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Hydrodynamic inverse Faraday effect in a two-dimensional electron liquid
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We show that a small conducting object, such as a nanosphere or a nanoring, embedded into or placed in the
vicinity of a two-dimensional electron liquid (2DEL) and subjected to a circularly polarized electromagnetic
radiation induces “twisted” plasmonic oscillations in the adjacent 2DEL. The oscillations are rectified due to
the hydrodynamic nonlinearities leading to the helicity sensitive circular DC current and to a magnetic moment.
This hydrodynamic inverse Faraday effect (HIFE) can be observed at room temperature in different materials.
The HIFE is dramatically enhanced in a periodic array of the nanospheres forming a resonant plasmonic coupler.
Such a coupler exposed to a circularly polarized wave converts the entire 2DEL into a vortex state. Hence, the
twisted plasmonic modes support resonant plasmonic-enhanced gate-tunable optical magnetization. Due to the
interference of the plasmonic and Drude contributions, the resonances have an asymmetric Fano-like shape.
These resonances present a signature of the 2DEL properties not affected by contacts and interconnects and,
therefore, providing the most accurate information about the 2DEL properties. In particular, the widths of the

resonances encode direct information about the momentum relaxation time and viscosity of the 2DEL.
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I. INTRODUCTION

Generation of stationary magnetic moments by circularly
polarized radiation is commonly referred to as the inverse
Faraday effect (IFE) predicted by Pitaevskii [1] and first
observed by van der Ziel er al. [2]. Although this effect is
usually studied in magnetic materials [3-5], it can also be
observed in conventional semiconductor nanostructures such
as quantum dots and nanorings [6—15]. In particular, it was
recently predicted [14,15] that a circularly polarized radiation
with the electric component E = E,, exp(—iwt) + c.c. can
excite a circular DC current in a nanoring, which, in turn,
generates a magnetic moment:

M xiE, x E. (1)

The proportionality coefficient in Eq. (1) is an odd function of
frequency, so the effect is sensitive to the helicity of polariza-
tion. Remarkably, IFE is dramatically enhanced in the vicinity
of plasmonic resonances [15]. Specifically, adjusting the plas-
monic frequency in the nanoring to match the frequency of
impinging radiation results in a much larger optically induced
stationary magnetic field (up to 0.1 Gauss for typical parame-
ters of a nanoring, see discussion in Ref. [15]). Hence, an array
of nearly identical quantum rings should give rise to large
optically controlled macroscopic magnetization. This opens
a wide avenue for applications in tunable optoelectronics, in
particular, in the terahertz (THz) range of frequencies.

The key feature of the plasmonic-enhanced IFE as com-
pared to other plasma-wave-related effects is the absence of
the symmetry limitations for conversion of incoming radiation
into a DC signal. Indeed, in conventional plasmonic devices,
such conversion requires an asymmetry of the system that de-
termines the direction of the DC current. In two-dimensional
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structures, the asymmetry can be created by the boundary
conditions [16] or induced by ratchet effect (see Ref. [17]
for review). The latter implies a special type of grating-
gate couplers that could provide the required asymmetry. By
contrast, IFE exists in fully symmetric rings [14,15] and the
direction of the arising DC current is simply determined by
the sign of the circular polarization. What is also important
in view of possible applications for THz plasmonics is that
the optically induced DC current remains finite even in the
long-wavelength limit, when E, does not vary within the
dimension of ring. Hence, the quantum nanorings and ring-
based arrays can be used as effective helicity-driven sensors
for THz radiation (see estimates and discussion in Ref. [15]).

In this paper, we discuss the possibility of observing
similar effects in 2D systems. We consider the excitation
of circular plasmonic modes (twisted plasmons) and circular
DC currents in a two-dimensional electron liquid (2DEL).
These modes are excited by a circularly polarized electromag-
netic radiation impinging on the metallic or semiconducting
nanosphere or nanoring embedded into or placed above the
2DEL and inducing rotating dipoles in these nanostructures
[see Fig. 1(a)]. Rectification of the twisted plasmons due
to hydrodynamic nonlinearities leads to a helicity-sensitive
circular DC current and, consequently, to a magnetic moment,
thus demonstrating the hydrodynamic inverse Faraday effect
(HIFE). If the nanospheres form a 2D crystal [see Fig. 1(b)],
only the plasmons with the wave vectors forming inverse
crystal lattices are excited, so excitation spectrum becomes
discrete. When the radiation frequency is close to any of
the discrete plasmonic frequencies, the entire high-mobility
2DEL experiences a resonant circular plasmonic excitation.
The rectification of these oscillations leads to a plasmonic-
enhanced DC current which oscillates in space. The circular
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FIG. 1. Excitation of twisted plasmons in 2D electron liquid by
a single nanosphere embedded into dielectric matrix and excited
by circularly polarized radiation (a) or by an array of nanospheres
forming a plasmonic coupler (b).

DC current and magnetic moment generated by this current
show sharp HIFE resonances. Since the plasma wave fre-
quency is tunable by the gate voltage and by an external
magnetic field, such a system can be used for the optical tun-
able magnetization of 2D systems. The typical 2DEL twisted
plasmon frequencies are in the THz range, and this coupling
system could be used for tunable THz electronic components,
including frequency multipliers, modulators, absorbers, and
mixers. Another key application is in the contactless charac-
terization and parameter extraction of the 2DEL.

Apart from these applications, there are some very interest-
ing fundamental aspects of the HIFE related to hydrodynamic
approach in plasmonics, the field which explores how electro-
magnetic fields can be confined over dimensions much smaller
than the radiation wavelength [18-24]. The hydrodynamic
approach to the description of the electronic systems and,
in particular, the plasma wave excitation, has a long history
which can be traced back to early work by Gurzhi [25] and by
de Jong and Molenkamp [26], where hydrodynamic effects
on the electron and phonon transport were discussed, and
to the work by Dyakonov and Shur [16], which exploited
the analogy between the “shallow water” hydrodynamics and
that of the electron liquid in two-dimensional (2D) gated sys-
tems. Many other beautiful hydrodynamic phenomena such
as choking of electron flow [27], nonlinear rectification of the
plasma waves [28,29], and the formation of plasmonic shock
waves [30] have been subsequently proposed. Possible appli-
cations of these phenomena to the plasma-wave electronics
were intensively discussed (see Refs. [31,32]). More recent

interest to the hydrodynamic phenomena in low-dimensional
transport and plasmonics is driven by the emergence of high-
mobility nanostructures [33—41] and graphene [42-52] where
the electron-electron collision-dominated transport regime
can be reached.

