven skyrmions in 2D systems
moving over a periodic 1D substrate, Shapiro steps appeared
for the velocity in both the longitudinal and transverse direc-
tions [62]. In an overdamped 2D system with a 1D substrate,
phase locking occurs only when the dc drive, ac drive, and
substrate periodicity direction are all aligned. The inclusion
of the Magnus force allows any combination of the ac and dc
drive directions to produce some form of phase locking, and
also generates new effects such as Shapiro spikes in the veloc-
ity force curves, which are distinct from Shapiro steps [63]. It
is even possible for absolute transverse mobility to appear in
which the skyrmion moves at 90◦ to the driving direction, as
well as negative mobility in which the net skyrmion motion is
in the direction opposite to the applied drive [63], or ratchet
effects [64,65]. The Magnus force opens entirely new aspects
of nonlinear dynamics, and skyrmions moving over periodic
substrates can serve to provide experimental realizations of
such dynamics. These results suggest that skyrmion motion
can be controlled by combining a periodic substrate array
with different driving protocols, which can be important for
applications [66].

In this paper, we extend our previous results on dc and ac
driven skyrmions on a 1D periodic array [62,63,67] to the
case of skyrmions interacting with a 2D periodic array of
obstacles, where the ac drive can be applied either parallel or
perpendicular to the dc drive direction. We find two dominant
effects. The first is directional locking, which is similar to
that found previously for purely dc driven skyrmions on a
2D substrate [39,55,68]. The second is Shapiro steps similar
to those found for skyrmions and vortices under ac and dc
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FIG. 1. A schematic of the system, which consists of a square
array of obstacles (red circles) modeled as repulsive Gaussian scat-
tering sites. The black line is the trajectory of a skyrmion which is
subjected to both damping and a Magnus term as well as a dc drive
F D applied along the x direction. An additional ac drive is applied
either (a) along the x direction, Fac,x , or (b) along the y direction,
Fac,y.

drives on a 1D periodic substrate [62]. These two effects can
interfere with each other. In some cases, we find a constant
skyrmion Hall angle accompanied by steps in both the parallel
and perpendicular velocity components, while in other cases,
a series of steps in the skyrmion Hall angle coexists with
regimes in which the skyrmion Hall angle is nonmonotonic
and either increases, decreases, or reverses sign as a function
of the applied drive. We also show that for fixed dc driving,
the skyrmion Hall angle can be controlled by changing the
amplitude of the ac drive. We note that the results presented
here are distinct from those described in Ref. [68], in which
there is only a dc drive but no ac driving. The steps in the
velocity force curves produced by pure dc driving are due
solely to a directional locking effect and are not the same as
the Shapiro step phase locking which we observe here.

II. SIMULATION

We consider a two-dimensional L × L system with pe-
riodic boundary conditions and model a single skyrmion
moving over a square obstacle array with lattice constant a.
In Fig. 1, we show a schematic of the system highlighting
the obstacles and the skyrmion trajectory for a dc drive F D

applied along the x direction. We apply an additional ac drive
along the x direction, as shown in Fig. 1(a), or along the y
direction, as illustrated in Fig. 1(b). In the presence of only a
dc drive, a series of directional locking steps appear due to the
velocity dependence of the skyrmion Hall effect [68].

We use a particle-based model for skyrmions interacting
with disorder [31,38,39,68,69]. The equation of motion for
skyrmion i is

αd vi + αmẑ × vi = Fobs + FD + Fac (1)

The first term αd on the left is the damping term, and the
second term αm is the Magnus force, which produces veloci-
ties that are perpendicular to the net force experienced by the
skyrmion. Unless otherwise noted, we normalize the damping
and Magnus coefficients so that α2

d + α2
m = 1.
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The first term on the right, Fobs, represents the interaction
between the skyrmion and the obstacles. The potential en-
ergy of this interaction has a Gaussian form Uo = Coe−(rio/ao)2

