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Anomalous elastic properties of superionic ice
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Elastic properties and sound velocities of superionic ice X and ice XVIII are investigated using ab initio
molecular dynamics at 200 GPa and temperatures up to 4500 K. The dislocation of protons from their lattice
sites leads to the significant elastic softening in ice X with increasing temperature. The phase transition from
ice X to ice XVIII leads to an increasing in proton diffusion and elastic softening at 2000 K. We also observed
the elastic stiffening with increasing temperature from 2000 to 3000 K in ice XVIII, which is similar to the
behavior of some liquids. Above 3000 K, all the elastic constants decrease dramatically. Our study suggests
proton diffusion has significant influence on the elastic properties, and the elastic property of superionic ice with
increasing temperature is different from ordinary solids.
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I. INTRODUCTION

H2O shows an intricate phase diagram under high pres-
sure and temperature (P-T ) [1,2]. The normal asymmetric
hydroxyl O-H bond at low pressure transforms to symmetric
O-H-O bond in ice X at high pressure [3–5]. Further in-
creasing temperature leads to the fast diffusion of protons in
the oxygen sublattice and forms the superionic phase [6–18].
Superionic (SI) ice is an exotic state, which was predicted
by DFT calculations [6–13] and then confirmed by high
pressure experiments [14–18]. Within SI ice, hydrogen is no
longer bonded to oxygen, and diffuses like liquid, whereas
the oxygen atoms are still fixed at their sites forming a solid
sublattice, which enables SI ice to have both solid and liquid
behaviors. SI ice has a high melting temperature with a wide
stability field, and can exist in the interiors of Uranus and
Neptune, which could make it a prevalent H2O phase in our
solar system. Recent shock compression experiments reported
phase transitions from solid ice X to SI ice XVIII when
temperature was increased to over 2000 K at pressures greater
than 100 GPa [18]. The ice X to ice XVIII phase transition,
which leads to a structural change in the oxygen sublattice
from body-centered-cubic (bcc) to face-centered-cubic (fcc),
is ascribed to the contribution of extra entropy associated with
the fluidlike protons [18]. In addition, the highly diffusive
protons leads to high ionic conductivity of over 104 S m−1,
and it has been suggested to influence the nondipolar magnetic
fields of Uranus and Neptune [7,17–20].

To understand the phase transition behavior of ice under
pressure, it is essential to study its elastic properties. Such
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knowledge is crucial when modeling the structure and con-
vection in interiors of ice giant exoplanets. Both the elastic
properties and sound velocities of ice VII and ice X do not
show discontinuous changes in Brillouin scattering measure-
ments up to 100 GPa [21], whereas DFT studies show an
obvious elastic shifting at ∼100–110 GPa ascribing to hy-
drogen bond symmetrization [22,23]. Increasing the pressure
from 100 to 350 GPa is also required to the change of elasticity
and dislocation behavior of ice X [24]. Hernandez and Caracas
identified the ice VII” phase by observing a dip in the elastic
constants along with a shrinking of the O-O distance under
pressure [12]. These studies mainly focus on the changes
in ice elasticity with increasing pressure, and find hydrogen
symmetrization leads to significant influence on the elastic
property. However, there is very little study concerning elas-
ticity change during the solid-superionic in ice X and ice X to
ice XVIII phase transitions with increasing temperature. In SI
ice, liquid-like protons continually change their position in the
lattice, which may significantly influence the elastic properties
of SI ice. Investigation changes in the elastic property of ice
with respect to temperature is essential for understanding the
interiors of ice giant exoplanets. In addition, superionic mate-
rials are widely used in energy storage devices [25]. Our study
may also provide insights on the elasticity of these materials.