Two issues that have been most actively discussed in
recent years are the emergence of hydrodynamic regimes with
nonzero vorticity (and their manifestation in the transport
properties of the 2DEL) (see Refs. [40,48-52] and references
therein), as well as possible methods for measuring the elec-
tron viscosity by using dynamic excitations of 2DEL [40] and
by nonlocal resistance measurements [48-52].

Here we demonstrate that the electron flow with nonzero
vorticity can be excited by circularly polarized radiation.
Importantly, we find that such states appear even in an ideal
2DEL with zero viscosity. We also find that the main effect
of viscosity is broadening of the plasmonic resonances in the
structure shown in Fig. 1(b). The corresponding contribution
to the resonance width is proportional to the kinematic viscos-
ity and depends on the single geometrical factor—the distance
d between nanospheres. This enables optical measurements of
the electron liquid viscosity.

II. MODEL

A. Basic equations

In this paper, we consider circular (twisted) plasmon exci-
tation through the periodic array of metal objects (or semicon-
ducting objects with high conductivity), such as nanospheres
or nanorings, embedded into or placed in the vicinity of the
2DEL by using insulating matrix transparent for the THz
radiation. To begin, we consider the excitation by a single
nanosphere [see Fig. 1(a)] and then generalize the results
in the case of the grating plasmonic coupler consisting of a
periodic array of nanospheres [see Fig. 1(b)].

Circularly polarized electromagnetic radiation induces a
rotating dipole potential in the nanosphere. As a result, an
inhomogeneous field is formed, which, in turn, acts on the
2DEL. We will find the DC response of the system. We
assume that (i) electron-electron collisions prevail over scat-
tering by phonons and impurities; (ii) the radiation wavelength
is much larger than the radius of the nanosphere, so the
electric field of radiation is uniform; and (iii) the system is
gated. The first assumption allows us to use the hydrodynamic
approximation.

The 2D electron liquid is described by the hydrodynamic
equations for the dimensionless electron concentration n =
(N — Np)/Ny and velocity v:

0

a—’z +div[(1 4+ n)v] = 0, 2)
ov 5 ¢E
— + (VVW)V+yv+s5sVn—vAv= —. 3)
Jat m

Here N, is equilibrium concentration, s is the plasma
wave velocity, y is the rate of the momentum re-
laxation, w 1is the radiation frequency, m is the elec-
tron mass, and v is the kinematic viscosity. The field
acting in the 2D plane, E =Ey(t) + E (¢, r), is given
by the sum of the homogeneous field of circularly
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polarized incoming radiation, Eq(t) = Eyp(cos wt, —sinwt) =
(Eo/2)(ex — iey) exp[—iwt] + c.c. and the dipole field

rp(t)

E](I’,I) = —EVW,

“)
where p(t) = p(cos wt, — sinwt ) and ep = EyR? is the dipole
moment of a metallic nanosphere with radius R. (Alterna-
tively, one can use dielectric nanospheres with dielectric con-
stant €g. Then, the dipole moment becomes ep = EoR3(eg +
€)/(eg + 2¢), where € is the dielectric constant of the trans-
parent embedding matrix [53].) Here, we assume that internal
plasmonic frequency of the nanospheres is very large as com-
pared to characteristic frequencies of the problem, so spheres
are fully polarized (corresponding estimates are given in
Sec. V B). For a lattice of the nanospheres, one should replace
Ei(r,t) - > .E|(r —r;,¢), where summation is taken over
the lattice nodes.

B. Rectification of the optical signal

The incoming radiation leads to the oscillations of the concen-
tration and velocity, which are rectified due to the nonlinearity
of the hydrodynamic equations. The small signal solution
of hydrodynamic equations Egs. (2) and (3) can be found
perturbatively by expansion over E, up to the second order,

n=dén(t,r)+n(r), v=vit,r)+v(r),

where §n(t, r) o« Ey and §v(z, r) o< Ey are oscillations of the
concentration and velocity representing linear response and
n(r) o« Eg and V(r) o« Eg are time-independent corrections
arising due to the rectification. We will see that the optically
induced flow of the 2DEL with nonzero vorticity appears
even in an ideal liquid with zero viscosity. Therefore, we will
first put v = 0 and discuss the viscosity-related effects at the
end of the paper. One of our main findings is that a finite
viscosity leads to a very simple contribution to the width of
the plasmonic resonances and could be extracted from the
measurements of the resonance width.

Due to the rectification, the impinging radiation induces
both a DC current jpc and a static electric potential ¢pc. To
find the rectified corrections 7(r) and v(r) (squared-in-Ey),
we average Egs. (2) and (3) over time, thus arriving at the
following set of the stationary equations:

divv = —div], (5)
YV + 52V = yJa, (6)

with the rectified sources (we neglect terms of the order Eg
oscillating at frequency 2w. Such terms leads to negligible, on
the order of E{)‘, corrections to the circular DC current):

1
Ji=(8ndv);, Jo= —;((SVVMV)r- (N

To find total radiation-induced DC current, jpc, one should
sum Vv and the rectified source J;. The radiation-induced po-
tential, ¢pc which creates static electric field Epc = —Vé¢pc
is found from the condition eV ¢pc/m = s> V7. Thus, we have
the following set of equations for jpc and ¢pc :

Joc(r) = No[v(r) + Ji ()], (®

e¢pc(r) = ms® a(r). ©)

Hence, the key steps of the calculations are as follows. One
should first linearize hydrodynamic Eqs. (2) and (3) and find
the linear response. The next step is to substitute thus found
dn and §v into the expressions for the nonlinear sources given
by Egs. (7), perform the time averaging, and find J; 5. Then,
one should calculate 77 and V by solving Egs. (5) and (6) and,
finally, find jpc and ¢pc from Egs. (8) and (9).

III. LINEAR RESPONSE: DRUDE AND
PLASMONIC CONTRIBUTIONS

Since the electric field entering the right-hand side (r.h.s.)
of Eq. (3) has both homogeneous and inhomogeneous contri-
butions, one can present the velocity oscillations as the sum
of the homogeneous Drude excitation and inhomogeneous
dipole-induced plasmonic term, while

8v = 8vP + &vF. (10)

Corrections to the concentration appear only due to the in-
homogeneous perturbation, so §n = én’. As we demonstrate
below, the presence of these two types of velocity excitations
leads to interference effects and, as a consequence, to the
Fano-like asymmetry of the resonances.