,
where Co is the strength of the obstacle potential, rio is the
distance between skyrmion i and obstacle o, and ao is the ob-
stacle radius. The force between an obstacle and the skyrmion
is given by Fo

i = −∇Uo = −Forioe−(rio/ao)2
r̂io , where Fo =

2Uo/a2
o. For computational efficiency, we place a cutoff on the

obstacle interaction at rio = 2.0 since the interaction becomes
negligible beyond this distance. We set the obstacle density to
ρo = 0.093/ξ 2 and the obstacle radius to a0 = 0.65. The dc
drive is represented by the term FD = F Dx̂. We increase the
dc drive in small increments of δF D = 0.001, and we wait 105

simulation time steps between increments to ensure that the
system has reached a steady state. The ac drive has the form
Fac = A sin(ωt )α̂ for driving in the x (α̂ = x̂) or y (α̂ = ŷ)
direction. Here A is the amplitude of the ac drive and the
drive frequency is ω = 2 × 10−4 inverse simulation steps. We
measure the skyrmion velocity parallel, 〈V‖〉 = 〈vi · x̂〉, and
perpendicular, 〈V⊥〉 = 〈vi · ŷ〉, to the dc drive. In the absence
of any obstacles, the skyrmion moves at the intrinsic skyrmion
Hall angle, θ int

sk = arctan(αm/αd ) . We can also quantify the
dynamics by measuring R = 〈V⊥〉/〈V‖〉, where the skyrmion
Hall angle is given by θsk = arctan(R).

In this paper, we employ the rigid particle or Thiele equa-
tion representation of the skyrmion dynamics, which neglects
the internal modes or distortions of the skyrmion that can
arise when the skyrmion interacts with a defect. The drive
in our model is phenomenological and could represent the
application of a current, but there are other possible ways to
drive skyrmions such as via the excitation of internal modes
[70,71]. In Sec. VI, we suggest some possible effects that
could be produced by inclusion of internal skyrmion modes.

III. DC AND AC DRIVE IN THE SAME DIRECTION

We first consider the case where the ac drive is applied
along the same direction as the dc drive, Fac = A sin(ωt )x̂.
For an overdamped particle moving over a periodic array, this
drive configuration produces Shapiro steps in the velocity-
force curves, and the motion is strictly in the drive direction,
giving a Hall angle of zero. As shown in Ref. [68], when F D

is increased under zero ac driving, a series of jumps in the
velocity-force curves appear that are associated with different
locking directions for the skyrmion motion, and are accompa-
nied by jumps in θsk. This is a result of the pinning-induced
velocity dependence of the skyrmion Hall angle, as previously
studied for skyrmions moving over a periodic pinning or ob-
stacle array [38,68].

When a finite ac drive of A = 0.5 is applied along the x di-
rection in the same system, the behavior changes as illustrated
in Fig. 2. In Fig. 2(a), we plot 〈V||〉 and 〈V⊥〉 versus F D, while
in Fig. 2(b) we show the corresponding θsk versus F D curve.
The skyrmion motion is initially locked along the x direction
for F D < 0.65, and above this drive 〈V⊥〉 begins to increase
in a series of steps. The skyrmion Hall angle is nonmonotonic
between the steps. Above the first step in 〈V⊥〉, the Hall angle
is close to θsk = −12.5◦, and decreases in magnitude with
increasing drive to θsk = −8◦ before increasing in magnitude

FIG. 2. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs dc driving force F D for a system with αm/αd = 0.45 under a
finite ac drive with A = 0.5 applied along the x direction. (b) The
corresponding θsk vs F D. There are windows of drive over which the
magnitude of θsk decreases with increasing F D.

again. This pattern repeats several times until, at high drives,
θsk saturates to θsk = 24◦, a value close to the pin-free intrinsic
skyrmion Hall angle. At the higher drives, the steps in the
velocity force curves also become smoother. The decreases
in magnitude of the skyrmion Hall angle with increasing F D

have not been observed for skyrmions interacting with random
pinning.

In Figs. 3(a) and 3(b), we zoom in on the range 0 < F D <

0.6 for the two velocity components and θsk in the system
from Fig. 2. Here θsk = 0.0 and 〈V⊥〉 = 0, indicating that
the motion is locked along x direction; however, a set of
phase locking steps still appear in 〈V||〉. These are Shapiro

0.0

0.2

0.4

0.0 0.2 0.4 0.6

-4

-2

0

2
0.0

0.4

0.8

0.8 0.9 1.0
-14

-12

-10

<V
||>
,<
V
⊥
>

(d)

(c)

(b)

θ s
k

FD

(a)

