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Moiré pattern of a spin liquid and a Néel magnet in the Kitaev model
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A moiré pattern occurs when two periodic structures in a system have a slightly mismatched period, resulting
in the coexistence of distinct phases in different large-scale spatial regions of the same system. The periodic
structures can arise from the intrinsic crystalline order or periodic external field. We investigate the moiré pattern
using a dimerized Kitaev spin model with a periodic transverse field, which can be mapped onto the system of
dimerized spinless fermions with p-wave superconductivity or a quasi-one-dimensional Su-Schrieffer-Heeger
Majorana lattice. The exact solution for the staggered field demonstrated that the ground state has two distinct
phases: a Néel magnetic phase for the nonzero field and a spin liquid phase due to the emergence of an isolated
flat Bogoliubov–de Gennes band for the vanishing field. We compute the staggered magnetization and local
density of state for the field with a slightly different period of the lattice. The numerical simulation demonstrates
that two such phases appear alternatively along the system with a long beat period. Additionally, we propose
a dynamic scheme, via a evanescently coupled-waveguide array, to detect the moiré fringes based on the
measurement of the Loschmidt echo in the presence of local perturbations.

DOI: 10.1103/PhysRevB.102.094207

I. INTRODUCTION

Moiré patterns emerge due to the superposition of two
periodic structures, with either slightly different periods or
different orientations; such patterns have been realized in
materials [1–7]. Recently, the influence of moiré patterns in
physical systems has attracted considerable interest. Moiré
patterns have been extensively studied [2–4,8–11] as a new
technique to apply periodic potentials in van der Waals het-
erostructures to tune their electronic properties. Many notable
phenomena have been observed in heterostructure materials
with small twist angles and mismatched lattice constants.
Moiré patterns in condensed-matter systems are produced by
the difference in lattice constants or the orientation of two
two-dimensional lattices when they are stacked into a two-
layer structure.

Most studies have focused on quasi-two-dimensional sys-
tems; one-dimensional moiré systems have been much less
investigated and are expected to be easily realized in an
artificial system. Generally, moiré patterns are the result of
competition between at least two effects on electrons that
are critical for both applications and fundamental physics.
These patterns can be the periodic appearance of two different
quantum phases, exhibiting unprecedented states of matter.
In principle, a one-dimensional moiré system can be delib-
erately designed (engineered) as a superlong-period system
when the periods of two ingredients are slightly different
but commensurate. It is essentially a periodic system with a
huge unit cell, which is large enough to exhibit the signatures
of various quantum phases. It also displays the crossover or
quantum phase transition as the coordinate changes in real
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space, rather than varying the external field. It is interesting
to study the quantum phase transition in such a moiré sys-
tem, which provides another way to demonstrate the phase
diagram. An advantage of this scheme is that one does not
need to control the field dynamically.

Theoretically, two periodic structures can arise from the
intrinsic crystalline order or periodic external field. In con-
densed matter, particles are usually confined by a periodic
potential in synthetic and natural materials. Another periodic
structure can come from an external field, such as a peri-
odic magnetic field, which takes effects on the spin degree
of freedom of the particles. Alternatively, it can also come
from another periodic potential, which takes effects on the
tunneling amplitudes. In Fig. 1 we schematically illustrate
such a scheme by a sample of coupled resonator array [12,13],
which can be employed to mimic a quasi-one-dimensional
Su-Schrieffer-Heeger (SSH) model with moiré structure. One
relevant example is the Kitaev spin model [Eq. (1)], which
demonstrates the two mechanisms. On the one hand, it de-
scribes electrons in a periodic potential or an ultracold atom in
a Mott-insulating phase, while the magnetic field has a slightly
mismatched period. On the other hand, a Kitaev model has
a Majorna representation, which is a quasi-one-dimensional
SSH lattice [14,15].