Linearizing Eqs. (2) and (3) and writing én =

Sny(r)e™ 4 c.c., 8V = 8v,(r)e”™ +c.c., after simple
calculations (see Appendix A), we get
Sny(r) = AZ(r), (11)
. eEy(e, — iey)
8Vy(r) = ioVZ(r)+——, (12)
—_—— 2m(y —iw)
(SVZ _\/_/
svh
where, for the case of a single nanosphere,
d2 iqr ,—ipq ,—qa
Z(r) = —i27 12 ge7¢ 7¢ (13)
QP ¢k
Here e 1 = (q, — iqy)/q,
e’p
I’ = 14
2ms? (14)
and
Jolo+1i .
k = % = ko + iQ. (15)

The real and imaginary parts of k, respectively, ko and Q, have
a physical meaning of the wave vector and the spatial decre-
ment of the optically excited plasma wave. In what follows,
we assume Yy < w. Hence, k =~ (v + iy /2)/s, and, conse-
quently, kg ~ w/s, Q =~ y /2s. As seen, the spatial decrement
of the wave is small:

0 < ko. (16)

For the case of square dipole lattice with the lattice constant
d, Eq. (13) is slightly modified by the replacement (see
Appendix E),

d’q 1
/ Qe d_ziq:’
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where wave vector q runs over the inverse lattice vectors:

2
Qun = —(ne, + mey)~ )

d

Since velocity is given by the sum of two terms [see
Eq. (10)], one can split both of the rectified sources J; , into
two contributions—the plasmonic contribution and the mixed
(plasmonic+Drude) contribution:

= +IMi=12),
where
3= oitavty, 3= OV
‘ (18)
IM = (snPsvP),, Jy::__iﬁhfgéﬁﬁflg,

Equations Eq. (13) and (18) allow us to clarify basic physics
issues in more detail. First, as seen, the integral on the
r.h.s. of Eq. (13) contains a pole in the denominator, which
reflects the plasmonic resonance occurring when o is equal
to the frequency of the plasma wave with the wave vector
q. However, the pole is smeared out due to the integration
over q. The situation is different for a dipole lattice when
the integration should be replaced with summation. For small
y, the contributions of the different terms in the sum are
well separated and can give sharp plasmonic resonances. The
resonance condition,

® = Wy, = 2ms/d)V/ n? + m?, (19)

is satisfied for several pairs (n, m). For example, the funda-
mental plasmonic resonance with the frequency
2mws
Wy = 7 (20)
corresponds to the sum over four pairs (1, 0), (—1, 0), (0, 1),
and (0, —1), yielding

1

Z(r) o« ——————.
Wy — w* — iwy

2D
with the frequency-independent coefficient of proportionality.
Then, rectified DC currents have the resonance dependence
JP o 1Z(0)]?, IM o Z(r). As a result, in the vicinity of the
resonance, the expression for the circular DC current can be
approximately presented as follows:

. m(r) n(r)
= .c.|, 22
Ipe 522+1“2/4+[Q+ir/2+CC 22)
where
=2"% =2 (23)
(O] (O]

are, respectively, the dimensionless detuning and damping of
the fundamental resonance, while the terms proportional to
vectors m(r) and u(r) represent the plasmonic and mixed
contributions, respectively [exact expressions for these coef-
ficients will be given below, see Egs. (40), and (41)]. Due to
the interference of these terms, the resonance in jpc and ¢pc
has an asymmtric Fano-like shape. Interestingly enough, the
degree of asymmetry depends on the coordinate r.

sharp | damped
- plasmonic | plasmonic

fundumental resonances oscﬂlatlons
mode | onset of
lasmonic
p oY p
)\ox/m resonances
1 1 |||| e,
R a Ao )\0 V20/Q Q >d

FIG. 2. Different scales of the problem. We predict sharp plas-
monic resonances for Ay < d < +/1o/Q0.

Different scales of the problem are illustrated in Fig. 2.
The smallest scale is the size of the sphere, R, which is on
the order or smaller than the distance from spheres to the
plane of 2D gas, R < a. We assume that the wavelength of
the plasma excitations, Ag = 27 /ky, is much larger than a
but smaller than the plasma wave damping length: a < Ay K
Q7. For d > Q7!, the spheres are fully independent and
it is sufficient to calculate the response of a single sphere.
With decreasing d, the spheres begin to influence each other.
One can easily estimate characteristic d corresponding to the
onset of plasmonic resonances. To this end, we estimate the
volume in the momentum space corresponding to a plasmonic
resonance as kgQ. When this volume becomes smaller than the
volume of the unit cell of the inverse lattice, koQ < (27 /d)?,
the resonances cease to overlap. The fundamental mode cor-
responds to a smaller intersphere distance: d = A¢. The total
number of well-resolved resonances that can be observed is
proportional to ky/Q = w/y and is thus determined by the
quality factor. It is worth noting that sharp resonances exist in
the finite range of d: A9 < d < /Ao/0.

An important comment is related to the radiation-induced
vorticity of the 2DEL. On the formal level, function Z(r) is a
Green’s function of hydrodynamic equations describing the
plasmonic excitation caused by a pointlike rotating dipole.
Due to this rotation, an angular moment =+1 is transferred
to the liquid with the sign determined by the sign of the
helicity. The information about this moment is encoded in
the phase factor exp[—igq] in Eq. (13). This means that the
plasma waves circulate around the nanospheres and that the
direction of circulation changes with changing the sign of
the radiation polarization. We call such excitations twisted
plasmons. The rectification of these plasmons leads to DC
current with nonzero vorticity, which is also determined by
the helicity sign.

IV. CIRCULAR DC CURRENT INDUCED BY
A SINGLE DIPOLE

Performing integration over ¢4 in Eq. (13), we get

Z(r) = P(x — iy)f(r), (24)

where function f depends only on r = |r|. The analytical
expressions for f and its asymptotes are presented in the
Appendix A together with expression of dn,, and §v,, in terms
of f. It is convenient to present J; as follows:

Ji = Rie, + D;ey, (25)
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FIG. 3. Dependence of the circular current density, jpc, created
in 2D liquid by a rotating dipole moment of a single nanosphere.
Main contribution to this current comes from mixed term [see
Eq. (28)] .

where e, =r/r, e, =e; x e, and functions R; = Rf + R%VI,
and ®; = ®F + &M, depend only on = |r| and contain both
plasmonic and mixed contributions. Here, vector r is counted
from the center of nanosphere [see Fig. 1(a)].