<V
||>
,<
V
⊥
>

θ s
k

FD

FIG. 3. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for the system in Fig. 2 with αm/αd = 0.45 and x direction ac
driving of A = 0.5 zoomed in on the range 0.0 < F D < 0.6. (b) The
corresponding θsk vs F D showing Shapiro steps. (c) 〈V||〉 (upper black
curve) and 〈V⊥〉 (lower red curve) for the same system over the range
0.7 < F D < 1.2. (d) The corresponding θsk vs F D, showing a regime
of decreasing skyrmion Hall angle magnitude.
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steps, which also occur in the overdamped limit. The steps
correspond to windows of drive over which 〈V||〉 is locked to
a constant value. In contrast, the directional locking found in
the absence of an ac drive in Ref. [68] is not associated with
constant velocity steps but instead is accompanied by dips and
cusps in the velocities.

Figures 3(c) and 3(d) show the curves from Fig. 2 over the
interval 0.7 < F D < 1.2, where we find two new features. The
first is that 〈V⊥〉 has a fixed finite value, indicating that the
particle is moving at an angle to the dc drive. The second is
that the series of steps which appear in 〈V||〉 are correlated with
steps in θsk, which is decreasing in magnitude as F D increases.
This indicates that the velocity is increasing in the x direction
but remains constant in the y direction and the different phase
locking steps are associated with decreases in the magnitude
of the skyrmion Hall angle. Near F D = 1.2 in Fig. 2, there is a
substantial jump in θsk to a larger magnitude which coincides
with a jump to a new step in 〈V⊥〉.

The results in Figs. 2 and 3 show that the phase-locking
behavior found in Fig. 2 is actually a mixture of two different
types of locking. The first is the Shapiro-step phase locking
associated with the matching of the ac drive frequency or its
higher harmonics to the increasing frequency of the skyrmion
velocity oscillations caused by the periodic collisions with
the obstacles under an increasing dc drive. This locking is
associated with a θsk value that is either constant or increasing
in magnitude. The second is the directional locking which
occurs even in the absence of an ac drive, as shown in previous
works [38,55,68]. These two locking phenomena can interact
with each other to create regions where the magnitude of the
skyrmion Hall angle is either constant or decreasing with drive
instead of increasing with drive. We note that directional lock-
ing effects for a particle moving over a periodic substrate can
also occur for overdamped systems such as vortices in type-II
superconductors moving over 2D pinning arrays [72,73] and
colloids moving over optical traps [73–78] or periodic sub-
strates [79,80]; however, in those systems the direction of the
drive with respect to the substrate must be varied, whereas for
the skyrmions, the velocity dependence of the skyrmion Hall
angle changes the direction of motion even when the driving
direction is fixed [38,68].

In Fig. 4(a), we plot the skyrmion trajectories for the
system in Fig. 2 at F D = 0.3 where the skyrmion motion is
locked in the x direction with θsk = 0◦. We note that in the
absence of an ac drive, there is still a single locking step at
θsk = 0◦ as described in Ref. [68] where the orbit has a similar
appearance; however, inclusion of the ac drive can produce
multiple phase locking steps even for motion that remains
locked along the x direction. At F D = 0.85 in Fig. 4(b), the
skyrmion has a finite displacement in the negative y direction
and it traverses five obstacles in the x direction for every
one obstacle in the y direction, giving a ratio of R = 1/5
and θsk = arctan(1/5) = −11.3◦. In Fig. 4(c) at F D = 1.0, the
velocity in the y direction is unchanged but the skyrmion Hall
angle has a smaller magnitude of −8.1◦, and the skyrmion
moves seven lattice constants in x and one lattice constant
in y during a single ac drive period. Figure 4(d) shows the
trajectories in the same system at F D = 2.0, where θsk is close
to θsk = −22◦. Here the system is not on a locking step and
the trajectories are more disordered.

FIG. 4. Skyrmion trajectory (black line) and obstacle locations
(red circles) for the system in Fig. 2 with αm/αd = 0.45 and x
direction ac driving with A = 0.5. (a) F D = 0.3 where the motion is
locked in the x direction. (b) F D = 0.85 where there is finite motion
along y with θsk = −11.3◦. (c) F D = 1.0, where θsk = −8.1◦. (d)
F D = 2.0, where θsk = −22◦.