II. COMPUTATIONAL DETAILS

A. Proton Diffusion coefficient calculations

Ab initio calculations were based on the DFT [26,27].
We used ab initio molecular dynamics (AIMD) to study the
influence of highly diffusive protons on the elastic proper-
ties [28–30]. The Vienna ab initio simulation package (VASP)
was employed for AIMD calculations [31]. We used the
Perdew-Burke-Ernzerhof exchange-correlation functional and

2469-9950/2020/102(10)/104108(7) 104108-1 ©2020 American Physical Society

https://orcid.org/0000-0002-0350-1156
https://orcid.org/0000-0001-6518-585X
https://orcid.org/0000-0001-7814-0589
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.102.104108&domain=pdf&date_stamp=2020-09-21
https://doi.org/10.1103/PhysRevB.102.104108


SUN, HE, KIM, AND LI PHYSICAL REVIEW B 102, 104108 (2020)

projector augmented wave pseudopotentials in the calcula-
tions [32] with an energy cutoff of 400 eV. Brillouin zone
sampling was performed at the � point. The supercells for
AIMD simulations of ice X and ice XVIII contain 162 and
324 atoms, respectively.

To study proton diffusion property in SI ice, we have
calculated the diffusion coefficient by the mean square
displacement (MSD) of the ionic positions. The diffusion
coefficient is defined as

D = lim
0→∞

[
1

2dt
[�r(t )]2

]
, (1)

where d is the dimension of the lattice on which ion hopping
takes place. The MSD

〈[�r(t )]2〉 = 1

N

N∑
i=1

〈[−→ri (t + t0) − −→ri (t0)]2〉 (2)

is averaged over all protons, and −→ri (t ) is the displacement of
the ith proton at time t , and N is the total number of protons
in the system.

The proton conductivities are calculated based on the dif-
fusion coefficients and the Nernst-Einstein equation:

σ = f Dcq2

kT
, (3)

where σ is the proton conductivity, f is a numerical factor
approximately equal to unity, D is the diffusion coefficient, c
is the concentration of protons, q is the electrical charge of a
proton, k is the Boltzmann constant, and T is the temperature.

B. Elastic constants and sound velocities calculations

The elastic properties of crystal are expressed as the rela-
tionship between stress and strain:

σi j = Ci jklεkl , (4)

where σi j refers to the stress tensor, εkl refers to the strain
tensor, and Ci jkl represents the fourth-order elastic modulus.
Considering of the symmetry of Ci jkl , the equation is simpli-
fied as below:

σi = Ci jε j . (5)

The equation could be expanded as follows:⎛
⎜⎜⎜⎜⎜⎝

σ1

σ2

σ3

σ4

σ5

σ6

⎞
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⎛
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ε5
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⎟⎟⎟⎟⎟⎠.

(6)
For the cubic system investigated in this work, we have

calculated the three nonequivalent elastic constants, C11, C12,

and C44. C11, C12 could be obtained by a strain tensor:

ε =
⎛
⎝δ 0 0

0 0 0
0 0 0

⎞
⎠, (7)

and we obtained C44 using a strain tensor:

ε =
⎛
⎝0 0 0

0 0 δ/2
0 δ/2 0

⎞
⎠, (8)

where δ is the magnitude of distortion. For δ in ±0.01, ±0.005
and 0, five groups of strains were added by

a′ = a(I + ε), (9)

where a represents a 3 × 3 cell parameter matrix, and ε rep-
resents added strain �ε, and I represents a 3 × 3 identity
matrix. Then, we obtained an elastic moduli trough dealing
with the stress-strain relationship listed in Eq. (5). In order
to ensure the reliability and full convergence of the results,
10 000 time steps of NV T simulations were carried out for
each direction of deformation. The final results of the strain-
stress data show a very good linear relationship and were
fitted to Eq. (6) employing central difference method. For
each optimizing result, the calculated correlation coefficient
R2 were larger than 99%. The calculated Ci j results satisfy
with Born′s stability conditions:

C11 − C12 > 0, C11 + 2C12 > 0, C44 > 0. (10)

Employing the Voigt-Ruess-Hill scheme [33], we evalu-
ated the bulk modulus (B) and shear modulus (G) and further
calculated the primary wave velocity (VP), shear wave velocity
(VS), and bulk sound velocity (V∅):

VP =
√

B + 4G
3

ρ
, VS =

√
G

ρ
, V∅ =

√
B

ρ
. (11)