Provided that R; and ®; are known, the solution of Egs. (5)
and (6) can be found by expanding V over e, and e, and
assuming 7 = n(r). We find for the total circular radiation-
induced DC current, jpc = jpce, and the radial electric field,
Epc = Epce;:

c = No(P1 + $3), (26)
eEpc

=yRi+Ry) 27

Expressions for plasmonic and mixed contributions, Rf’ , CDZP ,
and RM, ®M, are presented in Appendixes B and C, respec-
tlvely, as well as expressions for asymptotical behavior of jpc
[see Eq. (D1)] and Epc [see Eq. (D2)], accounting for both
plasmonic and mixed contributions. As seen, for the most
realistic case (R € a < k; '« 07", the mixed contribution
dominates. Neglecting plasmonic contribution, we find that

C(L), r<l/k
. | ERE 02 inkor 4 7 /4),
JDC N —Jx vr In [ko/ Q] (28)
ko <1 < 5=
aZ
122)7’ In [/B/Q] <
where
. a)l4N0 (29)
I KR a*’

and C(x) is given by Eq. (D4). Schematic dependence of jpc
on r is shown in Fig. 3. The static optically induced field is
linked to the DC circular current by a simple relation:

EpcN
joe = — 20 (30)

maw

A. Dipole lattice

For a lattice of dipoles, we write the Fourier components
of the nonlinear sources J; and J, as follows:

Jigo = Riqnlcll + quqni, i=(1,2), 31
where ntll =q/q and né = e, X q/q. The Fourier transform
of Egs. (5) and (6) yields expressions similar to Egs. (26) and
Eq. (27):

JoC = No(®1q + og)ny . (32)
eEPC
L =y (Riq + Rag g, 33)

The Fourier components of the DC current and static field
can be presented as sums over the plasmonic and mixed
contributions: Riq = R}, + R}, ®iq = ®j; + P

We consider the simplest case of a square lattice with the
lattice constant d. In this case, all the integrals over q should
be replaced with the sums over the vectors of the inverse

lattice [see Eq. (17)] and function Z(r) becomes

127r12 e
Z(r) = — Z el e a4, (34)
Using this equation, we find
2i7'[l2 1qre lgﬂqqu—qu
dn, = 42 q2 _ 12 s (35)
q
2im1? €' %agyqe9e
oo == > (36)

2 _ |2
q q k

eEy(e, —iey)
2m(y —iw)

The rectified currents J'™ can be calculated using
Egs. (18), (35), and (36). Corresponding analytical expres-
sions are given in Appendix E. Resulting equations for jpc
and Epc are given, respectively, by Egs. (E9) and (E10).

In Fig. 4, we plotted the x component of the DC current in
units of
4m2l4s

a* -’
in a certain point in the plane (we used x =y =d/8) as a
function of the radiation frequency for different damping rates
(picture for the y component of the current looks analogous).
As seen, with decreasing the y, sharp resonances appear on
the top of the smooth dependence. Due to the interference of
the plasmonic and mixed contributions, the resonances have
an asymmetric shape. The degree of asymmetry is smaller
for small y because the symmetric plasmonic contribution
dominates at y — 0. Figure 5 illustrates the asymmetry of the
peaks for fundamental mode. To demonstrate vorticity of the
current, we also plotted the calculated current vector density
in Fig. 6.

Jo=™No

B. Excitation of the fundamental mode

The smallest resonant frequency, wy, is given by Eq. (20).
This frequency corresponds to the contribution of four terms,
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FIG. 4. Frequency dependence of x— component of the current
density for x =y =d/8, R=a/2, d = 5a: onset of plasmonic
resonances at large y; (a) strongly asymmetric resonances at inter-
mediate values of y, (b) weakly asymmetric resonances at very small

y (©).
with
(n,m) = (1,0), (0, 1), (-1, 0), (0, —1). 37

For all these terms, we have g = go = 2w /d. The fre-
quency of the next resonance is given by ~/2wy. It corre-
sponds to the other four terms with (n, m) = (£1, £1). For
sufficiently high-quality factors,

wo/y > 1,

these two resonances are well separated. Hence, for w close
to wy, only four terms corresponding to Eq. (37) contribute
to the sum over (,,,, while terms with other n and m can be
neglected (this corresponds to the resonance approximation).

¥/wo

= 0.01

jcggc/j()

3000 0.015

= 0.02
2000 = 0.025
= 0.03

= 0.035
1000
= 0.04
w/w

/ 0 0.045

0.98 1.00 = 0.05

FIG. 5. Fundamental plasmonic peak in x component of DC
current for x =y =d/8, R =a/2, d = 5a and different values of
y. The asymmetry of the peak decreases with decreasing of .

Within the resonance approximation, the concentration and
velocity are given by

_4ml® gde™[isin(goy) — sin(qox)]

no = e D)
sy — 47 1% wgoe1[ie, cos(qox) + €, cos(qoy)]
@ 42 qg — k2
eEy(e, — iey) (39)

2m(y — iw)

Using the equations given in Appendix F, we find that the
circular current can be presented in the form of Eq. (22), with

m(r) = mo[sin(goy) cos(qox)e,

— sin(gox) cos(goy)e,], (40)
1(r) = polsin(qoy)ex — sin(gox)e,], 41
where
87T2N()Sl4 ) N()Sl4 _
Ty = Te qga’ Mo = IR e 4, (42)

As seen, divr = divpe = 0, so jpc is purely circular current,
divjpc = 0, with nonzero vorticity:

o 20
Q2+ T2/4

+ 1oS2[cos(gox) + cos(goy)]}. (43)

Two interfering contributions, plasmonic and mixed, have dif-
ferent frequency dependencies in the vicinity of the resonance,
symmetric and asymmetric ones, respectively. Interestingly,
the degree of asymmetry depends on coordinate. For example,
at the line cos(gox) + cos(qoy) = 0, the vorticity is a symmet-
ric function of €2, while for cos(gox) = 0 or cos(ggy) =0,
the vorticity is described by an asymmetric mixed term. The
vector density plot of the rectified current jpc is plotted in
Fig. 6 for different values of parameter,
3