In this paper we investigate the moiré pattern that emerges
in a dimerized Kitaev spin model with a periodic transverse
field. The exact solution for the staggered field demonstrates
two distinct phases for the ground states. The strong field
results in a Néel ordered spin array, whereas the spin-liquid
phase emerges for the zero field due to the isolated flat
Bogoliubov–de Gennes band. When the period of the trans-
verse field results in a slightly mismatched lattice constant,
the local properties, such as local staggered magnetization
and local density of state (LDOS), vary periodically along the
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FIG. 1. Schematic illustration of a one-dimensional moiré system, which consists two ingredients with slightly different but commensurate
periods. (a) Schematic of the coupled resonator array. The auxiliary resonators (green, gray, and blue dots) induce the effective couplings
between primary resonators (yellow dots). The ratio between the diameters of upper and middle circles is 20/21, obtained by the numbers of
two kinds of circles. The mismatch between primary and auxiliary resonators results in nonuniform coupling strength t j between upper and
lower primary resonators. For instance, it is reasonable to use the segment length of the vertical double-arrow line in the blue dot to measure
the value of t j . At the middle A, a vertical double-arrow line has vanishing segment length, resulting in t j = 0 [dotted line in (c)], while we get
the maximal value of t j = t [thick lines in (b) and (d)] at the end of D. Accordingly, we have t j ≈ 0 [thin lines in (c)] at B, and t j ≈ t at C. For
a long system, the distribution of {t j} leads to a long-period structure. Other two auxiliary resonators (green and gray dots) induce staggered
couplings (w and v) along the ladder. (b)–(d) Schematic representative lattice structures of the moiré system in (a).

system with a long beat period, indicating that Néel and and
spin-liquid phases appear alternatively. We also propose a dy-
namic scheme to detect the moiré fringes experimentally. The
underlying mechanism is based on the relationship between
the decay rate of Loschmidt echo (LE) and the LDOS when
a local perturbation is added. Numerical simulation demon-
strates that the decay rate exhibits the same periodic behavior
as the other quantities. It provides a method for detecting the
moiré fringes in a photonic SSH model via LE in a coupled
waveguide array, where time-reversal evolution is simulated
by the aid of segmented sections [16,17].

This paper is organized as follows. In Sec. II we present
a dimerized Kitaev spin model with spatially modulated
transverse fields. In Sec. III we introduce the concepts of
magnetization, density of state (DOS), and string correlation
function to characterize related ground-state properties. In
Sec. IV we discuss moiré fringes in the model. In Sec. V we
propose a dynamic scheme to experimentally detect the moiré
fringes. Finally, we provide a summary in Sec. VI.

II. MODEL HAMILTONIAN

We commenced our investigation by considering a dimer-
ized Kitaev spin with spatially modulated transverse fields

H =
N∑

j=1

[(1 − δ)σ x
2 j−1σ

x
2 j + (1 + δ)σ y

2 jσ
y
2 j+1]

+
2N∑
j=1

g jσ
z
j , (1)

where σα
j (α = x, y, z) are the Pauli operators on site j

and g j = gcos[π (1 + �) j]. We take σ
y
2N+1 ≡ σ

y
1 to impose

a periodic boundary condition. The main results of this work
are independent of the boundary conditions. The case of
the zero-field (g = 0) has been studied in many perspectives
[18–20]. In the case of the staggered-field (� = 0), that is,
the transverse field parameter in Eq. (1) satisfy g2 j−1 = −g2 j ,
where j = 1, 2, . . . , N, previous work [21] has focused on the
topological feature of the degeneracy lines. For an arbitrary
parameter distribution function g j , we have an equivalent
dimerized spinless fermion model with the Hamiltonian

H =
N∑

j=1

[(1 − δ)(c†
2 j−1c†

2 j + c†
2 j−1c2 j )

+ (1 + δ)(c†
2 j+1c†

2 j + c†
2 jc2 j+1) + H.c.]