In Fig. 5(a), we plot 〈V||〉 and 〈V⊥〉 versus F D for a system
with x direction ac driving of magnitude A = 0.5 as in Fig. 2
but with αm/αd = 1.0, where the intrinsic Hall angle is θ int

sk =
45◦. Figure 5(b) shows the corresponding measured θsk which
has only two values, with θsk = 0◦ at small drives followed
by a jump to the intrinsic value θsk = −45◦, indicating that
there are no intermediate directional locking phases. Once the
system is locked to −45◦, a series of Shapiro steps still appear
in both the parallel and perpendicular velocities in Fig. 5(a)
that do not correspond to changes in θsk. This shows that it
is possible for Shapiro steps to occur even when the system
motion is fixed along a locking angle. On the Shapiro steps in
Fig. 5, the skyrmion trajectories are much more ordered, while
for F D = 0.1 the trajectories are less ordered. In general, we
find that if the ratio αm/αd produces an intrinsic skyrmion
Hall angle that gives a ratio of y to x motion that is close to
1/4, 1/3, 1/2, or 1, which correspond to strong symmetry di-
rections of the substrate lattice, the system locks permanently
to this symmetry direction even for very low drives, and steps
in the velocity appear that are a signature of Shapiro steps
instead of directional locking steps.

In Fig. 6(a), we plot 〈V||〉 and 〈V⊥〉 versus F D for a system
with x direction ac driving of magnitude A = 0.5 as in Fig. 2
but with αm/αd = 1.732, giving an intrinsic Hall angle of
θsk = 60◦. Figure 6(b) shows the corresponding θsk versus
F D. Here the system is directionally locked to θsk = 45◦,
but there is still a series of steps in the velocities at low
F D despite the fact that the Hall angle is constant in this
regime. For F D > 0.6, a series of steps appear in θsk as the
system switches between different locking steps. The larger
increases in the magnitude of θsk are followed by regions in
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FIG. 5. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for a system with x direction ac driving of magnitude A = 0.5
at αm/αd = 1.0, where the intrinsic Hall angle is θ int

sk = 45◦. (b) The
corresponding θsk vs F D. Here the motion is locked to 45◦ but there is
still a series of Shapiro steps that are not associated with a changing
skyrmion Hall angle.

which the magnitude of θsk decreases by a smaller amount,
and at large F D, θsk gradually approaches the intrinsic value.
In Fig. 7(a) we illustrate the skyrmion trajectory for the
system in Fig. 6 at F D = 0.5 where the skyrmion is in the

FIG. 6. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for a system with x direction ac driving of magnitude A = 0.5
at αm/αd = 1.732. (b) The corresponding θsk vs F D.

FIG. 7. Skyrmion trajectory (black line) and obstacle locations
(red circles) for the system in Fig. 6 with αm/αd = 1.732 and x
direction ac driving of magnitude A = 0.5. (a) F D = 0.5, where the
system is locked to θsk = −45◦. (b) F D = 1.0. (c) F D = 1.3. (d)
F D = 1.75 with θsk = −57.5◦.

θsk = −45◦ directional locking regime, while in Fig. 7(b) we
show the F D = 1.0 state where the skyrmion is locked to
an angle close to θsk = −50◦. At F D = 1.3 in Fig. 7(c), the
skyrmion is moving in an alternating fashion. In Fig. 7(d) at
F D = 1.75, θsk = −57.5◦.

For increasing Magnus force, the dynamics become in-
creasingly disordered, weakening both the directional locking
and the Shapiro steps. Figure 8(a) shows 〈V||〉 and 〈V⊥〉 versus
F D for a system with x direction ac driving at A = 0.5, as
in Fig. 6, but for αm/αd = 9.962, where the intrinsic Hall
angle is θsk = 84.3◦. Figure 8(b) shows the corresponding
θsk versus F D. In this case there are only small steps in the
velocity force curves that are associated with steps in θsk,
which has an average value near θsk = −82.5◦. For these
higher Magnus forces, the skyrmion starts to perform full
or partial loops around the obstacles, as shown in Fig. 8(c)
at F D = 0.33. In Fig. 8(d), at F D = 0.5, the system is in
a disordered phase. For F D > 1.5, the locking regimes are
lost and θsk gradually approaches the intrinsic Hall angle
value.