_ 2o 4R g (44)
o 472R3

which depends on the dimensionless deviation from the res-
onance, 2. Hence, changing radiation frequency, one can
qualitatively change the spatial distribution of the DC current.
To understand this dependence better, we rewrite Eq. (22) as

V X jpc = — {70 cos(gox) cos(qoy)

o
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FIG. 6. Vector density plot of the rectified current density jpc
for different values of parameter o = 2Qu(/mo (here, x and y are
measured in units of d).
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follows:
joc  2ee .
W T Er T {ex sin(goy)[a + cos(qox)]
— e, sin(gox)[a + cos(goy)]}. 45)

As seen, the key parameter which determines the current

distribution is «. Below, we will analyze the vector structure

of this equation. For brevity, we skip common coefficient

2joe~21% /[Q? + (I'/2)] in the expressions for current.
Fora « 1, we get

Jpc o< e, sin(goy) cos(gox) — e, sin(gox) cos(goy)

2 1 — cos(2gox) cos(2qoy)
JDC & 2 .

we find that the current reaches
its maximum absolute value at points rl = (xl,y!)=
(d/2)(n+1/2,m) and rl = Iyl = (d/2)(n m+1/2)
(here and below, n and m are integer numbers). These points
correspond to centers of red circles in Fig. 6(a). From Eq. (45),
we find values of currents, jh and jhi., exactly at r' and r'!,
respectively, and their variations, 8j,c, 8jpc. in the vicinity of
these points

From these equations,

ipc o —ey (=1,

8jpe o (—=1)""gg (eyw - ex8x6y),
Jbe o e (=1,

6.igc X (—1)n+mQ(2) (_exw + ey5x8y>.

Here, r = (6x, dy) is a small deviation of r from point rf or
r'! (godr <« 1). Analyzing these equations and Fig. 6(a), we
see that there are eight current maxima (per unit cell of arising
periodic structure) with different current behavior. Here dx
and 8y are counted from r! or r'". For o >> 1, we find that
the current is given by

Jpc o ale, sin(qoy) + ey sin(gox)],
Jhe oc @?[sin®(qoy) + sin(gox)].

We see that dependencies on x and y fully decouple. The
current is maximal at points (x,, y,) = (d/2)(n+1/2,m +
1/2), corresponding to centers of the red circles in Fig. 6(c).
Close to these points, we get

28 2
jpc o (—1)"a ex<1 - %)

40" ) (46)

+ (—D'ae, <1 >
Hence, in this case, there are four maxima with different cur-
rent behaviors per unit cell of the periodic current structure.
The vector density plots for ¢ < 1 and « > 1 are essen-
tially different. The transition between these plots happens
at o ~ 1. Let us consider, for example, the quadrant of the
unit cell of the periodic structure of the current, correspond-
ing to 0 <x <d/2 and 0 <y < d/2 (behavior in the re-
maining three quadrants can be considered analogously). For
a = 0 ch has four maxima of equal heights at points
oo, Tos rOl, and rll [see Fig. 6(a)]. With increasing o, the first
two maxima 1ncrease by a factor (1 + «)?, while the second
two decrease by a factor (1 — «)?. Also, for a < /8/3 there
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is a saddle point in this quadrant at

d 2
x=y=—arccos| ————— ). @7
Y 27 <a + Vao? + 8)

The squared current at the saddle point is

2 O(4(2+a(a+«/8+a2))3
/b (a+V8+ady

Ata > 4/8/3, the saddle point transforms to a maximum and
the amplitude of this maximum becomes higher than for the
maxima at points ryy), r(,,. With further increase of o, the new
maximum moves to the point (x,y) = (d/4, d/4), and stops
at this position for « — oo. The behavior of current in the
vicinity of this maximum at & >> 1 is described by Eq. (46).
It is also worth noticing that for o ~ 1, the value given by
Eq. (48) is close to the value of maxima at points i, rj,.
Therefore, the vector density plot shows a red circular band
[see Fig. 6(b)].

Analogously, one can calculate the optically induced static
potential:

(48)

eppc  2mllts? e (c0s(20x) 4+ c0s(200)
= COS X COS
m d* Qe o o0y
— 4afcos(gox) + cos(goy)]}- (49)

As one can see from this equation, the maximal optically
induced voltage drop across different points of the unit cell of
the periodic voltage structures is proportional to the amplitude

max

of the circulating DC current ed¢p&* ~ jpcs/Np.

C. Optically induced magnetic field

The stationary radiation-induced magnetic field obeys

[V xH] = (). (50)
Substituting H = [V x A] (divA = 0) and making Fourier
transform over r, we find

2 ik

KA, — LAk _ 4mene s ) 51)

dz? c
Finite at |z] — oo solution of this equation reads Ag(z) =
(2ne/ck)j}§c exp(—k|z|). Hence, the Fourier transform of the
vector potential (and, consequently, of the magnetic field) is
proportional to the Fourier transform of the DC current. In the
vicinity of plasmonic peaks, only several k satisfying resonant
conditions contribute to the current and magnetic field, so
spatial dependence of the field is found by the summation over
these discrete set of k.

Let us, for example, calculate the perpendicular component
of the field, H,, in the fundamental mode within the resonance
approximation. In this case, k runs over (%¢qq, £q¢) for the
plasmonic contribution and over (£go, 0) and (0, +¢q) for
the mixed contribution [see Eqs. (40) and (41)]. Instead of
summation over these K, one can take into account that all
terms in 7 (r) and w(r) are eigenfunctions of the Laplace
operator, A, and present the field in the operator form as

4mejpc(r) 5
C

V=2 2mee,[V X jpc(r)]
A e

H(r,z) = (52)

From this equation and Eq. (43), we find

dre 1

M=

2wl

V2

X {ﬂo cos(gox) cos(qoy)

+m9hﬂ%n+am%wkv%ﬂ. (53)

Figure 7 shows the density plot of the magnetic field in the
2DEL plane:

V2rejy, e 20

H,(r,0) = { cos(gox) cos(qoy)

Q24+ T12/4
o
+ E[COS(qox) + cos(qgoy)] } (54)
For o<1, the field has maxima (within
the area O<x<d, 0<y<d) at the points
0,0),(d,0),(0,d),(d/2,d/2),(d,d) where cos(qox)

cos(qoy) is maximal [these maxima have equal heights
and correspond to centers of red circles in Fig. 7(a)]. With
increasing o, the amplitude of the central maximum at
(d/2,d/2) decreases by the factor 1 — 2« (for @ > 1 this
maximum transforms into minimum), while the amplitude
of the other four maxima is increased by the factor 1 + 2.
Hence, for « > 1, the field has four equivalent maxima at
the points (0, 0), (d,0), (0,d), (d, d) corresponding to the
maxima of both cos(gox) + cos(qoy) and cos(gox) cos(qoy)
[the maxima correspond to centers of red circles in Fig. 7(c)].