+
2N∑
j=1

g j (1 − 2c†
j c j ), (2)

which describes p-wave superconductivity. Here c j is a spin-
less fermionic operator, and this mapping is obtained with the
Jordan-Wigner transformation [22]

σ x
j = −

∏
l< j

(1 − 2c†
l cl )(c

†
j + c j ),

σ
y
j = −i

∏
l< j

(1 − 2c†
l cl )(c

†
j − c j ),

σ z
j = 1 − 2c†

j c j . (3)
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The on-site external field is extracted from the continuous
field g(x) = gcos[π (1 + �)x] in the continuous coordinate x,
with the period 2/(1 + �). For a sufficiently small �, we have
gj ≈ geff cos(π j), where geff = gcos(π� j) varies slowly. To
a small extent, g j can be regarded as a staggered magnetic
field with amplitude |geff |. For a long scale, |geff | is a periodic
function of j with the beat period 2/�, that is, the amplitude
of the magnetic field is a constant in the narrow interval but
varies periodically along the whole system. To investigate
the local properties of the system within a small region, we
consider the Hamiltonian as a homogeneous one, that is, with
zero � but varied g. The ground-state properties with different
g reflect the local properties of the original Hamiltonian within
different space regions.

We impose the periodic boundary condition σα
j ≡ σα

j+2N
and perform the Fourier transformations for the two sublat-
tices, which obey

c j = 1√
N

∑
k

eikl
{
αk, j = 2l − 1,

βk, j = 2l,
(4)

where l = 1, 2, . . . , N , k = 2mπ/N , m = 0, 1, 2, . . . , N − 1.
Thus, spinless fermionic operators in k space, αk, βk can be
expressed as

αk = 1√
N

∑
l

e−ikl c j, j = 2l − 1,

βk = 1√
N

∑
l

e−ikl c j, j = 2l.
(5)

This transformation block diagonalizes the Hamiltonian with
translational symmetry, that is,

H0 =
∑

k

Hk =
∑

k

ψ
†
k hkψk, (6)

where

Hk = 1

2
[γk (α†

−kβ−k + β−kαk + α
†
−kβ

†
k + β

†
k αk ) + H.c.]

− g(α−kα
†
−k − α

†
k αk − β−kβ

†
−k + β

†
k βk ) (7)

satisfies the relation [Hk, Hk′ ] = 0. Here the core matrix hk

obeys

hk =

⎛
⎜⎝

0 0 γ−k −g
0 0 −g 0
γk −g 0 0
−g 0 0 0

⎞
⎟⎠, (8)

which is based on the basis vector

ψk = 1√
2

⎛
⎜⎜⎜⎜⎝

−α
†
−k + αk

−β
†
−k + βk

β
†
−k + βk

−α
†
−k − αk

⎞
⎟⎟⎟⎟⎠, (9)

where γk = (1 − δ) + (1 + δ)eik . The eigenvector with an
eigenvalue can be solved as

εk
ρσ = ρ√

2

√
�k + σ

√
�2

k − 4g4 (10)
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FIG. 2. Plots of the Bogoliubov–de Gennes energy bands for two
typical conditions (a) g = 0.4 and (b) g = 0.001, as a function of
momentum k (blue line) and D(E ) (red line), respectively. Notably,
the flat band energy value and the infinite DOS value both occur
when g → 0. The size of the system is N = 250, and the parameters
are � = 0 and δ = 0.2.

and

|φk
ρσ 〉 = 1

�ρσ

⎛
⎜⎜⎜⎜⎝

εk
ρσ gγ−k

εk
ρσ [

(
εk
ρσ̄

)2 − g2]

g[
(
εk
ρσ

)2 − g2]

−g2γ−k

⎞
⎟⎟⎟⎟⎠, (11)

where the parameters satisfy σ, ρ = ± and �k = |γk|2 +
2g2. The normalization factors are �ρσ = ρ

√
2g(εk

ρσ )−1

{[(εk
ρσ )4 − g4] [(εk

ρσ )2 − g2]}1/2. There are four Bogoliubov–
de Gennes bands from the eigenvalues of hk , indexed by
ρ, σ = ± . In this study we considered the case with the
band-touching points for εk

+− and εk
−−, which occur at kc. The

solution of

�kc =
√

�2
kc

− 4g4 (12)

obeys

g = 0, kc ∈ (0, 2π ], (13)

which induces the flat zero band. These flat bands can result
in an N-order degree of degeneracy, which is a crucial moti-
vation for this work. We plot the energy structures and DOS
for two typical conditions, namely g = 0.4 and g = 0.001, in
Fig. 2.