IV. AC DRIVING IN THE TRANSVERSE DIRECTION

We next consider the case where the ac drive is applied
along the y direction, transverse to the dc drive. In Fig. 9(a),
we plot the velocity components versus F D and in Fig. 9(b)
we show the corresponding θsk versus F D for a system
with αm/αd = 0.45 and A = 0.5. The features in the velocity
curves are more steplike, rather than the cusplike shapes found
for x direction ac driving in Fig. 2, and in general there are
more locking regions which are associated with both direc-
tional locking and the ac phase locking. Another interesting
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FIG. 8. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for a system with x direction ac driving of magnitude A = 0.5
at αm/αd = 9.962. (b) The corresponding θsk vs F D. (c) Skyrmion
trajectory (black line) and obstacle locations (red circles) at F D =
0.33, where loop orbits appear. (d) Skyrmion trajectory and obstacle
locations at F D = 0.5, where the orbits are disordered.

feature is that near F D = 0.15, there is a window of locking
to θsk = −45◦, which is considerably larger in magnitude than
the intrinsic skyrmion Hall angle of θsk = 24.2◦. We call this
a Hall angle overshoot. As F D increases, θsk undergoes a
number of oscillations until it reaches a saturation near the
intrinsic value at high F D. In Figs. 10(a)–10(c), we plot 〈V||〉,
〈V⊥〉, and θsk versus F D for the system in Fig. 9 over the
interval 0.4 < F D < 0.85. There are sudden jumps both up
and down in θsk. Additionally, there are regions where 〈V⊥〉
remains constant but steps appear in 〈V||〉 that are associated
with jumps in θsk. In the interval 1.35 < F D < 1.75 shown
in Figs. 10(d)–10(f), there are regions where the velocity can
decrease with increasing F D.

In Fig. 11, we show some of the representative skyrmion
orbits for the system in Fig. 9. At F D = 0.1 in Fig. 11(a), the
motion is locked in the x direction, and the skyrmion executes
a zigzag pattern. In Fig. 11(b), at F D = 0.16, the motion is
locked to θsk = −45◦. Figure 11(c) shows the trajectory at
F D = 0.26, where the skyrmion moves at a much smaller

FIG. 9. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
for a system with αm/αd = 0.45 and y direction ac driving of magni-
tude A = 0.5. (b) The corresponding θsk vs F D. We find more steps
than for the same system with ac driving in the x direction (Fig. 2).

angle of θsk ≈ −18.4◦. In Fig. 11(d), at F D = 0.44, we still
find θsk = 18.4◦ but the orbit shape has changed, with the
skyrmion moving 3a in the x direction and a in the y direction
during each ac drive cycle. At F D = 0.61 in Fig. 11(e), the
motion is along θsk = −26.6◦, and in Fig. 11(f) at F D = 1.4,
θsk = −18.4◦, indicating that the system has returned to the
1/3 locking region. The orbit differs from that shown in
Fig. 11(d), indicating that R = 1/3 locking can occur in sev-
eral different ways.

In Fig. 12(a), we plot the velocity curves versus F D and
in Fig. 12(b) we show the corresponding θsk versus F D for a
system with αm/αd = 1.732, where there are again a series
of steps at which θsk increases or decreases. Locking occurs
in several regimes and the system jumps in and out of the
θsk = −45◦ locked state since the 45◦ locking is a particularly
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FIG. 10. (a) 〈V||〉, (b) 〈V⊥〉, and (c) θsk vs F D for the system in
Fig. 9 with αm/αd = 0.45, A = 0.5, and y direction ac driving shown
over the interval 0.4 < F D < 0.85. (d) 〈V||〉, (e) 〈V⊥〉, and (f) θsk vs
F D for the same system over the interval 1.35 < F D < 1.75.
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FIG. 11. Skyrmion trajectory (black line) and obstacle locations
(red circles) for the system in Fig. 9 with αm/αd = 0.45, A = 0.5,
and y direction ac driving. (a) At F D = 0.1 the motion is aligned
with the x direction. (b) At F D = 0.16, the motion is locked to θsk =
−45◦. (c) At F D = 0.26, the motion is at a smaller angle of θsk =
−18.4◦. (d) F D = 0.44. (e) F D = 0.61. (f) F D = 1.4.

strong symmetry direction of the square obstacle lattice. In
Figs. 13(a) and 13(b) we plot the skyrmion trajectories for the
system in Fig. 12 at F D = 0.15 in the −45◦ locking regime
and at F D = 0.185, where the skyrmions move at a lower
magnitude angle of θsk = −33.7◦. In Fig. 13(c) at F D = 0.3,
the system jumps to a new −45◦ locking phase with a braiding
patten, and in Fig. 13(d) at F D = 0.43, the motion is along
θsk = −56.3◦.