We qualified the degree of elastic anisotropy of ice X and
ice XVIII with the Zener ratio [34]:

A = 2C44

C11 − C12
. (12)

To further investigate the elastic anisotropy, the three-
dimensional (3D) directional dependence of elastic modulus
is studied using the following relation:

1

Eω

= (
1 − l2

3

)2
s11 + l4

3 s33 + l2
3

(
1 − l2

3

)
(2s13 + s44), (13)

where Eω denotes Young’s Modulus of the direction ω. l1, l2
and l3 are the directional cosines of ω. s11, s13, s33, and s44

denote elastic compliance.

III. RESULTS AND DISCUSSION

As shown in Fig. 1, recent experiments show the solid-
superionic and superionic-superionic phase transitions (ice X
to ice XVIII) of ice at ∼200 GPa with elaborating temperature
suggesting the presence of SI ice in the interior of Uranus
and Neptune [18]. Therefore, we constructed structures of
ice X (bcc), and ice XVIII (fcc) in supercells with different
cell parameters at 500–4500 K and 200 GPa. We determined
the equilibrium volume and cell parameters at different tem-
peratures by conducting a grid of NVT ensemble simulations
over volumes and temperatures using a Nosé thermostat [35].
For each equilibrium structure at different temperatures, lat-
tice parameters (Table I) were optimized to maintain the
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FIG. 1. The phase diagram of H2O at high P-T . The blue zones
are the boundaries of phase transition from ice X to ice XVIII, and
to conducting fluid. The yellow solid circles and green solid squares
represent stable P-T conditions for ice X and ice XVIII [18]. The
blue open triangles and red circles represent the P-T conditions of
our simulations for ice X and ice XVIII, respectively. The black-
thick-solid curves show the thermal states in the interior of Uranus
and Neptune.

hydrostatic stress under 200 GPa, and the calculated density-
pressure relations at different temperatures are consistent with
previous experiments [18,36] (Fig. S1).

The calculated three independent elastic constants (C11,
C12, and C44) of ice X and ice XVIII at different tempera-
tures are shown in Fig. 2(a). The elastic constants of ice X
decrease as the temperature increases from 500 to 1000 K,
which is the normal behavior of a solid. Upon the superi-
onic transition in ice X at 2000 K, we observed significant
reductions in C11, shear modulus (G), and shear wave velocity
(VS) [Fig. 2(b) and 2(c)]. Ice X transforms to ice XVIII at
the temperature above 2000 K [18]. The transition leads to
anisotropic elastic softening. The reduction ratios are 7.21%,

11.34%, and 29.86% for C11, C12, and C44, respectively. The
evolution of elastic constants above 2000 K in ice XVIII are
quite anomalous. From 2000 to 3000 K, C11 and C12 increase
slightly accompanied with the decreasing of density from 3.67
to 3.61 g cm−3. Similar to the elastic constants, the moduli
and sound velocities also show anisotropic evolution above
2000 K.

The ice X to ice XVIII phase transition at 2000 K leads
to obvious decreases in both anisotropy factor (A = 2C44

C11−C12
)

and Poisson’s ratio (ν = 3B–G
2(3B+G) ) [Fig. 2(d)]. For tempera-

tures above 2000 K, the A and ν generally increase with
temperature. The detailed evolution of elastic anisotropy can
be properly visualized using the three-dimensional (3D) di-
rectional dependence of the elastic anisotropy of Young’s
moduli (Fig. 3). Young’s moduli are higher along the 〈111〉
directions compared to other directions, and the anisotropy is
more pronounced in ice X than in ice XVIII.