V. DISCUSSION

A. Finite viscosity, external magnetic field, and finite size effects

Above, we presented calculations for zero external mag-
netic field for an ideal infinite 2DEL with zero viscosity. The
detailed analysis of different magnetoresponse regimes of the
viscous electron liquid in the system under discussion is out of
the scope of this paper and will be presented elsewhere. Here,
we limit ourselves to the simplest but at the same time the
most interesting case of the resonant excitation, when some
of the plasmonic modes with wave vectors given by Eq. (17)
satisfy the resonance condition: w & wy,, where w,, is given
by Eq. (19). In this case, within the resonant approximation,
the effect of a weak magnetic field, B, with 0w, < @ (0, =
eB/mc is the cyclotron frequency) can be accounted for by
replacing w?, with

w2 (B) = 0?2, + . (55)
Hence, a weak magnetic field shifts the positions of the
resonances shown in Fig. 4, thus giving an additional way to
control the DC current and magnetization.

Within the same resonance approximation, the effect of
a weak viscosity, satisfying the inequalty vg?, < w, is
accounted by replacing elastic damping y with

Yam = ¥ + V- (56)
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FIG. 7. Density plot of H,(r, 0) for different values of parameter
o = 2Quo/m (here, x and y are measured in units of d).

The resonance is described by Eq. (22) with
%a)—wnm(B)’ 1_,%J/n_m.

As seen from Eq. (56), the measurement of widths of two
plasmonic resonances with different resonance frequencies

(wnym1 7 @nym,) allows one to extract the value of v:

— (Vn1m1 — Vnamy )d2
Q2n )Z(n% + m% - n% — m%) ’

(58

Evidently, one can also extract the momentum relaxation
time by measuring y,,,, and y,,m,. It is worth noting that
Eq. (58) does not include any characteristic of the material and
depends on a single geometrical factor—the distance between
nanospheres, which can be well controlled in experiment.
Hence, the HIFE gives a direct way to extract the electron
viscosity.

In this paper, we considered an infinite 2D system. An
interesting question is related to finite-size effects, i.e., to the
behavior of the current and magnetic field at the boundary
of the system. A detailed discussion of this issue is beyond
the scope of this paper and will be studied elsewhere. Here
we restrict ourselves to a few comments. One can consider
the situation when a diffraction square lattice having a fi-
nite size L = Nd, (here N > 1 is an integer number) is
located over an infinite 2D plane. Then, when calculating
the function Z(r) in integrals over dg; (i = x, y), the factors
sin(q;L/2)/ sin(q;d /2) appear, which describe the smearing
of q around the quantized vectors of inverse lattice of q,,
[see Eq. (17)] by values of the order of §q; ~ 1/L. Consider-
ing the fundamental mode and calculating the corresponding
integrals, one can show that outside of the region covered
by diffraction lattice, the plasmonic and mixed contributions
exponentially decay with different exponents,

7(r) oc exp(=d8r/Ly),  u(r) ocexp(—=dr/Ly),

where 8r is distance from the edge of the diffraction region,
Ly = 1/vkoQ = s/ /ooy, and L, = 1/Q = s/y. It is worth
noting that for a small damping rate, both L, and L, might
become on the order or even larger than L, which means that
for sufficiently clean 2DEL the circular current and magnetic
field can appear well beyond the region covered by diffraction
lattice.

B. Estimates of relevant parameters for various structures

In this section, we present some estimates of the relevant
physical parameters for various materials and briefly discuss
applicability of our approximations for realistic structures. We
use the following geometrical parameters: d = 250 nm, a =
50 nm, R = 25 nm. The plasma wave velocity is estimated
by using a standard equation [16] and assuming that there
is the back gate in the system. The barrier (spacer) width
given in Table I corresponds to the typical values for each
material system. The electric field of the incoming radiation is
taken as Eg = 10° V/cm. We estimate both current jo, which
characterizes the current flow for the nonresonant case when
the quality factor is on the order of unity, and also the current

) 8jo  _ura
Joe = T exp drald, (59)

which is much larger than j, for sharp resonances, when
I' <« 1 [see Eq. (45)]. For estimates of plasmonic-enhanced
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TABLE I. The estimated parameters for different structures.

Barrier thickness (nm) 7(k) 2D carrier density (1/cm?) f = wo/27 (THz) y/wo ejo (A/m) jB./jo eji- (A/m) H™(Gs)

GaN 20 300 10"

GaN 20 77 10"

Si 4 300 2 x 1012
Si 4 77 2 x 10"
InGaAs 20 300 2 x 102
InGaAs 20 77 2 x 10"
p diamond 4 300 2 x 10"
p-diamond 4 77 2 x 102

7 0.087 0.1 87 9 0.086
7 0.005 0.1 21897 2299 204
2.3 0.4 0.84 35 3 0.025
23 0.03 0.84 657 550 49
6.4 0.089 0.89 84 74 0.64
6.4 0.03 0.88 701 618 55

1 0.08 0.8 112 89 0.78

1 0.01 0.8 4815 3814 34

magnetic field, we use

_ 16v2nejo —

Hm
cI'?

(60)
[see Eq. (54)].

Table I lists the calculated values of the most important
parameters, i.e., fundamental frequency, quality factor, char-
acteristic value of the DC current, and maximal magnetic
field. For all the materials listed in this table, the frequency
of the fundamental plasmonic mode is in the THz range. The
value of the optically induced magnetic field can be suffi-
ciently large at not-too-low temperatures, 77 K, especially in
the GaN and p-diamond-based structures. For these estimates,
we used material parameters listed in Table II with references
to corresponding experiments and/or numerical simulations.
Using the numbers, presented in the tables, we can discuss
validity of approximations used in our calculations.