For higher values of αm/αd , we again observe extended
regions in which the trajectories are disordered, and the
phase-locking phenomena is generally reduced. In Fig. 14,
we show the velocities and skyrmion Hall angle versus F D

for a system with A = 0.5 and y direction ac driving as in
Fig. 12 but for αm/αd = 9.962. There are a number of smaller
steps, particularly in the range 0.35 < F D < 1.0, along with
one larger step near F D = 2.5. The trajectories become in-
creasingly aligned with the y direction on the steps as F D

increases.
For ac driving in the y direction, there is an interplay

between three types of phase locking. These are the Shapiro

FIG. 12. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for a system with αm/αd = 1.732, A = 0.5, and y direction ac
driving. (b) The corresponding θsk vs F D.

steps, the directional locking, and the transverse phase-
locking effect. This is the reason that there are a larger number
of steps in the velocity and skyrmion Hall angle curves com-
pared to ac driving in the x direction.

FIG. 13. Skyrmion trajectory (black line) and obstacle locations
(red circles) for the system in Fig. 12 with αm/αd = 1.732, A = 0.5,
and y direction ac driving. (a) At F D = 0.15, the motion is locked
to θsk = −45◦. (b) At F D = 0.175, the motion locks to θsk = −33◦.
(c) At F D = 0.3, the motion is along θsk = −45◦. (d) At F D = 0.43,
the motion locks to θsk = −56.3◦.
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FIG. 14. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for a system with αm/αd = 9.962, A = 0.5, and y direction ac
driving. (b) The corresponding θsk vs F D.

Hall angle reversal

In most cases, we have shown that although the skyrmion
Hall angle increases or decreases with drive, it maintains the
same sign. Under certain circumstances, however, we find re-
gions in which the skyrmion Hall angle changes from positive
to negative. This effect is generally associated with windows
of disordered motion at smaller F D where the skyrmion is
jumping among different orbits. In Fig. 15, we plot 〈V||〉, 〈V⊥〉,
and θsk versus F D for a system with y direction ac driving
at αm/αd = 1.0. If the ac driving were in the x direction,
this ratio of the Magnus to damping terms would produce a
constant skyrmion Hall angle of θsk = 45◦ with only Shapiro
steps. When the ac driving is along the y direction, however,
a variety of locking regions appear that are associated with
jumps both up and down in 〈V||〉 and 〈V⊥〉. Jumps also oc-
cur in θsk among the values θsk = −45◦, −38.65◦, −36.87◦,
−33.6◦, and −26.56◦. The corresponding velocity ratios are
〈V⊥〉/〈V||〉 = 1, 4/5, 4/3, 2/3, and 1/2, respectively. At higher
drives, θsk decreases in magnitude to angles smaller than 45◦.
Meanwhile, for F D < 0.1 there are several regions in which
〈V||〉 and 〈V⊥〉 are both finite but positive, which produces a
positive skyrmion Hall angle of θsk ≈ 10◦. The motion in this
regime is illustrated in Figs. 16(a) and 16(b) at F D = 0.045,
where the motion is locked along x, and at F D = 0.065, where
the skyrmion is jumping intermittently in the positive y direc-
tion. Figure 16(c) shows the locking phase with θsk = −45◦ at
F D = 0.2, and in Fig. 16(d) at F D = 0.55, θsk = −33.7◦. It is
possible that by varying other parameters such as the size of
the obstacles, clear regions of skyrmion Hall angle reversals
will also emerge, but the results above indicate that such
reversal effects can arise for skyrmion motion on periodic
substrates.

FIG. 15. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs F D for a system with αm/αd = 1.0, A = 0.5, and y direction ac
driving. (b) The corresponding θsk vs F D. For F D < 0.1, there are
regions in which both velocity components are positive, giving a
positive skyrmion Hall angle.