The elastic constants and sound velocities in solid decrease
with increasing temperature because of thermal expansion ef-
fects [33,37]. In SI ice, the density of ice XVIII does decrease
from 3.67 to 3.61 g cm−3 when temperature increases from
2000 to 3000 K, but C11, C12, B, VP, and V	 show slight
increases (Table I). This behavior is quite unusual in solids
and may be related with superionic protons. To understand
this behavior, we calculated the proton diffusion coefficients
and conductivities in SI ice (Fig. 4). For ice X, the proton
diffusion coefficient increases by over 2 orders of magnitude
to ∼10−6 cm2 s−1 when the temperature is increased from
1000 to 2000 K indicating a solid-superionic phase transition.
When the ice X to ice XVIII phase transition takes place
at ∼2000 K, the proton diffusion coefficient of ice XVIII is
higher than that of ice X by over two orders of magnitude, and
further increases above 10−3 cm2 s−1 at 4000 K. The proton
diffusion rate is much higher in ice XVIII than in ice X. The
difference in proton diffusion behavior in the two phases can
also be seen from the trajectories of H and O ions viewed
along the [100] direction as shown in the insets of Fig. 4.
Although the diffusion coefficients increase dramatically in
ice X at 2000 K, the trajectory of protons still maintains a
long-range periodic structure, and protons distribute about
the symmetric sites of O-O. In this case, protons in ice X
still behave like solids, and the elastic constants decrease

TABLE I. Calculated elastic constants, density, moduli, cell parameters, and velocities.

Phase Ice X Ice XVIII

T (K) 500 1000 2000 2000 3000 4000 4500
P (GPa) 200.0 200.3 200.0 199.8 199.9 200.0 199.8
C11 (GPa) 922.8 893.2 794.9 737.6 759.1 700.4 670.1
C12 (GPa) 791.0 748.2 685.0 607.3 640.0 594.3 595.9
C44 (GPa) 471.8 453.3 430.0 301.6 288.7 225.3 268.6
ρ (g/cm3) 3.72 3.70 3.65 3.67 3.61 3.55 3.52
V∅ (km/s) 14.97 14.68 14.06 13.32 13.73 13.31 13.28
VP (km/s) 17.44 17.21 16.43 15.40 15.68 15.00 14.98
VS (km/s) 7.74 7.78 7.36 6.70 6.56 5.98 5.99
B (GPa) 834.93 796.53 721.70 650.73 679.70 629.67 620.63
G (GPa) 222.83 223.58 197.57 164.91 155.37 127.2 126.42
a (Å) 7.57 7.59 7.62 9.59 9.64 9.69 9.72
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FIG. 2. Calculated elastic properties of ice X and ice XVIII at 200 GPa and 500–4500 K. The data of ice X and ice XVIII are labeled with
open and solid symbols, respectively. (a) The elastic constants C11, C12, and C44 are represented by red squares, blue circles, and green triangles.
(b) The bulk (B) and shear (G) moduli are displayed by orange triangles and purple squares. (c) The primary wave velocity (VP), shear wave
velocity (VS), and bulk sound velocity (Vφ) are shown with red squares, green triangles, and blue circles, respectively. (d) The elastic anisotropy
(A) and Poisson’s ratio (ν) are shown with red circles and black squares, respectively.

with temperature. On the contrary, the diffusive protons in
ice XVIII are highly disordered and behave similar to liquid
flowing around the lattice. Hence, the ice X to ice XVIII

phase transition leads to the solid-liquid transition of protons
in the lattice. In general, there are two phase transitions in ice
with increasing temperature. The first is the solid-superionic

FIG. 3. 3D directional dependence of the elastic anisotropy of Young’s modulus of ice X at (a) 1000 K, (b) 2000 K, and ice XVIII at
(c) 2000 K, (d) 3000 K, (e) 4000 K, and (f) 4500 K.

104108-4



ANOMALOUS ELASTIC PROPERTIES OF SUPERIONIC ICE PHYSICAL REVIEW B 102, 104108 (2020)

FIG. 4. The proton diffusion coefficients (black symbols) and
conductivities (red symbols) in ice X and ice XVIII as the function of
inverse temperature. The data for ice X and ice XVIII are displayed
with open and solid symbols, respectively. The insets are the trajec-
tories of H and O ions in ice X and ice XVIII at 2000 K. The red and
green bullets represent H and O ions, respectively. The light green
region indicates the solid-superionic transition temperature in ice X.

transition in ice X, in which protons become highly diffusive
and dislocated. In the second transition from ice X to ice
XVIII, protons change to disordered distribution with high
diffusion coefficients (Figs. S8–S10).