Unlike the twisted graphene, the purpose of creating a
moiré pattern here was not to induce a spin-liquid-like phase
(the flat Majorana band) but to transition to a new phase in
some regions. The flat Majorana band is the inherent prop-
erty of the spin-liquid-like phase (g = 0) in this model. Our
motivations for studying this model can be summarized as
follows. (i) We aimed to provide an example of the quan-
tum spin systems which can exhibit a moiré pattern, and
demonstrate that alternate quantum phases can be found in
this one-dimensional dimerized Kitaev spin model with the
modulated sinusoidal magnetic field. (ii) As an application,
precise control of the quantum phase can be realized in this
model, that is, a slight change of � can result in distinct
quantum phases.
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III. MAGNETIZATION, DOS, AND STRING
CORRELATION FUNCTION

For the uniform system (� = 0) studied here, the ground
state is strongly determined by the magnitude g. This view-
point can be observed from two limits: in strong limit |g| 	
1, the ground state is a Néel magnet with staggered spin
alignment. For g = 0, the corresponding Hamiltonian has
been systematically studied [20]. In medium g, the crossover
ground state can be obtained from the exact solution. In this
section we utilize three parameters—magnetization, DOS,
and string correlation function (SCF)—to characterize the
ground-state properties.

(i) The staggered magnetization on site j is defined as

mz
j ≡ (−1) j〈G|σ z

j |G〉 (14)

for ground state |G〉. According to the Hellmann-Feynman
theorem, we have

mz
j = (−1) j 1

2N
〈G| ∂H

∂g j
|G〉 = (−1) j ∂Eg

∂g j
, (15)

where Eg is the energy density of the many-body ground state.
For the uniform system with zero �, mz

j can be expressed as a
function of (δ, g), that is,

mz = mz
j = ∂Eg

∂g
. (16)

With the exact solution

Eg = 1

4π

∫ π

−π

(
εk
−+ + εk

−−
)
dk

= −2
√

1 + g2

π

[
E

(
1 − δ2

1 + g2

)]
, (17)

in Sec. II, mz can be exactly obtained as

mz = −2g

[
E

(
1 − δ2

1 + g2

)]
/(π

√
1 + g2). (18)

Here E (t ) is the complete elliptic integral. Notably, the pa-
rameter satisfies mz = 0 when g = 0, which demonstrates one
of the characteristics of quantum spin liquid [20]. For clarity,
the results of mz along g for different δ values are plotted in
Fig. 3, which indicates that the δ values have a weak effect on
mz.

(ii) The DOS for the Bogoliubov–de Gennes band is de-
fined as

D(E ) = λ
dN (E )

dE
(19)

generally, dN (E ) indicates the number of energy levels that
appear in the interval [E , E + dE ], with the normalization
factors λ = �E/4N . Notably, the result D(E ) → ∞ accords
with the fact that flat bands occur at g = 0 (Fig. 2).

(iii) The correlation length of the quantum spin model can
also demonstrate the characteristics of the spin-liquid phase.
Therefore, we introduce the SCF for the ground state, which

-2 20
-1

0

1

FIG. 3. Plot of the magnetization mz in Eq. (18) as a function
of the on-site potential g for four typical conditions: δ = 0.2 (blue
dashed line), δ = 0.4 (black solid line), δ = 0.6 (orange solid line),
and δ = 0.8 (red solid line). The computation is performed by using
direct diagonalization of Eq. (2). The size of the system is N = 250.
It indicates that the δ values have a weak effect on mz.

is defined in

O(2r+1)
x [2 j − 1, 2( j + r)]

= 〈G|σ x
2 j−1

(
2( j+r)−1∏

n=2 j

σ z
n

)
σ x

2( j+r)|G〉. (20)