V. CHANGING AC AMPLITUDE

We next consider the case of a fixed dc drive of F D = 1.0
and changing ac drive amplitude A in a system with x direction
ac driving at αm/αd = 0.45. In Fig. 17(a) we plot 〈V||〉 and
〈V⊥〉 versus A and in Fig. 17(b) we show the corresponding θsk

versus A. When A = 0.0, the skyrmion motion is locked along
the x direction, giving θsk = 0. As A increases, 〈V||〉 remains
fairly constant due to the fixed value of F D, but small cusps
are present which are correlated with a series of increasing
steps in 〈V⊥〉. The steps in 〈V⊥〉 produce a series of steps in
θsk = arctan(R) at R = 0, 1/10, 1/6, 1/5, and a small step
near 1/4. There are extended steps for R = 1/3, 3/7, and
1/2. In general, we find that the magnitude of the Hall angle
increases with increasing A. In Fig. 18(a), we illustrate the
trajectories for the system in Figs. 17(a) and 17(b) at A = 0.2
on the R = 1/10 locking step, where the skyrmion moves 10a
in the x direction and a in the y direction during each ac drive
cycle. Figure 18(b) shows the same system on the R = 1/3
step at A = 1.0, where the orbit jumps between two different
paths to produce the 1/3 ratio.

In Figs. 17(c) and 17(d), we plot the velocities and θsk

versus A for the same system as in Figs. 17(a) and 17(b)
but for ac driving in the y direction. Here the Hall angle is
initially zero since the skyrmion motion is locked along the x
direction. The velocities and skyrmion Hall angle increase and
decrease in a series of jumps as A is varied. In Fig. 18(c), we
illustrate the trajectories at A = 0.34 along a step on which the
skyrmion moves 11a in x and 4a in y during every ac cycle. At
A = 1.0 in Fig. 18(d), there is a more complicated orbit along
a step where the skyrmion moves 11a in x and 5a in y per ac
cycle. We find similar behavior for higher values of αm/αd .
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FIG. 16. Skyrmion trajectory (black line) and obstacle locations
(red circles) for the system in Fig. 15 with αm/αd = 1.0, A = 0.5,
and y direction ac driving. (a) At F D = 0.05, the motion is locked
along x. (b) At F D = 0.065, the skyrmion is also translating along
the positive y direction, giving a positive skyrmion Hall angle. (c) At
F D = 0.2, there is locking at θsk = −45◦. (d) At F D = 0.55, there is
locking at θsk = −33.7◦.

These results indicate that the Hall angle can be controlled by
varying A.

VI. DISCUSSION

In the locked phases, the skyrmions perform quantized
motion along the x and/or y directions. This suggests that
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FIG. 17. (a) 〈V||〉 (upper black curve) and 〈V⊥〉 (lower red curve)
vs ac drive amplitude A for a system with αm/αd = 0.45, fixed
F D = 1.0, and x direction ac driving. (b) The corresponding θsk vs
F D. Here the magnitude of the skyrmion Hall angle increases in a
series of steps with increasing A. (c) 〈V||〉 (upper black curve) and
〈V⊥〉 (lower red curve) vs A for the same system with y direction
ac driving. (d) The corresponding θsk vs F D. Here the Hall angle
increases in magnitude in a series of steps with increasing A.

FIG. 18. Skyrmion trajectory (black line) and obstacle locations
(red circles) for the system in Figs. 17(a) and 17(b) with αm/αd =
1.0, F D = 1.0, and x direction ac driving. (a) At A = 0.2, the
skyrmion moves 10a in the x direction and a in the y direction during
each ac cycle. (b) An R = 1/3 step at A = 1.0. (c), (d) The same
system from Figs. 17(c) and 17(d) with y direction driving at (c)
A = 0.34 and (d) A = 1.0.

ac drives could be used to control skyrmion motion in dif-
ferent types of devices [66]. Such controlled motion could
be applied to more complex geometries such as rows of
pinning or different tailored geometries. We expect that sim-
ilar results would appear in triangular arrays of obstacles,
where the dominant directional locking angles are 30◦ and
60◦. Future areas to address include the role of tempera-
ture, where thermal effects could strongly affect the transition
points or jumps between different locking phases and could
also produce thermal creep [81]. At higher temperatures,
the phase-locking effects would gradually wash away. We
find that the locking effects are most prominent for systems
with repulsive obstacles, but if attractive obstacles or pin-
ning sites are used instead, the locking effects persist but are
smaller for both the directional locking [68] and the Shapiro
steps.