We calculated the radial distribution function (RDF) of
H-O to analyze the local structure change of the SI ice with
increasing temperature (Fig. 5). Due to the high proton mo-
bility, the RDF changes obviously with temperature and the
phase transition from ice X to ice XVIII resulting in quite
different H-O interaction. The change of the structure should
has impact on the elastic properties. In ice X, the broadening
of RDF peaks suggest more protons diffuse into interstitial
sites with increasing temperature. The dislocated protons are
responsible for the significant reductions in C11, G, and VS of

SI ice X at 2000 K as the similar effect has been observed in
the SI transition of Li2O at ∼1300 K [38]. The distribution
of proton is more homogenous in ice XVIII with respective
to H-O distance. The disordered protons in ice XVIII change
their sites in the lattice and make the cell more flexible during
deformation, which may reveal a weak H-O interaction in-
ducing the observed elastic softening and reductions in sound
velocities upon the ice X to ice XVIII phase transition. The
RDF also indicates that the liquidlike superionic protons in
ice XVIII still maintain a strong interaction with the periodic
oxygen sublattice, and the extra entropy of liquidlike protons
may enhance the structural strength with an increasing in
diffusion rate, which provides an explanation on the elastic
stiffening of ice XVIII from 2000 to 3000 K. Similar to ice
XVIII, experimental studies show that sound velocities of wa-
ter [39], liquid Fe-Ni-S [40,41] and many other liquid metals
[42] present a positive correlation with temperature. Hence,
the anomalous elastic stiffening of ice XVIII may also be a
sign of liquidlike behavior of protons. Unlike the liquid phase,
the stress of SI ice does not show obvious change during our
simulation in a 1% strained model along the [100] direction
for 100 ps (Fig. S3).

H2O widely exists in planetary interior and plays an im-
portant role on the planetary evolution. SI ice are proposed
to exist in the interior of Uranus and Neptune with influence
on the origination of the nondipole magnetic fields [7,17–19].
Our study on the elastic properties of SI ice promotes our
understanding on the interior of these planets and benefits the
structure and dynamo modeling [20].

In Earth’s interior, H2O mainly exists in the form of hy-
droxyl in nominally anhydrous mineral and hydrous minerals.
It is reported that hydrogen is able to diffuse in some minerals
with high proton conductivities [43–46]. Recent theoretical
prediction also suggests that hydrous minerals transfer to SI
state under deep lower mantle conditions [47]. In this case,
it is crucial to understand the effect of proton diffusion on
elasticity of these hydrogen bearing minerals. In this study, the
elastic properties and sound velocities of ice X and ice XVIII

FIG. 5. Calculated radial distribution function (RDF) of H-O in ice X and ice XVIII at temperatures from 500 to 4500 K and pressure of
200 GPa.

104108-5



SUN, HE, KIM, AND LI PHYSICAL REVIEW B 102, 104108 (2020)

are systematically studied, and proton diffusion has a signif-
icant influence on elastic properties. This result sheds lights
on the possible different elastic properties of these minerals at
high temperatures.

IV. CONCLUSIONS

Proton diffusion presents different behavior in SI ice X and
ice XVIII. In ice X, the trajectory of the protons still main-
tains long-range order, and the elastic constants decrease with
temperature like normal solid, while the disordered protons in
ice XVIII result in obvious elastic softening during the ice
X to ice XVIII phase transition. Unlike in a normal solid,
extra entropy of liquidlike protons may lead to the elastic
stiffening of ice XVIII from 2000 to 3000 K. This study shows
that the liquidlike superionic protons have a profound effect

on the elastic properties and sound velocity, which enhances
our understanding of ice at high P-T , therefore helping us
modeling the structure of the interior of giant exoplanets and
inspiring the elasticity of superionic materials used in energy
storage devices.
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