For estimating the correlation length of the SCF, we consider
a perturbed Hamiltonian

H (2r+1) = H + c
∑

j

σ x
2 j−1

(
2( j+r)−1∏

n=2 j

σ z
n

)
σ x

2( j+r), (21)

where the extra term stands for the long-range spin-spin cou-
pling with strength c and H (2r+1) is a auxiliary Hamiltonian,
the results of the SCF in the following require the condition
c = 0. The corresponding eigenvalue equation for the ground
state is

H (2r+1)
∣∣G(2r+1)

〉 = E (2r+1)
g

∣∣G(2r+1)
〉
, (22)

where the energy density of the many-body ground state
E (2r+1)

g, j can be exactly obtained as

E (2r+1)
g = − 1

4π

∫ π

−π

{(1 − δ)2 + (1 + δ)2 + c2

+ 2(1 − δ)(1 + δ) cos k + 2c(1 − δ)

× cos(rk) + 2c(1 + δ) cos[(r + 1)k]

+ 4g2}(1/2)dk (23)

by the translational symmetry of H (2r+1). Meanwhile, the
translational symmetry of |G(2r+1)〉 results in

O(2r+1)
x [2 j − 1, 2( j + r)]

= O(2r+1)
x [2( j + l ) − 1, 2( j + r + l )]

= O(2r+1)
x . (24)
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FIG. 4. Plot of the ln Ox in Eq. (25) on a uniform system for four
typical classes of parameters [δ = 0.2 (blue dashed line), δ = 0.4
(black solid line), δ = 0.6 (orange solid line), and δ = 0.8 (red solid
line)], as a function of the long-range length r. The computation
is performed by using direct diagonalization of Eq. (21). The ln Ox

decreases linearly with r, which satisfies the conclusion in Eq. (26).
The size of the system is N = 250 and the parameter is g = 0.4.

According to the Hellmann-Feynman theorem, the SCF can
be expressed as

O(2r+1)
x =

[
∂E (2r+1)

g

∂c

]
c=0

= −
∫ π

−π

1

4π
√

2
{(1 − δ) cos(rk) + (1 + δ)

× cos[(r + 1)k]}[(1 + δ2) + (1 − δ2)

× cos k + 2g2]−1/2dk, (25)

and O(2r+1)
x satisfies the relation

O(2r+1)
x e− 2r+1

ξ , (26)

which can be transformed into

ξ = 2[ln O(2r+1)
x − ln O(2r+3)

x ]−1. (27)

Figure 4 numerically demonstrates the linear relation in
Eq. (27). ξ is also determined by g, and ξ = 0 occurs at the
large limit of g (Fig. 5).

In conclusion, this system has multiple-degenerate ground
states with zero magnetization, which characterizes the spin-
liquid phase, as claimed in a previous study [20]. However,
when g → ∞, ξ → 0 and mz → 1, which indicates the Néel
phase.

IV. MOIRÉ FRINGES

The aim of this work was to present the moiré fringes of the
system with nonzero � and the properties of the system with
zero �; however, different g, as discussed in Sec. III, should
appear in the different locations along the system. Considering
magnetization mz

j as a function of the coordinate, we intro-
duce LDOS to replace DOS. For calculating such parameters,
the solution of H is necessary. We utilize Majorana fermion
operators

a j = c†
j + c j, b j = −i(c†

j − c j ), (28)

-1 0 1
0

1

2

FIG. 5. Plot of the correlation length ξ in Eq. (27) as a function
of the on-site potential g. The computation is performed by using
direct diagonalization of Eq. (21). The correlation length ξ is finite
when g → 0, whereas ξ decays rapidly to zero as |g| increases. The
size of system is N = 250, and the parameter is δ = 0.2.

which satisfy the relations

{a j, a j′ } = 2δ j, j′ , {b j, b j′ } = 2δ j j′ , (29)

and

{a j, b j′ } = 0, a2
j = b2

j = 1. (30)