We model the skyrmions as point particles; however, actual
skyrmions often have additional internal modes of motion.
These modes could be excited at much higher frequencies
where they could induce additional locking frequencies. Such
effects could be explored more fully with continuum based
simulations [82], which can also capture skyrmion creation
and annihilation, distortion of the skyrmions by the obsta-
cles, and different types of driving. For example, skyrmions
can be driven by inducing changes in the skyrmion shape
using parametric driving or oscillating magnetic fields. The
skyrmion motion arises from the competition between the
frequencies of the drive and those of the internal skyrmion
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modes. In this case, an ac drive could be generated by the
wiggling motion of the skyrmions in time-dependent fields
[70,71]. One could imagine situations in which the periodicity
of the wiggling motion could match with the periodicity of an
underlying periodic substrate to create new types of phase-
locking effects that are distinct from what we study in this
paper.

Internal modes have been shown to produce skyrmion or
ratchet motion in the absence of a substrate [64]. If a periodic
substrate were added, this motion could become quantized
or could lock to different substrate symmetry directions.
Different types of skyrmions, such as antiskyrmions or an-
tiferromagnetic skyrmions, can exhibit distinct dynamics. In
antiferromagnetic skyrmions, the Hall angle is small or zero,
so the dynamics could be the same as overdamped systems
and just exhibit Shapiro steps; however, internal modes could
still be excited. For antiskyrmions, the dynamics could be
even richer since they could depend on the orientation of the
skyrmion with respect to the applied driving force. Another
interesting effect to study would be the competition between
the pinning array and naturally occurring defects of the type
that can arise in granular films [48].

In this paper, we have focused on the motion of a sin-
gle isolated skyrmion. If multiple interacting skyrmions are
present, additional locking effects could arise as a result of
emergent soliton dynamics, which would be most pronounced
just outside of rational filling fractions of 1/2 or 1/1 [83,84],
where the filling fraction indicates the ratio of the number
of skyrmions to the number of obstacles or pinning sites.
At commensurate fillings, the skyrmion-skyrmion interactions
should cancel and the dynamics should be similar to the single
skyrmion case.

Although our results are focused on skyrmions, similar
effects could arise for particles in effectively 2D systems
where gyroscopic forces can arise, including active spinners
[85–88] or charged particles in magnetic fields moving over
periodic substrates [89–91]. Another system with similar dy-
namics is classical charges interacting with periodic substrates
or superlattices, where various dynamical commensuration
effects and phase-locking phenomena can occur [89,92,93].
In this case, when a magnetic field is applied, the charges can
also exhibit a Hall angle. It would be interesting to study the
resulting electron pinball systems [89] under combined dc and
ac driving, where we expect effects similar to those which we
observe in our system to occur.

VII. SUMMARY

We have numerically examined a skyrmion moving over a
2D periodic array of obstacles under a dc drive with an addi-
tional ac drive applied either parallel or perpendicular to the
dc driving direction. We find that the Magnus force induces
new types of dynamical locking effects that are not observed
for overdamped systems with 2D periodic substrates. When
the ac and dc drives are parallel, the skyrmion exhibits both
Shapiro steps similar to those observed in the overdamped
case as well as directional locking in which the skyrmion
motion locks to different symmetry directions of the substrate.
The locking is associated with steps or cusps in the velocities
as well as changes in the skyrmion Hall angle. Under strictly
dc driving, the skyrmion Hall angle changes monotonically
with drive, but when ac driving is added, the skyrmion Hall
angle can both increase and decrease along the locking steps.
For certain ratios of the Magnus force to the damping term,
we find that even though the skyrmion Hall angle is fixed in a
particular direction of motion, Shapiro steps still appear in the
velocity force curves either parallel or perpendicular to the
dc drive. At high drives, the skyrmion Hall angle gradually
approaches the intrinsic value and shows oscillations as a
function of increasing drive. In general, cusps in the velocity
force curve are indicative of directional locking, while steps
indicate that Shapiro steps are occurring. When the ac drive is
perpendicular to the dc drive, we generally find an even larger
number of steps in the velocity force curves and the skyrmion
Hall angle. It is also possible to observe Hall angle overshoots
in which the skyrmion Hall angle locks to a value that is much
larger than the intrinsic value. When the dc drive amplitude is
fixed, steps in the Skyrmion Hall angle can occur as function
of changing ac drive amplitude. For higher Magnus forces,
we generally find that the steps are reduced and there are
increased regions of disordered flow.
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