In our model, we assumed that the spheres comprising
the plasmonic coupler are fully polarized. This implies that
internal plasmonic frequency of the nanospheres is very
large compared to characteristic frequencies of the problem.
The condition is well satisfied, provided that frequency of
three-dimensional plasma oscillations in the metal, which the
spheres are made from, wsp, is large as compared to typical
plasmonic frequency in our problem, which is the fundamen-
tal frequency wy [see Eq. (20)]. For typical values of plasma
wave velocity in 2D gated InGaAS-based structure, [16], and
d =250 nm, we get fy = wo/2m = 6.4 THz (see Table I and
Fig. 8). At the same time, the 3D plasmonic frequencies in
metal are at least two orders of magnitude higher due to very
high electron concentration. For example, a simple estimate
for silver, with 3D concentration 6 x 10%2 cm~3, yields for
wsp value about 101¢ s~ 1,

Let us now estimate spatial scales shown in Fig. 2. As-
suming the frequency of the radiation to be w = 3 x 103 57!
(which corresponds to f = w/2m =5 THz), and using the

estimate for typical plasma wave velocity 1.6 x 108 cm/s,
we find A = 250 nm. Rewriting damping length as Q! =
Ao(wo/ym) and using data of Table I for InGaAs at T =
77 K, we estimate Q! ~ 3500 nm. This justifies ordering of
the spatial scales in Fig. 2. As seen from Table I, for other
materials we also have Q™' >> A.

Finally, we present a picture of the current for parameters
of an InGaAs-based structure with d = 5a = 10R = 250 nm,
for two temperatures, 300 and 77 K (see Fig. 8). We see
resonance at the fundamental frequency f = fy = wo/27 and
the next one at the frequency ~/2f. As expected, the quality
factor of plasmonic resonances increases with decreasing
temperature.

VI. CONCLUSION

To conclude, we predicted excitation of circular plasmonic
modes (twisted plasmons) in 2DEL by circularly polarized
electromagnetic wave via a plasmonic coupler made of pe-
riodically placed nanospheres. We demonstrated that rectifi-
cation of the plasmons leads to a helicity-sensitive circular
DC current, and consequently, to a magnetic moment, thus
demonstrating the HIFE. This effect is dramatically increased
in the vicinity of plasmonic resonances, so the DC current
shows sharp plasmonic peaks. There are two interfering con-
tributions to the peaks, the plasmonic contribution and the
contribution involving both the plasmonic and the Drude
excitations. As a result, plasmonic resonances have an asym-
metric Fano-like shape. The suggested system can be used for
optical tunable magnetization of 2D systems for many opto-
electronic devices operating in the THz range of frequencies
and for the characterization and parameter extraction of 2D
electron liquids. In particular, measuring the widths of differ-
ent plasmonic resonances allows one to extract the electron
viscosity.

TABLE II. Material parameters used in the calculations.

Effective mass Mobility cm?/Vs (77k) Mobility cm?/Vs (300k) Dielectric constant of material Dielectric constant of barrier

Silicon 0.19 [62] 20000 [60] 1450 [59]
GaN 0.23 [64] 31700 [55] 2000 [56]
InGaAs 0.041 [63] 35000 [61] 12000 [61]
p diamond  0.663 [58] 35000 [57] 5300 [57]

11.9 [62] 3.9
8.9 [62] 8.9
13.9[62] 12.1
5.7 [62] 5.7
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j €T
del/m] BVeq = 2 il a8
q* —k
00t eEy(e, — ie))
0\&x — %y 2
w | InCaAs oty — i) PV @, (A6)
0T —300K where [ and k are given by Egs. (14) and (15) of the main
200 | 0K text. Next, we find the Fourier transform of the velocity and
100 ;/\ concentration:
\ _— N\ R Sny,(r) = AZ(r), (AT)
5 6 |~—"A7 8 9 J1TH] eEy(e, — ie,)
100 8V, (r) = iwVZ(IX) + —————, (A8)
2m(y — iw)
FIG. 8. Current-frequency dependence for parameters of where ) )
InGaAs-based structure with d =5a=10R=250 nm at Z(0) = — Dl d’q ereitapmaa
x =y =d/8, for two temperatures, 300 and 77 K. (r) = —i2mw Qr)? ¢ —k?
=P —inf(r). (A9)
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The asymptotes of the function f are given by
APPENDIX A: LINEAR RESPONSE

(TECHNICAL DETAILS) fa { /yiTTgi(kr—nM)(] + %) — k2_1r3’ r> 1/ko

ik
Linearizing Egs. (2) and (3) and making a Fourier trans- a+Ja>+1? +9 r < 1/ko.
form, we get (A11)
From Egs. (24), (A7), and (A8), we get

—iwbn,q 4 iQéVeq = 0, (A1) 3f
snt(r) = P(x—ip| 7+ =1, (A12)
c 2 . . e(EO + El )wq @ r
i9s5°0n,q + (¥ — iw)dv,q = — (A2)
where SVZ(r) = wl*(x — iy)[i(rf) e, + ée“’]’ (A13)
@ - @( —iey)(2 )23( ) (A3) (SVD(r) = M. (A14)
m )y 2m RO “T 2mly —iw)

¢E, nqelp As seen, the velocity oscillations can be presented as a
(—) ————e a1, (A4) sum of the f—dependent inhomogeneous contribution and

M/ wq m the homogeneous Drude contribution, given, respectively, by
Egs. (A13) and (A14).

and e = (q, — igy)/q

The solution of Egs. (A1) and (A2) reads
APPENDIX B: EXPRESSIONS FOR R}’ AND <I>§ FOR A

) q2 ) SINGLE NANOSPHERE
Snpg = 2mil”"— 2e_""“e_‘17“, (A5)
q-—k Using Eqgs. (A10)—(A14) and (18), we find
J
2
P . 14 1" / £/ 4 I&e—Qr’ r> 1/kO
R, = —iol"(rf" +3f)rf*) +cec.=awl”{ " o (B1)
m, r< l/kO,

(I) — 4 4 __]:lz)e*QV’ r > 1/k0
ll) = wl (rf// 3f/)f>k ce. ~ ol - r
T iy < Uk,

(B2)
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214

R§=——[< @Y + £ 1+ cc.

2 r’+3a*
2 Epryxvrrs [(a ey e r < 1/ko,

m214= (1 + Qr)e_Q’, r> 1/k
o7 = 0.