The inverse transformation obeys

c†
j = 1

2
(a j + ib j ), c j = 1

2
(a j − ib j ). (31)

Then the Majorana representation of Hamiltonian is

H = ψT hψ, (32)

where ψT = (ia1, b1, ia2, b2, ia3, b3, . . . , ia2N , b2N ) . Here h
represents a 4N × 4N matrix, which can be explicitly written
as

h = g

2

2N∑
j=1

(−1) j cos( jπ�)| j〉ab〈 j|

+ 1

2

N∑
j=1

[(1 + δ)|2 j〉ab〈2 j + 1|

+ (1 − δ)|2 j〉ab〈2 j − 1|] + H.c., (33)

where | j〉λ (λ = a, b) is a single-particle orthonormal com-
plete set, which satisfies λ〈 j| j′〉λ′ = δλλ′δ j j′ , j ∈ [1, 2N], and
b〈2N + 1| ≡ 0. Obviously h describes a single-particle tight-
binding SSH model with side couplings and cosine-modulated
couplings. The schematic of the Majorana lattice system is
sketched in Fig. 6.

Then ground-state energy Eg, mz
j , and Dj (LDOS) can also

be obtained by diagonalizing the matrix of the lattice system.
For the ground state, the Majorana operators a2 j−1 and b2 j are
free in the g j = 0 region, resulting in numerous degenerate
degenerate ground states. We depict the magnetization as a
function of j [Fig. 7(a)] and compute Dj by using the method
[23] [Fig. 7(b)]. Inspired by the characteristics of the SCF, we
consider an artificial model with non-neighbour interactions,
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δ− δ −

FIG. 6. Lattice geometries for the Majorana models, which are
described in Eq. (33). The solid (empty) circle indicates (anti) Majo-
rana modes. (a) The SSH model with side-couplings (1 ± δ)/2 and
±g/2. In (b), g = 0.

and the Hamiltonian obeys

h(2r+1)
j = h + c

2
(|2 j + 2r〉ab〈2 j − 1| + H.c.), (34)

which is the mapping of the Hamiltonian in Eq. (21). The
energy density of the ground state E (2r+1)

g, j for the many-body

system equals the sum of all negative eigenvalues from h(2r+1)
j

with the coefficient 1/(2N ), which can be numerically ob-
tained. The corresponding SCF and ξ can be computed from
the relation

O(2r+1)
x, j = lim

c→0

∂E (2r+1)
g, j

∂c
, (35)

and we have the equation

ξ j = 2[ln O(2r+1)
x, j − ln O(2r+3)

x, j ]−1. (36)

We depict ξ j as a function of j in Fig. 7(c), which demon-
strates the above analyses of the moiré fringes system.

V. DYNAMIC DETECTION

The investigation in this section may provide the scheme to
experimentally detect the moiré fringes. Realizing a quantum
spin system with the Hamiltonian H is a challenge because
the moiré pattern appears in a relatively large system. In
this sense, both spin and Kitaev p-wave system is hard to
implement. However, as shown above, a moiré pattern is also
reflected in the quasiparticle spectrum of the spin model, that
is, the LDOS, or the spectral structure of the corresponding
Majorana dual of the spin system. The Majorana lattice in
Eq. (33) is essentially an extended version of the SSH model.
Recently, many works on the experimental realization of the
SSH model in the photonic system have been reported.

The Majorana lattice h appears as a relatively simpler struc-
ture, which can be arranged in a photonic system [14,15]. It
is based on the analogy between light propagating through
a photonic crystal and a tight-binding Hamiltonian. For ex-
ample, topological effects in some electronic systems can be

observed in their photonic counterpart [24–28]. In a photonic
platform, Pauli exclusion is not obeyed, a single-particle state
can be amplified by the large population of photons. It allows
for a high degree of control over the system parameters.

In this section we consider the Hamiltonian hη with a
slight perturbation for investigating the dynamical signature
of the moiré pattern, the Hamiltonian hη does not break the
symmetry of the original Hamiltonian [29] and has the form

hη = h + η

2N∑
j=1

(| j〉ba〈 j| + H.c.), (37)

where the perturbation is a transverse field with the strength
η. We employ the LE to investigate the dynamical signature
of the moiré pattern. The LE for an initial state |ψ0〉 is defined
as

M(t ) = |〈ψ0| exp(ihηt ) exp(−iht )|ψ0〉|2. (38)

We take |ψ0〉 as the initial state, which is the site state at
the jth site; thus, M(t ) is a function of position j, which is
labeled by Mj (t ). Numerical simulations demonstrate that the
LE decays in the form

Mj (t ) = e−γ j t2
; (39)

thus we have

� j (t ) = √− ln Mj (t ) = √
γ jt . (40)

The parameter � j (t ) is introduced to present the decay
behaviour, as a function of evolution time t (Fig. 8). Fur-
thermore, we depict the decay of LE (γ j) as a function of
site j [Fig. 7(d)]. For clarity, we demonstrate the relations of
calculated LE for a series of j and t values (Fig. 9). Notably,
the performances of �, γ , and M, which are described in
the three aforementioned figures, cannot be affected by the
varied parameters δ. Such a moiré pattern can be implemented
through weakly coupled waveguide arrays.

In the following we present a scheme of experimentally
detection of LE for the Majorana lattices in Eqs. (33) and
(37) via a system of waveguide arrays. We consider a quasi-
one-dimensional array made of 4N equal straight waveguides,
which are assumed to be weakly coupled. The geometry of the
system is schematically illustrated in Fig. 10, which consists
of four sections along the direction of light propagation z. Ac-
cording to the coupled-mode theory, the light propagation can
be described by Schrödinger-like equation, which is usually
to be used to mimic the dynamics of a tight-binding system.

For the first and third sections with length L/2, the corre-
sponding equations are

i
∂u(z)

∂z
= hu(z), (41)

for z ∈ [0, L/2] and

i
∂u(z)

∂z
= hηu(z), (42)

for z ∈ (L/2, L], respectively. Here the vector has the
form u(z) = [ua,1(z), ub,1(z), . . . , ua,2N (z), ub,2N (z)]T , with
the component uλ,l (z) denotes the mode amplitude in the cor-
responding waveguide, where λ = a, b and l = 1, 2, . . . , 2N .
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FIG. 7. Numerical simulations of four typical parameters, [(a) magnetization (mz), (b) local density of state (LDOS), (c) correlation length
(ξ ), and (d) decay of the LE (γ )] as a function of site j. Computations are all performed by using a uniform mesh in the position j discretization
for typical parameters. These panels are the main results of the present study. (a) On-site potential amplitude parameters are g = −2.5 (blue
dashed line), g = −1 (black solid line), and g = −0.5 (orange solid line). The top (or valley) of the magnetization depends on the value of g in
(a). All panels exhibit unitary moiré patterns for a infinite site system. Parameter in (d) is η = 0.005. The size of system is N = 250, and the
common parameters are � = 0.004, g = 0.4, and δ = 0.2.

The second and fourth sections are the waveguides with seg-
mentation at z = L/2 and L, supporting the function of sudden
change π phase on the mode amplitudes of one of two sublat-
tices [16,17]. Explicitly, the action of such two sections is a
transformation

U =

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0
0 −1 0 0 0

0 0 . . . 0 0
0 0 0 1 0
0 0 0 0 −1

⎞
⎟⎟⎟⎟⎠. (43)

0 0.5 1
0

0.5

1

1.5

FIG. 8. Numerical simulations of the decay behavior (�) of
Loschmidt echo (LE) [Eq. (40)] on a slight perturbation Hamilto-
nian for four typical site classes j = 1 (blue dashed line), j = 60
(black solid line), j = 100 (orange solid line), and j = 125 (red
solid line) as a function of time evolution t . The computation is
performed by using a uniform mesh in the time discretization for the
time-dependent �(t ). We take the site state at the jth site. The �(t )
increases linearly and approximately with time t , which is associated
with the correlation showed in Eq. (39). When the periodicity of
the moiré pattern is considered, the results of �(t ) along the site j
from 1 to 125 (1/4 period) illustrate the properties of the integral
period. The system parameters are N = 250, � = 0.004, η = 0.005,
g = 0.4, and δ = 0.2.