APPENDIX C: EXPRESSIONS FOR RM AND &M FOR A SINGLE NANOSPHERE
By direct averaging of §n°8vP over time, we get
2142 rf" 4 3f
R y+io

M aM
R —id" =

In the limiting cases, assuming @ > y and taking in all terms in lowest nonzero order with respect to y /w, we get

4.0 ﬁkg/ze’g"/z cos (kor+%)
RIIVI _ 21_3s 7 ,r > 1/ky
R _Fm’ r < l/k()
and
4.2 [ V7?2 sin (kor+7%)
q>11‘4=—2ls3 7 , 7> 1/ko
R W, r < l/k()

Finally, from Eqgs. (18), (A13), and (A14), we find (in lowest order with respect to y /w)

142
M _ 17"
Ry =— (f +3f) +cec.

214S2 ﬁkg/ze’Q’/z sin (k0r+%)
= @

3
)/R m, r < l/k(),

o) = 0.

, r>1/ko

APPENDIX D: ASYMPTOTICAL VALUES OF jpc AND Epc FOR A SINGLE NANOSPHERE

(B3)

(B4)

(CI)

(C2)

(C3)

(C4)

(C5)

Using Egs. (B1)—(B4) and (C2)—(C5), we find asymptotical behavior of jpc and Epc, accounting both plasmonic and mixed

contributions,
o [AG) + ). < 1k
P = —wla3NO z [kore 2" + nkor (%)%’Q’/z sin (kor + %)), 1/ko < r < %
6a3(—k37+R3k8,4), nldel <,
e o ﬂlf(é)nszC( ) r < 1/ko
Lo O me oy [y e 0 sin (kor 4 5], 1k < r <
60* (i + 7). ks/Q] .
where
AG) = = ,
(1+22)2(1 + VT +27)
BGx) — 2x 14+ G+ x)V1+22 ’
(1+V1+x2)3 (14x2)
Cx) = 2—x
(14 x2)3/2
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APPENDIX E: EXPRESSIONS FOR JF, JM FOR PERIODIC
ARRAY OF NANOSPHERES

For a periodic array of nanospheres, one should replace
Z(r) with the following sum:

ZZ(r Tom) = Z / any Zye i i, ED)
where Z(r) is given by Eq. (13) and
Ty = d(nex + mey) (E2)

J

ZZ(r —Ty) = di2 Z Zge' "

n,m

where inverse lattice vectors q,,, are given by Eq. (17).

are lattice vectors of the squared array. Next, we use the
Poisson summation formula:

Ze—iqrmn — Ze—idqxn Ze—idq_vm
2
BT 3)

n (E3)

Substituting Eq. (E3) into Eq. (E1) and integrating over d>q,
we get

(E4)
9=

The rectified currents J} are given by double sums over q, ¢’ (both q and q' run over values g,,,), while JM by ordinary ones.
For convenience of further calculations, in plasmonic contribution we a introduce Kronecker symbol 8¢ q—q and sum over Q:

e~ (@a—9y)—alq+q )wqq

P iQ _ iQ
A HOE Ze iy e = rZBQq ey +c.c., (E5)
. 417[ 14 e (@a—9q)—alg+d )a)z(qq )q
Py iQrqP iQ
Y = %:e i Z r ZgQ — k) +cc., (E6)
2i7[l4S2 1 eerfupraQ QZ
M iQ .
I = Ze e ig Fec. d’R y +iw Q (0% —Kk?) (ectien+ec, ED
: 2wlts? 1 eWe=CuwQQ
M _ iQr yM _
Pr) = XQ:e I +cc. = IS %: oo +Hec. (E8)
Using Egs. (31) and (32), we find expressions for the optically induced DC current, which includes both plasmonic and mixed
contributions:
jo¢ 4r?1t Z [e; x (g —q)] ([ez x(q— q/)]Q> g r ey malatd)
= 1)
Vdt | la—q 4 —q )
is?d®> 1 | Z le. x Q] (e, x Ql(e, + ie,) Q?e'Tiva—a0 tee. (E9)
2nR? Yy +iw o [0) [0) 0? — k2
¢E .
— VZQ{Q[JE’Q +J5o + 310 +J%]}6’Qr +c.c., (E10)
m s olo
~(fory K w)~ y Z { [Io0 + JZQ]}eiQr +ec., (E11)

_Arcrt

4 o o
d o la—dIL la—q

A ' § [(q - q’)q’] (qq)e" I~ Dre b alata)
(4> — K*)(q"

. 0Qer e
e ZﬂRg Z [ tee 1Y)

APPENDIX F: EXPRESSIONS FOR RECTIFIED CURRENTS IN THE FUNDAMENTAL PLASMONIC MODE

For (n, m) = (1, 0), (0, 1), (-1, 0), (O,

p_ 32721 wqglsin(goy) cos(gox)e, — sin(gox) cos(qoy)e,] 200

—1), we have g = go = 27 /d. Simple calculations yield

F1
1 d* |q( k2|2 (FD)
P 32724 wzqg[sin(qox) cos(gox)e, + sin(qoy) cos(goy)ey] —2q0a
J2 = > o e s (F2)
d+ V|QQ — k7
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4m* Qo
M __ 0 .. . . —ana
J = TR m[z sin(qox) + sin(qoy)l(e, + ie,)e ** 4 c.c., (F3)
W= A0 + singoye e + (F4)
= sin(gox)e, + sin e c.c.
2 d2R3 )/kf(q(z) o k2) qO ‘IOy 'y
Next, we substitute these equations into Eqs. (32) and (33). The latter can be written in the operator form
. —Vdiv+ A
Joc = NOT(Jf + I, (F5)
¢E \%
BC — S div(I + M+ 3P+ 3, (F6)
m A
e 1 .
(Z’C = yZdIV(J]f+J11\/I+J2P+J2/[). (F7)
From Egs. (F1)—(F7), we find
. 167%1* wgge>%“[sin(qoy) cos(qox)e, — sin(gox) cos(qoy)ey]
Joc =Ny " 2 _ 122
d |6]0 —k |
44 a)q(z)e_‘lﬂ"[Sin(qozy)ex — sin(gox)ey] tec (F8)
d?R3 k2(q5 — k*)

Close to resonance, this equation can be simplified and written in the form of Eq. (22) with & and p given by Egs. (40) and (41),

respectively. We also find (for y <« )

eEpc 167214 a)zqge’zq"“[sin(qox) cos(gox)e, + sin(goy) cos(qoy)ey] 474 wzq%e’q"”[sin(qox)ex + sin(goy)e, ]
(F9)
eppc [ 4m*lt wPgfe 1 [cos(2qx) + cos(2qoy)] | 4mlt w?qoe"[cos(gox) + cos(qoy)]
o = { 7 |q(2) oD TR kf(q% e } +c.c. (F10)
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