Accordingly, for a given initial wave function u(0), we
have

u(L−/2) = e−ihL/2u(0),
u(L+/2) = Uu(L−/2),

u(L−) = e−ihηL/2u(L+/2),
u(L+) = Uu(L−),

(44)

where L± = L + 0±. We note that

Ue−ihηzU −1 = e−i(−hη )z = e−ihη (−z), (45)

due to the fact

UQU −1 = −Q (46)

for an arbitrary Hamiltonian matrix Q describing a single-
particle tight-binding bipartite lattice without on-site poten-
tial. Obviously the action of the sandwich (second-third-
fourth section) is equivalent to the time-reversal evolution
operator for hη. According to Eq. (38), the LE at L can be

FIG. 9. Numerical simulation of LE in Eq. (38) as a function
of site-state j and evolution time t in the Majorana model. The
computation is performed by using uniform meshes in the time and
position discretization for the LE. The periodic behavior is obvious,
exhibiting a moiré pattern as expected. We take the site state at the
jth site. The size of system is N = 250, and the parameters are
� = 0.004, δ = 0.2, g = 0.4, and η = 0.005.
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FIG. 10. Sketch of the quasi-one-dimensional waveguide array
to mimic the Majorana lattices in Eqs. (33) and (37). (a) There are
four array sections. (b) and (c) Waveguide array sections for h and hη,
respectively. The length is L/2, and the strength of the evanescent
couplings are indicated. (d) Waveguide array sections for U , with
segmentation at sublattice denoted by dark blue circles. The length
is d , much smaller than L.

measured experimentally by

M(L+) = ∣∣u∗(0)eihηL/2e−ihL/2u(0)
∣∣2

= ∣∣u∗(0)Ue−ihηL/2U −1e−ihL/2u(0)
∣∣2

= |u∗(0)u(L+)|2

=
b∑

m=a

2n∑
n=1

|u∗
m,n(0)um,n(L+)|2. (47)

If we take a series of site states as initial states, i.e., u(0) =
um0,n0 (0) = u j (0) = 1 and take light propagation distance z as
time t , then apply Eq. (47), we have

Mj (L
+) = |u∗

j (0)u j (L
+)|2

= |u j (L
+)|2, (48)

which are correspond to the numerical results of Fig. 9.
This demonstrates that detecting the moiré fringes via LE

is possible in arrays of coupled waveguides in the aid of seg-
mented sections. This scheme is independent of the geometry
of the array and therefore provides a way to measure the LE
in a tight-binding model.

VI. SUMMARY

In summary, we have demonstrated that a superperiodic-
ity in the coordinate space along a quantum spin system is
imposed on it if the beat period of the external sinusoidal
magnetic field has a slight difference with the lattice constants.
There are two quantum phases in each period, one is Néel
phase, another is spin liquid phase. As a huge unit cell, the
phase diagram is presented and repeated when the coordinate
changes in real space, rather than varying the external field.
The moiré system provides a new way to study the phenomena
related to quantum phases. An advantage of this scheme is that
one needs not to control the field dynamically. The process to
vary a parameter is challenging in practice. However, one can
simulate the crossover by simply setting a slightly different
but commensurate periods of two ingredients of the system.
Additionally, we have proposed a dynamic scheme to detect
the moiré fringes based on the measurement of LE with the
respect to local perturbation. We employed arrays of coupled
waveguides to stimulate the dynamic process in the Majorana
lattice. It has been demonstrated that detecting the moiré
fringes via LE is possible in the aid of segmented sections.
This scheme is independent of the geometry of the array. It
provides a method to detect the moiré fringes in a photonic
system, which is different from the real quantum condensed-
matter system, but can reproduce almost all condensed-matter
experiments.
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